Separate Appendix to:
NONPARAMETRIC COINTEGRATION ANALYSIS

by Herman J.Bierens

Pennsylvania State University

Following Phillips (1987), we use throughout this appendix the symbol "=" to indicate weak
convergence (cf. Billingsley 1968), convergence in distribution, or convergence in probability. From

the context it will be clear which mode of convergence applies.

Proof of Lemma 1: Denoting the partial sums associated with v, and w, by

[xn]
Sy =0 if x € [0,n1); S(x) = Y v, if x e [n"11],

" (A1)
Sa'(¥) = 0 if x e [0,n7"); (%) = Y w, if x € [nL1].

t=1

respectively, it follows easily that

L[S "l A2
= n D(1)) A.2)

where W is a g-variate standard Wiener process. Next, denote the partial sums associated with z, and

Az, by

[xn]

Syx) = 0if x € [0,n"); Sy(x) = Yz, if x e [n"11],
t=1

- (A.3)
S, (0 = 0 if x € [0n7h; 850 = Y Az if x € [n 1],
t=1

respectively. Then it follows from (3) and (A.2) that



$,%) )

ny/n C(1) f W(y)dy

N = 0 . (A4)
Sy (%)

C(HW(x)
/n
It follows from Lemma 9.6.3 in Bierens (1994, p.200) that
(A.5)

n
3 FUmz, = F(DSI) - [1,008,09dx,
where f, is the derivative of F,, and similarly for Az,. Using (A.4), (A.5), and the straightforward

equalities

Var(Fk(l)W(l) - [ fk(x)W(x)dx>
(A.6)
- (Fk(l)2 - 2R [t00dx - [ fk(x)fk(y)min(x,y)dxdy) = ( [ Fk(x)zdx> 1,

F (D) fW(x)dx - ffk(x) fW(y)dydx = f F OOW(x)dx, (A.7)
0
Var( [ Fk(x)W(x)dx> = [[FOF,@mineey)dxdy - 1, (A8)
Cov K [ Fk(x)W(x)dx> : (Fk(l)W(l) - fk(x)W(x)dx)J
- (Fk(l) [Eoodx - [ Fk(x)fk(y)min(x,y)dxdy> 1, o)

= [ f Fk(x)[}Fk(y)dy] dx] g = %( f Fk(x)dx)2 g
0

it follows that (11) holds. The independence of the random vectors X, and Y, over k follows from



Cov(( [Fieoweaax). | [FiwWnay)
= (ffFi(X)Fj(y)min(x,y)dxdy) “1, = O fori #j, (A.10)

Cov|[ [F0oWod), (FiHw(n) - [f)wyay)

- (Fj(l) foi(x)dx - [ [ Fi(X)f,-(y)min(X,y)dXdy) g

(ol om0
0

(A.11)

COV((Fi(l)W(l) - ffi(x)W(x)dx>,(Fj(1)W(l) : ff,-(y)W(y)dy))
_ (Fi(l)pj(n - F(1) fxfj(x)dx - F(D) f xf (X)dx
- ffi(x)fj(y)min(x,y)dxdy> <1,
- (—Fi(l)Fj(l) « Fi(1) [F0dx + Fy(1) [F0dx (A.12)
- ffi(x)fj(y)min(x,y)dxdy> <1,
- ( [ [f00fwmineey)dxay - Fi(l)Fj(1)> x 1,

= fFi(x)Fj(x)dx x 1,= O for i = j.
Q.ED.

Proof of Lemma 2: Let F be a typical function F,, with derivative f, and let & be a cointegrating

vector. Using Lemma 9.6.3 in Bierens (1994, p.200) it follows now that



VnEM,(F) aT[Fa) al [f() 0 ]

v €z, - wo)d F() - [ f(x)[n—:]dx)

Note that
F(1)- fxf(x)dx = f F(x)dx = 0,
hence

F(1) - f[n—:]f(x)dx| < L xIf00) dx

and consequently equation (A.13) then becomes

T7 _
\/ﬁﬁiTan(F) _ <s;T F(l) n() ff() n () ] + O[é(zo WO) .

J/n

Moreover,

Var( f f(x)w[nx]dx> = f f FOOF(Y) COV(W, Wy, ) dxdy

- f f feOf(y)l(x=y) dxdy Var(w,) = 0.

and
§18,°(X) = iy~ EW,

and consequently
NEME(F) = R0, ~ [T0(W,0 -wo)x)

_ gT(Fa)wn - ff(x)w[nx]dx) - F(HEW, + o (1).

