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This is the appendix to Zhu and Wallace [4]. In it, we prove the claims in
section 3 of that paper that are made about the model with a non degenerate
wealth distribution. We begin by formally setting out the definition of an
equilibrium for that model.

Let Y ={y = (y1,42) €ZXZ:y +y» < Z}. An element of Y is an
individual portfolio after bond purchases (y; is the amount of money and
y2 is the amount of bonds measured at maturity value) that satisfies the
restriction that total nominal wealth not exceed Z. For y € Y, we again
let y. = y1 + y» denote the total nominal wealth implied by y. Given 7
(an initial distribution of money holdings over the set Z), an equilibrium is
a sequence {wy, hy, 0y, T4 1152, that satisfies the conditions described below.
The functions w; and 7; pertain to the start of date ¢, prior to bond purchases:
wy © Z —R, where wy(z) is the expected discounted value of having wealth
z, and 7y : Z — [0, 1], where m;(2) is the fraction of each specialization type
with wealth z. The functions h; and 6; pertain to the situation after bond
purchases and before meetings: h; : Y — R, where hy(y) is the expected
discounted value of having the portfolio y, and 6, : Y — [0, 1], where 6;(y)
is the fraction of each specialization type with portfolio y.

We start with bond buying. We let a person with wealth z buy any lottery
over portfolios in Y whose expected cost does not exceed z.! Let I'(z,p), a
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! An alternative would have lotteries only over portfolios whose cost does not exceed z.
All our results also hold for that version.



set of probability measures defined on Y, be defined by

I'y(z,p) = {0 : E;(11 +py2) < 2} (1)

Here, for y € Y, o(y) is the probability of purchasing the portfolio y and E,
is the expectation with respect to o. It follows that w; and h; satisfy
wy(z) = max E,h(y). (2)
o€l (z,p)
We next describe the law of motion of distributions induced by the choice of
o in (2). Let Ay(z, hy, p), a subset of probability measures on Y, be the set of
maximizers in (2). If 6 € Ay(z, hy, p), then § is an optimal lottery and 0(y) is

the probability of holding portfolio y. Then, we define a set of distributions
on YJ (I)O(h’bﬂ-tvp)J by

Og(hy, mi,p) = {6; : 0:(y) = Zz m(2)0(y) for 6 € Ay(2,he,p)}. (3)

We next turn to trade in meetings. First, we let g : Z —R denote expected
discounted utility after the date-t pairwise meetings but before people are
taxed. (The function g is determined by w;,; and 6, as described below.)
Now consider a meeting between a buyer with portfolio y and a seller with
portfolio y'. Let W € R be an upper bound on w, (and hence on ¢g) defined
below. (This implies a bound on output in a meeting.) We describe the asset
transfers in terms of the end-of-trade wealth of the buyer, which is convenient
for the updating of the wealth distribution. For step 1 of the relevant version
of problem 1 (see [4]), we let T's1(y,v; g), a set of probability measures on
[0, W]x {max{y2,y. — Z + 4.}, ..., y.}, be defined by

Par(y,y'59) = {0 Es[—q+g(y. — 2+ 4.)] > g(v.)}. (4)
Here, o(q, z) is the probability that the step-1 trade is ¢ amount of output
and an asset transfer that leaves the buyer with 2z units of wealth. Notice that
the cash-in-advance constraint is embedded in the definition of I'y; through
the restriction z > y,. Then, the buyer’s problem-1, step-1 payoff is

fly,y'59) =  max  Eyfu(q) + g(2)]. (5)

o€l21(y,y';9)

For step 2, we let I'ys(y,v’;g), a set of probability measures on [0, W] x
{max{0,y. — Z+y.},...,y.}, be defined by

Toa(y,y';9) = {0 : Es[u(q) + 9(2)] > fuly,¥'59)}- (6)
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Then the seller’s problem-1 payoft is
fs(y,y59) =  max  E[—q+g(y. — 2 +y.)]. (7)

o€l (y,y';9)

