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1 Introduction

Here we introduce our first serious model of money. We now assume that there is
no record keeping. As discussed earler, the role of this assumption is to preclude
borrowing. And we add money to the model. Money is a perfectly durable and
divisible object which, however, is not ever consumed because it is stuff that no
one wants to consume. (It is paper, sand, or stones.) This model is extreme in
a number of respects. First, all borrowing is precluded. Second, money is the
only asset.

2 The environment.

Time is discrete and indexed by ¢ = 1,2,... . There are 2N people, where
N is a large integer. There is one good per date. All 2N people have the
same preferences which satisfy the discounted utility specification. There is no
production and society’s total endowment of each good is the same and denoted
W. (Note that if borrowing and lending were possible, then proposition 4 of the
previous section of notes would apply.)

We begin by supposing that there is a fixed stock of money and that the
amount of it never changes. We denote the total amount of money by M. We do
not concern ourselves with where this money came from. It is part of resources,
although a part which is not productive in any ordinary sense.

3 Allocations and feasible allocations

Now that we have added money to the model, we will say that an allocation
describes for each person both how much they consume at each date and how
much money they end up with at each date.

*Sections marked with an asterisk (*) can be skipped without affecting the understanding
of later results.



Definition 1 An allocation is (cp1,Cn2, -, Cnty---) and (Mp1, Mp2, ooy Mg, ...
for each person n, where my,; is the amount of money that person n ends up
with at date t.

An allocation is feasible if Ziﬁl Cnt < W and Ziﬁl Myt < M.

4 Equilibrium

We start out by describing what people own. We assume that each person
has an income stream in the form of some of the good at each date and that
each person starts out owning some money. Person n's endowment of goods
is (Wn1,Wn2, ..., Wpt, ...) and person n's initial ownership of money is myo > 0.
And, again, everything is owned by someone. That is, ZZJL wp = W and
Zi]il Mpo = M.

Although people cannot borrow, we assume that they can trade money for
goods at each date. We also assume that this trade is competitive in the sense
that each person acts as if he or she can trade any amounts at the prices that
prevail. We let v; denote the price per unit of money in units of the date ¢
good. (This symbol has nothing to with the velocity symbol that appears in the
quantity equation of the classical dichotomy model.) That is, v; is the value of
a unit of money at date t in terms of the date ¢ good. In terms of v, the date-t
price level is u%

The next step is to describe what a person can afford.

Definition 2 We say that person n can afford (cni,cn2, ..., Cnt,...) and (Mmp1,
M2y -y Mt ---) at the prices (at the price vector or price sequence) (V1,Va, ..., Vg, ...
if mpy > 0 and

Cnt + V¢Mpt = Wnt + VeMp g1 (1)

fort=1,2,....
Now we can define an equilibrium.

Definition 3 An allocation A and the price sequence (vy,va, ..., v, ...) will be
said to be an equilibrium if two conditions hold: (i) A is feasible, (ii) for each
person n, the sequences (Cn1,Cn2, .. s Cnt, -..) and (Mp1, Mp2, ..., Mpy, ...) are liked
by person n as well as any other sequences that n can afford at the price sequence
(’Ul7 V2, .eey Uty )

Exercise 1 Suppose the above economy has a last date instead of going on
forever. Could there be an equilibrium in which v, > 0 for some date t? Ezplain.

Exercise 2 Decsribe equation (1) in words.



5 A special case

As you might guess, describing equilibrium in the above model for a general
pattern of endowments is not easy. Moreover, not every pattern of endowments
is consistent with money being valuable and used. For both reasons, we now
assume very special income streams and a very special initial ownership pattern
of money.

Let y = % Each person labeled 1,2, 3, ..., N has income y at each odd date
and income 0 at each even date. Each person numbered N+1, N+2,...,2N has
income 0 at each odd date and income y at each even date. That is, if a person
is a "low numbered" person (n < N), then the person’s endowment of goods is
(Wn1, Wn2y eooy Whty ) = (¥,0,9,0,y,...), while if a person is a "high numbered"
person (n > N), then the person’s endowment of goods is (wp1, W2y ..., Wity -..)
= (0,9,0,9,0,...). As regards the initial ownership of money, let m = % We
assume that each high-numbered person enters date 1 with an amount of money
m, and that each low-numbered person enters date 1 with no money.

The above income-stream assumption sets up a simple absence-of-coincidence
in goods. Roughly speaking, each person wants to consume at every date. How-
ever, low-numbered people only have income in the form of goods at odd dates.
Therefore, they cannot support their consumption at even dates with their in-
come in that period. They have to get that consumption from high-numbered
people, but they have no good to offer. The only thing they might offer is
money. To do that, they must have acquired money earlier. And, of course,
the situation is similar for high-numbered people with the role of odd and even
dates reversed.

We pursue a guess and verify procedure to find an equilibrium for the above
special case. Before doing that, though, we study a particular one-person econ-
omy. What happens in that one-person economy will turn out to be closely
related to what happens in our many-person monetary economy.

6 Crusoe with a linear storage technology

Consider a one-person world, sometimes called a Robinson-Crusoe economy.
Time is discrete and is indexed by t = 1,2,...,T. This person maximizes dis-
counted utility. There is one good per date and the person’s endowment al-
ternates between odd and even dates: w; = y > 0 if ¢ is odd and w; = 0 if
t is even. (Because there is only one person, the subscript that identifies the
person is dropped.) The person also has access to the following inter-temporal
technology: if k; denotes date ¢ input into the technology, then the date ¢ + 1
output is Rk;, where R is given and satisfies 0 < R < % We want to describe
what is best for this person.



6.1 T =2 (A two-date lived person).

The problem is to choose (c1, ¢2) and k; to maximize u(cy) 4+ Bu(ce) subject to
c1 + k1 =y and co = Rk;. As indicated in the following exercise, this problem
can be solved using a diagram.

Exercise 3 In a diagram with date-1 good on the horizontal axis and date-2
good on the vertical axis, depict the pairs (c1,c2) that satisfy the constraints.
Using what you know about the indifference curves corresponding to u(cy) +
Bu(cy), depict the best choice of (cq,ca).

I will do it using calculus. Using the constraints, the objective can be written
as a function of a single unknown, k; :

u(y — k1) + Bu(Rky) = f(k1), (2)

where the only constraint on k1 is 0 < k; < y.
The function f defined in (2) is strictly concave and differentiable. Its deriv-
ative is

f'(k1) = =/ (y — k) + RBu'(Rky). 3)

Because f is strictly concave, it has a unique maximum which occurs either at
an endpoint of the domain or where f/(k1) = 0. The domain for k; is the interval
[0,y]. To see whether the maximum occurs at an endpoint of this domain, let’s
evaluate f'(0) and f’(y). We have from (3),

f1(0) = =/ (y) + RBu/(0)

and
f'(y) = —u'(0) + Rpu'(Ry).

If w/(0) is large enough, then f/(0) > 0 and f/(y) < 0. These inequalities imply
that the maximum of f does not occur at an endpoint of the domain. Therefore,
it occurs where f/(k1) = 0. That is, by (3), the maximum occurs at the value
of k1 which satisfies

—u'(y — k1) + RBu'(Rk1) = 0, (4)

or, equivalently,
u'(y — k1) = RBu (Rky). (5)

Let k* denote the solution for k; to this equation. Because RS < 1, (5) implies
that k* is such that y — k* > RE* > 0. This is equivalent to ¢; > ¢35 > 0, the
conclusion obtained from the diagram.

