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1. Introduction 

1.1 What is cointegration?

The basic idea behind cointegration is that if all the components of a vector time series

process zt have a unit root, or in other words, if zt is a multivariate I(1) process, there may exist

linear combinations βTzt without a unit root. These linear combinations may then be interpreted

as long term relations between the components of zt , or in economic terms as static equilibrium

relations. 

For bivariate economic I(1) processes, cointegration often manifests itself by more or less

parallel shapes of the plots of the two series involved. Figure 1 displays a typical example of such

a pair of cointegrated economic time series, namely the log of nominal income (upper curve) and

the log of nominal consumption (lower curve) in Sweden2 from 1861 to 1988. 

According to Friedman's (1957) permanent income theory, the long run marginal

propensity to consume from permanent income should be close to one. With the logs of

consumption and income being unit root with drift processes, the modern interpretation of the

permanent income hypothesis therefore is that the difference of the logs of consumption and

income is stationary: β = (1,!1)T. However, income in Friedman's theory is net income rather

than gross income, so that the long run marginal propensity to consume from gross income might

be less than one. Anyhow, Friedman's theory predicts that the logs of consumption and income

are cointegrated. The time series displayed in Figure 1 will be used in an empirical application in

section 6.



2

Figure 1: Logs of Income and Consumption in Sweden

1.2 The literature on cointegration

The concept of cointegration was first introduced by Granger (1981) and elaborated

further by Engle and Granger (1987), Engle and Yoo (1987, 1991), Phillips and Ouliaris (1990),

Stock and Watson (1988), Phillips (1991) and Johansen (1988, 1991, 1994), among others. 

Working in the context of a bivariate system with at most one cointegrating vector, Engle

and Granger (1987) propose to estimate the cointegrating vector β= (1,β2)T by regressing the first

component z1,t of zt on the second component z2,t, using OLS (which is called the cointegrating

regression), and then testing whether the OLS residuals of this regression have a unit root, using

the Augmented Dickey-Fuller (ADF) test. See Fuller (1976), Dickey and Fuller (1979, 1981) and

Said and Dickey (1984) for the latter. However, since the ADF test is conducted on estimated

residuals, the tables of the critical values of this test in Fuller (1976) do not apply anymore. The

correct critical values involved can be found in Engle and Yoo (1987). Phillips and Ouliaris'

(1990) tests are also based on these residuals, but instead of using the ADF test for testing the

presence of a unit root they use further elaborations of the Phillips (1987) and Phillips-Perron
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(1988) unit root tests. Both types of tests have absence of cointegration as the null hypothesis.

Park (1990) proposes a test for unit root and cointegration using the variable addition approach,

by regressing the OLS residuals of the cointegrating regression on powers of time and testing

whether the coefficients involved are jointly zero. The same idea has been used by Bierens and

Guo (1993) to test (trend) stationarity against the unit root hypothesis. However, also Park's

approach requires consistent estimation of the long-run variance of the errors of the true

cointegrating regression by a Newey-West (1987) type estimator, which sacrifices a substantial

amount of asymptotic power of the test. Cf. Bierens and Guo (1993) for the latter. Also the tests

of Hansen (1992) and Park (1992) are based on a single cointegrating regression, and both tests

employ variants of the instrumental variables estimation method of Phillips and Hansen (1990).

Finally, Boswijk (1994, 1995) links the single-equation and system approaches by using

structural single-equations as a basis for cointegration analysis.

The above approaches test the null or alternative hypothesis of absence of cointegration,

but if the tests indicate the presence of cointegration in systems with three variables or more we

still don't know how many linear independent cointegrating vectors there are. In such cases one

may use the approach of Stock and Watson (1988), which is a multivariate extension of the

Engle-Granger and Phillips-Ouliaris tests. The basic idea is to linearly transform the q-variate

cointegrated process zt with say r linear independent cointegrating vectors such that the first r

components of the transformed zt are stationary and the last q!r components, stacked in a vector

wt , say, are integrated. The transformation matrix involved can be consistently estimated using

principal components of zt . Then test whether wt is a q!r variate unit root process, using a

multivariate version of the ADF test or the Phillips (1987) test. The critical values of this test

differ according to whether the initial value z0 is non-zero or not and whether the unit root

process zt has drift or not.

In a series of influential papers, Johansen (1988, 1991) and Johansen and Juselius (1990)

propose an ingenious and practical full maximum likelihood estimation and testing approach,

based on the following Vector Error Correction Model (hereafter indicted by ECM) for the q-

variate unit root process zt :

∆zt ' Π0dt % 'p&1
j'1Πj∆zt&j % αβTzt&p % et . (1)
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Here , dt is a vector of deterministic variables, such as a constant and seasonal∆zt ' zt & zt&1

dummy variables, the Πj, j > 0, are q×q and β and α are q×r parameter matrices, where β and α

are of full column rank, with r the number of linear independent cointegrating vectors (the

columns of β), the et are i.i.d. Nq(0,Σ) errors, and  has all its roots outside thedet(I&'p&1
j'1ΠjL

j)

complex unit circle. Note that if r = q, so that then the matrix αβT is of full rank, and if dt = 1,

then model (1) generates a stationary AR(p) process zt. 

The VECM (1) is based on the Engle-Granger (1987) error correction representation

theorem for cointegrated systems, and the asymptotic inference involved is related to the work of

Sims, Stock and Watson (1990). By step-wise concentrating all the parameter matrices in the

likelihood function out, except the matrix β, Johansen shows that the maximum likelihood

estimator of β can be derived as the solution of a generalized eigenvalue problem. Likelihood

ratio tests of hypotheses about the number of cointegrating vectors can then be based on these

eigenvalues. Moreover, Johansen (1988) also proposes likelihood ratio tests for linear restrictions

on the cointegrating vectors. 

Initially, Johansen (1988) considered the case where dt is absent. Later on, Johansen

(1991) extended his approach to the case where dt contains an intercept and seasonal dummy

variables, and in Johansen (1994) also a time trend in dt (but no seasonal dummy variables) is

allowed. These three cases lead to different null distributions of the likelihood ratio tests of the

number of cointegrating vectors. Moreover, also possible restrictions on the vector of intercepts

or the vector of trend coefficients may lead to different null distributions. Thus, application of

Johansen's tests actually requires some a priori knowledge about the true parameters of the

VECM (1). 

