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Abstract

In this paper we analyze and estimate a linearized version of the
cash-in-advance (CIA) model of Cooley and Hansen (1989) using the
approach of Bierens and Swanson (2000) and Bierens (2006). In this
approach the parameters of the CIA model are linked to the parame-
ters of a corresponding empirical model representing the data gener-
ating process, rather than by fitting the CIA model directly to the
data. We show that the linearized version of the CIA model takes
the form of a vector error correction model (VECM) with two coin-
tegrating vectors and singular error variance matrix. The empirical
counterpart is a VECM with one cointegrated vector. Using the latter
model, the estimated parameters of the CIA-VECM are endowed with
90% bootstrap confidence intervals. The effects of the monetary and
technology shocks are examined by innovation response analysis.
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1 Introduction

Dynamic stochastic general equilibrium (DSGE) models specify explicitly
the dynamic decision problems of households and firms and their interde-
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pendence. They form the leading paradigm in theoretical macroeconomic
analysis. However, as these models become increasingly complex and styl-
ized it is difficult to estimate DSGE models econometrically. Therefore, most
macroeconomists calibrate their models, by simulating the decisions of the
economic agents given the model parameters, and trim these parameters to
replicate the pattern of co-movement among key-macroeconomic variables
(the stylized facts). Although the procedure is useful for understanding the
dynamic properties of DSGE models, it has been criticized for lacking a for-
mal statistical foundation (see DeJong et al. 1996 and 2000).

Recently some studies have attempted to estimate DSGE models by using
econometric methods. For instance, since calibration does not involve real-
istic specifications of uncertainty regarding the deep parameters, Dejong et
al. (1996 and 2000) and Geweke (1999) suggest a Bayesian approach. They
assume prior probability distributions centered at the calibrated values for
the uncertainty of the parameters and then compute the posterior distrib-
utions implied by the model and data. Christiano and Eichenbaum (1992)
and Burnside et al. (1993) propose to use generalized method of moments
(GMM) to estimate the deep parameters based on the first order conditions
of linearized DSGE models. McGrattan et. al (1997) and Ireland (2004) use
maximum likelihood (ML) to estimated a linearized DSGE model. Since the
model variables have a singular distribution, they add some measurement
error to the model.

DSGE models are designed to gain insight in particular economic issues,
and to explain some, but not all, features of key macroeconomic variables.
Therefore, these models do not represent the data generating process (DGP).
However, the Bayesian, GMM, and ML approaches rely on the assumption
that the theoretical model represents the DGP, which is too strong an as-
sumption. Moreover, usually these models are driven by only a few stochas-
tic shock processes, so that their implied conditional distribution is singular.
Therefore, empirical applications of the Bayesian or ML analysis require ei-
ther focusing on a subset of the macroeconomic variables or adding additional
errors either implicitly or explicitly to overcome the singularity problem.
However, adding additional errors has more or less influences on the analysis
of DSGE models or makes changes to the setting of the theoretical DSGE
model, which are in general being ignored.

Lately Del Negro and Schorfheide (2004) and Del Negro et al. (2006)
attempt to abandon the assumption that the DSGE represents the DGP
by considering a Bayesian mixture model of unrestricted VAR and DSGE,



where the model is constructed by augmenting the actual data with the
calibrated data. The dependence of the VAR coefficient matrices on the
deep parameters is controlled by a hyperparameter (i.e. the ratio of the
two types of data) which lies between 0 and oo, where the two boundary
values correspond to the VAR and DSGE models, respectively. The marginal
likelihood of the hyperparameter is then used to provide an overall assessment
of the DSGE model restrictions; however, whether the hyperparameter is a
proper index and can be used for comparison of the DSGE models is not so
intuitive since its upper bound is unbounded.

Rather than linking the model directly to the data, Bierens and Swanson
(2000) and Bierens (2006) propose to link linearized DSGE models to non-
structural VAR models via the so-called reality bound, which lies between
0 and 1. Bierens and Swanson (2000) suggest to compare the non-singular
part of the conditional distribution of a linearized DSGE model with the
corresponding conditional distribution of the VAR model, where the latter is
treated as the DGP. Bierens (2006) follows similar lines and further proposes
to augment both the linearized DSGE model and the empirical VAR model
with the same non-degenerated errors in order to make the theoretical convo-
luted conditional distribution non-singular while keeping it comparable with
the convoluted conditional distribution implied by the VAR model. Then
the comparison of these two densities by the reality bound can be used to
link the deep parameters of DSGE models to the parameters of the VAR
model, and endow the estimated deep parameters with confidence intervals
via the delta method. The benchmark model involved is the King, Plosser
and Rebelo (1988) stochastic growth model, which is driven by a single shock
process.

In this paper we extend this approach by considering a more complicated
model driven by two shock processes, namely the cash-in-advance model of
Cooley and Hansen (1989). We choose this model because it is a typical and
general model used in monetary analysis, but has undergone relatively little
empirical investigation. We will also show how to predict the joint stochastic
properties of endogenous variables. Our extension is non-trivial, because the
linearized version of this model turns out the be a cointegrated vector error
correction model (VECM), and therefore the empirical model has to be a
cointegrated VECM as well.

The rest of this paper is organized as follows. Section 2 introduces the
Cooley and Hansen model and shows that the linearized model is equiva-
lent to a cointegrated VECM. Section 3 introduces the conditional reality
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bound of Bierens and Swanson (2000) and Bierens (2006). Section 4 demon-
strates how to apply the conditional reality bound to analyze the Cooley
and Hansen model, including model evaluation, estimation, and innovation
response analysis. Section 5 summarizes and concludes.

2 The Cooley and Hansen model

2.1 The Model

The key features of the Cooley and Hansen (1989) are the cash-in-advance
constraint and the indivisible labor assumption. All agents in this economy
maximize their lifetime utilities based on all information available at time ¢:

max Fjy ZBt Inc, — B.hy, (1)

t=0

subject to

P < my_q + (gt - 1)Mt—17 (2)
e+ xe +my/pr < wihy + rike + (my—y + (g — 1) My—1) /pes (3)
kipr = (1= 6)k; + 4, (4)
Zt+1 = 7215 -+ €tr1, € Z’ldN(O, O'z), with 0 < 7 < 1, (5)
lngt+1 = &lngt + €t+17 St ~ ZZdN(ln?](l — d), 0’?), Wlth 0 <a< 1, (6)

where F; represents the conditional expectation operator given the informa-
tion at time ¢, 8 € (0,1) is the discount rate, ¢; denotes consumption, A, is
working hours, m;_; is money holding at time ¢, k; is capital stock, x; is
investment, p; is the price level, w; is the wage rate, r; is the capital return,
and B > 0 is a constant. Equation (2) represents the cash-in-advance con-
straint, (3) is the budget constraint and (4) is the law of motion of capital
stock.

