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1. Introduction

Given a covariance stationary process Y, with vanishing memory* and expectation
u = E[Y], the Wold decomposition states that
Y, - M = Z}ioaj U with o, = 1, E}ioajz < oo, (1)
where U, is an uncorrelated zero-mean covariance stationary process. If in addition the process
Y, is Gaussian then the U, ‘s are i.i.d. N(O,cﬁ) [Why?]. If so then Y, is strictly stationary
[Why?]. In the sequel | will assume that (in the non-seasonal case) Y, is covariance stationary
and Gaussian, with a vanishing memory, so that the U, ‘s are i.i.d. N(O,cﬁ).

To approximate the process Y, by a process that only involves a finite number of
parameters, denote X, = Y, - W. Next, project X, on X, ;,X, ,,....,X;_, forsome p >1. This
projection takes the form X, = E}’zlﬁjxtfj. Then we can write

X, = aBXew + Ve ()

where

Ve = X - TaBX = U+ SlgUy - ZElek(Ut—k Rl Ut—k—j)

(3)

U, - X,40,U, ., say.

t t-m’

Since the 6, s are functions of the a,'s for j > m and E;‘;Oajz < o, it follows that
Z;zleﬁ < «,Consequently, for arbitrary small € > 0 we can find a g such that
var(Vt - (Ut - Zgzlemut,m)) - X,

2

m:q+1em < e
- - - - q

This motivates to specify V, in (2)as U, - X0 U

_m» Which gives rise to the ARMA(p,q)
model
Xp = TiaBXop + Uy = Zpaf U (4)

Substituting X, = Y, - pin (4) then yields

! See Bierens (2004), Chapter 7.



Yo = By + TaB Y + Uy - ZpabUp 5)
where B, = (1 - Zﬁzlﬁk)u.This is the general ARMA(p,q) model.

All stationary time series models are of the form (5) or are special cases of (5). In
particular, the ARMA(p,0) case is known as the autoregressive model of order p, shortly an
AR(p) model:

Y, = By + ijlﬁjYH + U, (6)
and the ARMA(0,q) case is known as the moving average model of order g, shortly an MA(Q)
model:

Yo =By + Uy - Xaa0Upn. (7)

2. The AR(1) model
The simplest AR(p) model is the one for the case p = 1:

Yo =By + ByYen + Up (8)
I will first show that a necessary condition for the stationarity of the process (8) is that
Byl < 1. )

By repeated backwards substitution of (8) we can write
m-1,k m-1,k m
Y = BeXicoBr + DicoBiUpy *+ BrYy e (10)

Since Y, is covariance stationary, E[Y,] = p and E[(Y,-p)(Y,_,-H)] = y(m) forall t. Then it
follows from (10) that

M= BoXioBy + DioPiEIU, ] + BIH = BoXioBr + BiM. (11)
Next, subtract (11) from (10),
Yy - W= ZE:OlBIiUt—k * BT(Yt—m - W), (12)

take the square of both sides,

=

m-

m-1 2
(Y, - W? = (I;) B'IUtk] * ZBT( B'IUtk) (Yem — W)+ B (Y — W) (13)

k=0

and take expectations,



=

m- K 2
B:Ue
k=0

2
u

EL(Y, - W - E

3
iR

=0

B + BIMECY, , - WAL

™

m-1
. 26T§ BYE[U, (Y, - W] + BIMECY, , - W)

(14)

The last equality in (14) follows from the Wold decomposition (1). Because y(0) = E[(Yt—u)z] =

E[(Y, ,,-H)?], (14) reads:
¥(0) = Xy oBs + B ¥(0).

(15)

However, if |B,| > 1then the right-hand side of (15) converges to « if m - <, which contradicts
the condition that y(0) < «. On the other hand, if |3,| < 1 then Bimy(O) - 0as m - «, hence

it follows from (10) by letting m - < that

ok L X ok p — ok
Yt - BOZ B1 * Zﬁlutfk = : + ZBlUpkl
k-0 k-0 1-B, ko
which is the Wold decomposition (1) :
no= i, a = Bl k = 0,1,23,.....
1-B,

(16)

(17)

The expression at the right-hand side of (16) is also called the Moving Average (MA)

representation of a covariance stationary time series. From this expression we can derive the

covariance function of the AR(L) process, as follows:
ym) = EICY, - WYy -~ 0] = BT oBU ST B,
=L T HURNRED Yl UM U
(SBUL + BISoBU, ToBU,
(5 o, ]

(55 B, | = BPOZTy B2 = PBIIA-BD. m = 0,1,23,....

= E

= E

(Zrk]q:})lBliutfk )(E::OBEUt—m—k)] + BIE

- BiE

(18)



3. Lag operators
A lag operator L is the instruction to shift the time back with one period: L.Y, = Y, . If

we apply the lag operator again we get L2.Yt = L(L.Y)= LY, , =Y, and more generally

t-2!

def.