N——

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

The last equality in (A.19) follows from the fact that by the dominated convergence theorem,



Furthermore, denoting

S."(1 S."(x
s (F) = F(1) () f(x) "()dx, (A.20)
” Vn Vyn
and using the easy equality
n T n T n-1 T
Y Eww,) = Y EWw, ) = Y Eww,), (A.21)
t=1 t=1 i=0

Assumption 1 implies that s,(F) and w, are jointly normally distributed with covariance

g
Covarfs,(F), w,) = [f)—" E(WOWJT)dx - O(1 /). (A.22)
N
Finally, (A.2) implies that
$,(F) = DAO[FW(D) - [foowod], (A23)
whereas
w, ~ N(0,D,D.) (A.24)

cf. (4). Lemma 2 now easily follows from these results. Q.E.D.

Proof of Lemma 3: Let z = exp(2ikn/n) = cos(2kn/n) + i.sin(2kn/n), and observe that 2" = 1. Then

Zzt _ ZZ —1

n n
=0 (A.25)
t=1 z-1

and



Yzt -2 93 s M2l ostkain) (A.26)
sin(kr/n)

Thus, taking the real part, we have

n n
Y cos2knt/n) = 0, Y tcos(2knt/n) = %n, (A.27)
t=1 t=1

which proves the conditions (6) and (7). The other condition follow from the proof of Lemma 6

below. Q.E.D.

Proof of Lemma 4: We only prove (17); the other parts of Lemma 4 follow straightforwardly from

Lemmas 1-2. It is a standard exercise in linear algebra to verify that

-1 ~11

R'AR R'AR Al A

T,\ -1 _ gq-r 'm q-r q-r 'm'r _ m m
RTAR)" - R'™AR R'AR A2 A2 (129

r'm tq-r rmtr m m

where

) A . R ) - -1
A11 - (RT A R - (an-I:rAmRr)(n erTAmRr) l(nRrTAqu7r>

m q-r'‘'m ‘q-r
~22 TR TR T 4 - T ¢ -1
Al = nZ(n R, AR, - (nR, Aqu—r)(Rq—rAqu,r) l(anfrAmRr)> (A.29)
S 12 T ¢ _ T 4 ~22 ~21
A = —n(qurAqufr) l(an—rAmRr)(Am /n? = (A )
Therefore,

nRTAR)" -

op(nfz) op(n*) [o o)
- , (A.30)

9 -1
Op(n Hon 72A;2 O Vim

where the latter result follows from (15). Q.E.D.



Proof of Theorem 1: It follows from (15), (16), (17) and (18) that
- T
DY XX, =~ O

k=1
O @)
- T
pIYvY 'O
k=1

O O

and
- T
A <\ D Z Y Y, O
RT(Bm + nizAm)R—v k=1
o v,
The solutions of the generalized eigenvalue problem det[Am - M?;m] = det[R TAmR - AR TE;mR =
0 are asymptotically ill-defined because the matrix R TE;mR converges in distribution to a singular
matrix. This is one of the reasons for working with the generalized eigenvalue problem (19). The
other reason is the result of Andersen, Brons and Jensen (1983), which states that if for symmetric
D D

kxk matrices P and Q, P - P, Q - Q, and det(Q) # 0, then the ordered solutions of the
generalized eigenvalue problem det[FS - Mj} = Oconverge in distribution to the ordered solutions

ofthe generalized eigenvalue problem det[P - XQ} = 0.The conclusion of Theorem 1 now follows

from this result. Q.E.D.

Proof of Lemma 5: By Chebishev inequality:

: E(h ) E[trace(V, .| )]
P(kl’msnm)ZI_#Zl— n\/Kirl’m.
@,g-r,m oq-r,m

Moreover, it follows easily from (23), by first conditioning on the X;'s, that

(A.31)



m 1
= Z Yk' Z Y Etrace( (l/m)[ Z X, X, ) . xi*xi*T) I (A.32)

where the second equality follows from fact that the X;'s are i.i.d., hence it follows from (22) that

Eftrace(V, | )] - (1 _ q‘—r;‘lJ (Xm:yﬁ] tracefR, ", D(ND(V'R,., ). (A.33)
k=1
QE.D.