Moreover, the firms’ production technology is assumed to be a constant
return-to-scale function

Y, = exp(z) K{ H, 7, (7)



where 0 < p < 1. The assumptions of the competitive market and the con-
stant return-to-scale technology imply that firms make zero profit in equilib-
rium. The variables z; and g, are the stochastic technology and money sup-
ply shocks, respectively. Both are assumed to be stationary AR(1) processes.
The variables M;, K; and H; are aggregates of m;, k; and h;, respectively,
and Y; is the total output in this economy.

Since m; and p; are nonstationary, let m; = m;/M, and p, = p;/M,.
Also, let the maximized expected present value of the agent’s lifetime utility
at equilibrium be V' (2, g4, 1y_1, K3, k). Indicating the next period value of
a variables by a prime, the representative agent’s dynamic problem can be
written as

V(z,g,m, K, k) = max {u(c, h)

c,h

+BEV(Z, ¢, m' K  K)|z,g,m, K, k]} (8)

st. 2 =yz+¢ 9)
Ing =alng+¢ (10)
c=(m+g—1)/(pg) (11)
c+xz+m'/p=w(z,K,Hh+r(z, K, H)k (12)

+ (m+g—1)/(pg)
F=00-0k+z (13)
K =(1-§K+X. (14)

The system equation (8)-(14) can be solved by a dynamic programming
technique. Since the utility function is concave and the constraint set is
convex, the value function is also concave. Therefore, there exists a unique
continuous function V' : s — R that satisfies the Bellman equation. However,
the maximization problem cannot be solved analytically but only numerically,
because there is no explicit functional form for the value function V. Never-
theless, the decision rules can be solved by iterating the quadratic version of
Bellman’s equation.

2.2 The linearized version of the Cooley and Hansen
Model

In order to compute the equilibrium of a DSGE model, the local dynamics
around a steady state is approximated by a set of linear functions. Simi-
lar to the approaches suggested Kydland and Prescott (1982), Hansen and
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Prescott (1995), and McGrattan (1990), a quadratic approximation of the
objective function is formed by a Taylor expansion of the function at the
deterministic steady-state values, and the corresponding solution is iterated
until convergence occurs.

For the sake of convenience, we work with the logarithm of each variable.
Denote variables in logs by a tilde, A = In A, say, where A = g, p, z, X,
k and K. Let § = (1,2,§,m,K,k)T and S = (1,2,§,K)T be the state
vectors, & = (m/,7)T be the individual’s decision vector, and U =
(p, X)), W = (2,§,7m, K, k,m/, %, p, X)T be the economy-wide variable of
vectors. Furthermore, let the variables with superscript asterix “*” represent
the values at steady state.

Applying the second order Taylor’s expansion to the utility function, the
approximated problem of the representative agent can be written as

S

§'VE = max[s",a",UMQ | @ | +85"VE, (15)
U

s.t. § =ag+e, (16)

7 =7z +¢, (17)

ek = (1-— (S)GR +eX, (18)

U =1(S), (19)

where @ is a 10 x 10 symmetric matrix with elements':

Quit1 = Qv = 3[Dau(W?) = 320, DEu(WW],

Qit1,j+1 = Qj+1,i+19: sDZu(W*), . .

Qu =u(W”) - Zj:l Dju(W*) + % dic1 Zj:l iju(W*)W/i*W;,
fori,j=1,---,9; and U is a linear function which describes the relationship
between U and S realized by the households at the beginning of each period.

Cooley and Hansen (1989) have shown that the linear decision rules of this
model have the following forms

111]3 = dH + d122 -+ d13 lng -+ d14 In K, (20)
InX = d21 + dQQZ + d23 lng + d24 In K, (21)

where the coefficients d;; are complicated functions of the steady state values
of the variables.

ISee the details in Hansen and Prescott (1995).
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Next, we use the decision rules in (20) and (21), together with the Tay-
lor’s expansion to linearize the nonlinear constraint around the steady state
to obtain the linearized version of the Cooley and Hansen model. Since here
cash goods contains only consumption goods, the binding cash-in-advance
constraint implies that all money is used on consumption goods. The infinite
marginal utility of consumption at zero consumption level, lim._.o du(c, h)/0c =
00, guarantees that money holding must be positive. Together with the equi-
librium condition m = 1, the binding cash-in-advance constraint (11) implies
that price level and per capita consumption have an inverse relationship,
C = 1/p. Replacing p by equation (20), we then have

InC = _dll — d122 — dlg lIlg — d14 In K. (22)

Next, by aggregating the budget constraint and using the equilibrium
wage and rental rate implied by (7) we obtain

1
X+A/p)]
H=|—F—F= ,
exp(z)Kr
which represents the per capita working hours. Taking the logarithms with
respect to H yields
InH = o +aszy + azlng, + ayIn Ky, (23)

where the coefficients o}s are functions of d;; and the steady state values of
the variables.?

Similarly, taking logarithms with respect to the constant return-to-scale
production function Y; = exp(z)K/H, ? and substitute (23) into it, yield

InY = B + Bozy + B3In g + BaIn K, (24)

where (3)s are also the functions of d;; and the steady state values of the
variables.?