L™Y, = Y., m=0123,. (19)

t-m?
Using the lag operator, the AR(1) model (8) can be written as

(1 - BlL)Yt = Bo + Ut' (20)
In the previous section we have in several places used the equality

>zt - i provided that |2] < 1, 1)

which follows from the equalities ¥ ;z* = 1 + X, z% =1 + ¥ 7% =1 + 2.3 7% Now

suppose that we may treat B,L as the variable z in (21). If so, it follows from (21) that

1 K _ N akp k
- L)k = YLK
1 pL kX(:) (B,L) gﬁl (22)

Applying this lag function to both sides of (20) then yields

Yy = 1 ' 1 - BL)Y, = iBEL kBo * iBEL kUt - iBEBo * iBEUt—k
- BL k-0 k=0 k=0 k-0
5 (23)
_Po Ky
B S,

which is exactly the moving average representation (16). Note that in the second equality in (23)
I have used the fact that the lag operator has no effect on a constant: L.p, = f3,, hence
L kBO = B,- Thus, the equality (22) holds if |B,| < 1.

Proposition 1. The lag function X 8L ¥may be treated as 1/(1-BL), in the sense that
(1-BL)X,_oB*L ¥ = 1, provided that |B| < 1.



4, The AR(2) model
Consider the AR(2) process
Yo =By = ByYiy *+ BYip + Uy (24)
where the errors U, have the same properties as before. Similar to (20) we can write this model

in lag-polynomial form as

(1 - BL = BLAY, = By + Uy (25)
We can always write
1-BL-BL? =1 - al)l - al) (26)
by solving the equations a, + a, = B,, 0,0, = —P,,*so that (25) can be written as
(1 - o)1 - al)Y, =B, +U. (27)

Now if |o,| < 1 and |a,| < 1then it follows from Proposition 1 that

1 . . mom o
Y = (l—alL)(l—azL)(BO + Ut) = (Zk:oalil— k)(zmzoagL )B (Ek 0 Oalasz )Ut
- (E;:OO‘E)(ZLO“Z )B + LioXy 0“10‘2 t-k-m (28)
_ B0 _ B0 j j-m m
 (1-a)(1-0y) " Dok ot U 1-B,-B, - T g o "

Note that Y, in (28) has expectation u = B,/(1-B,-B,) and variance GUZJ O(Z' o ;“)2
Consequently, the necessary conditions for the covariance stationarity of the AR(2)

process (24) is that the errors U, are covariance stationary and that the solutions 1/a, and 1/a,

of the equation 0 = 1 - B,.z - [32.22 = (1 - 0.2)(1 - a,.2) are larger than one in absolute

value. Similar conditions apply to general AR(p) processes:

2 Although the solutions involved may be complex valued. If B, = 0 then the

solutions are a, = 0.58, * 0.5/B] + 4B, a, = —B,la,. If B + 4B, < O then o, and a, are
complex conjugate: a, = 0.58, + i.0.5/-B;-4B,, o, = 0.58, - i.0.5/-B;-4p,.
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Proposition 2. The necessary conditions for the covariance stationarity of the AR(p) process (6)

are that the errors U, are covariance stationary and the solutions z,,..., Z, of the equation

0=1-Bz- [3222 e szp are all greater than one in absolute value: |zj| > 1 forj=
1,...p.
5. How to determine the order p of an AR(p) process

5.1  The partial autocorrelation function.
If the correct order of an AR process is p, but you estimate the AR(p) model (6) with

p > p, by OLS, then the OLS estimates of the coefficients .,Bpwill be small and

poe1

insignificant, because these coefficients are then all zero: Bpo+1 = BWZ = .= B, = 0. This

suggests the following procedure for selecting p. Estimate the AR(p) model forp =1,2,....,p,
where p > p,.

Y, - Bp,o " B|0,1th1 " Bp,ZthZ T i Bp,thfp’ (29)
where the Bp’j ‘s are OLS estimates. Then the (estimated) partial autocorrelation function,
PAC(p), is defined by

def.

A

PAC(p) =B,, P = 1.23..., PAC(0) = 1. (30)
For example, suppose that an AR(p) model Y, = By + B,Y, ; + B,Y, , +.ot BY,, + U, has
been fitted forp =1, 2, 3, 4, 5 to 500 observation of a time series Y,, with the following

estimation results:

P B By B, Bs B, B

1 0.04070 0.02760
(0.06481) (0.04470)

2 0.06902 0.05358 -0.71257
(0.04609) (0.03189) (0.03221)

3 0.06068 0.10470 -0.72159 0.07156
(0.04607) (0.04481) (0.03231) (0.04525)

4 0.06264 0.10524 -0.76661 0.07215 -0.06511
(0.04612) (0.04500) (0.04548) (0.04577) (0.04534)

