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Arbitrage Pricing Theory

No matter how theoretically appealing it may be, even the
most ardent supporters of the Capital Asset Pricing Model
admit the model does not quite �t reality.

di¢ cult to test the CAPM without data on the global
wealth portfolio, and the S&P just won�t do.
We know that some of the most obvious implications of
the CAPM are violated � for instance, we all hold di¤erent
portfolios.
In the 1970�s, �nancial researchers took a di¤erent
approach to the issue of identifying a discount rate for
securities.

This time, the security market line was the motivation for
further theory.

Use notion of arbitrage more directly.

The APT was developed by Stephen Ross
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Arbitrage Pricing Theory

Note that even if the CAPM is untrue, the security market
line STILL remains an appealing diagram.

The SML diagram helps us understand the Arbitrage
Pricing Theory. .

Like the CAPM, APT argues asset prices are based upon
the systematic risk exposure of the security, as opposed to
the total risk.
Unlike the CAPM, it does not require that all investors
behave alike, nor does it claim that the capital-weighted
market portfolio i.e. the tangency portfolio, it the only
risky asset that will be held.
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Arbitrage Pricing Theory

Consider a world where investors are broadly diversi�ed,
but there may be multiple sources of risk in the economy.

including shifts in stock index levels, interest rates,
in�ation, changes in GNP, etc.
key notion is that they are factors that are di¢ cult to
purge from your portfolio through diversi�cation.
For now, focus on one of these factors � the S&P 500.

There is no need to presume that this or any factor
matches the world wealth portfolio � it is just one source
of risk that people care about.

Suppose, for argument�s sake, that security A plotted o¤
the S&P 500 security market line, as in �gure 17.

Asset A is clearly under-priced given its β. This creates an
arbitrage opportunity, and LOP suggests that the price of
asset A will increase.
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Thus, under the APT, an asset is mispriced if its current
price diverges from the price predicted by the model � the
SML in a one factor case.

The asset price today, should equal the sum of all future
cash �ows discounted at the APT rate,

where the expected return of the asset is a linear function
of various factors, and sensitivity to changes in each factor
is represented by a factor speci�c beta coe¢ cient. E.g.,

Ri = E (Ri ) + Σj βjFj + εi

where the Fj are the factors. Hence, any di¤erence
between realized and expected return is either systematic
(related to F ) or residual.
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Suppose today�s price is too low:

=) at the end of the period the portfolio would have
appreciated at the rate implied by the APT, whereas the
mispriced asset would have appreciated at more than this
rate. The arbitrageur could therefore:
Today:

1 short sell the portfolio
2 buy the mispriced-asset with the proceeds.

At the end of the period:

1 sell the mispriced asset
2 use the proceeds to buy back the portfolio
3 pocket the di¤erence.
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APT Theory

The APT argument is best understood from the arbitrage
in expectations example presented above.

To achieve "arbitrage" pricing, we must assume that:

There exist some important systematic risks driving
security returns in a linear fashion
Investors perceive these risks and can estimate the
sensitivity of the security to them
Some investors are risk-takers in the economy
These investors can and will exploit di¤erences in expected
return by undertaking risk arbitrage

Then:

Expected returns will be determined such that the
expected returns of securities in the economy plot on or
close to the security market line in as many dimensions of
risk as there are factors.
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APT Theory

The APT gives up the notion that there is one right
portfolio for everyone in the world, and it replaces it with
an explanatory model of what drives asset returns.

The world of the APT is not some ideal, knife-edge
equilibrium in which all investors are stuck in the same
portfolio.
It is a world with many possible sources of risk and
uncertainty.
More formally, it is based upon the assumption that there
are a few major macro-economic factors that in�uence
security returns.
No matter how thoroughly you diversify, you can�t avoid
these factors, although you can tilt your portfolio away
from them.
The APT claims that investors will "price" these factors
precisely because they are sources of risk that can�t be
diversi�ed away.
That is, they will demand compensation in terms of
expected return for holding securities exposed to these
risks.
Just like the CAPM, this exposure is measured by a factor
beta.
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uncertainty.

More formally, it is based upon the assumption that there
are a few major macro-economic factors that in�uence
security returns.
No matter how thoroughly you diversify, you can�t avoid
these factors, although you can tilt your portfolio away
from them.
The APT claims that investors will "price" these factors
precisely because they are sources of risk that can�t be
diversi�ed away.
That is, they will demand compensation in terms of
expected return for holding securities exposed to these
risks.
Just like the CAPM, this exposure is measured by a factor
beta.
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Another interesting result from the sdf formulation. Now
we derive the basic structure of the APT.

Recall equation (21):

E (Ri ) = Rf � ρm,Ri σ(Ri )
σ(m)
E (m)

or

E (Ri ) = Rf �
cov(m,Ri )
E (m)

so

E [Ri � Rf ] = �
cov(m,Ri )
E (m)

(30)

Now suppose that m is inversely related to the return on
the market portfolio, RP (there are good reasons to think
this, but just assume it). Speci�cally,

m = a� bRP (31)
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then using (30) the excess return on the market portfolio
would be:

E [Rp � Rf ] =
bσ2(Rp)
E (m)

because with (31) m and Rp are perfectly correlated. This
also means that cov(m,Ri ) = cov(Rp ,Ri ), so I can
substitute into (30):

E [Ri � Rf ] = �cov(Rp ,Ri )
E (m)

=
bcov(Rp ,Ri )
bσ2(Rp)

E [Rp � Rf ](32)

=
cov(Rp ,Ri )

σ2(Rp)
E [Rp � Rf ] = βiE [Rp � Rf ](33)

where the last expression follows from the de�nition of β
(see (8) for example).
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Thus, we have derived the basic CAPM pricing
relationship from the basic pricing equation.

Key assumption is that the m is linear in the market return.
To obtain positive excess return on the market portfolio we
need a negative relationship between m and Rp .

Does this make sense? yes!

Recall, m = β
u 0(ct+1)
u 0(ct )

, e.g., proportional to marginal utility.
Thus, m is high when consumption is low. So the CAPM
follows from the assumption that investor�s marginal utility
declines linearly when the market goes up. This makes
sense: when consumption is high, returns are less valuable
to you than when it is low.
Assets that pay o¤ when consumption is high is less
valuable to you.
This marginal utility relation is why investors care about
market risk.
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Similarly, a multifactor model follows from the assumption
that the SDF is a linear function of K portfolio returns.
That is, the key di¤erence would be (31). If we had other
factors that were linearly related to m we obtain a
multifactor model.

To get the Fama-French model, we need that the SDF is
linear in the market return, SMB return, and HML return.
These factor returns have to correlate with investors�
marginal utility, or they wouldn�t care about the factors

Why should this be? Perhaps SMB and HML correlate
with missing components of wealth

SMB moves with the returns on private businesses, which
are mostly small �rms �HML movements predict GNP and
thus, perhaps, labor income.
Perhaps irrational investors load up on large growth stocks.
Then rational investors must hold more of the small and
value stocks. �Rational investors�wealth and hence
marginal utility will be driven by SMB and HML as well as
the market
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