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1. Summation

Let x;,X,,....,x, beasequence of numbers. The sum of these numbersis usually denoted by

The index “j” may be replaced by any other variable name. Thus, X, + X, +..+ X = Zi”:lxi as

well.

Next, let y,,Y,,....,Y,, beanother sequence of numbers. Then we can write

. xl(ilyj) ; xz(ZyJ) bt xn(iyj) ®

m m m n m
=Zx1yj+2x2yj+ ..... + anyjzzz:xlyJ
j=1 =1 j=1 i=1 j=1

Moreover, replacing y, ,Y,, ....,Y,, in (1) by X;,%,,....,X it follows that
n 2 n n
ij = (x1 Xy et xn)2 = ZZXin. (2

Note that the reason for using different indicesi and j is that the summation in (2) is done in two

steps. First, for each index i we sum up XX, for j = 1,...,n, and then we sum up xiEj”:lxj fori =



1,....,n. The same appliesto (1).

The average of the numbers x;,X,,....,X isusually denoted by

In particular, we have

©)

This easy result will prove useful in regression analysis.

2. Soecial sums

Considerthesum 1 + 2 + 3 +...+ n = er':lj. There is an easy formulafor this sum:

n
Y j = n(n+1)/2. (4)
-1
Rather than memorizing thisformula, it is better to memorize how it is derived. Since the order of

the summation does not matter, we can write er':lj in two ways:

j =1+ 2 + 3 + ..+ n ad

M- 1M

)
j =n+n-1l+n2+ ...+ 1
j=1
Adding up the left and right-hand sides of the two equationsin (5) yields
n
ZZj = (n+1) + (n+1) + (n+1) +..+ (n+1) = n(n+1). (6)
-1

Dividing (6) by 2, the result (4) follows.

Next, consider the sum

L+ X+X2+x3 4+ x"=x0+x+x2+x3+..+x"=Y" xI
i=0X"



where x is any number. The formulafor thissumis:

Xn+1

n
. 1_
Xl ===\ 7
JZ; T (7)

Again, it is easier to memorize how this formula is derived than to memorize the formula itself.

First, observe that ZJ-”:OXJ' =1+ er':lxj. Next, replace theindex j by i-1. Then we can write:

n ) n ] n-1 n-1 n-1
Yoxl=1+Yxi=1+Yx"=1+x) x'=1=+x|)x!
j=0 j=1 i=0 i=0 i=0

n n
=1+ x.(ij - x”) =1 - x" s x) xl.

j=0 j=0

Solving equation (8) for ZJ-”:OXJ' yields the formula (7).

3. Limits
Thelimit of asequence y,, n = 1,2,3,...., of numbersisanumber y suchthat y,_ approaches

y if nincreasesto infinity. The formal definition of alimitis:

Asequencey , n = 1,2,3,...., of numbershasalimity, say, denotedby y = lim__y_, if
and only if for every number & > O thereexists an index n, (which may depend on €) such that

ly, - yl <eforall n=n,.

For example, if y = 1n then lim __y = 0. To see this, pick an arbitrary ¢ > 0. Then
ly,] = 1/n < e if n > 1/e. Thusinthiscasetheindex n, isthesmallest natural number > 1/e.
Another exampleisthecasey, = x", where|x| < 1. Given such anumber x and an arbitrary number
>0, itispossibleto find apositiveinteger n, suchthat x| < &, and then lyl = X" = X" <e

for al n > n,. Hence

A
limx" = 0if |x < 1. (9)

N-co

Consequently, it follows from (7) and (9) that:



no 1 -lim_x"™ 1 -xlim_ x"
limy ) = -t " o1 < (10)
N-e =0 1-Xx 1-x 1-x

The left-hand side of this equation is usually denoted by Z o). Thus,

00

Z ——If X < 1. (11)

i=0

More generaly, if for asequence Xy, X;,X,, ..., X,y oee. of numbers, lim__>" 0% exists, then

N-o0o™—] =

this limit is denoted by 3 _o%;-Moreover, itis|eft asan exercise to verify that

If I|mZx exists then |ImZX = 0. (12)

N-eo j=0 Meee j=m

Not every sequence has alimit, though. For example, if y = (-1)" then the limit does not
exist, becausethen |y | = |-1]" = 1" = 1 for n=1,23,....,, so that for 0 < e < 1 and al positive

natural numbersn, ly| > e.