Furthermore, linearizing the law of motion of capital accumulation (18)
and using the condition K™ = K* at the steady state yield

InK;1 =9+ %z +73lng + v 1n K, (25)

2See appendix for the details.
3See appendix.



where 7/s depend d;; and the steady state values of the variables.!
Finally, M; = g;M,;_1 can also be written as

InM; = Ingi+InM,; 4,
t—1

= > Ing;+ M, (26)

J=0

where M, is the initial money stock. We may, without loss of generality, set
My = 1. Since Inp; = Inp; — In My, replacing In M; in (20) by (26) yields

t—1
hlpt = dll + 1 + dlgzt + d13 lngt—l— Z hlgt_j + d14 In Kt.
5=0
Therefore, the linearized Cooley and Hansen model can be summarized as

t—1

Inp, = din+1+diez+ (dis+1)Ing+ i Ing,—j +dialn Ky,
=1
InX;, = do +daz+dazIng + dosln Ky,
InC, = —dii —diez —dizlng — diaIn K, (27)
InH, = a3+ ayz+aszlng +ayln Ky,
InY, = Bi+06z+Psng + BilnK,,

InKipn = 7+ %z+ylng +7in Ky,
with two stochastic shocks

41 = YRt €y,
Ingiy1 = alng + &

Since (27) is a linear approximation of the deterministic steady state when
e = 0 and & = 0, it follows that z; = 72y and Ing; = @'ln gy. Therefore,
K, 1 = K; = K* implies that the coefficients v; and =, are equal to 0 and 1,
respectively, which means that In K is an I(1) process. Moreover, X* = § K*
implies that do; = Iné and doy = 1. Since y; = k1 + k3da; = 0, together with
do1 = In é, it follows that

InK*=(2+1Ind)/(1+96).

Furthermore, both 4 and & are less than one in absolute value, so both
z and Ing are stationary. The system of equations in (27) allows all the

4See appendix.



variables to be written as functions of z;, In ¢g;, and In K;. Since In K, is an
I(1) process, it is clear that In P;, In X, InCy, In H;, and In'Y; are also I(1)
according to (27).

Denoting W; = (Inp;, In X, In Cy, In Hy, In Y})T , the system of equations
in (27) can be rewritten in the form of a VAR model

t—1

W, = b0+ Dius+65 Y Ingj+8Ink, (28)

j=1
AlnK, = nTut—l, (29)
Uy = Fut,l + ey, (30)

and

(@)% (Camame ) (5 7).

where g, 01, 02, 03, 64 are 5 X 1 vectors, and the links between the elements
in ¢; and the deep parameters and parameters in the decision rules are stated
in the appendix. Further, D; = (61,62), n = (72,73)T, u = (24,Ing;), and
I' =diag(¥, @) . The diagonal variance matrix of e, is due to the assumption
that two stochastic shocks are independent.

2.3 The Error Correction Model

Now we show that the linearized model implies a cointegrated error correction
model. FiI'St, let D2 = (51,52, (53, 64) and

L _ (1000
°~\o 100 )"
Then multiplying DI on both sides of (28) and rearranging the equation

gives

u—y = Io(D3 Do)~ Dy (Wi — &). (31)

Taking the first difference with respect to equation (28) and then substi-
tuting (29) and (30) into it yield

AWt = DlAUt + 63 In gt—1 + 64A In Kt.



Let 55 = 63(0, 1) Then

AW, = Di(up — up—q) + Osup—1 + 6477Tut717
= Di(Tw_y +er) — Dywp—y + Osup—1 + 5477Tut—1,
= [Dl(F — ]2) + 6477T + 65]Ut_1 + Dlet.

Replacing u;—; by (31), (28) through (30) can be now be written in the
form of an error correction model:

AW, = [Dy(T = I) + ém" + 65]1o(Dy D2) ' Dy (Wy_1 — &) + Dae,
= w+af' (W1 — &) + e, (32)

where
vo = Dié,a = Dy(T' — L) + 84" + &5, 8 = Do(D3 Do) 117,

and € = (0,(1 —@)Ing)" . Here, 15 is a 5 x 1 vector, and both a and 3 are
5 X 2 matrices.
Moreover, the error term ¢; = D1 (e;—é) is distributed as i.i.d. N (0, X(0)),
where
=T 2¢ ¢T 2¢ ¢T = oz 0
N(0) = DyEDY = 026,67 + 026,67, == ( e 0 ) |
3
and 0 represents the set of deep parameters.

Since the model is driven by only two stochastic shocks, the 5x 5 variance-
covariance matrix of the error term &; in (32) is of rank two. Therefore,
the conditional distribution of the linearized theoretical model is a singular
multivariate normal distribution. The main consequence of the singularity is
that the density function of AW, in the theoretical model does not exist.

Moreover, both o and [ are 5 x 2 matrices, and thus of" is a 5 x
5 matrix with rank two. Thus, two cointegrating vectors are implied by
the theoretical model. In the error correction model, 3 W,_; represents an
economic equilibrium relation with the adjustment coefficient o, and matrix
[ of cointegration vectors.

In summary, the linearized Cooley and Hansen model is equivalent to
a cointegrated error correction model with two cointegration vectors and
singular error variance matrix of rank two. The conditional distribution of
AW, is

AWM,y ~ Ny(p(6), £(6)).

where the superscript “TM” denote the theoretical model and p:(0) = v +
aft (W1 — &)
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3 The conditional reality bound

Next we introduce the conditional reality bound of Bierens and Swanson
(2000) and Bierens (2006). Let f(y) denote the true density of a vector y,
and f_ (y) be the approximated density of f(y) derived from a theoretical
model. Suppose that both f(y)and f_ (y) have the same support. Then we
can find a p € [0, 1] satisfying

fy)=npf., )+ 1 —p)fily), (33)

where pf  (y) < f(y) for all values of y, and fi(y) = (f(y)—pf,,, (v)/(1—Dp).
Thus, if p € (0,1), f(y) is a mixture of a density f_(y) with associated

probability p, and another density fi(y) with associated probability 1 — p.

Therefore, p may be interpreted as the probability that f(y) is generated by

Iy (y), so that it measures the reality content of the theoretical model.
The maximal p satisfying (33) is

f(y)
fo W)

Geometrically, the approximated density is squeezed under the true density
by multiplying it by the p in (34).
In the case of conditional densities, given predetermined variables X, (34)

becomes FlX)
. Y
p(Xa 9) =inf T v o)
Y .fTM (y‘X7 9)
where 0 is a vector the model parameters. Since py depends on X and 6, we
can then define the maximal possible p as

p= s%pE [p(X,0)],

p =inf (34)

(35)

which is called the average conditional reality bound in Bierens and
Swanson (2000). Empirically, it can be estimated by

. 1
P, =sUP > p(X,0). (36)

t=1

On the other hand, if we interpret p(Xy, 6) as the probability that f_ (y|X:,0)
is equal to f(y|X;), then given the data for time t = 1,...,n,

JLp(X.0) (37)
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may be interpreted as the probability that the true conditional joint den-
sity is the same as the conditional joint density of Yi,...,Y, implied by
the theoretical model. The maximum of (37) over the parameter space,
max 6 [[}_, p(X¢, 0), is called by Bierens (2006) the multiplicative con-
ditional reality bound, with corresponding estimator

T
0 = arg max Z Inp(Xt,0). (38)

t=1

4 Model Estimation and the Empirical Re-
sults

4.1 The Data and Empirical Model

The conditional reality bound in (35) compares the theoretical density with
the true density. However, the true density or the data-generating process
is usually unknown. Therefore, the true density is replaced by a conditional
density of an empirical econometric model (hereafter called the empirical
density) which is the best fit for the data. In this section, we introduce the
data used here and illustrate how to find an empirical model that can be
used to represent the DGP in our analysis.