Because the buyer does not gain in step 2 of problem 1 (again, see[4]), it
follows that the expected payoff from holding the portfolio y before random
matching is

M) = 3 Sy 0ol '50) + L9+ (1= 2)gls) (8)

Now we describe the law of motion of distributions induced by the trades in
meetings. A maximizer in (7) is degenerate in ¢ and is determined by the
lottery over the buyer’s end-of-trade wealth because the constraints in (4) and
(6) hold with equality. Therefore, we let Ay(y,v’, g), a subset of probability
measures on Z, be the set of maximizers in (7) described in that way; that
is, 0 € As(y,y, g) is a lottery over the end-of-trade wealth of the buyer and
d(z) is the probability for that maximizer that the buyer has end-of-trade
wealth z. Then we define a set of post-trade and pre-tax distributions on Z
at date t, Q(wyy1,06;), by

Qwir,0) = {w:w(z) = Z(y,y’) 0:(y)0:(y)[6(2) + 0(y. — 2+ y.)] +

% >, 1(z9)0u(y) for 6 € Ao(y, ' 9)}}, 9)

Q(wyy1,0;) where §(y, — z + 1), the probability that the buyer ends up with
Y. — 2 + y., is the probability that the seller ends up with z, and where
I(z;y) = 1if y, = z and is 0 otherwise. The dependence of §2 on (w1, 6¢)
is through the dependence of ¢ on (wy;1,6;), which we now spell out by
describing the taxing of end-of-trade wealth.

We let zg, = > 60:(y)y., the average nominal wealth implied by 6,. If
assets were divisible, then after tax wealth, z, would be 2/(Z/Zy,), where 2’ is
end-of-trade wealth. To ensure that after-tax wealth is in the set Z, we use a
lottery and let each person choose the lottery subject to having an expected
tax equal to 2'(Z/Z,).2 Let '3(2/;ws,1,0;), a set of probability measures on
Z, be defined by

2In the steady shown to exist, strict concavity of w implies that the maximizing lottery
is the unique lottery over the integers closest to z'(Z/Zp,) that satisfies the constraint.
(Here and below, we apply the term concave to functions defined on discrete subsets of
R. Suppose X C R. We say that f: X — R is (strictly) concave if there exists g : R — R
such that f is the restriction of g to X and g is (strictly) concave.)
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T3(250,) = {0 : E,(2) = 2(3/7,)}. (10)

Here, the argument of o is post-tax wealth and FE,(z) is the expectation of
post tax-wealth implied by o. Then we let

g(z')=p max FE,w1(2)] (11)
o€l'3(2";0¢)

To complete the description of the law of motion, let As(z;wsyq,6;) be the
set of maximizers in (11). Then we define a set of post-tax (and beginning-
of-next-date) distributions on Z , ®, (w1, 60;), by

Dr(witr, 0) = {1 T (2) = 30, w(z)d(2; 7)),
forw € Qwiy,0:) and 6(;2') € Az(2'5wip1,6:)}. (12)

We can now define an equilibrium and a steady state.

Definition 1 Given my, an initial distribution of money holdings over the
set Z, an equilibrium is a sequence {wy, hy, 0y, Tr11 152, that satisfies (2), (8),
0, € Oy(hy, me,p) (see (3)), and miy1 € Pr(wisy, 0) (see (12)). A steady state
is (w, h, 0, ) such that {wy, hy, 0, T1 120 = (w, h, 0, ) is an equilibrium for
T = T.

The proof of proposition 2 consists of several lemmas. We begin with
some notation and assumptions. Let D > 0 be the unique solution to u/'(D) =
(2/RB)? where R = [N — (N —1)3]7! < 1. Existence of D requires only that
w'(0) is sufficiently large. Let W be the unique solution to N(1 — B)W =
u(fW) 4+ N and let W = max{W, %} Throughout, for x € R, we let x_
be the largest integer that does not exceed x and we let z, be the smallest
integer no less than z, so that = € [x_,z].