Proof of Lemma 6: It follows from Fourier analysis that we can write without loss of generality:

FO) = Y ¢ expinjx), where ¢, = [exp(zinjx)Fk(x)dx. (A.34)

*00<J<cx>
Note that, since F, is real valued, we can also represent F, by

oo

F) = o, + jz;((xj,kcos@njx) + By, sinmjx)), (A.35)
where
o, — If o, + If:
_ . i . _ ik ik _ Ik ik
Coy = gy forj > 1: ¢ = S G s (A.36)
Since
fexp(2i7tjx)dx = 1(j=0), (A.37)

1t follows that



f F (x)dx = 0 implies Cox = %y = 0,

hence

F ) = )¢ expinjx).
j*0

Next, observe that

X

[expinjy)dy -

0

exp(2imjx) - 1

Vi 1j=0) + x1(j=0)

and

xexp(2imjX)  exp(2imjx) - 1
2im] Qinj)>

[yexpQinjy)dy = 1G#0) + -x*1(j=0),
0

hence, for j, # 0, , # 0,
f f exp(2inj, X)exp(2inj,y)min(x,y)dxdy

X X
= fexp(Zinjlx) fyexp(Zinjzy)dydx - erxp(Zinjlx) fexp(Zinjzy)dydx
0 0

_ fxexp(Zin(jl+j2)x)dX _fexp(2in(jl+j2)x)dx . fexp(Zinjlx)dX

2imj, Q2imj,)? Qimnj,)
2im(]), +) 2imj
) [Xexp( I-n(:|1+jz)X)dX . [Xexp(- I_MIX)dX
2izj, 2izn),
_ 1 . I(j1+j2:0)
4752j1j2 47132j22

and

X exp(2in(j, +j,)X) exp(2imj, X)
exp(2inj, X) [exp(2inj,y)dydx = L2 Tix - [———1dx
f ! [ 2 f 2imj, f 2imj,

_ I(j1+j2:())
2imj, '

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)



It follows now from (A.38) and (A.42) that

C..C C. C.
F((0F(y)min(x,y)dxdy = [5G [ ﬂ)[ ’—)
ff k m 47];2\; jz j=0 ] j=0
_ (Z JkCJm i Jm ik (iﬂ_iﬂ)(im_i Ci,m] (A44)
4nk [T R ST AT B ST
:Lim M+im BiBim +(°° ﬂ)(m %]
P T A T D | P
and it follows from (A.38) and (A.43) that
. C..C . ~a B = o B
[F0 [Frydydx = Y cim - L PRELLIE yRT (A45)
) ITiz0 J 47\ j3 J j=1 J
Moreover,
[ F (XF, (x)dx = jz(;cj,kcj,m = %lej 00+ %lej B, B (A.46)
Finally,
Cv Sk 1y B
fXFk(X)dX = Z— = __Z—. (A47)
70 2Im] 2nio )
Q.E.D.

Proof of Lemma 7: Note that the set of solutions of eigenvalue problem (34) is a subset of the set of

solutions of eigenvalue problem

10



m
RqTrC(l)kZ_; XX C(DR, . O

o) o)
1 (A.48)
. ]
T T
N (Rqu(l)kX; X, Xy C(l)TRqr) O || _ 0
o) Vi

because the matrix in (34) is singular only if the matrix in (A.48) is singular. Moreover, the non-zero

eigenvalues of (A.48) are just the solutions of the eigenvalue problem

= 0. (A.49)

m m -1
det[RqTrC(l)kX; XX C'R,, - x[ RqT,rC(l)kZ; XkaTC(l)TRqr]

Therefore, the non-zero solutions of eigenvalue problem (34) are bounded from below by the
minimum solution of eigenvalue problem (A.49), and so is T, ,(H). Using the notation (18), it is easy

to verify that this minimum solution is the squared minimum solution of the eigenvalue problem

- 0, (A.50)

m
Ky, * -1
de-LX; XX, " - AR ,CICR,.,)

where the X;'s are i.i.d. Ngy-(0,l;_), and the latter minimum solution is equal to, and bounded from

below by
T m * * T T m * * T
L P22 S LI § P OR L O L R LI
inf. - - > inf - inf- g . g
"R C(CR,J ' nm " n (AS])

YV T
- %mm[kz;xk X, )xmm(Rqrca)C(l)TR )

This proves the inequality involved. Since

11



m m+1
Mminl D Xi Xl T) < ;\‘min( Y XX, T] , (A.52)
] k1

and M, ., 1s decreasing in m, it follows now that the right-hand side lower bound involved

increases with m. Q.E.D.