4. Functions
4.1  Linear and quadratic functions and their roots
A real function f(x) assigns a real number y = f(x) to x. Important classes of functions are

the linear functions:

f(xX) = a + BX (13)

and the quadratic functions:

f(x) = a + B.X + y.X2, (14)

where a, B and y are given constants.
Theroots of afunction f(x) arethe values of x for which f(xX) = 0. In thelinear case (13)
thereis only oneroot, namely x = -a/p, provided that § # O. In the quadratic case (14) the number

of rootsiseither O, 1 or 2, depending on what o, p andy are. In order to derive theseroots, observe



firstthat (x + a)®> = x? + 2.ax + a. Next, assumethat y = 0. Then

o+ BX + yx% =0 = x%+ By_ & w2, pBy_ @
Y Y 2y Y

2B (B e (B
§ 2'27')( (ZY) Y (ZY) (19)

If B2 - 4oy > O thenthelast equaity in (15) impliesthat the quadratic function (14) hastwo roots:

g - BB day B - day (16)
2y ' 2y
If B2 - 4a = 0O then the quadratic function (14) has only one root:
_ B
X = ]
2 (17)

and if p? - 4a < O the quadratic function (14) has no real roots.*

4.2  Theexp(.) and In(.) functions

The exponential function exp(x) is defined as

exp(x) = e*, where e = 2.7182818285 (18)
It can be shown? that

exp() = 3 -, (19)

k=0 K

! However, the roots are then complex-valued:
R o_ i _R2 _ A _ R2
Xl _ B |.240L’Y B ’ X2 _ B + |24(1’Y B ,Wherei _ \/_71
Y Y
2 But that requires advanced calculus!
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where k! (read: k factorial) isthe product of the natural numbers1tok: kI = 1x2x3x...xk, and O!
isdefinedas1: O = 1.

The numerical value of the number e in (18) is only an approximation, though. The true
number e has an infinite number of decimal digits without a repeating pattern, and is therefore
irrational. We can only express e exactly as alimit:

w1l -1
e_zﬁ_“méﬁ'

k=0 N-oo

The natural logarithm isthe inverse of the exponential function:
The natural logarithm, In(x), isfor each x >0 a number y such that exp(y) = x.

Since exp(y) > 0, the function In(x) is only defined for x > 0. Important properties of the function

In(x) are:

In(x) < 0 for 0 < x <1,

In(x) = 0 for x = 1,

In(x) > 0 for x > 1,

(20)
In(x.y) = In(X) + In(y) for x > 0 and y > O,

In(x/y) = In(x) - In(y) for x >0 and y > 0O,
In(x*) = a.In(x) for x > 0 and any a.

It isleft as an exercise to verify these properties from the definition of In(x).

43  Continuity
Continuity of afunction f(x) in apoint X, can be defined in two (equivalent) ways. Thefirst

way isvialimits:

A function f(x) is continuous in x, if and only if f(x;) = lim___f(x, + 1/n) and f(x,) =
lim___f(x, - 1/n).



This definition is equivalent to the following officia definition:

Afunction f(x) is continuousin x,, if and onlyif for each € >0 thereexistsa é > 0 (possibly

depending on X,) suchthat [f(x) - f(x)| < € if [x - x| < &.

It is not hard to show that the second definition implies the first one. The proof that the other way
around is also trueis harder and therefore omitted.

The second definition gives rise to another definition of alimit:

Iiquxof(x) = yifandonlyif for eache > Othereexistsad > Osuchthat [f(X) - y| < ¢ if

X = X < 8.