The data set that is used for estimating the theoretical and empirical
models are taken from Citibase database. The sample period is from 1948:1
to 2001:2, so there are 214 quarterly observations. The five US. time-series
used include CPI, real GNP, consumption of nondurables and services, gross
private domestic investment (all in 1996 dollars), and also working hours.
The working hours used here only include the employee-hours in nonagricul-
tural industries. All the variables used are already seasonally adjusted and
taken in natural logs. These five series are shown in Figure 1. All of the
series have linear trends, except the working hours In H. The main difference
between the data used here and the data used in Cooley and Hansen (1989) is
that in the latter the Hodrick-Prescott filter is used to remove the time trend.
However, this filter will effectively remove one of the interesting features of
the model, namely cointegration. Therefore, we will use the unfiltered time
series.

The augmented Dickey-Fuller and Phillips-Perron unit root tests for each
series are conducted. The test results show that In P, InC, In H, and InY
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Figure 1: The five U.S. series
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are all 1(1) processes, except the result of In X is mixed. The unit root test
of In X is not rejected by the augmented Dickey-Fuller test, but is rejected
by the Phillips-Perron test at a 5% significance level. Since the test results
are not consistent, the simulation of the actual p-value of the Phillips-Perron
test is used. The simulated p-value based on 1000 simulations is 0.368, which
means that the unit root hypothesis is not rejected. Therefore, based on these
test results, we conclude that all variables are /(1) processes.

Given the above results, we first parameterize the empirical model as a
VECM of order p:

p—1
AWEM = 7+ Z ILAW, ; + af Wi + &,

Jj=1

where the superscript “EM” denote the empirical model, & ~ N5(0,2) and
det(Q2) # 0. Therefore, the conditional distribution of AWFM is

AWFM|F,_ ~id.d. Ns(wy, ),

where F,_; represents the information available at time t — 1, and

p—1
we =m0+ Y AW, + o Wi,

=1

As Figure 1 shows, all but one of the series have drift. The exception
is In H. Therefore, we need to include a vector my of intercept terms in the
VECM.

Two consistent information criteria, the Hannan-Quinn (1979) criterion
(HQ) and the Schwarz (1978) criteria (SC), are used to decide the number
of lags for the empirical model. We choose the lag order for the VECM by
examining values of HQ and SC for lag orders from one to ten. The HQ
suggests two lags, whereas the SC selects one lag. Since the SC is more
conservative than the HQ and it has been shown by Lutkepohl (1993) that
p(SC) < p(HQ) for all T, where p represents the number of lags suggested by
the criterion and 7' is the sample size, we choose the error correction model
with two lags.

Johansen’s lambda max and trace tests indicate that 3 has rank 1, so that
there is only one cointegrating vector. If my can be written as 7y = —ady,

5More formally, F;_; is the o-algebra generated by W;_1, AW;_1, AW;_o, AW;_3, .....
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Table 1: Estimated results of the empirical error correction model
Alnp, Aln X, Aln C, Aln H, AlnY;
0.083804 —2.594961 0.119320  0.133220 —0.286075
0.773510 —0.183231 —0.140898 —0.012110 —0.144154
0.019726 0.001275 —0.000686  0.037889 —0.009099
o7 —0.051514  0.780754  0.126317  0.126547  0.160191
—0.126529 1.583506 —0.299232 —0.063446  0.293419
0.022300 —0.821750 0.006262 0.017970 —0.109158

al  —0.027337  0.870706 —0.038333 —0.044787  0.097519

o

T

BT —0.014515 —0.150909 1 0.526272  —0.709652
s.e. 0.005048 0.051947  0.005318  0.005700  0.008916
R? 0.6358 0.1272 0.1509 0.0952 0.0959

then the model becomes AWM = ) AW, _; + a1 (W;_; — ). We also have
conducted the Johansen tests under this restriction, but this hypothesis is
rejected. Therefore, a VECM with two lags without cointegrating restrictions
on intercepts is chosen as the empirical model:

AVVtEM = + AW, 1 + a8 W, + &, (39)

where « is the vector the adjustment coefficient and [ is the cointegration
vector.

The estimated results are shown in Table 1. The empirical model has the
error correction term

InCy —0.0145151n P, — 0.150909 In X; + 0.5262721n H; — 0.709652 In Y},

which represents the equilibrium relationship among the observables. This
empirical model will be used to represent the DGP.

4.2 The average conditional reality bound

We now follow the lines in Bierens and Swanson (2000) to compute the
average reality bound. According to the results in section 2.3, the error
correction model derived from the theoretical model has one lag and can be
written as

AVVtTM =1+ O‘OBEVVt—l + €,
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where AW, has a singular conditional normal distribution
AWM Wiy ~ N5(u(6), 2(0)), rank((6)) = 2, (40)

with conditional mean p; () = vy + B3 Wi_1. Recall that both ap and 3y
are 5 X 2 matrices, and thus the theoretical model implies two cointegrating
relationships. The rank condition is due to the fact that there are only two,
instead of five, stochastic shocks in the Cooley and Hansen model. Model
(40) will be referred to as the theoretical model.

On the other hand, the empirical model (39) has two lags and one coin-
tegrating vector, with nonsingular conditional normal distribution of AW},

AWEM|F, 1 ~ N5(wy, Q), (41)

where w; = my + ILAW,_1 + a3TW,_;.

