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Proof of Lemma 1

Lemma 1 follows straightforwardly from:

Lemma A.1: Let Assumptions 1-2 be true, let © be a common eigenvector of the matrices M, ,,

M, M, ,, and M, corresponding to a zero eigenvalue, and let 0 _ be any other conformable

vector. Moreover, let m ~ < at rate o(n). Then the following hold:

no’M,0 - eTC(l)( [ w_/k(x)w_/k(x)de)C(l)Te in distr., (A1)

n 20000, - eTC(l)( [ V?/k(x)F(x)de)e* in distr., (A2)

n 20N 0, - ef( fF(x)F(x)de)G* £ 0T, (A3)
m0'M,0 = 0'C(YC(1)'0 + O (fmM) + O, (14fm). (A.4)

n Pfmb'M,0, = O (fmin) + O, (14fm). (A.5)

n OTNL0, = O [F/WF@)anfe, + 0,1712) + 0, Pim) (A6)

Before we can prove Lemma A.1, we have to prove (12) and (13) first:

Proof of (12): Let

[nx]

U (x) = (l/ﬁ)z u if x € [n'1], UX)=0ifxe€ [0,n 1)
=1



Then it follows from Assumption 2, the decomposition (11), and the functional central limit theorem,

that
U,(x) = C(HW (x), (A7)

where W, is a k-variate standard Wiener process and "=" denotes weak convergence. Cf. Billingsley

(1968). Next, observe that, with g(¢) = [30’” + Bl’nt + £,(¢), where f,(¢) satisfies the conditions in (7),
we have

2By - Bt = w £ - (B - Bo) - (B BLY - 4, < A0,
where 7, is the OLS residual of the regression of #, on an intercept and time ¢, for ¢ = 1,..,n. Denoting
the OLS coefficients involved by 80 and 81 , respectively, and using the fact that by Lemma 9.6.3 in

Bierens (1994, p. 200), (l/ﬁ)Zle(t/n)ut =U(1) - fUn(x)dx, it follows that

\nd, ) 1 (U)X, (t/n) U, | A8

mnd, (Um)X! () (U)X (tin)’ U,1) - f U, (x)dx

This result implies that for x € [0,1],

[nx]
(NDY. 4, = U @) - xU (1) + 3(x? - x)(Z [V, - Un(l)) + o (1), (A.9)
=1
where the o,(1) term is uniform in x € [0,1]. Combining (7) and (9), the result (12) follows.

Proof of (13): It follows from (8) and the decomposition (11) that



m-1 m-1 m-1
Eltny ~ n?F (th) = (1m) Y (szj—BO—BI(Hl—j)) S UMY [+ 1) = Um)Y i,
=0 =0 =0
m-1 R R m-1
) S Y e N G R UC0) SN o{14i)
J= Jj=

m_1 V..~V
= c(H1/m)Y. €1 * % + 0p(1/‘/ﬁ),
j=0

where the O, term is uniform in £. This proves the result involved.

Proof of (1), (2), and (3): These parts of Lemma 1 follow directly from (12) and Assumption

Proof of (4): 1t follows from (13) that

n m-1 2
m@TMZB = %-Z {(1/’”)2 67(2”—60—610—]))}
t=m Jj=0

n m-1 eT _ 2
-1 EOTC(l)(l/,/m)E e+ U Op(,/—)m/n} (A.10)
= T

= 07c(H)c)’e + 0p(1/ﬁ') + 0p(,/='m/n).
The last equality follows from the fact that under Assumption 3,

n m -1 m-1 T
(l/n)E{(l/\/m)Z; 8,,}{(1/,/@23 e,j} = I, + O (fmn),
J= J-

t=m

which is proved in Lemma A.2 below, and that

Y, O v, )e,v, )" = 01).



Since the first O, term is dominated by the last one, (4) follows from (10).