5 0.06283 0.10032 -0.76805 0.04648 -0.06783 -0.03274
(0.04624) (0.04516) (0.04575) (0.05715) (0.04592) (0.04544)
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The entries that are not enclosed in brackets are the OLS estimates of the AR parameters, and the

entries in brackets are the standard errors of the corresponding OLS estimates. Then

p PAC(p) (s.e)
1 0.02760 (0.04470)
2 -0.71257 (0.03221)
3 0.07156 (0.04525)
4 -0.06511 (0.04534)
5 -0.03274 (0.04544)
In EasyReg (see Bierens 2008a) the PAC function can be computed automatically, via
Menu > Data analysis > Auto/Cross correlation, and the results will then be displayed as a plot.
For example, the PAC(p) for the AR(2) model
Y, = 1.144123Y,, - 0.5Y,, + U, U, i.i.d. N(0,1), t = 1,...,500, (31)
is displayed in Figure 1 below. The dots are the lower and upper bound of the one and two times
the standard error bands, which correspond to the 68% and 95% confidence intervals of f

p.p’
respectively. The value PAC(0) = 1 is arbitrary, and is chosen because PAC(p) <1 for p > 1.
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Figure 1: Partial autocorrelation function, PAC(m), of the AR(2) process (31)

In Figure 1, at p = 3, the zero level is contained in the smaller 68% confidence interval,

and at p =4 the zero level is contained in the larger 95% confidence interval. From p =3



onwards the zero level is contained in either the 68% and/or 95% confidence intervals, which

indicates that the true value of pis p, = 2.

5.2 Information criteria
An alternative approach to determine the order p of the AR(p) model (6) is to use the
Akaike (1974, 1976), Hannan-Quinn (1979), or Schwarz (1978) information criteria:

Akaike: Can(p) = In(5y) + 2(1+p)in,
Hannan-Quinn: can(p) = In(5y) + 2(1+p)In(In(n))/n,
Schwarz:? c,fR(p) = |n(6§) + (1+p)In(n)/n,

where n is the effective sample size of the regression (6) (so that Y, is observed for t =
1-p,...,n), and 65
value of p for which c,fR(p) is minimal:

¢a (6) = min{c,"(1),....cy ()3,
where p > p,, with p, the true value of p, we have in the Hannan-Quinn and Schwarz cases:

is the OLS estimator of the error variance ¢? = E[Uf]. Denoting by p the

lim_ __P[p = p,] = 1, and in the Akaike case lim___P[§ > p,] = 1 but lim_ __P[p = p,] < 1.
Thus, the Akaike criterion may “overshoot” the true value.
These results are based on the following facts. If p < p, then plimnméf) > plimnméf)o,

hence in all three cases, lim___P[c"(p,) < ¢, (p)] = 1, whereas for p > p,,

N—o

(In@3) - INGD) =4 %4, (32)

where -, indicates convergence in distribution. The result (32) is due to the likelihood-ratio test.

Then in the Akaike case,
(e 0o - ca(p) = n(In@5) - In@D) - 2(0-p) =4 X, 4, - 2P,

where prpo ~ xf),po, hence IimnmP[crfR(pO) > crfR(p)] = P[prpo > 2(p-py)] > 0.

3 The Schwarz information criterion is also known as the Bayesian Information
Criterion (BIC).



Consequently, in the Akaike case we have lim___P[p > p,] = 1, but lim___P[p > p,] > 0.
Therefore, the Akaike criterion may asymptotically overshoot the correct number of parameters.
n(In&;) - In(5;))/In(In(n)) = 0 and plim,_n(In5;) -
In(c“sf)))lln(n) = 0 it follows that in the Hannan-Quinn case,

plim,__n(c%(p) - c2%@)/In(n(m)) = 2(p-py) > 2
and in the Schwarz case,

plim, __nle2%(p) ~ c2%@))/In(n) = p-p, = L

so that in both cases IimnmP[c,fR(po) > c,fR(p)] = 0. Hence, lim_ __P[p = p,] = 1.Due tothe

Since (32) implies plim

N-o0

latter, it is recommended to use the Hannan-Quinn or Schwarz criterion instead of the Akaike
criterion. Note however that in small samples the Hannan-Quinn and Schwarz criteria may give
different results for p.

For example, for the same data on which Figure 1 was based, namely the AR(2) model
Y, = 1.144123Y,, - 0.5Y,, + U,, t=1,..,500, with independent N(0,1) distributed errors U,,
and upper bound p = 4,we get

p Akaike Hannan-Quinn Schwarz
1 5.14474E-01 5.21089E-01 5.31332E-01
2 1.08788E-01 1.18711E-01 1.34076E-01
3 1.12462E-01  1.25692E-01 1.46179E-01
4 1.13783E-01 1.30321E-01 1.55929E-01

All three criteria are minimal for p = 2, hence p = 2, which is equal to the true value p, = 2.