Due to the singularity of the conditional variance matrix of AW the
conditional density of AW™ does not exist and thust he conditional reality
bound (35) cannot be applied directly. Bierens and Swanson (2000) propose
to rotate AW, in both models via an orthogonal transformation Q ()" AW,
such that the singular directions of ) (Q)T AW, in the case of the theoretical
model are along the principle axes, and then marginalize both distributions
in the nonsingular directions. Thus, decompose ¥ () as

26) = @©.20) (o 40 ) (o) )
A(0) = diag(Ai(0), A2(0)),

where Q1(0) is the 5 x 3 matrix of eigenvectors corresponding to the three
zero eigenvalues of X(0), and Q2(0) is the 5 x 2 matrix of eigenvectors cor-
responding to the two positive eigenvalues, A\;(#) and A2(6). Pre-multiplying
both distributions by the orthogonal matrix Q(#)*, the non-singular part of
model (40) is

Q2(0)" AWM Foy ~ No(Q2(6)" 114(6), A(9)), (42)

with corresponding marginal empirical conditional distribution

Q2(0)" AWM Fiy ~ Ny (Q2(0) " wy, Q2(0)"QQ1(9)) . (43)
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The conditional densities in (42) and (43) can now be used to compute the
conditional reality bound in (35), as follows. Denote

Yy = Q0)T AWM — Qa(0)" 11i(0),
n(0) = Q2(9)T (wi — 1e(0))

and .
Xi = (WtT—l» WtT—z) : (44)

The conditional density of Y; in the case (42) is

_exp [—3y"A(0) "y

fTM (y|Xt> 9) - o /—det (A (9)) ) (45)
and in the case (43),
1
Xt - 46
Jou (W1 X2) 2 /Ao O (0] T00) (46)

« exp[—%(y —(0))T (Q2(0)TQ(8)) " (y — 1 (0)].

Under some mild condition®, the conditional reality bound in (35) can be
written as

£ fEM (y‘Xt)
fTM (y‘Xta ‘9)

= +/det U (0) exp |:_%19t(9)T\I’ (0) ﬂt(e)}

2,(0)™ (0) (1 — W (6))w (0) ﬁtw)} L)

p(Xt7 9) =in
Yy

N =

X exp | —

where

TO) = A0 (0090 0) AB)",
90 = M) Qu() (wr — u(6),

6Bierens and Swanson (2000) show that the infimum in pg can be taken out if the

maximum eigenvalue of the matrix A()Y/2(I15(0)'QI12(0)) = A(6)/?] is less than one.
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and Apax [P (6)] is the maximal eigenvalue of W (6). The average conditional
reality bound can now be estimated by

R 1 &
Davg = sup — p(Xy, 0). 48
. MWWM; (Xy,0) (48)

The matrix Q2(0)T is chosen such that in the case of the theoretical
model the two components of Y; are independent conditional on X;. It is
quite natural to require the same for the empirical model. Therefore, we will
choose Q2(0) to be the 5x 2 matrix of orthonormal eigenvectors corresponding
to the largest two eigenvalues of €. Thus, arranging the eigenvalues A\ of €2
in descending order, we impose the restriction

Q2(0) = Q., where QIQQ, = A, = ( )(\)T )?* ) )
2

Under this restriction, the non-singular part of the theoretical model can
be written as

AQ;PVVtTM = Qv+ Q;FOéO%TWtA + Qi &
= U+ OC*ﬁOTWtfl + Qfgta

for instance, where

e ((5) (M L))

Then ¥ (6) simplifies to

o M0/ 0
vor= (MO s )

so that the condition Ap.x[¥ (6)] < 1 becomes
A(0) < AT, A2(0) < A

Consequently, (47) can now be written as
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A1(6).22(6)
BT

WO (8~ A6) " 1(6)]
@) a0 1~ [ (m0(0)
- Ny (‘5 z_; (A;‘ - Me)))

m(0) = Q) (wr — u(9)) = ( Z;ZEZ; )

However, this simplification comes at the cost of losing the link between
(A1(0), A2(0)) and the deep parameters in 6, so that then \; = A\;(f) and
A2 = A2(0) are no longer functions of €, but are now have to be treated
as free parameters subject to the restrictions A\; < A}, Ao < A35. Therefore,
reparametrize A\; and Ao as A\ = c;A] and Ay = c2)\;, respectively, where
c1,¢2 € (0,1). Then (48) is equivalent to

p.(0) =

N —

X exp {—

where

n 2
—~ 1 1 Cl CQ
Pive sup 51 exp( 5 E: )/ > (49)

0,0<c1<1,0<ca<1 —
The estimation result involved is

= 0.473989,

ng

which suggests that the nonsingular part of the theoretical model can explain
about 47% of the corresponding part of the empirical model.

The assumption that the two stochastic shocks follow AR(1) processes is
not essential in the Cooley and Hansen model. Therefore, we also consider
the case where the shocks follow AR(2) processes in order to examine whether
the main penalty of the average conditional reality bound is caused by the
lag difference between the empirical and theoretical models. Thus, we change
the assumption of the stochastic shocks in (30) to

up = g + Dougo + e, (50)
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but (28) and (29) remain unchanged.
Using a procedure similar to that used in section 2.3, it can be shown
that (50), (28) and (29) implies
AWtTM =1y + I/lAVVt,1 + OéﬁTVthl + Vi,

where

vy = [—(D1(T1+To— L)+ 64m")Io(Dy D2) ' Dy &),

Vv = - (D1F2 — 65) ]Q(DEDQ)_lDE,

a = DTy +To—1L)+6m",

B = Dyo(DyDy) 'y
Given the assumption that both of the shocks follow AR(2) processes, the
Cooley and Hansen model implies a two-lag error correction model.

Applying the same estimation procedure as in (49), the estimated results
for the average conditional reality bound now becomes

P.., = 0.897437.

This result suggests that,with the VAR/(2) error specification, the non-singular
part of the theoretical model can explain about 90% of the corresponding part
of the empirical model. Thus the lag difference is the major penalty in the
average conditional reality bound. The remaining 10% penalty may be due
to the rank difference.

4.3 Estimation of the deep parameters

In order to eliminate the singularity the theoretical model, Bierens (2006)

suggests to augment both the theoretical and empirical models by the same

independent stochastic disturbances, say Rf™ and RFM, both distributed as

N(0,79) for some 7 > 0, where €2 is the error variance matrix of the original

empirical model. Then adding Ry, to the linearized theoretical model yields
Vi = AWM + R™ = v + aoffy Wiy + &0+ R,

which has conditional density

1
fTM (y|Xtv 0, T) =

(v2m)5\/det(2(0) + 7Q)
s exp {—%(:y ) (S(0) ) My utw))} |
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where X; is defined in (44).
To keep the convoluted theoretical density f., (y|X:, 6,7) comparable
with the conditional density of the empirical model (39), one should also

augment the latter model in the same way:
Yo = AWM + RN = mo + mAW g + o Wiy + & + RYY,

which has conditional density

1
fEM (y|Xt’T) = (ﬁ)5\/(1 +T)5 det(Q)
X exp {—2(1 i 7 (y — w) "y — wt)} .