Thus, f(X) iscontinuousin x, if IimHO f(x) = f(xy)-
For example, the linear function (13) is continuousin al x, and so is the quadratic function

(14). The latter can be show asfollows. Let X, be arbitrary and fixed, and let [x - x)| < 1. Then

F) - fOl = BOX = %) + ¥(x% = xg)| = IB(X = X)) + ¥(X = X)(X + X)|
= IBX = %)) + v(X = X)* + 2x(X — X)) (21)
< Bl = Xl + WX = %P + 2xgrlix = ol < (Bl + Wl + 2x¥DIX — X,

where the last inequality in (21) follows from the fact that [x - x0|2 < X o= Xl i X = Xl <L
Next, choose an arbitrary € > 0, andlet & = min[1,e/(|B] + Iy| + 2x;yD]. Thenit follows from
(21) that [f(x) - f(x)| < e if [x - x| < 3.

Alsotheexponential function (18) iscontinuousin all x, and theIn(x) function is continuous
indl x>0.



5. Derivatives
51 What is a derivative?

The derivative of afunction f(x)is denoted by f/(x), and is defined by

£(x) = lim, &9 = ).

(22)

An adternative notation for aderivativeis df(x)/dx. In order for aderivativeto exist, thelimitin (22)
must exist and be the same regardlesswhether 6 >0 (sothat 6 10) or 8 <0 (sothat é 1 0). If so, the
function involved is said to be differentiable in x.

The derivation of f/(x) isillustrated in the following figure.

R d x
Figure 1: Derivative

The curved linein Figure 1 represents the function f(x). The length of the line piece between the
points Pand A, P-A say, isthe value of the function f(x) in x at point P, and Q-C isequal to
f(x+8). Moreover, P-Q = A-B =4. Thus,

fx +3) -f(x) _ C-B
0 A-

w

which is the tangents® of the angle between the legs A-B and A-C of thetriangle ABC. Now if
welet 6 - 0 then this angle approaches the angle of the line through the points R and A with the

3 The tangents of an angle ¢ is defined as. tan(¢@) = sin(¢)/cos(y).
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horizontal axis. Thislineis called thetangent line of f(x) in point A. Thus, the derivative of f(x)

inxat point Pis:

flx) = AP
R-

Thisratio is called the slope of the function f(x) in x a point P.

T

jv)

The quadratic function (14) is differentiable in every x:
f(X) = a + X + yx2 = f/(x) = B + 2y.X. (23)
To seerthis, observe that in the case (14),

f(x + 8) - f(X) B.5 + 1.(x + )% - y.x?

lim = lim
-0 ) 5-0 )
) (24)
= im BT 2rX F YT i3 s 2yx + 48) = B+ 2yx.
5-0 ) 5-0
Of course, the derivative of the linear function (13) follows from (23) by settingy = 0.
The exponential function hasitself as derivative:
f(x) = eX = f/(x) = eX, (25)
because it follows from (19) that
_ X+ _ AX S _ Zw_ Sk/k! -1
lim 1060 ~ 109 _ iy 87 — €7 _ i 8 1 | gy 20 7 2
-0 ) 5-0 ) -0 O -0
1+ X8k -1
- eXlim -t - eXlimYy 55K = eXlim X N/(k+1)! (26)
5-0 ) 5-0 -0
- ex.(l R IimZ°k°18"/(k+1)!) _e*
6-0
Moreover, the derivative of In(x) is 1/x:
f(x) = In(x) = f/(x) = 1/x, for all x > 0, (27)



To prove (27), let y = In(x). Then x = exp(y), hence it follows from (25) that

dx/dy = dexp(y)/dy = exp(y) = x. (28)

Taking the reciprocal of (28) it follows that

dy/dx = din(x)/dx = 1/x. (29)

It should be noted that therearemany function that are not differentiablein some points, even
functionsthat are continuous in every point. For example, the absolute value function f(x) = [x| is

continuousin every x, but is not differentiable in x = 0.