Exercise 4 Suppose u(z) = z'/2. Then v/(z) = 2z7Y/? = 2;/2. (i) Using
Ezcel, plot the function f in (2) fory =2, R=1, and 8 = .9. (ii) Solve (5)
for k* in terms of y, R, and .




6.2 T =3 (A three-date lived person).

Now the problem is to choose (c1, ¢a, ¢3) and (k1, k2) to maximize u(cq)+Bu(ce)+
ﬂ2u(03) subject to ¢; + k1 =y, ca+ ko = Rk1, and ¢z = y+ Rks. If we substitute
for the consumption variables using the constraints, our problem is to choose
(K1, k2) to maximize

u(y — k1) + Bu(REy — ko) + B%u(y + Rky) = g(ki1, k), (6)

subject to y — k1 > 0 and Rk; — ko > 0,which reflect the constraints that
consumption cannot be negative.

Exercise 5 In a diagram with ki on the horzontal axis and ke on the vertical
azis, sketch the pairs (ki,ks) that satisfy y — k1 > 0 and Rk — ko > 0.

We take the result of this exercise to be the domain for the function g defined
in (6). So our problem is find the pair (k1, k2) in this domain that maximizes g.
We proceed by guessing at the best pair and then verifying that it is best. There
is an obvious guess to make. It is (k1,k2) = (k*,0), where k* is the solution
to (5). Our way of confirming this guess appeals to the fact that g is strictly
concave and differentiable. We will do this confirmation twice, using diagrams
and using calculus. The strict concavity of g implies that it is enough to check
departures from (k1,k2) = (k*,0) one variable at a time and to check small
departures.

Diagrams. Checking departures one variable at a time means setting the
other variable at its conjectured best value and checking on departures for the
other one.

Let’s start by checking departures from k; = k*, while holding ks = 0.
This means examining how the objective varies with k;, while holding &y = 0.
Because k; does not appear in the third term of the left-hand side of (6) and
because when we set ko = 0, the first two terms become the objective in our
two-date problem. Therefore, this is nothing but the two-date problem for which
we know that ki = k* is best.

Next we want to check departures from ks = 0, while holding k; = k*.
Because ks does not appear in the first term of the left-hand side of (6), we can
proceed by studying only how variations in ks affect co and c3. I outline how to
proceed in two exercises.

Exercise 6 With date-2 good on the horizontal axis and date-3 good on the
vertical axis, depict the pairs (cq,c3) that satisfy the constraints while holding
k1 = k*.

Exercise 7 Given what you know about the indifferences corresponding to Su(ca)+

B?u(cs), argue, using your diagram, that ko = 0 is best.

Calculus. We let gq(k1,k2) denote the partial derivative of g with respect
to its first argument and let go(k1,k2) denote the partial derivative of g with
respect to its second argument. It follows that

g1(k1, ko) = —u/(y — k1) + RBu/(Rk1 — k2) (7)



and
g2(k1, k2) = —Bu/(Rky — ko) + RB*/ (y + Rks) (3)

Exercise 8 (i) Write an expression for gi1(k*,0) and one for go(k*,0). In other
words, evaluate the expressions in (7) and (8) at (k1,k2) = (k*,0). (it) Argue
that g1 (k*,0) = 0. (iii) Argue that go(k*,0) < 0.

Because g is strictly concave, the conclusions in the last exercise imply that
(k1,k2) = (k*,0) is the solution to the problem.

6.3 T = oo (an infinitely-lived person)
Now the problem is to choose (c1, ¢o,cs, ...) and (k1, ko, ...) to maximize u(cy) +
Bu(cy) + Bu(es) + ... + B u(ey) + ... subject to
ct + kt =Y + Rkt_l when ¢ is odd (9)
and
¢t + ki = Rk;_1 when ¢ is even (10)

and ko = 0.
Notice that the only difference between (9) and (10) is the presence or ab-
sence of y. It is convenient to replace these by a single constraint,

Ct+kt :wt—|—Rk;t_1, (11)
where .
| yiftisodd
We = { 0if tiseven ~ (12)

When we substitute (11) into the objective, we can write our problem in the
compact form: choose ky, ko, ..., k¢, ...to maximize

oo

> B u(wy + Rbyy — ki) = hika, ko, ok, ), (13)

t=1

where w; satisfies (12) and where kg = 0. A significant feature of (13) is that
each particular term in the sequence k1, ko, ..., k¢, .. appears in exactly two terms
of the infinite sum. In particular, k, appears in the terms

B u(wy + Rky—y — kr) + BTu(ws 1 + Ry — kry1). (14)

By now, it should be no surprise that we guess that a solution to the above
problem is

(15)

by — k* if ¢ is odd
t7 ) 0iftis even

Although I will not prove this for you, the function h is strictly concave and
differentiable. Therefore, it is enough to check departures from (15) one variable
at a time and locally. And this is easy to do. There are only two things to check.



Exercise 9 Let 7 be odd. (i) Give the expression for (14) that is relevant for
checking the one-variable-at-a-time departure for k, from the guess given by
(15). (ii) Explain using previous results why no departure from k. = k* is best.

Exercise 10 Let 7 be even. (ii) Give the expression for (14) that is relevant
for checking the one-variable-at-a-time departure for k, from the guess given by
(15). (ii) Explain using previous results why no departure from k; = 0 is best.

Several remarks are in order about the above description. First, there is
a technical matter that arises in the infinite horizon case. There is another
condition to check, a condition called the tranversality condition. We do not
have to worry about it; all the solutions that we propose satisfy it.! Second,
you may wonder why the solution that applies when Crusoe lives only two dates
also holds when he lives for any number of dates. This happens for two reasons.
His preferences (discounted utility), his income stream (y at odd dates 0 at
even dates), and his technology (R is constant) imply that if he enters each odd
date with the same pay-off from previous investment, then his opportunities and
preferences for the current and all future dates look the same. This if clause
holds because R is so low that Crusoe wants to enter each odd date with a zero
payoff from previous investment.

All these features will turn out to be features of the equilibrium in the special
case of our monetary economy. There, acquiring money will replace storage.
However, in other respects, matters will be similar.

7 Equilibrium in the Special Case

The simplest equilibrium with valued and traded money that could exist is one
in which the price of a unit of money is constant. Let’s try out this feature
as step (i) of the guess and verify procedure. The feature is that there is an
equilibrium with (v, va, ..., v¢,...) = (v, v, ..., v, ...) with v > 0, or, more succintly,
an equilibrium with v; = v > 0 for all ¢. Notice that the guess does not pick
out a particular magnitude for v. Doing that is part of step (ii) of the guess and
verify procedure. (There is no single right way of doing steps (i) and (ii) of a
guess and verify procedure. In this case, as a way of explaining how the guess
is constructed, T am trying to put very little into step (i).) I now describe a way
to complete the guess, a way to carry out step (ii).