53  The Wald test

A third way to determine the correct order p, of the AR(p) model (6) is the following.
Determine an upper bound p > p, on the basis of the PAC function and the information criteria,
estimate the model (6) for p = p and test whether p can be reduced, using the Wald test, via
Options > Wald test of linear parameter restrictions > Test joint significance, in the “What to do
next?” module of EasyReg. For example, for the same data as in the previous section, and

p = 4, we get the OLS results



Parameters OLS estimate t-value

i 0.06910  1.449
B, 1.17283 26.033
B, -0.63395 -9.134
B, 0.07841  1.130
B, -0.05090 -1.130

The t-value of B, is well within the range -1.96, +1.96, hence the null hypothesis that 8, =0
cannot be rejected at the 5% significance level. To test whether B, =0 as well, you need to test

the joint null hypothesis B, = B, =0, using the Wald test. In this case the test result involved is:

Wald test: 1.45
Asymptotic null distribution: Chi-square(2)
p-value = 0.48398

Significance levels: 10% 5%
Critical wvalues: 4.61 5.99
Conclusions: accept accept

Thus, the null hypothesis B, = B, = 0 cannot be rejected, hence we may reduce p to 2.
Since B, is strongly significant, there is no need to test the null hypothesis B, = B, = B,

=0, but if we do so the null hypothesis will be rejected:

Wald test: 253.39
Asymptotic null distribution: Chi-square(3)
p-value = 0.00000

Significance levels: 10% 5%
Critical wvalues: 6.25 7.81
Conclusions: reject reject

Thus, the test results involved lead to the same conclusion as the one on the basis of the PAC

function and the information criteria, namely that p, = 2.
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6. Moving average processes
Recall that a moving average process of order g, denoted by MA(Q), takes the form
Yy=H+U -0U_ -..- OqUtfq, (33)
where p = E[Y,]. Under regularity conditions an MA process has an infinite order AR
representation, as | will demonstrate for the case q = 1.

Consider the MA(1) process

Yo =W+ U - 08U, (34)
Using the lag operator, we can write this MA(1) model as
Y, =W+ (1 -0LU, (35)

Now it follows from Proposition 1 and (35) that if |6 < 1 then

ALY, = (@ - o), = (L - et s U = AU

Lo Y (36)

hence

=Rl (37)

More generally we have:

Proposition 3. If the solutions z,,...,z, of the equation 0 = 1 - 6,z - 6,2° -.....- 0.2 are
all greater than one in absolute value: |zj| > 1 forj=1,..,q, then the MA(qQ) process (33) can be
written as an infinite order AR process: Y, = B, + X 1B,Y, ; + U, where By = p/(1-6,-6,-....
-6)and 1 - X1,BL)=1/(1-6,L-0,L%-....-6,L9).

7. How to determine the order q of a MA(Q) process
7.1  The (regular) autocorrelation function

The autocorrelation function of a time series process Y, is defined by

11



pm) = ——— m =0,1,2,...... (38)

It is trivial that:
Proposition 4. For an MA(q) process, p(m) =0 form> g, and p(q) # 0.

The actual autocorrelation function cannot be calculated, but it can be estimated in

various ways. EasyReg estimates p(m) by
@W(-m)Ze (Y=Y )Y, -Y)
O -m)EEY YA -M)EL (Y oY)

where Y = (1U/n)X{,Y,.

For an AR(p) process the autocorrelation function does not provide information about p.

p(m) =

To see this, consider again the AR(1) process (8) satisfying condition (9). Then it follows from
(18) that cov(Y,,Y, ) = y(m) = o®B1/(1-PB:) and var(Y,) = y(0) = o%(1-B3), hence in the
AR(1) case, p(m) = BT. Therefore, in this case the autocorrelation function will not drop sharply
to zero for m > 1, as is demonstrated in Figure 2.. The same applies to more general AR

processes.

T
—

I I I I I I I I
1] 1 2 3 4 5 [ ¥ 8 ] 10

Figure 2: Estimated autocorrelation function p(m) of the AR(2) process (31).
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Figure 3: Estimated autocorrelation function p(m) of the MA(2) process (40)

To demonstrate how to use the estimated autocorrelation function to determine the order

g of an MA(q) process, | have generated 500 observations according to the model
Y, = U, - 14U, , + 05U, ,, U, ~ iid N(©O21), t = 1,2,....,500 (40)
The estimated autocorrelation function p(m) involved is displayed in Figure 3, form =0,1,...,10.

Because p(m) is not endowed with standard error bands, it is not obvious at which value
of m the true autocorrelation function p(m) becomes zero. But at least we can determine an upper
bound q of q from Figure 3: It seems that p(m) is approximately zero for m > 5, indicating that
q<4. Thus, letq = 4.