5.2  Thechainrule
Next, consider two differentiable functions f(x) and g(x), and let h(x) = f(g(x)). The
question is: Given thederivatives f/(x) and g’(x), what isthederivative h’/(x) = df(g(x))/dx? The

answer isthe chain rule:

iy - df9()) _ dflg(x)), d9(¥) _ ¢/ /
h'(x) o o) < dx f(9(x)).9(x).

(30)
Forexample, let f(X) = In(X) and g(x) = x?+L.Then h(x) = f(g(X)) = In(x2+1), f'(x) = 1/x, and
g’(xX) = 2x, henceit follows from (30) that

2X

h/(x) =
(0 )

The proof of (30) isleft asan exercise.

10



6. Integrals
6.1 Whatisanintegral?
The concept of an integral isillustrated in Figure 2:

fx)

Figure 2: Theintegral f °f(x)dx = grey area
a
Theintegral of afunction f(x) over aninterval [a,b], denoted by f bf(x)dx, isthegrey areain Figure
a

2. Thisarea can be (roughly) approximated by asum* of rectangle areas with height f(x) and width
dx, asillustrated in Figure 3:

X

/
/ x
/ a c d e b

Figure 3: Approximation of [ f(x)dx
a

The first rectangle has area f(a)x(c-a), the second has area f(c)x(d-c),the third has area

4

Therefore, the integral symbol [ isactually astylized version of the letter Sin
"Sjm" .

11



f(d)x(e-d),and the last one has area f(e)x(d-b) . Assuming that theintervals[a,c], [c,d], [d,e] and
[e,b] have equal length (b - a)/4 = dx, say, so that

c=a+ (b-a/4,d=a+ 2b-a)/4, e + 3(b-a)4,

the total grey areain Figure 3is:

>
=

fla + k(b-a)/n)x(b-a)n = Y. f(x)dx, for n = 4.
x=a+k(b-a)/n
dx=(b-a)/n
k=0,1,...,n-1

T
o

Letting n - «, the limit of thissum isthe grey areain Figure 2: fabf(x)dx.

Note that if f(X) < 0 on [a,b] then f abf(x)dx < 0, asfollows by flipping the pictures in
Figures 2 and 3 vertically 180 degrees. Therefore, the integral of f(x) on [a,b] in Figure 4 below
is the difference of the darker grey area above the horizontal axis, and the lighter grey area below

the horizontal axis.

b

| -

20

Figure4: Integra fbf(x)dxif f(x)flipssign
a
Moreover,
b, a
f . f()dx = - fb f(x)dx. (31)

because the latter integral should be interpreted as the grey areain Figure 1 looking from the back
(the negative side) of the picture: If we flip Figure 1 horizontally 180 degrees, then point b will be

at the left of point a, and the new viewpoint is now behind Figure 1:

12



20

Figure5: Back side of Figure 1

6.2  Derivative of an integral

Let point ein Figure 3beb -3, where 8 > 0 is very small. Then the approximation
f " fx)dx = f(b-8)5 = ()
b-3

will be close, and so will be

f ® f(x)dx
b-8
=2 = f(b).
5 (b)
Therefore,
fbf(x)dx
lim=22 = f(b).
510 )
Similarly it follows that
fb+5f(x)dx
lim=> = f(b). (32)
510
More generally, we have:
Let F(X) = f *f(u)du, where x > a. Then F/(x) = f(x). (33)
a

13



In order to verify this, observe that

a X

F/o) = limF&®) = FO) iy ~ lim
-0 ) -0 ) -0 )

where the last equality follows from (32).

Moreover, it follows from (31):
Let F(X) = fbf(u)du, where x < b. Then F/(x) = -f(X).
X

The proof of (35) isleft asan exercise.