Let W be the set of non-decreasing and concave functions w : Z — [0, W]
with w[(42)+] > D/B. Let K D W be the set of non-decreasing functions
from Z to [0, W]. Notice that the interior of W (relative to K) is non-empty
and that an element of the interior is strictly increasing, strictly concave,
and satisfies w[4(z);] > %, Let H be the set of non-decreasing functions
h:Y — [0,W]. Let IT be the set of probability measures 7 defined on Z
satisfying > m(z)z = z. To save notation, we impose 0.5 as an arbitrary
lower bound on p, and we let ® be the set of probability measures ¢ on Y



satisfying 2z > zy > z, where zp = > 0(y)y., the average nominal wealth
implied by 6.

Now we can formally define the mapping to be studied. We let the map-
ping @, : W x ©® — H be defined by

S 00,1 9) + Fo(o sy g)] + (1 — =

B 0)0) = 37 5 ().

(13)
where ¢ is given by (11), f;, is given by (5), and f, is given by (7). Let
mapping ®,, : H x [0.5,1] — K be defined by
O, (h,p)(z) = max E,h(y). (14)
o€l'(z,p)

where I'(z, p) is given in (4). Finally, we let ® : W x H x IT x ©x[0.5,1] —
K x H x IT x © be defined by

O (w, h,m,0,p) = (Py(h,p), Pr(w, ), Py(h,m,p), Dr(w,8)), (15)

where ®,,(h, p) is given by (14), ®,(w, ) is given by (13), ®y(h, 7, p) is given
by (3), and ®,(w, #) is given by (12). In what follows, we write ®(.,.,.,.,p) :
WxHXxIIxO ->KxHXxIIx0Oas®,(,.,.,.).

Lemma 1 A fized point of ®, is a steady state.
Proof. Obvious. m

Our proof of proposition 2 uses a fixed-point index theorem.

Definition 2 Let S = H x II x © and let W denote the boundary of W
(with respect to K). Let G denote the set of upper-hemicontinuous (u.h.c.),
compact valued, and convex valued mappings g : W x S — K x S satisfying
(w,s) ¢ g(w,s) for all (w,s) € OW x S . Two mappings go, g1 € G are said
to be homotopic on OW x S if there exists a u.h.c., compact valued, and
convex valued mapping G : W x S x [0,1] — K x S such that (i) (w,s,«) ¢
G(w, s, ) for all (w,s,a) € OW x S x [0,1] and (ii) G(w, s,a) = go(w, )
for all (w,s,a) € OW x S x {0, 1}.

The version of the fixed point index theorem we need is the following (see
[1, Theorem 36.1, p. 218] and [2, 13.6a, p. 604]). There exists a fixed-point
index defined on G, denoted ind, satisfying:
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(A1) If g is constant on W x S with the value (wy,sy) where wy €
W —-0W, then ind(g) = 1.

(A2) If ind(g) # 0, then there exist some (w,s) € W—I0W x S with
(w, s) € g(w, s).

(A3) If go, g1 € G are homotopic on OW x S, then ind(go) = ind(g1).

The next lemma establishes properties of ®,, properties of ® when p = 1.

Lemma 2 (i) There exists (w,h,m,0) € ®1(w, h,m,0) and any such © has
full support; (it) &1 € G, (ii7) ind(P1) = 1.

Proof. As noted above, if p = 1, then the model is equivalent to one in
which bonds are not available. (By equivalence we mean that if (w, h,m,0)
is a steady state with bonds available, then (w,7) is a steady state when
they are not available. And vice versa in the sense that buying no bonds is
an optimal portfolio when p = 1.) This is the model studied in [3] except
for the lottery in meetings. For that version, parts (i) and (ii) are true (see
Proposition 1 in [3]). It is straightforward to show that they also hold for a
version with lotteries.