Phillips' (1991) efficient error correction modeling approach differs from that of Johansen

(1988) in that Phillips specifies the VECM directly on the basis of the cointegrating relations z1,t

= Bz2,t + ut, with ut a stationary zero mean Gaussian process, leading to an VECM of the form

∆zt '
Ir &B

O O
zt&t % vt , (2)

where r is the number of cointegrating relations and vt is a stationary Gaussian process with long
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run variance matrix Ω = . Phillips shows that under the i.i.d. assumptionlimn64Var[(1/ n)Σn
t'1vt]

on vt the maximum likelihood  estimator of B is efficient, and that this efficiency carries over to

the case with dependent errors vt if B is estimated by maximum likelihood on the basis of model

(2) with i.i.d. N(0,Ω) errors vt, provided Ω is replaced by a consistent estimator. In contrast with

Johansen's maximum likelihood method, however, Phillips' efficient maximum likelihood

approach has not yet been widely applied in empirical research, probably due to the fact that the

limiting distribution of the maximum likelihood estimator of the matrix B depends on the long

run variance matrix Ω.

The Stock and Watson (1988), Phillips (1991) and Johansen (1988, 1991, 1994)

approaches require consistent estimation of nuisance and/or structural parameters. In Bierens

(1997a)  I have proposed consistent cointegration tests that do not need specification of the data

generating process, apart from some mild regularity conditions, or estimation of (nuisance)

parameters. Thus these tests are completely nonparametric. My tests are conducted analogously

to Johansen's tests, inclusive the test for parametric restrictions on the cointegrating vectors,

namely on the basis of the ordered solutions of a generalized eigenvalue problem. Moreover,

similarly to Johansen's approach one can consistently estimate a basis of the space of

cointegrating vectors, using the eigenvectors of the generalized eigenvalue problem involved.

However, the two matrices involved are constructed independently of the data generating process

on the basis of weighted means of zt and zt, respectively, where the weights involved are∆

Chebishev time polynomials [cf. Hamming (1973)] of even order.

1.3 Contents 

In these lecture notes I will review some new developments in cointegration analysis, in

particular Johansen's (1988, 1991, 1994) maximum likelihood approach on the basis of the

VECM (1), and my nonparametric cointegration approach. First, in section 2, I will explain in

more detail what cointegration is about, and in section 3 I will discuss (in an informal way) the

Granger representation theorem that gives rise to the VECM specification (1). In sections 4 and 5

I will review Johansen's and my nonparametric approach, respectively. The main reason for

focusing on Johansen's approach is that it is presently the most popular one in empirical
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macroeconomic cointegration research, due to its own merits as well as the fact that Johansen's

approach is now available in most time series oriented econometric software packages. Finally,

in section 6 I will apply both the Johansen approach and my nonparametric approach to the

Swedish data on the logs of consumption and income displayed in Figure 1.

2. Introduction to cointegration

Consider the q-variate unit root process zt = zt!1 + ut, where ut is a zero mean stationary

process, and let zt be observable for t = 0,1,2,..,n. Due to the Wold decomposition theorem, we

can write (under some mild regularity conditions), ut = C(L)vt, where vt is a q-variate stationary

white noise process with unit variance, i.e.,

E[vt] ' 0, E[vtv
T

t ] ' Iq , E[vtv
T

t&j] ' O for j … 0, (3)

and C(L) is a q×q matrix of lag series: , where L is the lag operator. Since byC(L) ' '4
k'0CkL

k

construction the lag polynomial C(L) ! C(1) is zero at L = 1, we can write

C(L)vt ' C(1)vt % (C(L)&C(1))vt ' C(1)vt % (1&L)D(L)vt , (4)
where

D(L) ' '4
k'0DkL

k ' (C(L)&C(1)) / (1&L) . (5)

Denoting wt = D(L)vt we now have ut = C(1)vt + wt - wt!1, hence

zt ' z0&w0 % wt % C(1)'t
j'1vj . (6)

If vt is a Gaussian process then by the white noise assumption (3) the vt's are i.i.d. Nq(0,Iq).

Since Johansen's approach is based on Gaussian maximum likelihood theory, this normality

condition will be assumed. Moreover, we need regularity conditions that ensure that ut and wt are

stationary processes. Therefore, it will be assumed  that: 

Assumption 1: The process ut can be written as ut = C(L)vt, where vt is i.i.d. Nq(0,Iq),  C(L) =

C1(L)!1C2(L), with C1(L) and C2(L) finite-order lag polynomials, and det(C1(L)) has all its roots

outside the complex unit circle.

Note that this condition on C(L) implies that converge, so that'Ck , 'CkC
T

k , 'Dk , and 'DkD
T

k

together with the normality condition, it follows that ut and wt are stationary Gaussian processes.
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Cf. Engle and Yoo (1991). Moreover, Assumption 1 excludes the usual condition that also

det(C2(L)) has roots all outside the unit circle. This is necessary because for cointegration we

need to allow the matrix C(1) to be singular.

As far as the nonparametric cointegration approach is concerned, Assumption 1 is more

restrictive than necessary, but it will keep the argument below transparent, and focused on the

main issues. See Phillips and Solo (1992) for weaker conditions in the case of linear processes.

Also, in the nonparametric cointegration case we could assume instead of Assumption 1 that ut is

stationary and ergodic, so that we can write ut = gt + wt ! wt!1, where gt is a martingale difference

process with variance matrix comparable with C(1)C(1)T. Cf. Hall and Heyde (1980, p.136). 

Now if rank(C(1)) = q ! r < q then the process zt is cointegrated: there exist r linear

independent cointegrating vectors βj, j = 1,..,r, say, such that , hence it follows fromβT
j C(1) ' 0T

(6) that  Thus the β j
Tzt's are now asymptotically stationaryβT

j zt ' βT
j (z0&w0) % βT

j wt , j ' 1,.... ,r .

processes, in the sense that the stochastic intercept β j
T(z0!w0) becomes independent of wt if t

approaches infinity, so that we then may condition on z0!w0 and treat it as a constant.

The factorization (4) can be applied to the matrix D(L) as well, so that similarly to (4),

, where G(L) = . However, ifC(L)vt ' C(1)vt%D(1)(1&L)vt%(1&L)2G(L)vt (D(L)&D(1))/(1&L)

there would exist a cointegrating vector β such that βTD(1) = 0T then, with gt = G(L)vt a stationary

process, we would have βTut = ∆2βTgt, hence  =   is trend't
j'1βTzt βT(z0&g0%g&1)t % βTgt

stationary. As we will see in the next section, this would violate one of the conditions for the

existence of an autoregressive error correction representation of a cointegrated system. Also, we

need to exclude this case for the nonparametric cointegration approach. Therefore I assume: 

Assumption 2: Let Rr be the matrix of eigenvectors of C(1)C(1)T corresponding to the r zero

eigenvalues. Then the matrix Rr
TD(1)D(1)TRr is nonsingular.