Proof of Lemma 8: For k > 0 we can write

n
2Y" tcos2kn(t-0.5)/n) = g (2kn/n) + g (-2kxn/n), (A.53)
t=1

where
n

n -
05y geint — Lo osid g it _ g osin df ginl-e!™

X) = e 05ix teixt — 1g-05ix elxt - g 05ix g ix
90 = i dx i e i dx{  1-e™

=€

05ix 1-ginx +e—0.5ix(1 _(n+1)einx>]

(e —0.5ix_e0.5ix)2 p 0.5ix_g 0.5ix
1l H : inx
_ cos(O.S)f)—lsm(O.Sx)(1 —ei”") . 2|nsn?(0.5x)e (A.54)
~45in?(0.5X) ~45in?(0.5X)

_ €08(0.5x)(1 - cos(nx) - (2n-1)sin(0.5X)sin(nX)
~4sin*(0.5X)

o (2n-1)sin(0.5x)cos(nX) - cos(0.5x)sin(nx) + sin(0.5X)
~4sin%(0.5x) '

Thus,

cos(0.5X)(1 - cos(nx) - (2n-1)sin(0.5X)sin(NX)
~2sin%(0.5x) '

9, + g,(-%) = (A.55)

Since cos(2kn) = 1 and sin(2kn) = 0, the second equality in (38) follows. The proof of the first equality
goes similarly, and (39) is trivial. Q.E.D.

12



Proof of Lemma 9: Observe that

1 - exp(iKx)
exp(-0.51x) - exp(0.5iX)

K
Eexp(i(xt + y)) = exp(i(y + 0.5X))
t=

_ (cos(y + 0.5x) + isin(y + 0.5x))1 - cos(Kx) - isin(Kx))

-2isin(0.5X)
(A.56)
_jeos(y + 0.5x)(1 - cos(Kx)) + sin(y + 0.5xX)sin(KX)
2sin(0.5X)
, cos(y + 0.5%)sin(Kx) - sin(y + 0.5%)(1 - cos(Kx))
25in(0.5X) ’

hence

K : .

3" cosixt + y) - cos(y + 0.5x)sin(Kx) —.sm(y + 0.5x)(1 - cos(KX))' (A.57)

t-1 45sin(0.5X)
Substituting K = [(n-1)/s], X = 2kns/n, y = 2kn(t-0.5)/n it follows that

n
K~ =, (A.58)
S
2k *n’1?

1 - cos(Kx) ~ o (A.59)

sin(Kx) ~ _2an’ (A.60)

sin(y + 0.5X) ~ 2kn(t + 055 - 0'5), cos(y + 0.5x) ~ 1, (A.61)

n
. kms
sin(0.5xX) ~ ——, cos(0.5x) ~ 1, (A.62)
n

hence

13



[(n-7)/s]

Y cos(2kn(js + T - 0.5)/n)
i1

(A.63)
-2kmt/n - (2kn(r+0.55—0.5)/n)(2kznzrz/n2) 1
4kms/n 2s
and consequently
n
lim Y d cos2kn(t - 0.5)n] = ——— (A.64)
t=1 S
Next, observe that
n n
Y Zd cos2km(t - 0.5)/n] = Z[ *lcos2km(t ~ 0.5)/n]
t=1 \ j- t=1
[(n-1)/s]
=Y jeos|2knsin)j + 2kn(t - 0.5)/n] (A.65)
j=1
= % (n-og2kns/n2kn(r — 0.5)n) + h o (-2kms/n, -2kn(r - 0.5)/n),
where
. K . .
he(X,y) = eVY telt = gl + 0Xg (x), (A.66)
t=1
with g, defined by (A.54). Thus
hK(Xay) + hK(_Xa_y)
~ cos(y+0.5%) c0s(0.5x)(1 - cos(Kx) - (2K-1)sin(0.5X)sin(KX)
-25in%(0.5X) (A.67)

~ sin(y+0.5x) (2K-1)sin(0.5x)cos(Kx) - cos(0.5x)sin(Kx) + sin(0. SX)
-25in%(0.5X)

14



Again substituting K = [(n-1)/s], X = 2kns/n, y = 2kn(t-0.5)/n it follows that

he(X.y) + he (=X, -y) _ 2k*r?t*n? - (2K-1)Kzs/n)2knt/n)

n -2k *n%s2/n2)n

_ 2km(t+0.55-0.5)  (2K-D)(kns/n) - (2knt/n) + (ks/n) (A68)
n ~2(k2n%s2/n

4t +s -1
S2
and thus

: LN 41 +s - 1

lim,_ (1/mY_| 3 d;| cos2km(t - 0.5)n] = ———. (A.69)
t=1 \ j=1 S

This completes the proof of the second part of Lemma 9. The proof of the first part goes similarly.
Q.E.D.