For part (iii), let n = (Z); and let (w*, s*) € W—0W x S with w*(4n,1) >
%, where, here and below, w(z,y) = w(z) — w(x — y), the backward y in-
crement in w at x. Then, let the mapping G : W x Sx[0,1] — K x S be
defined by

G(w,s,a) = (1 — a)(w*, s*) + a®(w, s). (16)

By the above fixed-point index theorem, it suffices to show that if (w, s, ) €
OW x Sx[0,1) with (w,s,«a) € G(w, s, «), then w is strictly increasing and
strictly concave and satisfies w(4n) > %. By the definition of w* and by parts
(i) and (ii), it suffices to show this for @ € (0,1). And because w* is strictly
increasing and strictly concave and because ®; preserves monotonicity and
concavity of w (see ([3])), it follows that w is strictly increasing and strictly
concave. Thus, we have only to deal with the lower bound on w.
D

Now assume by contradiction that w(4n) = 5 1t follows that

w(4dn,1) <w(2n,1) < % <w*(4n,1) < w*(2n,1). (17)

where the first inequality follows from strict concavity of w, the second from
2nw(2n,1) < w(2n) < %, and the third and fourth from the assumption
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of w*. Because p = 1, we can ignore the distinction between 6 and 7 and
treat the first two arguments of f, and f, as amounts of money. Moreover, it
follows that fs(m,z;w, ) = fw(x). Then, because (w, s, @) is a fixed point
of G, it follows that

w(z,1) — (l—oz)w*(x,l)—l—oz(l—%)ﬁw(m,l)

1
o Salm)[f(.m) — fle—Lm), (1
where we let f(z,m) = fy(z, m;w,d) to simplify the notation. By (17), for
x € {2n,4n}, w*(z,1) > w(x,1). Therefore, for x € {2n,4n}, (18) implies

w(e,1) > RYa(m)lfam) - fz—1,m)
> Ré;ﬂm%ﬂ%mW—ﬂx—Lmﬁ (19)

where the second inequality follows from monotonicity of f(x,m) in z.

Now we apply the argument used in the proof of Lemma 3 in ([3])
to derive a contradiction. Let o(x,m) = argmaxycjomin{z,z—m} u[fw(m +
y,y)] + pw(x — y), where w is the extension of w to [0, Z] defined by lin-
ear interpolation. Notice that o(z,m) is a singleton and that f(z,m) =
u[fw(m +y,y)] + fw(x — y) with y = o(z,m). Also, 7{m :m <2n} > 1/2
because n > z. Now fix m < 2n and let y = o(4n — 1,m). If y > 2n, then,
because y is a feasible offer for the buyer with 4n,

If y < 2n, then, because y + 1 is a feasible offer for the buyer with 4n,

fn,m) = fldn —1,m) = u[pw(m+y+1)] —u[fw(m+y)]
> d[fwm+y+Ly+1D]fwm+y+1,1)

> SBu'(D)w(4n, 1), (21)

where the second inequality follows from the mean value theorem and con-
cavity, and the third from w(4n) = % and concavity. Either w(2n,1) >
' (D)w(4n,1) or w(2n,1) < u/(D)w(4n,1). If the former, then by (19),
w(4n,1) > (RB/2)u'(D)w(4n,1) > w(4n,1), a contradiction. (By the def-
inition of D, (R3/2)u/(D) > 1.) So the latter must hold. Then, (19) for
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x = 4n implies w(4n,1) > (RB/2)w(2n,1). By exactly the reasoning used
to get (21), we have f(2n,m) — f(2n — 1,m) > fu'(D)w(4n, 1) for m < 2n.
But, then, by (19) for x = 2n, we have

w(2n,1) > (RB/2)u' (D)w(4n,1) > w(2n, 1),
a contradiction. m
The proofs of the next two lemmas are standard.
Lemma 3 ® is u.h.c., compact valued, and convex valued.

Proof. The result follows from the Theorem of Maximum and the con-
vexification by lotteries. m

The next lemma completes the proof of proposition 2.

Lemma 4 There exists po < 1 such that if p > po, then ®, has a fizved point
(w,s) € W—=0W x S where s = (h,m,0) is such that © has full support.