3. The error correction form of a cointegrated system

Following the approach of Engle and Yoo (1991) I will show now that under some

regularity conditions a cointegrated process can be modelled as an VECM of the type (1). This

result is due to Granger. Cf. Engle and Granger (1987). For convenience the discussion will be
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confined to the bivariate case (q = 2) with one cointegrating vector. 

Let β be the cointegrating vector. Without loss of generality we may normalize β =

. Consider the matrices(1 ,β2)
T

Φ '
1 β2

0 1
'

βT

φT
2

, V &1(L) '
βTD(L)

φT
2C(L)

,

M(L) '
1&L 0

0 1
, M ((L) '

1 0
0 1&L

.

(7)

Then

Φ∆zt '
(1&L)βTD(L)

φT
2C(L)

vt ' M(L)V &1(L)vt . (8)

and .  Next, assume that  is invertible with inverse V(L). ThisM ((L)M(L) ' (1&L)I2 V &1(L)

assumption is related to Assumption 2: if Assumption 2 does not hold then V!1(1) is singular so

that V!1(L) is not invertible. Furthermore, denote . Then (1!L)A(L)zt =A(L) ' V(L)M ((L)Φ

(1!L)vt, which yields the AR form of the model:

A(L)zt ' µ0 % vt , (9)
where . Now observe thatµ0 ' A(L)z0 & v0

A(1) ' V(1)M ((1)Φ ' V(1)
1 0
0 0

1 β2

0 1
' V(1)

1 β2

0 0
' γ1β

T , (10)

where γ1 is the first column of V(1). Moreover, similarly to (4) we can write

A(L) ' A(1)L % (1&L)B(L) . (11)

Combining (9), (10) and (11) we get the VECM . Finally, assumeB(L)∆zt ' µ0 & γ1β
Tzt&1 % vt

that B(0) is invertible and that B(L) is a (p!1)-order lag polynomial, so that we may write

. Denoting , , andΠ(L) ' B(0)&1B(L) ' I & Π1L & ... Πp&1L
p&1 π0 ' B(0)&1µ0 α ' &B(0)&1γ1

, we get the VECM et ' B(0)&1vt

∆zt ' π0 % 'p&1
j'1Πj∆zt&j % αβTzt&1 % et . (12)

.
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Note that the lag of the level variable zt!1 does not matter. Without loss of generality we

may replace  by the lag polynomial , which yields an VECM ofΠ(L) Π
(
(L) ' Π(L) & Σp&1

j'1αβTL j

the form (1) with dt = 1.

4. Johansen's maximum likelihood approach

4.1 Introduction

Johansen's cointegration testing approach is based on maximum likelihood estimation and

likelihood ratio testing of the VECM (1), by step-wise concentrating the parameters out (i.e.,

maximizing the likelihood function over a subset of parameters, treating the other parameters as

known), given the number r of cointegrating vectors, where the matrix β is the last to be

concentrated out. Denoting the concentrated likelihood, given r and β, by , and theL̂(r ,β)

maximum likelihood estimator of β given r by , where β and its maximum likelihood estimateβ̂r

are interpreted as zero vectors if r = 0, Johansen proposes two tests for the number of

cointegrated vectors, namely the likelihood ratio test  of the null&2ln L̂(r , β̂r) / L̂(r%1, β̂r%1)

hypothesis that there are r cointegrated vectors (for r = 0,1,..,q!1) against the alternative that

there are r+1 cointegrating vectors, and the likelihood ratio test  of the&2ln L̂(r , β̂r) / L̂(q , β̂q)

same null hypothesis against the alternative that there are q cointegrated vectors. The latter

alternative corresponds to the case where β is square and of full rank, which in its turn

corresponds to the case that zt is stationary rather than a multivariate unit root process. Since the

usual regularity condition for maximum likelihood estimation do not apply in this case, the

likelihood ratio tests involved have nonstandard limiting null distributions. Moreover, given the

number r of cointegrating vectors, Johansen also proposes a likelihood ratio test of parametric

restrictions on β of the form β = Hφ, where H is a given q × s matrix of rank s # r and φ is an

unrestricted s × r matrix. For example, in the case r = 1, q = 2, one might wish to test whether βT

is proportional to (1,!1) = HT. The likelihood ratio test statistic

&2ln[sup
φ

L̂(r ,Hφ) / L̂(r , β̂r)] (13)
involved has a limiting  null distribution with r(q!s) degrees of freedom.χ2
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4.2 The lambda-max and trace tests

I will now illustrate how Johansen's cointegration tests are conducted for the case where

the data generating process is a Gaussian VECM of the form (1) with dt = 1 and p = 2, where zt is

observable for t = !1,0,..,n:

∆zt ' π0 % Π1∆zt&1 % αβTzt&2 % et , et - i.i.d. Nq(0 ,Σ) . (14)
Given β, α and Σ, the maximum likelihood estimates of π0 and Π1 can be obtained simply by

regressing  on an intercept 1 and , using OLS. The residuals of this regression∆zt&αβ
Tzt&2 ∆zt&1

are , where  is the residual of the regression of  on 1 and , and  is theR̂1,t&αβ
TR̂2,t R̂1,t ∆zt ∆zt&1 R̂2,t

residual of the regression of  on 1 and . Now the log-likelihood function with π0 and Π1zt&2 ∆zt&1

concentrated out is of the form

& 0.5n ln(detΣ) & 0.5'n
t'1 (R̂1,t&αβ

TR̂2,t )
TΣ&1 (R̂1,t&αβ

TR̂2,t ) % rest , (15)

where "rest" stands for the terms that do not depend on parameters. Similarly, we can concentrate

α out, given β and Σ, by regressing  on , which yields the estimateR̂1,t βTR̂2,t

 α̂(β) ' Ŝ1,2β[βTŜ2,2β]&1 , (16)

where  Next, concentrate Σ out, given β, by substituting theŜi,j ' (1/n)'n
t'1R̂i,tR̂

T
j,t , i,j ' 1,2 .

well-known maximum likelihood estimator of the variance matrix of a normal distribution with

zero mean vector: 

Σ̂(β) ' (1/n)'n
t'1 R̂1,t&α̂(β)βTR̂2,t R̂1,t&α̂(β)βTR̂2,t

T
' Ŝ1,1 & Ŝ1,2β β

TŜ2,2β
&1βTŜ2,1 . (17)

Thus, the concentrated log-likelihood now becomes 

 ln L̂(r ,β) ' &0.5 n ln detΣ̂(β) % rest , (18)

hence the maximum likelihood estimator of β is found by solving the minimization problem

min det Ŝ1,1&Ŝ1,2β (βTŜ2,2β )&1βTŜ2,1 , (19)

where the minimum is taken over all q × r matrices β. Using the matrix equalities