Consider a particular low-numbered person and the first 2 dates in isolation.
With date-1 good on the horizontal axis and date-2 good on the vertical axis,
let’s sketch the opportunities for date-1 and date-2 consumption implied by
being able to buy money at price v at date 1, storing the purchased money until
date 2, and then selling at date 2 at the price v all the money acquired at date
1.

The t = 1 version of (1) for a low numbered person under the conjectured
price sequence is

Cn1 +UMp1 =y (16)

1See the appendix for a demonstration.



while that for ¢ = 2 assuming all the money is sold is
Cn2 = VM1 (17)
If both hold, then the sum holds. The sum of (16) and (17) is
Cn1 + Cn2 = 4. (18)
Exercise 11 In your diagram, sketch all the pairs (cp1,cn2) that satisfy (18).

Exercise 12 If (cu1,cn2) satisfies (18), then there exists my1 > 0 such that it
and (¢p1, Cn2) satisfy (16) and (17). True or false? Explain.

Exercise 13 Explain in words why v does not appear in (18).

Exercise 14 Show that the consumption opportunities depicted by (18) are
identical to those for the two-date lived Crusoe of the last section when R = 1.
Ezxplain why that is not a surprise.

Our guess will come from depicting what is best for this person from among
the opportunities given by (18).

Exercise 15 Sketch some indifference curves over pairs (cp1,cn2) for this low-
numbered person and depict what is best for the person from among the oppor-
tunities given by (18).

Let’s denote the best consumption pair as depicted in this exercise, (cy, ¢o).
(Think of ¢, as consumption when the income is y and ¢y as consumption when
the income is 0.)

Exercise 16 Isc, > 47 Is c, < y? Explain.

Notice that the pair (¢, ¢p) depends only on y and on the indifference curves
implied by our assumed discounted utility specification. Now we complete the
guess in terms of (¢y, cp) and state the guess as part of a proposition.

Proposition 1 Let (cy,co) be the best consumption pair as depicted in the last
exercise. The special case has the following as an equilibrium. The allocation is
as follows. If n < N, then

(Cn1sCn2s oy Cnty -) = (cy, Co, €y, €0, ---) (19)
and
(Mp1s M2y ooy Mty ) = (M, 0,m, 0, ....). (20)
If n > N, then
(€n1sCn2s -y Cnty --.) = (co, ¢y, Cos €y, ) (21)
and
(Mp1y M2y ooy Mty -..) = (0,m, 0,m, ....). (22)

The price sequence is
v = “« forallt > 1. (23)
m



Exercise 17 Suppose u(z) = x'/2. Solve for cy in terms of y and 3. Solve for
v in terms of y, B, and m.

We will not do a formal proof of proposition 1, but will go through most
of the steps, some in exercises. A proof involves the verification part of the
guess and verify procedure. Before we do that, some remarks are in order. You
cannot understand the statement of 1 unless you understand exactly how the
pair (¢y, co) was constructed in the last exercise. Indeed, that description is part
of the statement of the proposition. The last claim in the proposition, equation
(23), picks out a particular magnitude for the price of money. Because the
right-hand side of that equation is a constant, the proposal is consistent with
the initial feature of our guess—namely, that v; is constant. The magnitude of
vt is chosen so that total spending on money at each date, Nc¢y, is equal to the
value of the total money supply, v M.

Now we sketch the steps in a proof of proposition 1.

Exercise 18 Show that the allocation given by (19)-(22) is feasible—that is,
that it satisfies condition (i) in the definition of equilibrium.

Now we turn to condition (ii) in the definition of equilibrium. This is the
part that says that each person’s part of the allocation is best from among those
that the person can afford. A necessary condition is that each person’s part of
the allocation is affordable. (If it is not affordable, then it cannot be best from
among those that are affordable.)

Exercise 19 Show that if n < N, then (19)-(20) is affordable for n.
Exercise 20 Show that if n > N, then (21)-(22) is affordable for n.

Now for the hard part of condition (ii)—showing that each person’s part of
the allocation is best from among those that the person can afford. We start
by rewriting (1) slightly. Let s,; = vgmy;. In words, s, is the value in terms of
date t good of the money with which person n leaves date t. Or you can call it
saving in terms of the date-t good. Then, we can write (1) as

Ut
Cnt + Snt = Wnt + ——Sn -1 (24)
Ut—1
or, using (23),
Cnt + Spt = Wnt + Sn,t—1 (25)
Now let’s express discounted utility in terms of the sequence syq, Sp1, ... , where

all but the first term are choice variables for person n. That is, we can solve
(25) for ¢y and write

Zﬂfflu(cnt) = Z B u(wnt + Spi—1 — Snt) (26)
t=1

t=1



The right-hand side is helpful because we can think directly about the conse-
quences for discounted utility of varying the s,; terms. The only constraints we
have to worry about are ¢,; > 0 and s, > 0.

Now suppose that someone presents us with a particular sequence s,,1, Sna, ...
and asserts that it maximizes the right-hand side of (26). Because the right-
hand side of (26) is strictly concave, we can check departures one variable at a
time and locally, just we did for Crusoe in the last section.

Exercise 21 Show that our assumptions about initial holdings of money and
our guess in (19)-(23) imply the following candidates for the sequence spo, Sni, .- :

(80 Sn1,---) = (0,¢0,0, ¢, ....) if n <N (27)

and
($n0, Snt,---) = (0, 0,¢0,0,....) if n > N. (28)

A feature of discounted utility is that the term s,;, for any ¢ > 1, appears
in exactly two terms in the infinite summation in the right-hand side of (26).
Those two terms are

ﬁt_lu(wnt + Spt—1 — Snt) + /Btu(wn,t+1 + Spt — Snt+1)- (29)

Then the check of deparures one variable at a time takes the following form:
St as given by the candidate in (27) and (28) maximizes the expression in (29)
when s,, ;1 and s, 41 are given by the candidate. Moreover, there are only two
different versions of (29). One version applies to every low-numbered person at
every odd date and to every high-numbered person at every even date; that is,
whenever a person has a date ¢ income of y (and, therefore, a date ¢t + 1 income
of 0):

Btilu(y +0—sp) + Btu(O +8p—0) = ,Btfl[u(y — Snt) + Bu(sne)]  (30)

The other applies to every low-numbered person at every even date and to every
high-numbered person at every odd date; that is, whenever a person has a date
t income of 0 (and, therefore, a date ¢t + 1 income of y):

B (04 co—spi) +B u(y 50t —co) = B u(co—sne) +Bu(y+sn—co)]. (31)

I will present the analysis of (31) and leave for an exercise the analysis of (30).

We are trying to show that s, ; = 0 maximizes the expression in square
brackets on the right-hand side of (31). As a first step, we sketch all pairs
(cn.ts Cn,t+1) implied by all possible choices for s,, ;. So let’s consider a diagram
with date ¢t good on the horizontal axis and date ¢ + 1 good on the vertical
axis. Any magnitude of s, ; between 0 and c¢ is a possible choice. If s, ; = 0,
then (cp.t, Cnt+1) = (co,y — o). Sketch this point in the diagram. If s, ; = co,
then (¢n.¢sni+1) = (0,y). Sketch this point in the diagram. What about the
other possible choices of s, +?7 Just connect the dots; that is, connect the points
(co,y — ¢o) and (0,y). (If you have done this correctly, then you should have a

10



line segment whose slope is —1 and that lies entirely above the line through the
origin with slope 1.