Proof of (5) and (6): 1t follows from (13) that

n

-1 m-1
n ofmeTNL, = = Y 6TCINMY. €, Fltn)8,
=

t=m-1

nloy -y
e L Yy L Lmpenyo, + 0,,(1/=>m/n
Nit=m-1 m

n

- -1 m-1 _
""/;]11 ¥ e’{ CONMY e, + % . op(‘/=)m/n}
m "t=m-1 j=0 m

m-1 — T
x EC(l)(l/ﬁ)Z £ + MEREETIN Op(\/m/n,} 0.
J=0 N

n-1
(i. Yy GTC(I)SMJ.Fn/(t/n)TG*} + O (Ifm) + Op{,/m/n) + O, (n Phfm)
Ni=m-1

+

-1

1 m
Jm -0

- 0, - 0,1,

which proves (5). Part (6) can easily be proved similarly to the proofs of (4) and (5).
This completes the proof of Lemma A.1. Q.E.D.

Lemma A.2: Let e, be a sequence of independent standard normal distributed random variables.

Then
U (AN e = 1+ 0, fmm).

Proof: Let N = [n/m]. Then



m-1 N

n m-1 2 m-1
(l/n)Z{(l/ﬁ)X(; e,j) = (1/n) Z{(l/ﬁ)ﬁg e ]} + (1/n)2 {(W‘)Z e, )
t=m j= Jj=

i=0 t=1 t=mN
mN 1m 1 N m-1 2
T == E (1/\/7)2 Com+i-j
n mizo [Ni= j=0

:m_Ni [1+O(1/‘/]Tl)]+0(m/n) 1+ O m,
n m,;

+ OP(m/n)

due to the fact the expression between square brackets in the second line is a mean of N independent

¥%(1) distributed random variables.

Proof of Lemma 2

Proof of part (16): It follows from (14) that

Ifn 0of o hym 0"
o "m,’

0 n?l_, 0 n?l_,

o7c(n) W @W @) deC(1)'0  07C(1) [ W ()F(x) dxQ, )

o f Foo)W,(x) dxC(1)'0 A

*

in distribution. It is a standard linear algebra exercise to verify that the latter matrix is

! -07C(1) f W (x)F(x)TdxQ At

WA [F W) dxC(1) AL ATQ T [Feo W) dxC(1TO0TC(D) [W,0)F () dyQ A |



Part (16) now follows from:

Im 0" Q,{mw} 1fm 0"
1

sy
0 n’l_ no ! 0 nPl_

- o™
0  nPyminl,_ : 0 nPyminl__,

r o7 e o {gl OT} o
- in distr.
Proof of part (18): This part follows trivially from (15), realizing that by Assumption 3,

087C(1)C(1)70 is positive, and that by Assumption 1 and the hypothesis ¢ (1), Q*TM2Q* has rank k-1,

and is therefore nonsingular.

Proof of Theorem 2

The proof of part (24) of Theorem 2 for the case » =1 is based on Mercer's theorem. Cf.
Dunford and Schwartz (1963, p. 1088), and Bierens and Ploberger (1997). Let

D) = HIW@W,0).

This function is real valued symmetric positive semi-definite, and it follows from (12) that I" is
continuous on [0,1]%[0,1]. Now Mercer's theorem states that there exists a sequence A; of nonnegative

eigenvalues and corresponding sequence ,(x) of real valued continuous eigenfunctions such that
[T 03dy = AW ).j =120 Tk < =, (YW (s = 1)),

where /() is the indicator function, and

F(X 9y) = ;0:1 }“/ll‘[/(x)ll‘[/(y) .
If follows straightforwardly from (12) that f VI_/I (x)dx =0 a.s., hence f ['(x,y)dy =0. This

implies that 1 is an eigenfunction corresponding to a zero eigenvalue. Since the eigenfunctions are



orthogonal, all the other eigenfunctions are orthogonal to 1, and therefore satisfy f L|Jj(x)dx =0.
Moreover, if follows trivially from (12) that J#,(0) = #,(1) = 0 as., hence I'(0,0) = X", 2 ¥ (0)?
=0and I'(1,1) = E;i 1)lepj(l)2 = 0. Consequently, the eigenfunction (x) corresponding to the