A B

B T C
'

A O

B T I

I A &1B

O C&B TA &1B
'

I B
O C

A&BC &1B T O

C &1B T I
,

where A and C are nonsingular square matrices, it is a standard exercise to verify that the

minimization problem (19) is equivalent to

min det βTŜ2,2β & βTŜ2,1Ŝ
&1
1,1Ŝ1,2β det(Ŝ1,1) /det βTŜ2,2β . (20)
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Note that the solution involved is not unique, as we may freely multiply β by a conformable

nonsingular matrix. It is now quite easy to recognize the minimization problem (20) as a

generalized eigenvalue problem: let  be the ordered solutions of theλ̂1 $ λ̂2 $ ... $ λ̂q

generalized eigenvalue problem  = 0, let  =  be the matrix ofdet(λŜ2,2 & Ŝ2,1Ŝ
&1
1,1Ŝ1,2) B̂ (b̂1 ,..., b̂q)

corresponding eigenvectors, normalized such that  = Iq, and choose , where ξ is aB̂ TŜ2,2B̂ β ' B̂ξ

q × r matrix normalized such that . Then the minimization problem (20) becomesξTξ ' Ir

min
ξTξ ' Ir

det ξTB̂ TŜ2,2B̂ξ & ξTB̂ TŜ2,1Ŝ
&1
1,1Ŝ1,2B̂ξ det(Ŝ1,1) /det ξTB̂ TŜ2,2B̂ξ

' min
ξTξ ' Ir

det ξTξ & ξTB̂ TŜ2,1Ŝ
&1
1,1Ŝ1,2B̂ξ det(Ŝ1,1) /det ξTξ

' min
ξTξ ' Ir

det Ir & ξTB̂ TŜ2,1Ŝ
&1
1,1Ŝ1,2B̂ξ det(Ŝ1,1) /det Ir

' min
ξTξ ' Ir

det Ir & ξTΛ̂ξ det(Ŝ1,1)

(21)

where . Clearly, the solution of (21) is , hence the maximumΛ̂ ' diag(λ̂1 , λ̂2 , ... , λ̂q) ξT ' (Ir ,O)

likelihood estimator  of β, given the number r of cointegrating vectors, is equal to the matrix ofβ̂r

the first r columns of :  Moreover,  =   whereB̂ β̂r ' (b̂1 , .... , b̂r) . det[Σ̂(β̂r)] det(Ir & Λ̂r)det(Ŝ1,1) ,

, so that the maximum log-likelihood given r becomes:Λ̂r ' diag(λ̂1 , ... , λ̂r)

ln L̂(r , β̂r) ' &0.5n'r
i'1ln(1&λ̂i) & .5n ln[det(Ŝ1,1)] % rest. (22)

Thus, the likelihood ratio test  of the null hypothesis that there are r&2ln(L̂(r , β̂r) / L̂(r%1, β̂r%1) )

cointegrated vectors against the alternative that there are r+1 cointegrating vectors becomes

, and the likelihood ratio test  of the same null&nln(1&λ̂r%1) . nλ̂r%1 &2ln(L̂(r , β̂r) / L̂(q , β̂q) )

hypothesis against the alternative that there are q cointegrated vectors becomes 

 Johansen (1988, 1991) proves that under the null of r cointegrating&nΣq
i'1%rln(1&λ̂i) . nΣq

i'r%1λ̂i .

vectors,  converges in probability to a vector of constants between zero and one, and(λ̂1 , ..., ,λ̂r)
T

 converges in distribution to the vector of ordered eigenvalues  of an(λ̂r%1 , ..., ,λ̂q)
T λ1 $ ...$ λq&r

stochastic a.s. positive definite (q!r) × (q!r) matrix which components are functionals of a q!r-

variate standard Brownian motion. Therefore, the likelihood ratio test 

 is called the lambda-max test, and the likelihood ratio test &2ln(L̂(r , β̂r) / L̂(r%1, β̂r%1) ) . nλ̂r%1
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 is called the trace test.&2ln(L̂(r , β̂r) / L̂(q , β̂q) ) . nΣq
i'r%1λ̂i

4.3 Testing parametric restrictions on the cointegrating vectors

Similarly to (22) it can be shown that under the null hypothesis β = Hφ, where H is a

given q × s matrix of rank s # r with r given, and φ an unrestricted s × r matrix, the log-

likelihood is  + rest, where  are the&.5n's
i'1ln[1 & λ̃i] & .5n ln[det(H TŜ1,1H)] λ̃1 $....$λ̃s

solutions of the generalized eigenvalue problem    !  = 0 and thedet(λH TŜ2,2H H TŜ2,1Ŝ
&1
1,1Ŝ1,2H)

rest term is the same as in (22). Thus, the likelihood ratio test statistic involved is:

&2ln(LR) ' n's
i'1ln(1 & λ̃i) & n'r

i'1ln(1 & λ̂i) % n ln[det(H TŜ1,1H)] & n ln[det(Ŝ1,1)] .

Johansen (1988, 1991) proved that this likelihood ratio test has a  null distribution with r(q!s)χ2

degrees of freedom.

4.4 Cointegrating restrictions on the intercept parameters

The null distributions of the lambda-max and trace tests in the above case depends on

whether the vector π0 of intercept parameters in model (14) can be written as 

π0 ' αδ , with δ 0 úr , (23)

or not. If so, the VECM (14) becomes ∆zt ' Π1∆zt&1 % α[δ % βTzt&2] % et .

Proposition 1: Under the restriction (23) ,   is a zero-mean stationary process, henceδ % βTzt&2

 is then a zero-mean stationary process, so that  itself is a multivariate unit root process∆zt zt

without drift.

Proof: Recall that the general VECM 

∆zt ' π0 % 'p&1
j'1Πj∆zt&j % αβTzt&p % et (24)

is derived from

∆zt ' µ % C(L)vt ' µ % C(1)vt % wt & wt&1, (25)
where  is a bivariate zero-mean white noise process with unit variance matrix,  =   vt wt D(L)vt

with   and  is the non-zero vector of drift parameters.  Moreover,D(L) ' (1&L)&1(C(L)&C(1)), µ

 and  As to the latter, I will impose the stronger condition thatβTC(1) ' 0T βTD(1) … 0T.
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det(D(1)) … 0. (26)

Backwards substitution of (25) yields

zt ' µ.t % C(1)'t
j'1vj % wt % z0 & w0, (27)

hence

βTzt ' βTµ.t % βTwt % βT(z0 & w0). (28)

The last term in (28) acts as constant, and because   is stationary around a constant we mustβTzt

have that

 βTµ ' 0. (29)