The partial autocorrelation function of an MA(q) process is of no use for determining g or
an upper bound of g, because of the AR() representation of an MA(q) process. For example, the
PAC(m) of the MA(2) process (40) does not drop sharply to zero for m > 2, as is demonstrated in
Figure 4.

13
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Figure 4: Partial autocorrelation function, PAC(m), of the MA(2) process (40)

7.2 Information criteria
The three information criteria, Akaike, Hannan-Quinn and Schwarz also apply to MA
processes. Therefore, estimate the MA(g) model (33) for q=1,2,3,4 (=q), and compare the

information criteria:

q Akaike Hannan-Quinn Schwarz
1 1.91941E-01  1.98556E-01 2.08799E-01
2 1.24771E-02  2.23999E-02 3.77647E-02
3 1.63628E-02  2.95933E-02 5.00797E-02
4 1.68145E-02  3.33526E-02 5.89606E-02

All three criteria are minimal for g = 2, which is the true value.

7.3  Wald test
As a double check, estimate the MA model (33) for g = 4 (in EasyReg via Menu > Single
equation models > ARIMA estimation and forecasting), and test whether 6, = 0, = 0, using the

Wald test:
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Parameters Estimate t-value
S 0.000234 0.050

61 1.348470 29.979
62 -0.427742 -5.637
63 -0.074225 -0.978
64 0.050943 1.127
Wald test: 1.29

Asymptotic null distribution: Chi-square(2)
p-value = 0.52588

Significance levels: 10% 5%
Critical wvalues: 4.61 5.99
Conclusions: accept accept

Thus, the null hypothesis 6, = 0, = 0 cannot be rejected, hence we may reduce g from 4 to q
=2. Since 0, is strongly significant, we cannot reduce g further.

Re-estimating model (33) for g = 2 yields:

Parameters  Estimate t-value

u 0.000187  0.039
0, 1.348684  33.682
0, -0.456211 -11.349
which is reasonably close to the true values of the parameters: p = 0, 6, = 1.4, 9, = -0.5.
8. ARMA models
8.1 Invertibility conditions
Denote
(L) = 1 = Bl - BL? — o - BL, )
WL =1 -0L -6,L% - ... -6LT,

Then the ARMA(p,q) model (5) can be written more compactly as

15



@, (L)Y, = By + (DU, (42)

Proposition 5. A necessary condition for the stationarity of ARMA(p,q) process (42) is that
(pp(zl) = 0 implies |z,| > 1. If so, it has the MA(«) representation (or equivalently, the Wold
decomposition) Y, = BO/cpp(l) + cpp(L)’lwq(L)Ut. If in addition \yq(zz) = 0 implies |z,| > 1 then
the ARMA(p,q) process (42) has an AR(«) representation: \|1q(L)’1(pp(L)Yt = Bo/\lfq(l) + U,.

I will demonstrate Proposition 5 for the case p =q = 1:
(1-B,L)Y, = By + (1-6,L)U,. (43)
The condition that @,(z) = 0 implies [z| > 1 is equivalent to |B,| < 1, because ¢,(z) = 1-B,z =
0 implies that z = 1/B,. Similarly, the condition that y,(z) = 1-6,z = 0 implies |z| > 1 is
equivalent to |0,| < 1. It follows now from Proposition 1 that y,(L)* = (1-6,L) " = E;‘;Oelej,

hence

ST OLIA-BL)Y, = wy(L) HL-B,L)Y, = X 8IL I, + X o8iLI(1-6,L)U,

o (44)
= X018 + U, = Bo/(1-6,) + U,

and

Vo0l I (L-ByL)Y, = Ty, - BEe LY
= Yo L0 - B0y = Yy 000 - B0y (45)
=Y = (By0)X 0hY, -

Combining these results yields
Yi = Bo/(1-6y) + (Bl_el)Z;o=Oej1Yt—1—j + Uy (46)
which is the AR() representation of the ARMA(1,1) process under review.
Similarly, it follows from Proposition 1 that ¢, (L) * = (1-B,L)* = Zfzoﬁlej, hence
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Yo = (1-BL)MA-BLY, = (L-BL) By + (1-B,L)H(L-6,L)U,
= Bo/(L-By) + Ty oPiLI(1-0,L)U,
= Bo/(1-By) ~ ET:OBJ;LLjUt - elzj:oﬁjll-mut
= Bo/(1-By) + Uy - (el_Bl)E}x;OleUt—lfj’
which is the MA() representation of the ARMA(1,1) process under review.

(47)

8.2  Common roots
Observe from (46) and (47) that if B, = 0, then Y, = B,/(1-B,) + U,, which is an

ARMA(0,0) process (also called a white noise process). This is the common roots problem:

Proposition 6. Let the conditions in Proposition 5 be satisfied. If there exists a 6 # 0 such that
@,(1/8) = y,(1/8) = 0O then we can write the lag polynomials in ARMA(p,q) model (42) as

@ (L) = (1-3L)@, 4(L) and (L) = (1-8L)w, (L), where @, 4(L) and g (L) are lag
polynomials or order p-1 and g-1, respectively, satisfying the conditions in Proposition 5. The
ARMA(p,q) process (42) is then equivalent to the ARMA(p-1,q-1) process

(p;—l(L)Yt = Bg + \V;—l(L)Ut! where B, = (p;,l(l)E[Yt].