7. Functions of two variables, and their partial derivatives

fmf(u)du - fxf(u)du f’“gf(u)du

- fr), G4

(35)

A real function f(x,y) with two arguments, x and y, assignsa real number z=1(x,y) to apair

(x,y). These functions are called bivariate functions. For example, consider the bivariate quadratic

function

f(xy) = x? + y2

The shape of thisfunction is a hyperbola:

Axiz 1 x
Axiz 2o p

T
, k-t

ot or AT w
::*nu.*ﬂ;ﬂ.f#

1

Figure 6: Thefunction f(xy) = x? + y?2 on the square
-l1<x<1 -1<y<1l

14
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If the function f(x,y) is differentiable in both arguments, then we can take the derivative of

f(xy) tox, treatingy as a constant. This derivative is called the partial derivative of f(x,y) to X,

and is denoted by of(x,y)/ox or @
X

of(xy) _ Iirnf(x+8,y) - f(x,y)_

Ix i (37)

Similarly, we can also take the derivative of f(x,y) toy, treating x asa constant. Thisderivativeis

called the partial derivative of f(x,y) toy, and is denoted by of(x,y)/dy or Lgx,y):
y

AMxY) _ iy fO6y+8) - fxy)

oy 5-0 (38)
For example, in the case (36) we have of(x,y)/ox = 2x, of(x,y)/ldy = 2y.
The general bivariate quadratic function takes the form
f(X,y) = Yl(x - Bly - al)z + Vz(y - Bzx - az)z! (39)
where a,,B,,7,,0.,8,y, aeconstants. Then
of(x,
% = ZYl(X - Bly - Otl) - ZYzﬁz(y - Bzx - (12)
. (40)
% = 2Y2(y - Bzx - (12) - 2Y1B1(X - Bly - (11)
8. The minimum or maximum of a bivariate quadratic function

Clearly, the function (36) is minimal zero for x = 0 and y = 0. In this point the partia
derivatives involved are zero. This can easily be verified directly, but also from Figure 5: In the
point (0,0) the hyperbolatouches the horizontal plane at zero level, and is above zero level for any
other point (x,y). Thus, the point (x,y) for which the function f(x,y) = x? + y?2 isminimal can be

found by solving the so-called first-order conditions:

15



of(x,y)/ox
of(x,y)/oy

1 1
QR
1 1
o O

Next, let us have alook at the general bivariate quadratic function (39). If y, > 0 and

v, > Othen (39) can be written as

fox) = {frx = Bufnay - awfuf + (oY - Bafix - ooyff- (41)

The shape of thisfunction issimilar to Figure 5, except that the hyperbolainvolved will be shifted,
squeezed and/or turned horizontally. Also, itisclear that thisfunctionisminimal if xandy are such
that

\/ﬂx_ﬁl\/ﬂy_al\/ﬂ:0=x—ﬁly—alzo
P1aY — BaftX — onfy, =0 =y - BX -0, = 0

However, the same conditions can be derived by setting the partial derivatives (40) equal to zero:

(42)

% = 2n(X - By - o) - 2rB(y - BxX - a) =0
f
%);y) = 2y(y - BX ~ ay) - 2yBy(X - By ~a) =0 (43)

X - Bly -0 = 0 X = ((11 + (1251)/(1—[3152)
y - Bzx - a, = 0 y = ((12 + (11[32)/(1—[31[32)

provided that ., = 1.

If vy, < 0and y, < O then (39) can be written as

foxy) = {rax - By - o uf - [y - Bafrx - e f (44)

It is easy to verify that now the bivariate quadratic function (39) takes a maximum, and that the
point (x,y) whereit is maximal can be obtained by solving the first-order conditions (43), provided
that B,p, = 1.

16
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Exercises

Prove (12).

Prove (20).

Prove that exp(x) iscontinuousin all x.

Prove that In(x) is continuousin all x > 0, using one or more of the properties (20).
Provethe chainrule (30). Hint: Write g(x+6) = g(X) + (9(x+d) - g(X)), and use the fact
that by the continuity of g(x) inx, lim,_(g(x+5) - g(x)) = O.

Prove (35) by modifying (34) to this case.

Determine the set of points (x,y) where the bivariate quadratic function (39) is minimal or

maximal, for thecase ., = 1 and y, > v,/B,.
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