Thus,

βTzt&p ' βTwt&p % βT(z0 & w0) ' βTL pD(L)vt % c, where c ' βT(z0 & w0). (30)

Substituting (25) and (30) in (24) yields:

I&'p&1
j'1Πj µ % I&'p&1

j'1ΠjL
j C(L)vt ' π0 % αβTL pD(L)vt % αc % et . (31)

This result implies that 

et ' C(0)vt (32)
(why?), where 

det(C(0)) … 0, (33)

µ' I&'p&1
j'1Πj

&1 (π0 % αc) (34)

and

I&'p&1
j'1ΠjL

j C(L)' αβTL pD(L) % C(0) (35)

The latter result implies that

C(1) ' I&'p&1
j'1Πj

&1αβTD(1) % I&'p&1
j'1Πj

&1 C(0) (36)

hence

βTC(1) ' βT I&'p&1
j'1Πj

&1αβTD(1) % βT I&'p&1
j'1Πj

&1 C(0) ' 0 (37)

and thus

βT I&'p&1
j'1Πj

&1α '
&1

βTD(1)D(1)Tβ
βT I&'p&1

j'1Πj
&1 C(0)D(1)Tβ (38)

Due to (26) and (33), the right-hand side of (38) is non-zero:

βT I&'p&1
j'1Πj

&1α … 0. (39)
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Now suppose that  (23)  is true. Then (34) becomes

µ' (δ%c) I&'p&1
j'1Πj

&1α. (40)

But it follows now from (29) that

0 ' βTµ' (δ%c)βT I&'p&1
j'1Πj

&1α, (41)

which by (39) implies that  Substituting this solution in (40) yields µ = 0. Therefore,c ' &δ.

imposing the cointegrating restriction (23) in VECM (24)  removes the drift! Q.E.D.

Consequently, the restriction (23) should only be imposed if the time series involved seem to run

parallel, without drift, like in Figure 2:

Figure 2 VECM with cointegrating restrictions on the intercept parameters

Without the restriction (23), the vector   of intercept parameters produces common drift in theπ0

time series, like in Figure 3:

Figure 3 VECM without cointegrating restrictions on the intercept parameters
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If we believe that the cointegrating restriction (23) on the intercept parameters holds, we

can impose it as follows. First, concentrate Π1 out, by regressing  on .∆zt & α(δ % βTzt&2) ∆zt&1

The residuals of this regression are , where  is now the residual of theR̂1,t & α(δ,βT)R̂2,t R̂1,t

regression of  on  alone, and  is now the residual of the regression of  on∆zt ∆zt&1 R̂2,t (1 ,zt&2)
T

. Then proceed as before, with β replaced by β* = (δ,βT)T. Note that in this case the size of∆zt&1

the matrix  is now (q+1) × (q+1), and the sizes of the matrices  and   are now q ×Ŝ2,2 Ŝ1,2 Ŝ2,1

(q+1) and (q+1) × q, respectively. The limiting null distributions of the lambda-max and trace

tests however are different from the ones before. Thus, there are three cases with different null

distributions: 

(i) The cointegrating restrictions (23) on the intercept parameters do not hold and are not

imposed; 

(ii) The cointegrating restrictions (23) on the intercept parameters hold but are not imposed; 

(iii) The cointegrating restrictions (23) on the intercept parameters hold and are imposed.

Recall that case (i) corresponds to Figure 3, and the cases (ii) and (iii) correspond to Figure 2.

The problem with testing parametric restrictions on the cointegrating vectors in case (iii)

is that we cannot confine our attention to restrictions of the form  only, but that we haveβ ' Hφ

to include δ as well. Thus, we can only test restrictions of the form , where Hβ
(
' (δ,βT)T ' Hφ

is now a given (q+1)×s matrix with rank s # r, and φ is a conformable matrix of free parameters.

However, the parameter vector δ is in general of no (economic) interest, so that one has to re-

estimate the model without imposing the restriction (23) in order to test restrictions on β only.

4.5 Further extensions

Along the same lines as above one may include seasonal dummy variables in the VECM,

provided they are taken in deviation from their sample means so that they become orthogonal to

the intercept, without affecting the null distributions of the lambda-max and trace tests.

Moreover, recently Johansen (1994) considered also the case where a time trend is included in

the VECM, i.e., 

∆zt ' π0,0 % π0,1t % 'p&1
j'1Πj∆zt&j % αβTzt&p % et . (42)
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In this case cointegrating restrictions on the trend parameters take the form

π0,1 ' αγ, (43)
so that then

∆zt ' π0,0 % 'p&1
j'1Πj∆zt&j % α [γ.t % βTzt&p] % et . (44)

Similar to Proposition 1 it can be shown that under the conditions (43),    is zero-γ.t % βTzt&p

mean stationary, hence  is trend stationary, and   is a multivariate unit root with driftβTzt zt

process. In this case the time series pattern is as in Figure 4:

Figure 4 VECM with cointegrating restrictions on the trend parameters imposed

Without the restriction (43)    has linear drift and thus a quadratic time trend, which is unlikelyzt

in practice. Therefore, if the time series have drift and veer apart, VECM (44) is the appropriate

model. Note that the time series in Figure 1 veer apart, which corresponds to VECM (44). 

Again, the null distributions of the lambda-max and trace tests differ from the cases with

an intercept only, and between the cases where cointegrating restrictions on the trend parameters

are imposed or not.

5. Nonparametric cointegration analysis

5.1 Nonparametric tests of the number of cointegrating vectors

The basic ideas behind my nonparametric cointegration approach is that the difference in

asymptotic behavior of certain weighted means of zt and ∆zt under cointegration can be exploited

to construct cointegration tests. In particular, these weighted means can be used to construct two

random matrices such that cointegration tests can be based on their generalized eigenvalues,
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similarly to Johansen's approach. I will only outline the main ideas; for the details and the proofs

I refer to Bierens (1997a) and the separate appendix to that paper.

Denote the partial sums associated to zt and ∆zt by  = 0 if x 0 [0,n!1],   =S z
n (x) S z

n (x)

 if x 0 (n!1,1], and  = 0 if x 0 [0,n!1],  =  if x 0 (n!1,1], respectively.'[xn]
t'1 zt S ∆z

n (x) S ∆z
n (x) '[xn]

t'1∆zt

Then it is not hard to prove that under Assumption 1,

S z
n (x) / (n n)

S ∆z
n (x) / n

Y
C(1)m

x

0

W(y)dy

C(1)W(x)

, (45)

where W(.) is a q-variate standard Wiener process, and " " means weak convergence. Cf.Y

Billingsley (1968). The latter symbol will also be used to indicate convergence in distribution

and convergence in probability, as these concepts are special cases of weak convergence.