Because the value of 6 does not matter, the parameters in the lag polynomials (pp(L) and \pq(L) are
no longer identified. The same applies to the constant 3, in model (42) because B, = (1-8)B,
for arbitrary 6. For example, let forp=q =2,

@ (L) = (1-8L)(1-BL) = 1-(3+p)L + &.pL? = 1-B,L-B,L?

(48)

y,(L) = (1-8L)(1-6L) = 1-(5+6)L + 5.0L% = 1-0,L-0,L2
where [B| <1, [6]<1,and [3| <1, and let E[Y,] = 0.Then the ARMA(2,2) model
¢,(L)Y, = y,(L)U, is equivalent to the ARMA(1,1) model (1-BL)Y, = (1-06L)U, for all values
of 6. Hence, givenBand 0, B, = 8+B, B, = -6.8, 0, = 8+0, 0, = -06.0 forarbitrary 5. As a
consequence, the estimates of the parameters f,, B,, 0,, 0, are no longer consistent, and the t-test
and Wald test for testing the (joint) significance of the parameters are no longer valid. In
particular, in the ARMA(2,2) case under review the Wald test of the null hypothesis B, = 0, = 0
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is no longer valid. Therefore, we should not use the Wald test to test whether the AR and MA
orders p and g can be reduced to p-1 and g-1.

The problem of common roots in ARMA models is similar to the multicollinearity
problem in linear regression. As in the latter case, the t values of the parameters will be deflated
towards zero. Therefore, if all the t values of the ARMA parameters are insignificant this may
indicate that the AR and MA lag polynomials have a common root.

Although we should not use the Wald test to test for common roots, we can still use the
information criteria to determine whether the AR and MA orders p and g can be reduced to p-1
and g-1. In the case of a common root, the variance o?of the errors U, of the ARMA(p,q) model
in Proposition 6 is the same as the variance of the errors U, in the ARMA(p-1,g-1) model
@, 1(L)Y, = By + wq1(L)U,. Therefore, the estimate a;q of the errors U, of the ARMA(p,q)
model involved will be close to the estimate &

p-1g
ARMA(p-1,9-1) model, and asymptotically they will be equal:

_, of the errors of the equivalent

. ~2
= plim 6,141 = 0. (49)

. ~A2
pllmnmcp’q

In the ARMA case the three information criteria take the form

Akaike: ca"p,g) = In(G2,) + 2(1+p+a)in,
Hannan-Quinn: c,fRMA(p,q) = In(c“s;q) + 2(L+p+qg)In(In(n))/n,
Schwarz: anRMA(p,q) = In(&éq) + (L+p+qg)In(n)/n,
Therefore, in the case of a common root, ¢ ™™(p-1,q-1) < ¢2™(p,q) if n is large enough, due

to (49).
To demonstrate the common roots phenomenon, | have generated a time series Y,, t =
1,...,500, according to the ARMA(1,1) model

Y, =03 +07Y,, + U, +05U,,, U, ~iidN(@1), (50)
and estimated this model as an ARMA(2,2) model
Yo =By # ByYiy * BYip + U - 0,U - 6,U, (51)

The EasyReg estimation results involved are:
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Parameters Estimate t-value
= B/(1-B,-B,) 0.776272  3.273

B, 1.087430 0.170
B, -0.267512 -0.058
0, -0.166275 -0.026
0, 0.189439  0.055
c 1.008897

Information criteria:

Akaike: 2.76651E-02
Hannan-Quinn: 4 .42031E-02
Schwarz: 6.98112E-02

Apart from the estimate of p = E[Y], the AR and MA parameters are insignificant, due to a
common root in the AR and MA lag polynomials.
Next, I have estimated the model as an ARMA(1,1) model:
Yo=Bo + BYyy U - 0,U (52)
The EasyReg estimation results are:

Parameters Estimate t-value
W = B/(1-B) 0.775967  3.249
B, 0.720705 20.784
0, -0.530183 -12.597
c 1.006879

Information criteria:

Akaike: 1.96937E-02
Hannan-Quinn: 2.96166E-02
Schwarz: 4 .49814E-02

Indeed, the information criteria for the latter model are substantial lower (and thus better) than for
the previous ARMA(2,2) model. Moreover, observe that in the latter case the estimates of

B,, 0, and o are close to the true values B, = 0.7, 0, = -0.5 and ¢ = 1, respectively,
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although at first sight the estimate {1 = 0.775967 of u = E[Y,] seems quite different from the
true value p = 0.3/(1-0.7) = 1. However, it can be shown that [i is not significantly different

from 1.