The next step is to represent the indifference curves that correspond to what
we are trying to maximize. We have picked out two terms of the infinite sum
on the left-hand side of (26); namely

B ulene) + Bulen 1) = B [ulent) + Bulen,e1)] (32)

The constant 3°~" on the right-hand side of (32) plays no role in determining the
shapes of the indifference curves. Therefore, we want to sketch the indifference
curves implied by u(cnt) + Bu(cn41). We have done this before. These are
nothing but the indifference curves for two goods implied by discounted utility.
From the above facts about the line segment that depict opportunities, it follows
that the indifference through any point on the line segment is steeper at that
point than the line segment. That, in turn, implies that the highest indifference
curve is reached at the point (¢y ¢, ¢n t41) = (co,y — co), which is the point that
corresponds to s, = 0. This is what we set out to prove.

Exercise 22 Argue, using a diagram, that s,; = ¢ mazximizes the right-hand
side of (30).

We have now completed the verification part. Therefore, subject to your
acceptance of my claims about strict concavity and its consequences, we have
proved proposition 1.

Exercise 23 Consider two economies that are identical except for the amounts
of money. According to proposition 1, how do the equilibria for the two economies
differ?

8 Other income streams*®

The main features of the equilibrium just described hold for income streams
that do not vary over time as much as those of the special case. Suppose the
low-numbered people have income y — & when ¢ is odd and have income ¢ when
t is even and vice versa for the high-numbered people, where ¢ is between 0
and 4. An equilibrium with a constant price of money that is positive exists
if the following condition holds. Consider the consumption pair (cpt, ¢ i41) =
(y — €,¢) and consider the indifference curves over pairs (cpt, ¢p ¢+1) implied by
discounted utility. If the indifference curve through the point (cpt,Cnt+1) =
(y — &,¢) has slope greater than —1 at that point (is flatter than a line with
slope —1), then a monetary equilibrium can be constructed exactly as we did
above except that wherever we used the point (y,0) in that argument, we have
to replace it with (y — e, €). That slope condition will not hold if € is sufficiently
close to 4.

Exercise 24 State a proposition about an equilibrium for the economy of this
section that is analogous in form to 1.

11



Exercise 25 Suppose u(xz) = /z, 8 = .9,y =1 and m = 1. (i) If e = .25,
then describe numerically an equilibrium with a positive and constant value of
money. (it) For what magnitudes of € is there an equilibrium with a positive
and constant value of money?

9 Other initial distributions of money*

Part of the special case is a very particular distribution of initial holdings of
money. Each low numbered person has no money initially and each high num-
bered person has the same amount of money. In the equilibrium displayed above,
this distribution of money persists through all time. This is not an accident.
I chose that initial distribution because I knew that there is an equilibrium in
which it persists. Such an initial condition is called a steady state.

Let’s briefly consider other initial distributions such that all low numbered
people start with the same amount of money and all high numbered people start
with the same amount of money. In particular, let each low numbered person
start with am amount of money and let each high numbered person start with
(1 — a)m amount of money, where a is between 0 and 1. Here is a guess and
verify argument for this model.

Consider the high numbered people at the initial date. Even if they have all
the money, we found an equilibrium in which they spend it all at date 1. It seems
plausible that if they have less of it, then there would also be an equilibrium in
which they spend all of it. If they do spend all of it, then the low numbered
people at date 2 have it all. But, then date 2 looks exactly like date 1 looked
when o = 0. Therefore, a plausible surmise for this model is that only date 1
quantities and prices depend on a.

To pursue this surmise and construct the complete date 1 guess, we use the
following technique. We first ask the following question. Given that each low
numbered person will consume ¢y at date 2 and that vs is given by (23), what
does v1 have to be in order that that a low numbered person be willing to acquire
(1 — a)m amount of money? After answering this question, we must confirm
that each high numbered person is willing to spend that amount of money.

Let’s start with a diagram with date 1 good on the horizontal axis and date
2 good on the vertical axis. On this diagram, let’s start by plotting two points:
(cy,co) and (y,co). The first of these is the equilibrium (cp1,cpn2) for a low
numbered person when o = 0. The second is the equilibrium (¢,1, ¢,2) for such
a person when o = 1. Next, let’s think about the indifference curves over date
1 and date 2 consumption pairs implied by the discounted utility assumption.
By construction of (cy,cg), we know that the indifference through that point
has slope —1 at that point. Now consider the points on the line segment that
connects the two points and the slopes of the indifferences curves through those
points. As we move from (¢, ¢o) to (y,cp), the indifference curves get flatter
and flatter. Now pick out any point on that line segment and call it (z,cp).
Consider the slope of the indifference curve through that point. In order that
the low numbered person be willing to consume that point, it must be that
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the ratio Z—fis equal to minus the slope of the indifference curve at the point
(z,co). That condition tells us what v; must be because we are surmising that
vg is given by (23). Moreover, because we know that the indifference curves get
flatter the larger is x, we know how v; varies with z. Finally, what « goes along
the point (z,cg)? That can be answered by using

z=y—v(l—a)m. (33)

Having picked out an x and the v; associated with it, this equation now has one
unknown, «, which can be solved for uniquely from this equation. Moreover,
although it takes a little bit of mathematical reasoning, as we vary x from ¢, to
y, the set of solutions for « to (33) covers all the possible «'s.

This may seem like a backward procedure because it does not start from an
a. It is equivalent to the following "forward" procedure which is sketched out
as part of the next exercise.

Exercise 26 Fiz « at some value between 0 and 1. Now consider a diagram
with date 1 good on the horizontal axis and the price of money in terms of date
1 good on the vertical azis. (i) For x between c, and y, plot the pairs (z,v1)
that satisfy (88). (ii) For x between c, and y, plot the pairs (x,v1) that satisfy
the following condition: the slope of the indifference through the point (x,co) is
equal to —3%, where vy is given by (23). (iii) Argue that there is exactly one
pair (z,v1) that satisfies the condition in (i) and the condition in (ii) This pair
18 the candidate for the equilibrium c,1 for a low numbered person and for v;.
(iv) How does that candidate vary with o?

Exercise 27 If « = 1, then the equilibrium c,1 for an odd person is y. Why
must that be the case?

We now argue that faced with the v; as constructed in part (iii) of the next
to last exercise and vq as given by (23), a high numbered person wants to spend
all her or his money at date 1. The argument is similar to our analysis above
which we did for a = 0. Now we do it for date 1 for an arbitrary « between 0
and 1. Our goal is to show that s,; = 0 is best for a high numbered person
when the person takes as given (sp2, sps3,..) = (co,0, ¢, 0, ...).