15



Table A.1: Fractiles of the lambda-min test statistic:
g-r m

1

1

11
13
15
17
19

11
13
15
17
19

20 %

.10927
.34138
.44898
.52024
.55668
.60317
.62288
.64366
.65581
.66888

.07695
.18198
.25860
.30867
.35873
.39327
.41789
.44201
.46495
.00647
.07389
.13921
.19590
.23632
.27382
.30309
.33175
.35170

.02337
.07363
.12201
.16247
.19592
.22979
.25364
.28262
.00202
.03318
.07287
.11163
.14343
.17604
.20273
.22441

10 %

.02490
.18732
.29513
.36133
.41246
.45547
.48238
.51156
.52710
.54293

.03429
.11266
.18104
.22996
.27751
.31205
.33326
.36213
.38068
.00148
.04309
.09427
.14465
.18167
.21732
.24746
.27222
.29115

.01107
.04634
.08748
.12395
.15346
.18428
.20715
.23834
.00050
.01952
.05087
.08272
.11074
.14098
.16348
.18684

5 %

.00598
.11052
.19710
.25962
.31644
.35829
.39139
.42575
.43630
.46049

.01691
.07456
.12877
.17613
.22201
.24751
.27669
.30543
.32593
.00035
.02562
.06512
.10972
.14391
.17629
.20532
.23120
.24852

.00543
.03141
.06562
.09599
.12478
.15159
.17483
.20272
.00012
.01192
.03662
.06363
.08839
.11458
.13633
.15770

TABLES

20 %

.24145
.40009
.47848
.54094
.57481
.60966
.63239
.65304
.67318
.68914
.01680
.13448
.22009
.28385
.33487
.37111
.40791
.42895
.45990
.47274
.03702
.10887
.17107
.21724
.25775
.29270
.31875
.34300
.36621
.00318
.04804
.10015
.14265
.18079
.21619
.24584
.27008
.29298
.01506
.05301
.09383
.12721
.15954
.18660
.21158
.23545

16

10 %

.11106
.24428
.32682
.38633
.42687
.46685
.49416
.51782
.54237
.56646
.00451
.07598
.14202
.20510
.25390
.29057
.32389
.34733
.37446
.39531
.01696
.06916
.12133
.16459
.19926
.23328
.26103
.28312
.30316
.00077
.02784
.06783
.10626
.13703
.17281
.19860
.22414
.24514
.00722
.03377
.06725
.09663
.12627
.15171
.17482
.19856

5 %

.05416
.15818
.23884
.28506
.33316
.37801
.40401
.42674
.44917
.47641
.00115
.04622
.10115
.15549
.19884
.23197
.26502
.29278
.31541
.34064
.00842
.04553
.09162
.12784
.16162
.19104
.21643
.24172
.25803
.00018
.01696
.04832
.08136
.11037
.13926
.16613
.18747
.21046
.00357
.02289
.04988
.07651
.10145
.12562
.14828
.17235



Table A.2: Fractiles of the trace test statistic:

d

RPRRRRRRRRRPRRRRRRRRRRRRR R R RRRRRRRRRRRRRRRRRRRRRRRRRRRERRR R R R

R
0

B LWWWWWWWWWWWWWWWWWWNNNRNNMNNNNNNNNNMNMNNNNNNRRRRHRRRR R R R R R R R

WooJoaulkdwWNhR3

WWWWWWWWWWWEAERBRAOER NMMNNNNNNNMNNNNNNNWWUION RRRPRRPRRPRRERRRPRRRRRRRRRNO

20%

.27089
.79425
.89590
.57446
.43377
.33653
.28459
.24592
.21811
.19692
.16973
.15015
.13847
.12841
.12008
.11127
.10456
.09660
.09114

.53175
.98635
.93237
.27373
.90537
.70794
.59083
.49265
.42987
.38458
.33520
.31191
.28288
.26040
.23829
.22214
.20783
.19858

.17178
.27488
.09519
.90693
.34888
.04032
.86540
.73838
.64370
.56688
.50144
.45025
.41261
.37611
.35126
.32970
.30271