Next, consider the following class of weighted means of zt and ∆zt:

M z
n (F) '

1
nj

n

t'1
F(t/n)zt , M ∆z

n (F) '
1
nj

n

t'1
F(t/n)∆zt , (46)

where F is a continuously differentiable function on the unit interval [0,1] with derivative f. Then

it is pretty straightforward to verify from (45) and Lemma 9.6.3 in Bierens (1994, p.200) that

M z
n (F)/ n

M ∆z
n (F) n

' F(1)
S z

n (1)/(n n)

S ∆z
n (1)/ n

& mf(x)
S z

n (x)/(n n)

S ∆z
n (x)/ n

dx Y

C(1)*F(x)W(x)dx

C(1) (F(1)W(1)&mf(x)W(x)dx )
- N2q(0 , (C(1)C(1)T )¼ΣF ) ,

(47)

where

ΣF '
mmF(x)F(y)min(x,y)dxdy 1

2 mF(x)dx 2

1
2 mF(x)dx 2

mF(x)2dx
. (48)

(The integrals in (47),  and below are taken over the unit interval, unless otherwise indicated).ΣF

Note that if we choose F such that 
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mF(x)dx ' 0 (49)
then ΣF becomes a diagonal matrix, so that then the two components on the right-hand side of

(47) are independent normally distributed:

Lemma 1: Under Assumption 1 and condition (49),

M z
n (F) / n

M ∆z
n (F) n

Y
C(1)XF **F(x)F(y)min(x,y)dxdy

C(1)YF *F(x)2dx
, (50)

where XF and YF are independent q-variate standard normally distributed random vectors

depending on F in the following way:

XF '
*F(x)W(x)dx

**F(x)F(y)min(x ,y)dxdy
, YF '

F(1)W(1) & *f(x)W(x)dx

*F(x)2dx
. (51)

Note that in the case of cointegration the matrix C(1)C(1)T is singular, so that the limiting normal

distribution at the right-hand side of (50) is singular, hence for any cointegrating vector ξ we

have   and . This suggests that for cointegrating vectors ξ theξTM z
n (F)/ n Y 0 ξTM ∆z

n (F) n Y 0

rates of convergence of ξTMn
z(F) and ξTMn

∆z(F) will be different from the case in Lemma 1:

Lemma 2: Let Assumption 1 and condition (49) hold. If zt is cointegrated then for each matrix Ξ

= (ξ1, ...,ξr ) of cointegrating vectors ξi ,

ΞTM z
n (F) n

ΞTM ∆z
n (F)n

Y
ΞTD(1)YF *F(x)2dx

F(1)ΞTD
(
Z

, (52)

where YF and Z are independent q-variate standard normally distributed, with YF defined by (51)

and D* =  [c.f. (5)].[Σn
j'0DjD

T
j ]1/2 .

Comparing Lemmas 1 and 2 we see that the asymptotic behavior, in particular the

absolute and relative rates of convergence, of the statistics (46) differ substantially according to

whether zt is cointegrated or not. These differences can now be exploited in constructing
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nonparametric cointegration tests, as follows.

Choose a sequence Fk, k = 1,2,...,m, with m $ q, of continuously differentiable real

functions on [0,1] with derivatives fk satisfying condition (49), i.e.,  = 0 for k = 1,...,m, so*Fk(x)dx

that the random vectors

Xk '
*Fk(x)W(x)dx

**Fk(x)Fk(y)min(x ,y)dxdy
, Yk '

Fk(1)W(1) & mfk(x)W(x)dx

*Fk(x)2dx
(53)

[cf. (51)] are mutually independent, together with conditions ensuring that these random vectors

are also independent for k = 1,2,.... Such functions Fk do exist. For example, let

Fk(x) ' cos(2kπx) , k ' 1,2 ,3 , .... (54)
Actually, this choice of Fk is "optimal" in the sense that it maximizes a lower bound of the power

function of the nonparametric cointegration test. 

Next, construct the random matrices  whereÂm ' 'm
k'1an,ka

T
n,k and B̂m ' 'm

k'1bn,kb
T

n,k ,

an,k '
M z

n (Fk(@))

**Fk(x)Fk(y)min(x ,y)dxdy
, bn,k '

n M ∆z
n (Fk(@))

*Fk(x)2dx
. (55)

Moreover, denote

γk '
*Fk(x)2dx

**Fk(x)Fk(y)min(x ,y)dxdy
, δk '

Fk(1)

*Fk(x)2dx
. (56)

Then it follows from Lemmas 1-2:

Lemma 3: Let rank C(1) = q ! r, let Rq!r be the matrix of orthonormal eigenvectors of C(1)C(1)T

corresponding to the q!r positive eigenvalues, let Rr be the matrix of orthonormal eigenvectors

corresponding to the r zero eigenvalues, and denote R = (Rq!r,Rr). Then under Assumption 1:

Iq&r O

O nIr

R TÂmR
Iq&r O

O nIr

'

R T
q&rÂmRq&r nR T

q&rÂmRr

nR T
r ÂmRq&r n 2R T

r ÂmRr
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Y

R T
q&rC(1)j

m

k'1
XkX

T
k C(1)TRq&r R T

q&rC(1)j
m

k'1
γkXkY

T
k D(1)TRr

R T
r D(1)j

m

k'1
γkYkX

T
k C(1)TRq&r R T

r D(1)j
m

k'1
γ2

kYkY
T

k D(1)TRr

(57)

and

Iq&r O

O nIr

R TB̂mR
Iq&r O

O nIr

'

R T
q&rB̂mRq&r nR T

q&rB̂mRr

nR T
r B̂mRq&r nR T

r B̂mRr

Y

R T
q&rC(1)j

m

k'1
YkY

T
k C(1)TRq&r R T

q&rC(1)j
m

k'1
δkYkZ

TD T
( Rr

R T
r D

(j
m

k'1
δkZY T

k C(1)TRq&r R T
r D

(j
m

k'1
δ2

kZZ TD T
( Rr

,

(58)

where the Xi's, the Yj's and Z are independent q-variate standard normally distributed. 