Proof. By Lemma 3 and Lemma 2, parts (ii) and (i), there exists py < 1
such that if p > po, then (i) ®, € G and (ii) (w, s) € ®,(w, s) implies that s =
(h,m,0) is such that 7 has full support. Now we define ¥ : W x Sx[0,1] —
K xS by ¥,(w,s) = ®(w,s, (1 —a)py + «). Because &, € G for p > py,
it follows that ¥, € G all a. Then by Lemma 2 (iii) and the fixed-point
index theorem, ind(¥,) = 1 for all a. That is, ind(®,) = 1 for p > po.
And then, again, by the fixed-point index theorem, ®, has a fixed point
(w,s) €« W=0W x S. m

Now we provide a proof of corollary 1.

Proof. We proceed by contradiction by assuming that the measure of
people who leave the bond-buying stage with money is 0. For a person with
wealth z > 1, a lower bound on leaving the bond-buying stage with 1 unit
of money is h[1, (%),], while an upper bound on leaving with no money is

h[0, (2)+]. In what follows, we let 21 = (Zgl), and z; = (£);. We will show
that if no one has money, then h(1,z1) > h(0, z2) for sufficiently large z. But
because the steady state distribution of wealth has full support, this implies
that there exists positive measure of people leaving the bond-buying stage

with money, a contradiction.




Before we proceed, recall that the value function defined on post-meeting
and pre-taxing wealth is ¢ defined in (11). Let g and w be the extensions of
g and w to [0, Z] by linear interpolation, respectively. It is easy to see that
g(z) = Bw(%z). Hence g is strictly increasing and strictly concave.

A person who starts with z may end up being a buyer, a seller, or neither
in a meeting. The following hold for any z > 1. (i) If the person is neither
a buyer nor a seller, then the payoff difference between having the portfolio
(1,2) and having (0, z9) is

gl+a) () > g 2)-gl ) = gL D) > HEELD)

. (22)

Here g is the extension of to [0, Z] by linear interpolation and g(z,y) =
g(x) — g(z — y). The inequalities follow from p € (0,1) and monotonicity
and concavity of g. (ii) If the person is a seller, then, by the contradicting
assumption, with probability 1 the buyer does not hold any money. Hence,
step 1 of problem 1 is null, and in step 2 a final trade that is feasible for the
seller with portfolio (0, 2z3) is also feasible if the seller has (1, z1). Because g is
concave, the payoff difference between having the portfolio (1, z;) and having
(0, z2) is bounded below exactly as described by (22). (iii) If the person is
a buyer, then the person meets either a seller with wealth (at the start of
the date) that exceeds z, or one with wealth that does not exceed z. In the
former case, a feasible choice in step-1 of problem 1 is no trade. Therefore,
in the former case, the payoff difference between having the portfolio (1, z;)
and having (0, z2) is bounded below exactly as described by (22). In the
latter case, the buyer with a unit of money can offer it for at least g(f; +1,1)
amount of the good, where the expression for the amount of the good follows
from (4) at equality and concavity of g. Hence, in any such meeting, the
payoff of the buyer with a unit of money is bounded below by u[g(% +1,1)]+
g(sz?). Now, assembling these results and recalling that a person is a buyer
in a meeting with a seller with wealth that does not exceed z with probability

1
5y we have

(1, 21) — h(0,25) > ulgG+ LDl gz +1,3)

2N D
ulg(z +1,1 g
> 9(5 )] _ 39z +1, 1)7 (23)
2N D



where the second inequality follows from concavity of g. Moreover, if z >
that implies, again by concavity of g, that

z
p?

ulg(z+1,1)]  3g(z+1,1)
h(1,z1) — h(0, z2) > 5N — 5 : (24)

Provided u/(0) is sufficiently large, there exists a unique ¢* > 0 such that
% = % and % > % for ¢ € (0,¢*). Because we are free to make Z
sufficiently large independent of zZ and because the upper bound on w (and,
hence, on §) is independent of Z, all sufficiently large z satisfy z > f; and
gz +1,1) € (0,¢*). Hence, for all such z, the right-hand side of (24) is

positive, a contradiction. m
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