=~ o0

]

[N |
WWWWWWWWwibidbh Ui O\ N NDNNMNNDNNNDNDNDNNNNDNWWEsUITR O RPrRPRFFRPRFRPRPEFRPRPRPERPRPEDNDNDOIO

10%

.45604
.15514
.81468
.12710
.79242
.60759
.50687
.43055
.38056
.33283
.29442
.25579
.23552
.22230
.20687
.19487
.17804
.16585
.15560

.22668
.15879
.62639
.20552
.53926
.12661
.95510
.79090
.66328
.59271
.50875
.47380
.42507
.39302
.35403
.33179
.31083
.29481

.78804
.16469
.50167
.18520
.17899
.66316
.31744
.11202
.94585
.82893
.73125
.64729
.58986
.53963
.50311
.46050
.42830

=~ o0

17

N
NN
NONNNNONNNNNNNWWWRUTONW RRRPRPRRRRRRRRPRR RO

185.

=
(@)

WWWWWWWid i UTOY

(<)
o

15271

.01774
.42990
.98437
.30820
.94689
.77884
.66712
.56992
.50327
.44038
.38437
.35100
.33338
.30285
.28560
.25982
.24079
.22561

.04843
.49172
.26385
.52463
.29752
.64454
.38588
.14160
.92706
.83659
.70296
.64671
.58518
.52879
.49195
.45291
.42204
.40497

.78790
.74145
.45088
.08074
.32292
.41461
.85558
.56015
.29261
.14216
.96340
.85352
.80299
.62190
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Table A.3: Unit root and trend stationarity tests for the extended Nelson-Plosser data

Test: Phillips Bierens-Guo Cauchy tests (abs. values) Bierens' higher-order sample

-Perron autocorrelation tests (*=detr.)
Variable n PP1 PP2 BG1 BG2 BG3 BG4 BG5 BG6 B(1,1) B(2,2) B*(1,1) B*(2,2) concl.
LN [CPI] 129 2.29 -0.79 51.24 71.10 54.85 25.64 16.69 20.67 -16641 -6.15 -1.68 -8.49 UR?
LN [GNPDEFL] 100 1.43 -5.12 62.54 89.62 125.46 51.56 36.05 7.46 -10000 -3.85 -3.24 -9.71 UR?
LN [EMPLOY] 99 -0.27 -10.87 56.07 958.98 73.78 71.74 0.47 0.47 -0.86 -4.73 -43.20 -45.25 TST
LN [UNEMPLOY] 99 -21.35 -21.49 1.58 1.58 1.66 1.68 0.68 3.50 -2057 -2121 -2067 -2136 TST
LN [GNP] 80 0.56 -5.22 42.90 79.67 116.43 69.42 11.60 181.97 -0.04 -4.40 -2.87 -4.48 UR
LN [GNPPCAP] 80 0.16 -9.66 39.78 80.00 24.51 27.90 2.72 1.26 -0.91 -4.21 -90.71 -93.55 TST
LN [RealGNP] 80 0.17 -9.12 40.97 80.00 70.56 79.91 3.87 1.33 -0.27 -3.21 -133.33 -137.51 TST
LN [WAGE] 89 0.47 -6.96 46.26 88.80 148.13 76.72 10.08 5.60 -0.01 -3.22 -5.89 -8.93 TUR
LN [RealWAGE] 89 -0.73 -4.95 35.04 88.29 60.68 49.80 9.55 1.64 -0.63 -1.82 -10.79 -26.87 ?
LN [INDPROD] 129 -0.48 -16.99 81.62 128.75 128.77 151.27 7.07 1.70 -0.67 -3.48 -16641 -16641 TST
LN [MONEY] 100 0.22 -9.21 60.68 99.99 421.71 158.28 6.00 2.14 -0.08 -3.58 -10.31 -14.18 ?
INTEREST 89 -1.52 -4.39 112.42 86.44 5.12 5.03 24.49 4.64 -7921 -16.32 -1.80 -27.37 ?
LN [STOCKPR] 118 1.42 -6.50 84.65 115.95 27.10 29.56 17.55 7.67 -13924 -5.51 -2.92 -5.66 UR?
LN [VELOCITY] 120 -4.19 -2.82 9.23 10.25 8.19 14.18 21.56 46.71 -3.20 -3.26 -2.08 -5.47 TUR
LN [RealM] 100 -1.09 -7.66 54.73 97.32 188.25 195.08 8.44 5.17 -0.97 -3.81 -14.87 -19.14 TST?
RealINTEREST 89 -29.23 -29.30 4.03 4.03 4.05 4.05 0.39 0.81 -7921 -7921 -7921 -7921 ST
INFLATION 128 -46.30 -40.10 1.53 1.53 1.60 1.63 0.42 1.44 -13.63 -15.90 -17.91 -19.53 ST
5% R.R. <-14.0 <-21.5 >12.71 >12.71 >12.71 >12.71 >12.71 >12.71 <-14.0 <-15.7 <-20.6 <-22.4
10% R.R. <-11.2 «<-18.1 >6.31 >6.31 >6.31 >6.31 >6.31 >6.31 <-11.2 <-13.1 <-17.1 <-18.9
Hy: UR UR ST ST ST ST TST TST UR UR UR UR
H,: ST TST UR UR UR UR UR UR ST ST TST TST