Now at first sight one might think of employing these results for constructing

cointegration tests by using the solutions of the generalized eigenvalue problem det( )Âm & λB̂m

= 0, similarly to Johansen's approach. However, the problem is that under cointegration both

matrices converge in distribution to singular matrices. In deriving the limiting distribution of the

generalized eigenvalues, Johansen used a result of Andersen, Brons and Jensen (1983) saying

that the ordered solutions of the generalized eigenvalue problem  = 0, where Pndet(Pn & λQn)

and Qn are stochastic matrices converging jointly in distribution to P* and Q*, say, converge in

distribution to the ordered solutions of the generalized eigenvalue problem  = 0,det(P
(
& λQ

(
)

provided Q* is a.s. nonsingular. Due to the latter condition, this result cannot be used to derive

the limiting distribution of the ordered solutions of the generalized eigenvalue problem

det( ) = 0. However, the following trick will cure the problem.Âm & λB̂m

Observe that part (57) of Lemma 3 implies

R TÂ &1
m R

n 2
Y

O O

O V &1
r,m

, (59)

where



21

Vr,m ' R T
r D(1)j

m

k'1
γ2

kYkY
T

k D(1)TRr & R T
r D(1)j

m

k'1
γkYkX

T
k C(1)TRq&r

× R T
q&rC(1)j

m

k'1
XkX

T
k C(1)TRq&r

&1

R T
q&rC(1)j

m

k'1
γkXkY

T
k D(1)TRr .

(60)

Note that by Assumption 2, this matrix is a.s. nonsingular. Hence  convergesR T(B̂m % n &2Â &1
m )R

in distribution to a nonsingular block-diagonal matrix. Now using the result of Andersen, Brons

and Jensen (1983) it follows straightforwardly: 

Theorem 1: Let λ$1,m $ .. $ λ$q,m be the ordered solutions of the generalized eigenvalue problem 

det Âm & λ (B̂m % n &2Â &1
m ) ' 0, (61)

and let λ1,m $ ... $ λq!r,m be the ordered solution of the generalized eigenvalue problem

 = 0, where the Xi
*'s and Yj

*'s are i.i.d. Nq!r(0,Iq!r). If zt isdet('m
k'1X

(

k X (T
k & λ'm

k'1Y
(

k Y (T
k )

cointegrated with r linear independent cointegrating vectors then under Assumptions 1-2,  

(λ$1,m,..,λ$q,m ) Y (λ1,m ,...,λq!r,m ,0,..,0).

This result suggests to use λ$q!r,m as a test statistic for testing the null hypothesis that there are r

cointegrating vectors against the alternative that there are r+1 cointegrating vectors. The test

involved is a left-sided test: the null is rejected if λ$q!r,m is smaller than a critical value. See

Bierens (1997, Table 2) for the critical values involved.

The power of the test involved depends on the choice of m as well as on the choice of the

functions Fk. As mentioned before, the choice (54) is "optimal" in that it maximizes a lower

bound of the power function of the test. However, the asymptotically equivalent functions Fk(x) =

 will do an even better job because then the test becomes invariant for driftcos(2kπ(x & 0.5/n))

in the multivariate unit root process zt, i.e. the case where zt = zt!1 + c + ut, where c is a vector of

drift parameters and ut is a zero mean stationary process satisfying Assumption 1. The matrices

 and  then becomeÂm B̂m

Âm '
8π2

n j
m

k'1
k 2 1

nj
n

t'1
cos(2kπ (t&0.5)/n)zt

1
nj

n

t'1
cos(2kπ (t&0.5)/n)zt

T

(62)
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B̂m ' 2nj
m

k'1

1
nj

n

t'1
cos(2kπ (t&0.5) /n)∆zt

1
nj

n

t'1
cos(2kπ (t&0.5) /n)∆zt

T

. (63)

The same lower bound of the power function of the test mentioned before depends on m, hence

maximizing this lower bound w.r.t. m would yield a sensible choice for m. The resulting values

for m for significance levels s×5%, s = 1,2, and 0 # r # 4, 1 # q # 5, can be expressed by the

formula:

m ' q % I(q $ s % 1)I(r ' 0) , (64)

where I(.) is the indicator function.

5.2 Testing linear restrictions on the cointegrating vectors

Once the number r of cointegrating vectors is established, and 0 < r < q,  one may wish to

verify whether there exist cointegrating vectors β satisfying the linear restriction

 where H is a given q × s matrix with full column rank s # r and  isH0 : β ' Hφ , φ 0 ús , φ

arbitrary. Thus, the null hypothesis is that the space spanned by the columns of the matrix H is

contained in the space of cointegrating vectors. For example, in the case q = 3 we may wish to

test whether there exists a cointegrating vector β = (β1 ,β2 ,β3 )T such that β1 + β2 = 0 and β3 =0, so

that then H =  (1,!1,0)T.

At first sight one might think of mimicking Johansen's tests for these restrictions, on the

basis of the matrices  and . However, that leads to a case-dependent nullÂm B̂m%n &2Â &1
m

distribution. Therefore I propose two test, the trace test and the lambda-max test, on the basis of

the matrix  only. The recipe for the lambda-max test is as follows. Choose m = 2q. TheÂm

lambda-max test is based on the maximum solution, say λ̃max(H), of the generalized eigenvalue

problem

det H TÂmH & λ H T (Âm % n &2Â &1
m )&1H ' 0. (65)

The test statistic involved is n2λ̃max(H), and we reject the null hypothesis if n2λ̃max(H) is larger than

a critical value. See Bierens (1997, Table 4). The trace test statistic is n2 times the sum of the

solutions of (65), and the critical values involved are given in Bierens (1997, Table 3).

The choice of m = 2q is somewhat heuristic: a lower bound of the power function is
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monotonic increasing in m, but too large an m may mess up the size of the test. Since this lower

bound of the power function is almost flat for m > 2q, I recommend the "rule of thumb" m = 2q.

5.3 Consistent estimation of a basis of the space of cointegrating vectors

Given that there are r linear independent (but unknown) cointegrating vectors ξ1,...,ξr, one

can consistently estimate a basis of the space of cointegrated vectors as follows. Choose again m

= 2q, and let H$  be the matrix of eigenvectors corresponding to the r smallest eigenvalues of the

generalized eigenvalue problem

det Âm & λ (Âm % n &2Â &1
m )&1 ' 0, (66)

where H$  is standardized such that

Ĥ T Âm % n &2Â &1
m

&1Ĥ ' Ir . (67)

Then  + Op(1/n), where  is r × r with  = r. Since the cointegratingĤ ' (ξ1 , ... ,ξr)Γ̂r Γ̂r rank(Γ̂r)

vectors ξ1 ,...,ξr  can be chosen orthonormal, we can interpret this result also in terms of

projections: The distances between the columns of H$  and their corresponding projections on the

space of cointegrating vectors vanish at order Op(1/n).  

5.4 Seasonal drift

The above results apply to multivariate unit root processes with constant drift, but not to

processes with seasonal drift. In the latter case one should replace zt in the matrices  A$ m and B$ m 

by seasonal moving averages  where s is the number of seasons. With thisz̄t ' (1/s)Σs&1
τ'0zt&τ ,

modification, the nonparametric approach is applicable to time series with seasonal drift.