8.3 How to distinguish an ARMA process from an AR process
The AR() representation (46) of the ARMA(1,1) process (50) is

Y

Bo/(1-0,) + (B,-0)%00hY, 1, + U,
0.3/(1+0.5) + 1.257(-0.5)Y, , ; + U,

02 + 1257 (-0.50Y, ; ; + U,
02 + 12y, - 06Y,_, + 03Y,, - 015Y, , + 0.075Y, , + ... + U,

which is close to an AR(4) process. Therefore, the partial autocorrelation function, PAC(m), of

t

(53)

this process will look like the PAC(m) of an AR process:

I S S S S
I | | | | I | | | il
1] 1 2 3 4 5 5 Fi 8 9 10

Figure 5: Partial autocorrelation function, PAC(m), of the ARMA(1,1) process (50)

Indeed, on the basis of this plot one may be tempted to conclude (erroneously) that the process is

an AR(4) process, and the estimated autocorrelation function would actually corroborate this:
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Figure 6: Estimated autocorrelation function p(m) of the ARMA(1,1) process (50)

Therefore, the partial and regular autocorrelation functions are of no help in distinguishing an
ARMA model from an AR model.

So how to proceed? My recommendation is the following: Select an upper bound p of p,
for example on the basis of the PAC plot, and select an upper bound q of q. The latter is a matter
of guess work; there is no rule of thumb for this. Then try all ARMA(p,q) models with p < p,

g < @, and pick the model with the lowest value of one of the information criteria. This can be
done automatically in EasyReg, via Menu > Single equation models > ARIMA model selection via
information criteria. For example in the case of (50), with p = q = 4, the Hannan-Quinn

information criterion takes its smallest value for p = q = 1, which are the true values.

8.4 Forecasting with an ARMA model
In EasyReg the AR(<) representation of an ARMA model is used as forecasting scheme,
because for covariance stationary Gaussian processes it represents the conditional expectation

function. For example, in the ARMA(1,1) case the forecasting scheme for Y__. given its past up to

n+1
time n is
YAn+1 = Bo/(1-6,) + (Bl_el)zioejlYn—j’ (54)

where n is the last observed time period. Compare (46). In practice we have to replace the
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parameters involved by estimates. Moreover, usually we do not observe all values of Yoo but only
for n-j > 1, say. Therefore, replace Y, for t <1 in (54) by its sample mean Y - (1/n)E{‘:1Yt. Thus,

the actual forecast of Y, is
n+1|n BO/(l 9) - (Bl )tholéJlYn—j * (Bl_él)zjinéjlY_
A n ape
(B,-6)07Y (55)

L (T 0) Dy A A A e A
A~ =0 _ ~ ]
16, 17950917 16,

where Bl and élare the estimates of B, and 6,, respectively, based on the data up to time n.
To forecast Y, given its past up to time n, replace n in (55) by n+1, and the unobserved

by its forecast:

n+1

(B,-6,)67 'Y
Voop = Bol(1-0,) + (By-0)V, .y, + (B, -0)T,0Y, ,j + ——2— (56)
1-6,
This procedure is called recursive forecasting. More generally, the h step ahead recursive forecast

of Y, given its past up to time n is

N 3 +h- 1
> Bo h-2 h-25 (B,-6,)0}
Yosp = — + (B, -6 )Ej oeJ neh-1-jn (B, 6 )an neh-1- + BB Y - (57)
1-6, 1_61
Note however, that in this case
lmY, = Bof (L0 (B -BIImEoBY,
= Bol -8 + (By-0)TBlimY, ) = Byl (1-6)) ((Bl—él)/(1—§1)>lr1if2\7n+hln (58)

= Bol(l_Bl)
which is just the estimate of u = E[Y,]. Compare (47). Thus, if we choose the forecast horizon h

too large, the recursive forecast Y

+hin will be close to the expectation p = E[Y,].

The forecast issue will be treated in more detail separately. See Bierens (2008b).
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9. ARMA models for seasonal time series
9.1  Seasonal dummy variables
The effect of seasonality may manifest itself through seasonal varying expectations as well
as seasonal patterns in the AR and/or MA lag polynomials. As to the former, time varying
expectations can easily be modeled using seasonal dummy variables. For example, if Y.is a
quarterly time series, E[Y,] can be modeled either by
ELYJ = Ko = 1Qqp + HQyp +H3Qg, (59)
or
E[Y] = HQpp + HaQp +H3Qqy +H4Quy (60)
where the Q ‘s are seasonal dummy variables:
Q,; = 1 if the quarter of tis s, Q;, = 0 if not. (61)
The equivalence of (59) and (60) follows from the fact that Ziles,t = 1, so that