Remarks: The first two test are the Phillips-Perron tests Z, of the null hypothesis H,: y(t) = y(t-1) + u(t), E[u(t)] = 0, u(t) is alpha-mixing, against the
alternatives y(t) = ¢ + u(t) and y(t) = c + b.t + u(t), respectively. The next six tests are the Bierens-Guo's (1993) tests of the null hypothesis H: y(t) =c
(+ d.t) + u(t), E[u(t)]=0, u(t) is alpha-mixing, against the unit root (with drift) hypothesis. The Phillips-Perron tests and Bierens-Guo's test no. 4
employ a Newey and West (1987) type variance estimator with truncation parameter m = [5n>?]. The last four tests are Bierens (1993) unit root tests
on the basis of higher order sample autocorrelations. The first two test the unit root hypothesis against stationarity, and the last two have as alternative
linear trend stationarity. These four tests depend on parameters p >0, a> 0, and 0 <0 < 1, and the lag length is: m = 1+[an®/®**?]. The default
values p =2, a =5 and § = .5 are employed.
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Table A.4: Nonparametric tests of H, against H,,,

r test statistic «critical regions conclusion

0 0.00060 10%: (0,.005) reject
0.00425 5%: (0,.017) reject

1 1.20899 10%: (0,.111) accept
1.20899 5%: (0, .054) accept

Table A.5: Test of the hypothesis that the space of cointegrating
vectors is spanned by the column of a 2 x 1 matrix H (Nonparametric):

H: test conclusions
stat. 10% 5%
(1,-0.40) 8.13 reject reject
(1,-0.50) 3.92 reject accept
(1,-0.60) 1.65 accept accept
(1,-0.65) 1.15 accept accept
(1,-0.70) 1.01 accept accept
(1,-0.75) 1.18 accept accept
(1,-0.80) 1.63 accept accept
(1,-0.90) 3.18 reject accept
(1,-1.00) 5.37 reject reject

23



Table A.6: Johansen's test results for the number (r) of cointegrating vectors (intercept present,
but linear trend absent)

test crit. val. conclusions: test table”
p T stat. 10% 5% 10% 5% type
2 0 7.8 12.1 14.0 accept accept lambda-max A.l
1 0.9 2.8 4.0 accept accept '! '
1 0.9 2.8 4.0 accept accept trace '
0 8.7 13.3 15.2 accept accept '! "
0 7.8 12.8 14.6 accept accept lambda-max A.2
1 0.9 6.7 8.1 accept accept ''! '
1 0.9 6.7 8.1 accept accept trace '
0 8.7 15.6 17.8 accept accept '! '
0 16.4 13.8 15.8 reject reject lambda-max A.3
1 6.1 7.6 9.1 accept accept ''! '
1 6.1 7.6 9.1 accept accept trace '
0 22.5 18.0 20.2 reject reject '! i
1 8.63 2.71 3.84 reject reject interc. restr. x’(1)
r=0 r=20
4 0 15.2 12.1 14.0 reject reject lambda-max A.l
1 2.4 2.8 4.0 accept accept '! '
1 2.4 2.8 4.0 accept accept trace '
0 17.6 13.3 15.2 reject reject '! "
0 15.2 12.8 14.6 reject reject lambda-max A.2
1 2.4 6.7 8.1 accept accept ''! '
1 2.4 6.7 8.1 accept accept trace '
0 17.6 15.6 17.8 reject accept '' '
0 18.5 13.8 15.8 reject reject lambda-max A.3
1 11.9 7.6 9.1 reject reject '! "
1 11.9 7.6 9.1 reject reject trace "
0 30.5 18.0 20.2 reject reject '! I
1 3.36 2.71 3.84 reject accept interc. restr. x°(1)
r=1 r =2
6 0 14.7 12.1 14.0 reject reject lambda-max A.l
1 2.2 2.8 4.0 accept accept '! '
1 2.2 2.8 4.0 accept accept trace '
0 16.9 13.3 15.2 reject reject '! "
0 14.7 12.8 14.6 reject reject lambda-max A.2
1 2.2 6.7 8.1 accept accept ''! '
1 2.2 6.7 8.1 accept accept trace '
0 16.9 15.6 17.8 reject accept '' '
0 19.0 13.8 15.8 reject reject lambda-max A.3
1 6.7 7.6 9.1 accept accept ''! '
1 6.7 7.6 9.1 accept accept trace '
0 25.7 18.0 20.2 reject reject '! I
1 4.31 2.71 3.84 reject reject interc. restr. x’(1)
r=1 r =1
@) Cf. Johansen and Juselius (1990). Table A.3 applies if cointegration restrictions have been imposed on the