We start by writing (24) for a high numbered person for date 1 and for date
2. For date 1, it is

en1+ Sn1 =04 v1(1 — a)m; (34)

For date 2, it is

v
Cp2 +Co=Yy+ vﬁsn,lv (35)
1

where we have inserted the equilibrium value for s, in accord with studying
the necessary condition for a maximizing choice of s,1. It is helpful to replace
v1(1 — a)m in (34) using (33) to get

CnltSp1=y—= (36)

13



where y — z is between 0 and ¢y. Now let’s plot the pairs (¢, 1, ¢p2) implied by
all possible choices for s,1, the possible choices being anything between 0 and
y — x. The points are a line segment that connects the pairs implied by s,; = 0
and s,1 = y — x. The choice s,,; = 0 implies (¢p1,cn2) = (y — x,y — o). The
choice s,1 =y — « implies (cp1,cn2) = (0, — co + %(y —x)). Because Z—f <1,
it follows that this line segment has slope between —1 and 0. Also, because
y—x <cy <y — cp, all points on it satisfy c,1 < cpa.

Now let’s consider the indifference curves over the pairs (¢p1,cp2) implied
by discounted utility. From the above facts about the line segment that depict
opportunities, it follows that the indifference through any point on the line
segment is steeper at that point than the line segment. That, in turn, implies
that the highest indifference curve is reached at the point corresponding to the
choice s,1 = 0, which is what we set out to show.

So we have shown how to construct an equilibrium for any initial condition
such that all people of the same type in terms of income streams have the same
money holdings.

10 Welfare

We have described a monetary equilibrium in great detail. The equilibrium we
have described is not Pareto Efficient. We list this as a proposition.

Proposition 2 The equilibrium we have described is not Pareto Efficient.
Exercise 28 Prove this proposition.

The assumptions we made to rule out borrowing have welfare consequences.
Under those assumptions, a fixed stock of money can help, but cannot help
enough to produce an allocation that is Pareto Efficient.

Faced with this conclusion in this and closely related models, some econo-
mists have suggested that the problem would be fixed if it could be arranged
to have money bear interest at the real rate % — 1. In the equilibrium we have
found the real interest rate on money is either 0 or negative (at date 1 if the
low numbered people start with some money). We will put off an analysis of
paying interest on money until we study money creation and inflation. There,
our conclusion will be that it does not make sense in the kind of world we have
been studying, a world of strangers, to assume that it is easy to finance the
payment of interest on money.

11 Relationship to an OLG model*

The model of infinitely lived people set out above and a simple OLG model
are similar in some respects. Here I want to point out the similarities and the
differences. Finally, I will say why I favor the model of infinitely lived people.
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Suppose the OLG model has two-date lived people who have the same pref-
erences and that these are described by discounted utility. Also, suppose that
each generation has the same number, NV, of members, that there is one good
per date, no production, and that society’s endowment of date t good is W and
not dependent on t. We call generation ¢ the generation who are young at ¢ and
old at t + 1.

We assign the indexes 1,2,..., N to the young people at date ¢t and the
indexes N + 1, N + 2,...,2N to the old people at date ¢, but with a particular
understanding. If n < N, then the index n at ¢t and the index N +n at t + 1
refer to the same person. Then we use the same notation for allocations that
we used earlier, but with that understanding. That is, if n < N, then the pair
(Cnt, CN4+n,t+1) 1s the lifetime consumption stream of person n who is young at
t and old at ¢ 4+ 1, and (M, MN4n+1) is the lifetime stream of end-of-date
money holdings. With that understanding, an allocation can be denoted by
two sequences (Cpi,Cn2, -5 Cnty--.) and (M1, Mp2, ..oy My, ...) for each n from
1,2,...,2N, just as we did in the model of infinitely lived people. And the
definition of feasibility is the same.

Exercise 29 Suppose N = 1,000. Using the applicable subscripts, denote the
lifetime consumption of person 50 who is young at t = 3%

As regards individual endowments, let each young person at ¢t have the in-
come stream in goods consisting of % = y units of the date t good and 0 of the
date t + 1 good. Finally, assume that the economy has a total of M amount of
money and that each person who is old at the first date starts out with % =m
amount of money.

We next give a definition of equilibrium. We define prices exactly as we did
above. We let v; denote the date ¢ price of money in units of date ¢ good. We
start with a definition of what a person can afford over the person’s lifetime.

Definition 4 Ifn < N, then the pair (cnt, CN+n1+1) and the pair (M, MN1n.141)
18 affordable for person n of generation t if

Cnt = Y — V¢Mypt and CNA4nt+1 T Vi 1MN4n,t4+1 = Up41Mpt (37)
If n > N, then cn1 and myy is affordable for person n of generation O if
Cp,1 T V1My,1 = VM.

Definition 5 An allocation A and the price sequence (vy,va, ..., v, ...) will be
said to be an equilibrium if two conditions hold: (i) A is feasible, (ii) for each
person n < N in every generation t > 1, the part of A assigned to that person
18 liked by the person as well as anything else that the person can afford at the
price sequence (Vi,va, ..., V¢, ...) and similarly for the members of generation 0
who are old at t = 1.

Proposition 3 The allocation and price sequence given by (19)-(23) is an equi-
librium of the OLG model.
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The proof, which consists again of verifying that the candidate equilibrium
satisfies the equilibrium conditions, is a simplified version of the argument we
presented for the special-case economy with infinitely lived people. There we
had to argue at some length that people who had no income wanted to spend
all their money. Now such people are about to die; obviously, they want to
spend all their money. Second, as regards people when young, because they live
for two dates their entire problem can immediately be represented by thinking
about their choices in the two-dimensional diagram we have been using. That
simplicity is a virtue of the OLG model.

Indeed, given that simplicity, you may wonder why we did not reverse the
order of propositions 1 and 2. We could have. I chose not to because I want to
do some subsequent analysis directly in the model of infinitely-lived agents.

Although there is an association between equilibrium in the the model of
infinitely-lived agents and equilibrium in the OLG model, the welfare interpre-
tation of the equilibrium is different in the two models. We have seen that the
equilibrium in the model of infinitely-lived agents is not PE. The source of the
inefficiency is that a person giving up money to acquire some of good at a date
and a person giving up some of the good to acquire money at the same date
have different marginal rates of substitution between the good at that date and
the good at the next date. That source of inefficiency is not present in the OLG
model because the people giving up money to acquire some of the good at a
date are old people who will be dead at the next date.

Because one of the main reasons we build models is to derive conclusions
about welfare, this difference between the two models is important. Which
model should we like better? I think we should like the model of infinitely lived
people better because it is more realistic in the following sense. Most people
in the actual economy who give up money to acquire goods will be around at
the next date. That suggests that the source of inefficiency in the model of
infinitely-lived agents is present in the actual economy. Therefore, we should
favor a model that allows for such inefficiency rather than one that rules it out
by its special demographic structure. Of course, a more complicated version of
the OLG model with longer-lived people amd, therefore, more overlap between
generations, would also display ineffciency. However, such version would not be
simpler than our model of infinitely lived people.

12 Money Creation and Inflation

Here we study money creation and inflation using the model of infinitely lived
people. We will consider different cases regarding how the inflation comes about
and regarding the environment within which it happens. In some, the money
creation will be unambiguously a bad thing. In others, the conclusions are
ambiguous.
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12.1 Transfers

Consider the economy that we are calling the special case. Low numbered people
have income in the form of goods of y in odd periods and 0 in even periods and
vice versa for high numbered people. We now suppose that the money supply
can be varied and that in each period some additional money is created and
handed out to the people who have no income in the form of goods at that date.
We label those handouts of money tranfers and we think of them as being a
government policy.