If all the eigenvalues of Q~1/2%(9)Q~1/2 are less than 17, the conditional
reality bound in (35) takes the form

Yy fTM (y‘Xta‘gaT) B (1_'_7—)5

exp { =3 = 07 QO) Iz — A0) QO e~ m(0)}.

(0.7 — inf Fx WIX0T) \/Tﬁdetml(e)wﬂ

where

QRO = QOAB)QO)"

= @®.o) (M § ) @i).a0)"

A1(0) = diag(A1(0), X2(0)), 0 < Aa(0) < A1(0) <1,

and 1(f) and Q2(f) are 5 x 2 and 5 x 3 matrices of the corresponding
orthogonal eigenvectors. Consequently, (38) becomes

LS tup,(6,7) = glnT _ gln(l +r)+ % In (det(As(6) + 71))
n t=1

—%trace ((15 —AB)'Q )" TL(0)Q (9)) : (51)

"See Bierens (2006) for the details.
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where
n

1
La(0) = Q7= 37 (wr = u(0) (w0 — u(0) Q7.
t=1
Given different values of 7, (51) is maximized over

0 = (dy1, d12, dr3, d1a, dog, dog, D%, @, 7, p, 6,10 7)’,

where p*,Ing > 0, and @, 7, p, 6 € (0,1). Although our approach also applies
if the parameters are restricted to a reasonable area or an area close to the
calibrated values, we have chosen to leave the parameters free and let the
data speak.

Since the parameter vector 6 only contains a subset of the deep parame-
ters, not all of the deep parameters can be estimated. Some links between
the coefficients in (51) and the deep parameters, such as the discount rate in
the utility function, are lost in the process of linearization.

Given 7 = 0.1,0.2, ...,0.5, the estimated parameters are shown in Tables
2 and 3. We see that the parameters are stable with only little fluctuation
under different values of 7, but the values of both p and 6 are much higher
than the usual calibrated values. For example, Cooley and Hansen (1989)
calibrated p = 0.36 and 6 = 0.025. This suggests that some important
features of the economy are missing from the model. In other words, the
Cooley and Hansen model does not fit the data well although it is difficult
to pinpoint where the failure occurs. Moreover, the estimated Ing implies an
average annual monetary growth rate between 3.8% to 5.7% for different 7
values.

Because the estimated deep parameters 6 are functions of the parameters
of the empirical model, Bierens (2006) proposes to compute confidence in-
tervals around the estimated parameters by using the delta-method and the
asymptotic normality of the empirical model parameter estimators. How-
ever, due to cointegration not all the parameter estimators of the empirical
model have a normal limiting distribution. To overcome this problem, we
have computed 90% confidence intervals of the deep parameters via a boot-
strap approach. Under the assumption that the empirical model represents
the data generating process, 500 artificial time series W;* have been generated
from the estimated empirical model, by replacing the estimated errors by ran-
dom drawings z; from the normal distribution with variance the estimated
error variance matrix

~ -~ ~ * =~ * *
VVt* =Ty + <I5+7r1+a/8>m71—7r1m,2+zt, t:?),...,T,
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Table 2: Estimation results: Part 1.

T 0.1 0.2 0.3 0.4 0.5
di1 | —1.619234 —1.512823 —1.616875 —1.458609 —1.668025
dip | —0.109160 —0.071137 —0.223706 —0.079165 —0.066965
di3 0.296333 0.310649 0.333028 0.293085 0.273301
d14 0.450385 0.503996 0.486075 0.479013 0.450597
doo | —1.787301 —1.608197 —2.219154 —1.919055 —1.416365
das 1.255176 1.210487 1.318714 1.308205 1.085440
p* 2.909936 2.756174 2.871515 2.510822 3.334870
a 0.024367  0.016469 0.027590 0.022449 0.002292
ol 0.000276 0.000045 0.000690 0.000045 0.000078
p 0.685083 0.724187  0.693556 0.726532 0.686299
0 0.728562 0.746744  0.759689 0.622586 0.873120
Ing | 0.009448 0.010802 0.007361 0.010945 0.013176

0.011950 0.013924  0.009542 0.013835 0.016738

0.011571 0.012860 0.009439 0.013997  0.014269
v | —0.002732 —0.003300 —0.002384 —0.003136 —0.003593

0.000785 0.000975 0.000553 0.001200 0.001142

0.000247  0.000269 0.000169 0.000328 0.000358
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Table 3: Estimation results: Part 2. (« is a 5 x 2 matrix, so the ten elements
of a represent the first and second columns of «, respectively. Similar for 3.)

T 0.1 0.2 0.3 0.4 0.5
—0.477343 —0.534121 —0.595906 —0.493152 —0.490275
0.484649  0.407213  0.531756 0.72419  0.179598
0.477343  0.534121 0.595906  0.493152  0.490275
—0.782309 —0.909008 —0.785469 —0.652465 —1.008403
—2.138174 —2.120355 —2.409255 —2.046427 —2.164976

o
0.147119  0.166511 0.190706  0.126086  0.156657
—0.310119 —0.286628 —0.280518 —0.464366 —0.135232
—0.122752 —0.150042 —0.163116 —0.103637 —0.154365
0.248924 0.30735 0.24522  0.186018  0.348953
0.70488  0.739382  0.769959  0.642609  0.759886
0 0 0 0 0
0.015946  0.020352 0.02621 —0.009813  0.017823
0.328613  0.347141 0.318413  0.313028  0.350173
1 1 1 1 1
—0.288901 —0.337351  —0.24148 —0.246081 —0.384911

&)
0 0 0 0 0
0.048525  0.058627  0.082314 —0.029656  0.051106
1 1 1 1 1
3.043089  2.880674  3.140578  3.193549 = 2.855649
—0.879151 —0.9718 —0.758388 —0.787716 —1.099408
—0.619234 —0.512823 —0.616875 —0.458609 —0.668025
—0.316683 —0.292033 —0.274847 —0.473873 —0.135682
o 1.619234 1.512823 1.616875 1.458609 1.668025
5.056568  4.938796  5.152627  5.094518  4.724877
1.592398 1.362182 1.57899 1.393189 1.482196
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Table 4: The 90% bootstrap confidence intervals of the estimated parameters
for the case 7 = 0.1.