intercept parameters, whereas tables A.1 and A.2 apply if no cointegration restrictions are imposed. Table A.2
applies if these cointegration restrictions actually hold, and table A.1 applies if not. The y*(1) tests test the null
hypothesis that cointegration restrictions on the intercept parameters hold, given r = 1, i.e., that the cointegration

relation contains an intercept rather than the error correction model itself.
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Table A.7: Johansen's LR test of the hypothesis that
the space of cointegrating vectors is spanned by the

column of a 2 x 1 matrix H (intercept present, trend absent):

H: test conclusions

stat. 10% 5%
(1,-0.40) 11.74 reject re
(1,-0.50) 11.55 reject reject
(1,-0.60) 11.02 reject reject
(1,-0.65) 10.26 reject reject
(1,-0.70) 7.75 reject reject
(1,-0.75) 0.21 accept accept
(1,-0.80) 11.22 reject reject
(1,-0.90) 12.55 reject reject
(1,-1.00) 12.49 reject reject
Table A.8: Cointegration regressions for In[wages].
Regressors: OLS estimates:
LN [GNP] 0.64577 0.74564 0
1 -1.27404 -0
time (1860=1) 0
R?: 0.97845 0.99657 0

n = 80 (1909-1988)
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Table A.9: Johansen's test results for the number (r) of cointegrating vectors: intercept and time
trend present, with cointegration restrictions on the trend parameters imposed

test crit. val. conclusions: test table”
p T stat. 10% 5% 10% 5% type
6 O 18.2 16.9 19.2 reject accept lambda-max \Y
1 6.7 10.6 23.5 accept accept '! "
1 6.7 10.6 12.5 accept accept trace "
0 24 .9 23.0 25.4 reject accept '! "
1 0.00 2.71 3.84 accept accept trend restr. x* (1)
r=1 r=20
8 0 27.2 16.9 19.2 reject reject lambda-max v
1 7.9 10.6 23.5 accept accept '! '
1 7.9 10.6 12.5 accept accept trace '
0 35.1 23.0 25.4 reject reject '! "
1 2.06 2.71 3.84 accept accept trend restr. x* (1)
r=1 r =1
(*) Cf. Johansen (1994). Table V applies if cointegration restrictions have been imposed on the trend

parameters. The *(1) test tests for cointegration restriction on the trend parameters, i.e., the hypothesis that there is
a linear trend in the cointegration relation rather than in the error correction model itself.

Table A.10: Johansen's LR test of the hypothesis that
the space of cointegrating vectors is spanned by the
column of a 2 x 1 matrix H (linear trend present)

H: test conclusions

stat. 10% 5%
(1,-0.40) 18.84 reject reject
(1,-0.50) 16.32 reject reject
(1,-0.60) 9.71 reject reject
(1,-0.65) 3.86 reject reject
(1,-0.70) 0.00 accept accept
(1,-0.75) 3.78 reject accept
(1,-0.80) 10.41 reject reject
(1,-0.90) 17.65 reject reject
(1,-1.00) 20.06 reject reject
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Additional reference:

Newey,W.K. and K.D.West (1987), "A Simple Positive Definite Heteroskedasticity and

Autocorrelation Consistent Covariance Matrix", Econometrica 55, 703-708.
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