E[Y] = UIQl,t * “z*Qz,t +“3*Q3,t +“Z(1 = Qqp Qe - Q3,t>
(62)

My = (Mg -M)Qyy + (Hy-H)Qy + (M3-H.Qs

hence Wy = Mgy My = Hy—Hgo My = KoMy, Hy = HgHy.
Note that if we had defined (60) as E[Y,] = Hy + W;Q;, + K,Q,, +H3Qq, +H,Q,, the

parameters involved are no longer identified, because then (62) becomes

ELY] = (Mo + Mg) + (M3 -H)Qp, + (M3-1)Qy, + (M3-H4)Q5,, (63)
which is also equivalent to (59). Hence
Mo = Ho * Mav Hy = Hy—Hg Hy = Hy—Hg, My = Hg—Hy, (64)

which is a system of four equations in five unknowns.
The presence of seasonally varying expectations can be observed from the autocorrelation
function. For example, let Y, be a quarterly time series satisfying
Yi = Ko © HQp + HoQyp + KQgp + X (65)
where X, is zero-mean covariance stationary with covariance function y,(m) = E(X,.X, ). The

sample average of Y, is

Yy = by ¢ UMELQ, + UMTQ,, ¢ M UMELQ,, + (UMELX,
(66)

Q

Mo + 0.25u, + 0.25u, + 0.25,
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if nis large, because for each s = 1,2,3 the fraction of values of Q, fort=1,...,n that are equal to 1
(1/n)§3{‘:1xt = E[X|] = 0 by the law of large numbers.

Then it it is not hard to show that there exists constants C, S = 1,2,3,4, such that for n - o,

tends towards 0.25 if n -, and plim

N-o

y,(m) + ¢, for m = 0,4,8,12,.....

1 & - _ y(m) +c, form = 1,59,13,.....
— Yo - Y)Y, -Y) - 67
n_mt:mz;l( ¢ Yoo = ¥ v,(m) + ¢, for m = 2,6,10,14,..... (67)

v (m) + ¢, for m = 3,7,11,15,.....

in probability. It follows now from (39) and (67) that the estimated autocorrelation function p(m)
will have spikes at distances of four lags, and will not die out to zero. For example consider the
quarterly process

Yo =1+2Q,, - Q, - 2Q;, + X, where X, ~ i.i.d. N(0,1), (68)
fort=1,2,.....,225. The estimated autocorrelation function p(m) of this process is displayed in

Figure 7.

[ T R T S B -1
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Figure 7: Estimated autocorrelation function p(m) of quarterly process (68)

9.2  Seasonal lag polynomials
Seasonality may also occur in the process X, in (65) itself. For example, let X, be a

quarterly ARMA process
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@ (LA (LYX, = y (LU, (69)
where (pp(L) and \yq(L) are the non-seasonal AR and MA lag polynomials of orders p and g,
respectively, defined before, and A (z) and n (z) are the seasonal AR and MA polynomials of

orders r and s, respectively.

| EasyReg International (Module ARIMA) [User: Herman J. Bierens]

ARMA specification

General ARMA error structure: [1-a01,100 - a1, 202 - a0, B3 -0 - o, k-0, 2008 - o1, 302
Luity=11-a2 1 - a2 A0 - al2, ka3 - 0 - o2 10 - o2 200 - o2, 3L 2 - ey, where e is white
haise and L is the lag operator.

Diauble click to Dauble click ta Double click ta Crauble click ta
select all,ii's select oi1,i's select Al i's select o2 iy's
ail, 1) A e, LAY ~

all,3) c(1,3) a(2,3)

al.4) cfl.4) al2,4)

al1,9) c(1.9) a(2,9)

=4 B Sl Bl Py b

ARMA specification:

[1-af1, 1L - a1, 20 2]01 - ef1, 130 - of1, A08udf = [1 - a2 100 - a2, 20201 - of2, 150 - o2, 238 e,
with e(f) white noise, and L the lag operataor.

Cancel Cops! Specification Ok,

Figure 8: Specification of a seasonal ARMA model in EasyReg.

In EasyReg these polynomials are specified via the window displayed in Figure 8. The
coefficients a(1,i), i = 1,...,p, are the coefficients of the non-seasonal AR polynomial (pp(L), the
coefficients a(2,i), i = 1,...,q, are the coefficients of the non-seasonal MA polynomial \|/q(L), the
coefficients c(1,i), i = 1,...,r, are the coefficients of the seasonal AR polynomial 2 (L 4, and the

coefficients c(2,i), i = 1,...,s, are the coefficients of the seasonal MA polynomial n (L Y. The
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displayed specificationisforp=q=r=s=2.

The specification procedure for p, g, r and s is similar to the non-seasonal ARMA case:
First, specify upper bounds of p, g, r and s, and then use the information criteria to select the
correct p, g, r and s, via Menu > Single equation models > ARIMA model selection via

information criteria.
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