L U 7=0.1 L U 7=0.1

dyy  —2.193731 —-1.036577 —1.619234 —1.116254 —0.111663 —0.477343

dip  —0.554408  0.297962 —0.109160 —0.006407  0.883481 0.484649

di3 0.147071 0.646388  0.296333 0.111663 1.116254  0.477343

dya 0.263902  0.721664  0.450385 —2.362188 —0.097241 —0.782309

dyy  —3.377627  0.277362 —1.787301 —3.383080 —1.137422 —2.138174

das 0.635488  2.192187  1.255176 | v

p* 2178594  3.948820  2.909936 0.030684  0.381615  0.147119

« 0.000695  0.031071 0.024367 —0.578817 —0.012813 —0.310119

¥ 3.90E-05  0.011439  0.000276 —0.380407 —0.015095 —0.122752

p 0.411646  0.852235  0.685083 0.004677  1.349834  0.248924

o 0.599510  0.975084  0.728562 0.394092 1.654245  0.704880
Ing 0.002248  0.015261 0.009448

0 0 0

0.003037  0.021012  0.011950 —0.118079  0.172992  0.015946

0.001774  0.025537  0.011571 0.214314  0.673088  0.328613

Vg —0.007328 —0.000502 —0.002732 1 1 1

—5.00E-05  0.004891 0.000785 —0.862711 —0.014307 —0.288901

—9.00E-06  0.001710  0.000247 | 3

0 0 0

—1.193731 —0.036577 —0.619234 —0.421385 0.39417  0.048525

—0.511642 —0.025231 —0.316683 1 1 1

do 1.036577  2.193731 1.619234 1.48558 4.66604  3.043089

3.893588  5.460241 5.056568 —1.640804 —0.051375 —0.879151
0.580104  2.934035 1.592398
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where W) = W, for t = 1,2, and 7, 71, @,and /B are the estimated coefficients
in the empirical model. For each of these 500 artificial time series W} the
empirical model and the deep parameters are re-estimated for 7 = 0.1, which
yields the bootstrap distribution of #. The choice of 7 = 0.1 is arbitrary and,
as shown in Tables 2 and 3, the estimated parameters appear to be about
the same under different values of 7. The bootstrap results for 7 = 0.1 are
given in Table 4.

The signs of the coefficients in the decision rules in Table 4 show that
the monetary growth rate has a positive effects on the price level as well as
on investment. This finding is consistent with the prediction of the cash-
in-advance constraint: increasing money supply causes inflation. Under the
cash-in-advance constraint, In p = — In C implies that consumption decreases
because of the higher price level. Since output can only be used either in con-
sumption or investment, increasing of money supply then indirectly causes
the decrease in investment. On the other hand, the effects of technology
shocks on price level and investment are not significant. The bootstrap con-
fidence interval also shows that In X does not play a significant role in the
cointegrating relationships.

4.4 Innovation Response Analysis

Our estimation results for the case 7 = 0.1 imply the following numerical
values for the coefficients in the system of equations (27):
t—1
InP, = —0.619234 —0.109160z; + 1.2963331In g; + Z Ing.—; (52)
j=1
+0.450385 In K4,
InX;, = —0.316683 — 1.7873012; 4+ 1.2551761n g; + In K, (53)
InC;, = 1.619234 4 0.109160z; — 0.296333 In g; — 0.450385 In K, (54)
InH, = 5.056568 — 0.309707z; + 0.085107 In g; + 0.363003 In K, (55)
InY;, = 1.592398 + 1.097532z; + 0.0268021n ¢; + 0.799399 In K}, (56)
(57)

InK;; = —1.302159z +0.9144731n g, + In K, o7

together with the two stochastic shocks processes

z = 0.0002762_; + €, (58)
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Ing, = 0.024367Ing; 1 + &;. (59)
Equation (57) is equivalent to
Aln K, = —1.3021592_1 + 0.914473In g,_;. (60)

Taking the first difference of (52) and substituting (60) yield the equation
for the inflation rate:

Aln P, = —0.1091602,—4.7731292;_1+1.296333 In g, +0.914473In g; ;. (61)
Similarly, differencing (56) gives the output growth rate:
AlnY; = 1.097532z; — 2.1384772 1 4+ 0.0268021n g; + 0.704223 In g; 1. (62)

These estimated equations can be used to generate predictions about the
responses to technology and monetary shocks. The innovation responses
for both shocks for 15 periods are shown in Figure 2. The first panel in
Figure 2 shows the innovation response of Alnp corresponding to a unit
technology shock and the second panel shows the innovation response of
AInY corresponding to the same technology shock.

Since a technology shock has no permanent effect on productivity and no
technological progress is assumed, a positive technology shock only boosts
the productivity in the current and the consecutive periods. It only reduces
the inflation rate in the short run, as panel 1 shows. On the other hand,
a positive technology shock has a positive effect on output growth in the
current period, but a negative effect in the second period. Both (53) and
(57) suggest that the technology shock has a negative effect on investment
and thus reduces the level of capital stock in the next period. Therefore, in
the second period the positive effect of the technology shock on productivity
is dominated by its negative effect on capital stock. The combination of the
two effects wears off almost completely after three periods, as shown in panel
2.

The third and fourth panels shows the innovation response of Alnp and
AlnY to a unit monetary shock. The third panel suggests that increasing
money only causes inflation in the current and the next two periods. The
effect dies out after three periods and the inflation rate goes back to the
original level afterwards. Panel 4 shows that an expansionary monetary
policy shock has a positive effect on output growth in short run, but has no
long run effect.
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Figure 2: Innovation responses to technology and monetary shocks. Panel 1
and 2 show the effects of one unit of technology shock on inflation rate and
output growth rate. Panel 3 and 4 show the effects of one unit of monetary

shock on inflation rate and output growth rate.
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Although the two stochastic shocks have no permanent effect on inflation
and output growth, they do have permanent effects on the levels of the vari-
ables through the change of capital stock. The innovation responses of the
levels of the variables to the two stochastic shocks are shown in Figure 3 and
Figure 4. Figure 3 shows the effects of a unit technology shock on the levels
of the variables. Panel 1 in Figure 3 shows that the price level In p becomes
lower after a positive technology shock and panel 6 shows that the capital
stock also drops to a lower level. Since In X, In H, and InY are positive
correlated with In K, as (53), (55), and (56) predict, they all drop to lower
levels after the shock. On the other hand, (54) shows that In C' positively
depends on In K, so In C' jumps to a higher level after the shock.