We begin by describing the amounts transferred. We want to choose those
amounts so that the resulting equilibrium is simple. We expect that increases
in the amount of money will produce inflation, a falling value of money. Such
an equilibrium will be relatively simple if it produces a constant inflation rate.
To have that happen, we choose the tranfers so that the total amount of money
increases at a constant rate.

With the total amount of money changing, we have to be careful about
notation. At any date, there is money carried over from the last date, some
newly created money that is tranferred to people, and the total amount carried
forward. We let M; denote the total amount carried forward from date ¢, or the
post-transfer amount of money at date {. We assume that

My = (14 0)M, (38)

where 0 is a positive number. This implies that the amount of new money
created at date t+1, My1 — M, is equal to M. Now that the amount of money
is changing, the condition for feasibility of money holdings becomes Ziﬁl Mpt <
Mt.

At each date, there are N people who have no income in the form of goods
at that date. We assume that the new money that is created goes to them.
Thus, at date ¢ + 1, each of the people who have no income in goods at that
date get 9%‘ units of money.

Although we will study only this special transfer scheme, it is helpful to have
a general notation for transfers in the form of money. Thus, we let T,,; denote
the transfer at date ¢ to person n. Given these transfers, we must amend the
definition of affordability.

Definition 6 We say that person n can afford (i, cn2, .., Cnt,...) and (Mp1,
M2y -y Mg, --) at the prices (at the price vector or price sequence) (V1,Va, ..., Vg, ...
if mp >0 and

Cnt + VeMint = Wpt + VeMp t—1 + VT (39)

fort=1,2....
There is no reason to amend the definition of equilibrium. We can summarize

our assumptions about both income streams in goods and transfers of money
and inital (pre-transfer) holdings of money as follows:

oo . . .
wnt:{y1fn_Nandt150dd,or1fn>Nandtlseven (40)

0if n < N and t is even, or if n > N and ¢ is odd ’
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T 0if n < N and t is odd, or if n > N and t is even (41)
nt 6M#ifnSNandlfiseven,orifn>Nandtisodd’
and ;
Oif n <N
mn()—{ %ﬁ’nSN . (42)

As we have been doing, we will pursue a guess and verify procedure to find
an equilibrium. We begin by conjecturing that there is an equilibrium in which

Vt+1 _ 1
V¢ 1+9

(43)

This is the conjecture that the value of money falls at a rate equal to that
at which the money supply increases. Based on this conjectured feature of an
equilibrium, we form a complete candidate for equilibrium as follows.

We surmise that whenever a person has the same income in the form of
goods, the person will consume the same amount. That is, let ¢, denote con-
sumption when a person has income y and let ¢y denote consumption when
a person has income 0. If this happens, then by feasibility, it must be that
¢y + co < y. Moreover, we do not expect goods to be wasted or thrown away in
an equilibrium. Therefore, we construct a candidate that satisfies

Cy +Co=1Yy. (44)

Exercise 30 If ¢, is consumption of every person who has income y and cq is
consumption of every person who has income 0, then feasibility implies c, +co <
y. True or false. Explain.

With ¢, on the horizontal axis and ¢y on the vertical axis, let’s sketch the
pairs that satisfy (44). These fall on a line with slope —1 and intercept y. The
next step is to make a guess about a point on this line. This guess is based on
the following reasoning. We expect people whose income is y to be acquiring
money and to be planning to use it to acquire consumption at the next date.
If so, then the pair (¢, co) must be a best choice for (cpt, cpnt41) When current
income is y and income at the next date is 0. So let’s consider the indifference
curves over pairs (cu, ¢n¢+1) implied by discounted utility. Imagine that these
indifference curves are on our diagram. Now according to (43), the opportunities
faced by trading off current consumption against consumption at the next date
for those with current income y imply that one unit of current consumption
can be traded against ﬁ units of consumption at the next date. Therefore,
our guess for the pair (cy, cp) is that it is the point satisfying (44) at which an
indifference curve has slope —1—_19. Let us denote this point (c;j, ch)-

Exercise 31 If u(z) = \/x, express ¢, and ci in terms of B,y, and 6.

*

Exercise 32 How does the point (c;, cj) vary with 7 Explain.
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Given (43) and (cj;, ), the rest of our guess comes from conjecturing that
at each date, all the money held by people with income 0 (in goods) is used to
purchase the good at that date. In particular, this gives us a candidate for vy;
namely, the solution for vy to

" Mo
Co :U1(1+9)W (45)
We assemble our conjecture in the form of a proposition.

Proposition 4 Under the money transfer scheme and endowments as given by
(40)-(42), there is an equilibrium with a price sequence given by (45) and (43)
and with

o = ¢, ifn < N andt is odd, or if n > N and t is even (46)
" e ifn < N andt is even, or if n > N and t is odd
and
e — %ifnﬁNcmdtisodd, orifn > N andt is even (47)
e 04 n<N andt is even, or ifn > N and t is odd

The proof of this proposition consists of the verification part of the guess
and verify procedure. We will do this in exercises which to a large extent mimic
what we did for § = 0. In doing these exercises, you should make use of the
following expressions for M; and v; which are implied by (38) and (43),

1

Mt = (1 + g)tM() and Ve = W”L

(48)
Exercise 33 Verify that the allocation given in (46) and (47) is affordable at
the price sequence given by (45) and (43). (Hint: Show that (39) holds. There
are two versions that have to verified. One version is for a person with income
y and the other version is for a person with income 0.)

The next two exercises confirm that the part of the allocation that pertains
to each person is best for that person from among those that the person can
afford.

Exercise 34 Consider a person n with income y at some date t. Suppose this
person enters date t with no money and will leave date t + 1 with no money.
(i) With date-t good on the horizontal axis and date-t + 1 good on the vertical
axis, sketch the opportunities for date-t and date-t + 1 consumption implied by
buying money at price vy at date t, storing the purchased money until date t+ 1,
and then selling at date t + 1 at the price viy1 all the money acquired at date
t, when vy and viiy satisfy (43). (i) Explain why (cut, cn 1) = (¢, ) is this
person’s preferred choice from among those opportunities.
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Exercise 35 Consider a person m with income 0 (in goods) at some date t.

Suppose this person enters date t with an amount of money equal to %

will leave date t + 1 with an amount of money equal to % (i) With date-t

good on the horizontal axis and date-t + 1 good on the vertical axis, sketch the
opportunities for date-t and date-t +1 consumption implied by selling money at
price vy at date t and storing any unsold money until date t + 1 when its price
is vi11, when vy and vip1 satisfy (48). (i) Explain why (cnt, Cnv1) = (cg,c;)
18 this person’s preferred choice from among those opportunities.

and

These last three exercises accomplish the verification, subject, as above, to
your acceptance of the claims about strict concavity and its consequences.

This model gives rise to a strong welfare conclusion about the transfer
scheme.

Proposition 5 Consider the equilibrium of proposition 4. In that equilibrium,
the discounted wutility of each person is decreasing in 6.

Exercise 36 Argue that Proposition 5 is true.