5.5 Concluding remarks

My nonparametric cointegration approach has some clear advances over Johansen's

maximum likelihood approach, in particular that it does not require to specify a lag length p and

the deterministic variables dt of the VECM (1), and that the critical values are case independent.

This will become more clear in the empirical example in section 6. However, there is also a

disadvantage, namely that the nonparametric tests are not invariant for scale: Replacing zt by zt
* =

Qzt, where Q is a nonsingular matrix, the generalized eigenvalue problem (61) becomes
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 = 0, and similarly the matrix  in (65), (66) and (67)det[Âm&λ(B̂m%n &2(Q TQ)&1Â &1
m (Q TQ)&1)] Â &1

m

changes accordingly to . Of course, asymptotically this does not matter, but(Q TQ)&1Â &1
m (Q TQ)&1

in small samples it clearly will. On the other hand, due to the fact that for k = 1,2,3....,

'n
t'1cos 2πk(t & 0.5)/n ' 0, 'n

t'1tcos 2πk(t & 0.5)/n ' 0, (68)

the tests are invariant for location shifts in . Therefore, if all the variables in zt are in logs the∆zt

units of measurement of the original variables do not matter, due to (68), but one should be

cautious in conducting the nonparametric tests to vector time series processes zt if not all

components are in logs.

6. An empirical example

I will now apply my nonparametric and Johansen's likelihood ratio cointegration tests to

the annual data on the logs of consumption and income in Sweden from 1861 to 1988. However,

before conducting cointegration analysis, one should test first whether the time series involved

are unit root processes or not. From Figure 1 it is obvious that the appropriate hypotheses to be

tested are the unit root with drift hypothesis against trend stationarity. Therefore, I have

conducted the Augmented Dickey-Fuller (ADF) t-test of the null hypothesis α = 0 in the auxiliary

regression

 ∆yt ' αyt&1 % 'p
j'1βj∆yt&j % γ0 % γ1t % gt

with p depending on the sample size n [see Said and Dickey (1984)], and the Phillips-Perron

(1988) test Zα of the unit root with drift hypothesis against the trend stationarity hypothesis. The

truncation lag p of the Newey-West (1987) estimator of the long run variance of ∆yt employed by

the Phillips-Perron test, as well as the ADF lag length p have been chosen: p = [5n1/4] = 16 for n

= 128. The result is that for both time series the unit root with drift hypothesis can not be rejected

at the 10% significance level. Also, I have conducted the Bierens-Guo (1993) tests of the trend

stationarity hypothesis against the unit root with drift hypothesis, and for both time series the null

hypothesis of linear trend stationarity is rejected at the 5% significance level.

The results of the nonparametric cointegration tests, conducted at the 10% significance

level, are:
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H0 H1 Test statistic 10% critical region Conclusion

r ' 0 r ' 1 0.00005 (0, 0.005) Reject H0

r ' 1 r ' 2 24.33266 (0, 0.111) Accept H0

Thus the conclusion is that there is one cointegrating vector: r = 1. The estimate  of theβ̂

parameter β in the cointegrating vector (1,!β)T is:  = 0.9444, and the null hypothesis β = 1 isβ̂

not rejected at the 10% significance level. The latter hypothesis corresponds to the hypothesis

that the long run marginal propensity to consume from income equals 1.

Next, I have conducted Johansen's tests on the basis of VECM (1) for p = 1,..,6, for the

following five cases w.r.t the deterministic part :Π0dt

1. , where π0 is not proportional to α.Π0dt ' π0

2. , where π0 is proportional to α but this restriction is not imposed.Π0dt ' π0

3. , where π0 is proportional to α and this restriction is imposed.Π0dt ' π0

4. , where π1 is proportional to α but this restriction is not imposed.Π0dt ' π0 % π1t

5. , where π1 is proportional to α and this restriction is imposed.Π0dt ' π0 % π1t

In view of Figure 1, the options 1, 2 and 3 are not suitable because they imply that the

time series run parallel, whereas the two time series involved veer apart. Therefore, only the

options 4 or 5 are applicable. Nevertheless, to demonstrate the sensitivity of the Johansen

approach for the specification of the deterministic part of the VECM, I will try all five options. In

the cases 3 and 5 with test result r = 1 I have also tested whether the imposed cointegrating

restriction holds. Moreover, for the cases with test result r = 1 I have tested the hypothesis that

the cointegrating vector (1,!β)T is equal to (1,!1)T, so that  β = 1. All tests are conducted at the

10% significance level. The results are presented in Tables 1-3.
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Table 1: Johansen )s test results for the number r of cointegrating vectors

Case 1 Case 2 Case 3 Case 4 Case 5
p r
1 2
2 2
3 2
4 0 or 2
5 0
6 0 or 2

p r
1 1
2 1
3 1
4 0 or 1
5 0
6 0

p r
1 2
2 2
3 2
4 2
5 1
6 1

p r
1 1
2 1
3 1
4 0
5 0
6 0

p r
1 1
2 1
3 1
4 0
5 0
6 0

Table 2: β̂ and test of H0: β'1 for r ' 1

Case 2 Case 3 Case 4 Case 5

p β̂ H0

1 0.9448 reject
2 0.9367 reject
3 0.9397 reject

p β̂ H0

5 0.9420 accept
6 0.9442 accept

p β̂ H0

1 0.9245 reject
2 0.9115 reject
3 0.9165 reject

p β̂ H0

1 0.9245 reject
2 0.9115 reject
3 0.9165 reject

Table 3: Test of H0:πi ' α.γ for r ' 1

Case 3 Case 5

p H0

5 reject
6 reject

p H0

1 reject
2 accept
3 reject

The results in Table 1 where r takes two possible values are due to the fact that the lambda-max

and trace tests gave different test results. The test result r = 2 would imply that both series are

stationary, but the unit root and trend stationarity tests conducted on the single series indicate that

they are unit root processes. For case 3 with p = 5 and 6 the imposed cointegrating restriction on

π0 is rejected, so that the result r = 1 in the cases 2 and 3 should be ignored. In case 5 with p = 1

and 3 the cointegrating restriction on the trend parameter vector π1 is rejected, which would
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imply the presence of a linear time trend in the drift. Since this is implausible, because then the

growth rates of consumption and income have a linear trend and therefore grow to infinity

themselves, there is only one case with r = 1 left that make sense, namely case 5 with p = 2. For

this case the estimated cointegrating vector is (1,- )T, where  = 0.9115, and the hypothesis β =β̂ β̂

1 is rejected. The latter result is probably more accurate than the corresponding result of the

nonparametric test, because the nonparametric test of restrictions on the cointegrating vector

seems less powerful than the corresponding Johansen test. See Bierens (1997a).
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