The technology shock has no effect on the level of capital stock at the
shock period, because In K is already decided in the previous period before
a shock happens. Panel 5 shows that InY has a peak at the shock period
and drops to a lower level later because the positive effect of a technology
shock is dominated by the effect of lower capital stock. On the other hand,
a technology shock has a significantly negative effect on investment, so that
In X drops at the shock period and stays at a lower level onwards because of
the lower level of In K.

The innovation responses of the levels of the variables to a unit monetary
shock are shown in Figure 4. Panel 1 in Figure 4 shows that the price level
jumps to a higher level after a positive monetary shock and panel 6 shows
that the capital stock also jumps to a higher level. Similarly, the new levels
of In X, In H, and InY are all higher than that before the shock. In C drops
to a lower level after the shock. In X has a peak at the shock period and
stays at a higher level after the effect of the shock wears off because of the
higher level of In K.

In summary, our results suggest that an expansionary monetary policy
has permanent positive effects on the level of investment, working hours, and
a temporary effect on output growth. Its deficiency implied by (61) is that
it induces inflation. Moreover, a beneficial technology shock decreases the
levels of investment and working hours by increasing the productivity during
the shock period, but the level of output stays at a lower level after the shock
period because of the lower capital stock.
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Figure 3: The innovation responses of the levels of the variables to a unit
technology shock over a 15 periods horizon. The unit shock happens in period

2.
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Figure 4: The innovation responses of the levels of the variables to a unit

monetary shock over a 15 periods horizon. The unit shock happens in period

2.
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5 Summary and Conclusion

Our findings can be summarized as follows. First, the business cycle model
under review provides an explanation for some, but not all, observable macro-
economic fluctuation. If the possible model misspecification or missing vari-
ables in the cash-in-advance model are not penalized, it can account for about
90% of the information of the empirical model in the nonsingular direction
after changing stochastic process to an AR(2) process, where it accounts
for only 47% under the AR(1) assumption. This suggests that the assump-
tions about the stochastic structure are critical for the performance of the
theoretical model.

Second, the Cooley and Hansen model does not do well in explaining the
observed data if the possible model misspecification or missing variables are
considered. One evidence is that the estimated capital depreciation rate and
capital share are much higher than the usual calibrated values. Despite that
the parameters can be restricted to an area close to the calibrated values, we
choose to leave the parameters free and let the data speaks. The much higher
values implies that some important features of the economy are missing from
the model although the failure is not so immediately evident.

Third, the main limitation of the econometric approaches used in this
study is that only a subset of the deep parameters can be estimated. Further
analysis that requires all deep parameters, such as the analysis of welfare cost
of inflation, is not applicable here. Although the coefficients in the decision
rules provide some links between the coefficients in the estimated model and
the deep parameters, we did not use them to solve the deep parameters due
to the complexity of those links.

Fourth, computing the conditional reality bound requires a close approxi-
mation of the data-generating process, which is obtained by finding an econo-
metric model that is best fit for the data. However, in some dynamic sto-
chastic general equilibrium models, the DGP may contain some unobserved
variables, such as the labor effort in the model of Burnside, Eichenbaum, and
Rebelo (1993). In that case our approach may not be applicable .

Appendix
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Derivation of equation (23):

InH =

IL—p
hi+ holn X + hglnp + —— +

12

12

1
ln(X—l——A)—I—LjL d In K,
p L—=p 1-=p
p

1—p 1-—p

In K,

[hl + h2d21 + hgdn] + [hgdgg + h3d12 + 1/(1 - ,0)] z
+

[hgdgg —+ hgdlg] lng -+ [h2d24 -+ h3d14 + 1/(1 — p)] In K,

= a1 +azs +aglng + asln K.

The second line is obtained by applying the first-order Taylor’s expansion
in the neighborhood of the steady state. Here the h;’s are functions of the
deterministic steady-state values X*, p*, and the coefficient p. The third line
results from replacing In p and In X by (20) and (21). a3 = hy+hada; +hsdy,
Qg = h2d22+h3d12+1/(1—p), a3 = h2d23+h3d13, gy = h2d24+h3d14+1/(1—p).

Derivation of equation (24):

nY =

z+pInK+(1—-p)lnH,

(1 = p) [~y + hodyy + hgdy]

+{1+ (1 = p) [hadaz + hadiz + 1/(1 = p)]} 2
+{(1 — p) [hadaz + hadis]}Ing

+{p+ (1 — p) [hodos + hadis +1/(1 — p)]} In K,
P+ B2z + f3lng, + Buln K,

where 31 = (1—p) [y + haday + h3dui], B2 = {1 + (1 — p) [hadas + hadi2 + 1/(1 — p)]},
B3 = {(1 = p) [hadas + hsdus]}, Ba = {p + (1 = p) [hadaa + hsdra +1/(1 = p)]} .

Derivation of equation (25):

K =~ (1

~ kl
~ kl

_ o)k 4 X0 ¢
exp(K")
1=K = (1= 61— &)+ ZPED g _ 3|
exp(K")
+ kzan + ]{73111X,

—+ k3d21 —+ kgdeZ + k3d23 lng —+ (kg —+ k3d24) In K,
+ 722t +y3In gy + 74 In K.
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where k‘l = 6[2— (1—|—6)1I1K*], k‘g = (1 — (5), k‘g = 6, Y1 = k’l + k’gdgl,
Vo = ksdag, v3 = kadaz, v4 = ko + ksdaa.

Links of the vectors in (28)-(30) to the parameters:

So = (dy+1,In6,—di1,hy + halné + hadyr, (1 — p)(hy + hoIn 8 + hydyy))",
81 = (dia, dag, —dyg, hodoy + hadia +1/(1 — p), 2 + (1 — p)(haday + hsdia))"
62 = (di3+1,dos, —di3, hodos + hadis, (1 — p)(hadas + h3d13))T ;

85 = (1,0,0,0,0)T,

61 = (du,1,—dyg, ho + hadis+ p/(1 — p),2p 4+ (1 — p) (hg + hadis))"
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