12.2 Government expenditures

Governments sometimes use money creation as a way to finance expenditures.
We now analyze such a situation against the background of the same model we
used to study transfers. We assume that the goods the government acquires
are used to provide a public good that is valued by people, but in a way that
does not affect their preferences over private consumption as represented by the
consumption streams we have so far studied. We do not attempt to determine
the best amount of the public good. Instead, we assume a constant rate of
money creation and describe a resulting equilibrium, including the amount of
the good at each date that the government acquires.

We should make one change now that we are introducing the government
as a user of goods. We should redefine allocations and feasible allocations to
include the amount of the date-t good used by the government. We let G;
denote that amount.

Definition 7 An allocation s (Cp1,Cn2, ...y Cnty--.) and (Mp1, Mp2y ooy Mg, ...
for each person n, where my; is the amount of money that person n ends up
with at date t, and (G1,Ga, ..., Gy, ...).

An allocation is feasible if G; + 272:111 cnt < W and ZZJL M < M.

We continue to assume that the path of the money supply satisfies (38). The
amount of newly created money at date ¢ is again M; — My_1 = OM;_;. This
newly created money is used to buy the date ¢t good. In particular, the condition
that government can afford (Gy, Ga, ..., Gy, ...) is

Gy = viM;_q (49)
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for all ¢t > 1.

We again find an equilibrium using a guess and verify procedure. We start
with the conjecture that the equilibrium price sequence satisfies (43). And we
also surmise that whenever a person has the same income in the form of goods,
the person consumes the same amount. That is, we let ¢, denote consumption
when a person has income y and let ¢y denote consumption when a person has
income 0. Now, however, we do not expect that (44) holds.

Exercise 37 Explain why we do not expect that (44) holds.

Instead, we do the following. We consider what a person with income y at ¢
and income 0 at t+ 1 would do if faced with the opportunity to purchase money
at t at the price v, and to sell it at ¢t + 1 at the price v;41, where v; and vy41
satisfy (43). In a diagram with date ¢ good on the horizontal axis and date t+1
good on the vertical axis, these opportunities lie on a line with slope —ﬁ that
passes through the point (y,0). (These opportunities are exactly those of the
two-date lived Crusoe who faces R = 1-%9) Denote by (cj,,c) the pair on the
line which gets to the highest indifference curve.

Exercise 38 If u(x) = \/z, express ¢, and c; in terms of f,y, and 6.

The rest of our guess comes from conjecturing that at each date, all the
money held by people with income 0 (in goods) is used to purchase the good at
that date. In particular, this gives us a candidate for v;; namely, the solution

for vy from
M,
ch =1 WO (50)
With v; given by (50), (43) gives us the entire price sequence.

We now assemble our guess in the form of a proposition:

Proposition 6 Under the endowments as given by (40)-(42), with money cre-
ation as given by (38), and with newly created money used by the government
to purchase the good, there is an equilibrium with a price sequence given by (50)
and (43), with govervnment expenditures given by (49) and with

- c; ifn < N and t is odd, or if n > N and t is even (51)
" ¢y ifn < N and t is even, or if n > N and t is odd
and
- %zfn < N and t'is odd, or zfn >N and t i's even (52)
04 n<N andt is even, or if n > N and t is odd

We again leave the verification for exercises.

Exercise 39 Show that Gy + Nc;, + Ncj = W.
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Exercise 40 Verify that the consumption and money holdings in (51) and (52)
are affordable at the price sequence given by (50) and (43). (Hint: Show that
(89) holds when transfers are zero for everyone. There are two versions that
have to verified. One version is for a person with income y and the other version
is for a person with income 0.)

Exercise 41 Consider a person n with income y at some date t. Suppose this
person enters date t with no money and will leave date t + 1 with no money.
(i) With date-t good on the horizontal axis and date-t + 1 good on the vertical
axis, sketch the opportunities for date-t and date-t + 1 consumption implied by
buying money at price vy at date t, storing the purchased money until date t+1,
and then selling at date t + 1 at the price viy1 all the money acquired at date
t, when vy and viyy satisfy (43). (ii) Explain why (cut, cn 1) = (¢, o) is this
person’s preferred choice from among those opportunities.

Exercise 42 Consider a person n with income 0 (in goods) at some date t.

Suppose this person enters date t with an amount of money equal to M;V’l and

will leave date t + 1 with an amount of money equal to % (i) With date-t
good on the horizontal axis and date-t + 1 good on the vertical axis, sketch the
opportunities for date-t and date-t +1 consumption implied by being able to sell
money at price vy at date t, and storing any unsold money until date t + 1 when
its price is vi41, when v, and vi1 satisfy (48). (i) Explain why (cut, cni41) =

(c{),c;) 18 this person’s preferred choice from among those opportunities.

These steps complete the verification. Now we turn to welfare.

It may seem surprising, but we cannot indict money creation here in the
same way that we could in the last subsection. The government here is getting
control of some goods at each date. Because we cannot say much about how
worthwhile are the uses of those goods, the standard approach is to compare
money creation as a way to finance the acquisition of those goods with other
ways of financing that acquisition—the other ways being other forms of taxation.
But even that does not lead to an unambiguous answer. If we ascribe to the
government a great deal of power to tax—for example, via lump-sum taxes—
then it would be better to use that taxation power to finance its expenditures.
However, such an assumption seems to conflict with our assumption that the
use of money is important for accomplishing trade. If the government can tax
easily, then it can accomplish what monetary trade can accomplish simply by
mandating those trades.

12.3 Paying interest on money

We noticed above that an equilibrium with a fixed stock of money was not
Pareto Efficient. The inefficiency would be corrected if somehow money could
be made to bear interest at the real rate 1+ — 1. But how can that be done?
One conceivable way is to create additional money at each date using it to
pay interest on the money that people carried over from the previous date. It is
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well known that that will not work. What happens is that the value of money
falls in a way to exactly offset the interest. We (you) will demonstrate that in
the context of the special model we have been using.

Suppose the money supply follows (38) and that this money is used to pay
interest in the following sense.

Definition 8 We say that person n can afford (¢p1,Cn2, - Cnt, ---) and (mp1,
M2y -y Mt -..) at the prices (at the price vector or price sequence) (V1,vVa, ..., Vg, ...
if mpye >0 and

Cnt + VMt = Wyt + V(14 0)my 41 (53)

fort=1,2,....

Notice the appearance of 6. It represents the payment of interest on money.
I state an assertion in the form of a proposition.

Proposition 7 If interest is paid on money at the rate 0 and financed by creat-
ing money at that rate, according to (38), then there is an equilibrium in which
each person’s consumption and, therefore, welfare does not depend on 6.

Exercise 43 Sketch a proof of proposition 7.

If payment of interest on money could be financed without creating money,
then the amount of interest paid would matter. The other ways involve taxes.
If it is easy to tax, then payment of interest on money would seem to be a good
thing. However, as noted above, if it is easy to tax, then the allocations that
trade accomplishes could also be achieved by taxing.

13 Appendix: Infinite-horizon Crusoe problems”

We study three versions of the following saving-consumption problem. The
objective is

Z Btu(wt + Rl’t — $t+1)-
t=0

The constraints are wy + Rxy —x441 > 0, 2 > 0 (no borrowing), and a given z.
The assumptions are 8 € (0,1), R € [0,1/8], wy > 0, and w strictly increasing,
strictly concave, and continuously differentiable with «/(0) = co. Each version
will have a simple pattern for the endowment sequence, the w; sequence: a
constant sequence and two periodic sequences. Each will also have a special
initial condition. In each case, I propose an optimum and show that it is an
optimum. Uniqueness of the optimum is obvious because the constraint set is
convex and the objective is strictly concave.

After presenting the claims and the proofs, I comment on the close relation-
ship between the arguments and standard proofs of the sufficiency of the FEuler
equation and the transversality condition.
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Problem 1: w; =w > 0 and zg = 0.
Claim 1: The optimum is z; = 0. (This implies u(w)/(1 — ) for the value
of the objective.)

Proof. Let I(c) = u(w) + v/ (w)(c — w). Because [, the tangent line to the
function u at (w,u(w)), is a subgradient of u at w, I(¢) > u(c). Also v'(w) > 0.
Therefore, for any feasible path,

n

Zﬂtu(w + Rxy — xpqq) Zﬁtl(w + Rz — x441)

t=0 t=0

IN

n

= u(w) Zﬂt + u'(w) Zﬁt(Rmt — T4y1)
=0

t=0

= u(w) Zﬂt +/( Zﬁt YBR =)z — B wpi]
=0 t=1

< uw)) B
t=0

where the last equality uses 9 = 0 and the last inequality uses z; > 0 and
BR < 1. Therefore,

lim sup Zﬁtu(w + Rxy — x441) < u(w)lim sup Zﬁ u(w)

n—oo n—oo
t=0

which establishes the claim. [

Problem 2:
_J 0iftisodd
Y= w>0iftis even

and zo = 0.
Claim 2: The unique optimum is

)

] 0iftis odd
Ti+1 k* if ¢ is even

where k* satisfies
v (w—k*) = BRu'(RE™).
(This implies [u(w — k*) + Bu(Rk*)]/(1 — B?) for the value of the objective.)
Proof. By the intermediate value theorem, £* exists, is unique, and satis-
fies k* € (0,w). We proceed by grouping two adjoining dates. For (z,y) €
[~w/R, ) X (=00, R(w + Rx)], let

F — R —k Rk — ).
(z,y) ke[max{(ﬁ%},w+1az][“(w+ z — k) + fu( y)]
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By the Wierstrass theorem, F' exists. Moreover, because the objective is strictly
concave in k and the constraint set is convex, the maximum is unique, and,
therefore, can be denoted h(x,y). Also, F is easily shown to be strictly concave.

For (z,y) in a neighborhood of (0, 0), let G(z,y) = u(w+Rx—k*)+ Su(RE*—
y). Then, because h(0,0) = k*, F(z,y) > G(z,y) and F(0,0) = G(0,0).
Moreover, G is differentiable at (0,0). Now let F(x,%) be any subgradient of F
at (0,0). It follows that F'(z,y) is a subgradient of G at (0,0). Therefore,

F(z,y) = F(0,0) + Ru'(w — k*)z — Bu/(RE*)y.
Notice that the objective at the candidate optimum is F'(0,0)/(1 — ), where

2
v =5
For any feasible path of x;, we have

2n n n
D Buwe+ Rey — 1) <> V' F(wan,w2012) <>V F (w21, w2012)
t=0 =0 t=0

= ) _A'[F(0,0) + Ru/(w — k*)way — Bu/ (RE*)2y42]
t=0

= F(0,00> 4"+ > 7 BIBRY (w — k") — v (RE")|wy — " Bu! (RE )22 42
t=0 t=1

= F(0,0) th + ' (w— k%) Z'yt_l[(ﬁR)Q — Vzoy — 2 (RE) o 10

t=0 t=1
< F(0,00)
t=0

where the last equality follows from the definition of £*. Therefore,

2n n
F
lim sup E Bru(w + Ry — x441) < F(0,0) lim sup E At = 1(0’3),
n—o0 {0 n—o0 o o

which establishes the claim. OJ

Problem 3:
_J w>0iftis odd
“t =3 0iftis even

and zg = k*, where k* is as defined in claim 2.
Claim 3: The unique optimum is

_J k*iftis odd
T+l =3 0if ¢ is even

(This implies [u(RE*) + Bu(w — k*)]/(1 — %) for the value of the objective.)
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Proof. Again, I group two adjoining dates. For (z,y) € [0,00) X (—oo,w +
R27)], let

F(z,y) = [w(Rx — k) + fu(w + Rk —y)].  (54)

max
k€[max{0,(y—w)/R},Ra]
By the Wierstrass theorem, F' exists. Moreover, because the objective is strictly
concave in k and the constraint set is convex, the maximum is unique, and,
therefore, can be denoted h(x,y). Again, F is easily shown to be strictly concave.

It is easy to show that h(k*,k*) = 0. Then, for (z,y) in a neighborhood
of (k*,k*), let G(x,y) = u(Rz)+ Su(w — y). It follows that F(z,y) > G(z,y)
and that F(k*, k*) = G(k*,k*). Moreover, G is differentiable at (k*, k*). Now
let F(z,y) be any subgradient of F at (k*,k*). It follows that F(z,y) is a
subgradient of G at (k*,k*). Therefore,

F(z,y) = F(K*,k*) + R/ (RE*)(z — k*) — Bu/ (w — k%) (y — k).

Notice, also, that the objective at the candidate optimum is F(k*, k*)/(1 — ),
where v = 32
For any feasible path, we have

2n

Zﬂtu(wt + Rxy — x441) < Z Y F(z21, T2142) < YV F (294, Tat42)
t=0 t=0 t=0
= Y IF(K* k*) + Ru'(RE*) (221 — k*) — Bu/(w — k*) (22042 — k¥)]
=0
= F(k" k)Y A+ A TBIBRY(REY) — o (w — k)] (w2 — k)
t=0 =1

—7"Bu'(w — k") (z2nt2 — K7)

= F(EE)Y 2 —9"Bu(w — k") (@2n 42 — k7)
t=0

n

< F(RE) D A 4B (w — Bk
t=0

where the last equality follows from the definition of £* and the last inequality
follows from the constraint, x; > 0. Therefore,

2n

lim sup Zﬁtu(w + Rxy — 1) < F(k*,kE")lim sup th + Bu' (w — k*)k* lim sup 4"

n—oo t=0 n—oo t=0 n—oo
F(k*, k)
11—~

)
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which establishes the claim. [J

Remark. All three proofs are versions of the standard proof of sufficiency of
the Euler equation and the transversality condition (see, for example, the proof
of Theorem 4.15 in Stokey, Lucas, with Prescott 1989, page 98).

The proof of claim 3 is exactly that proof applied to the return function F'
as defined in (54). Notice that the standard proof requires differentiability of
the return function only at the candidate optimum. That feature is used in the
proof of claim 3.

The proof of claim 1 differs a bit from the standard proof because the can-
didate optimum is not internal in the state variable. However, it is internal
in consumption and that suffices. (No transversality term appears because the
candidate for the optimum has z; = 0.) Problem 1 is a special case of that
described in Stokey, Lucas, with Prescott 1989, section 5.17, special in that I
assume x; = 0, while they assume xzg > 0. The method described above can, 1
think, be adapted to an arbitrary initial condition.

The proof of claim 2 is a variant of that of claim 1.
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