positive eigenvalues satisfy ¢ (0) = (1) =0.
We can now find sub-sequences j,,(1),...,/,,(k-1) such that for 7,i,,i, = 1,...k-1,
W, ), (e = 1, =iy),
flljjm(,')(x)dx =0, [x jm(,')(x)dx =0, wjm(;)(o) = l|ij(1)(1) =0,

lim max A, . = 0.
J (D

m-ol<i<k-1

hence, denoting

b &)
F,@) = 0.A
U )
we have
f F (x)F (x)'dx =M, F,(0)=F,(1)=0, f F_(x)dx =0,
and

h‘mE[[Wl WF,@dx0 A0 [W, @)Fmdy]
k-1 k-1
= imY [ [, (@@, Odxdy = 3 2, = 0.
moein] m moci=1 "
Part (24) of Theorem 2 in the case » = 1 follows now from Chebishev's inequality.

Since the components of V?/r(x) are independent, and each component is distributed as VI_/I (%),

the general case follows straightforwardly from the proof in the case » = 1.

Part (25) of Theorem 2 follows directly from part (24). Q.E.D.
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Proof of Theorem 6

Observe that

L(GO - [30) = 4(l/n)zn: U (t/n) - 6(1/n)2n: (@/m)U (t/n) + op(l),
=1 =1

I
ﬁ(Bl - [’)1) = *6(1/7/1)2’,: Un(l‘/n) + IZ(I/H)Zn: (t/n)Un(t/n) + Op(l),
t=1 =1

hence
Zinx] Bo - Bl[nx]
Jr

= U,(x) - 4(1/n)zn: U (thh) + 6(1/n)£n: (t/m)U. (t/n)
=1 =1

1 A N
= Un(x) - ‘/=7I(BO_BO) - ﬁ(ﬁ1_61)[n;]

(A.11)

+6x(1/n)zn: U, (t/n) - 12x(1/n)zn: (tm)U (t/n) + op(l),
t=1 t=1

- C(l)(Wk(x) - (6x-4) [ Wy ~ (126-6) [y Wk(y)dy)

= COOHW, (),

say. Thus,

Fa)n = ) [Wi o)y = COOW" (),
0

say, and consequently

%Ml - C) (W W, @ ax )’ (A.12)
in distr.

Now suppose that z, is cointegrated with one cointegrating vector 0. Then 67C(1) = 07. Since



by (11), z, = B, + B,z + C(1)§:]’.:lej + v, = v, with v, = D(L)e,, we how have
0z, = 0'(B,-v,) + 0"t + O'v, = O7(B,-v,)+0"Br + 6'D(L)e,,

and consequently, similarly to (12),

VO F(x) = "D (x).

Let O = (0,0-) be the orthogonal matrix of eigenvectors of C(1)C(1)”, corresponding to the

increasingly ordered eigenvalues. It is now easy to verify that under the unit root hypothesis with one

hn oF 07 n 0F B
o I, “fo 1,

0”D(1) f W)W, (x)dxD1)'0  07D(1) f W)W, (x) dxC(1)'Q,

cointegrated vector,

0. c) (W @W,e)D1ye 0. c() (W, W, ()dxc(1)',

in distr. Therefore, similarly to Lemma 2, it follows that for every nonnegative sequence m = o(n) we

have:

1/\fn o7 L b 0’
0™,
0 \/Z\/m/nlk_l 0 ‘/Z\/m/nlk_1

(A.13)
T T ~-1
i l/ym 0 QTﬂ.Mfl 1/ym 0 R o’
1
0 Jal_ | n 0 I, 0 0O

in distr., where



i = 087D f W ()W, (x) dxD(1)"0

- 6'D()[ Wk(x)W[*(x)deC(l)TQ*( 0./cf W;*(x)W;*(x)dxCa)TQ*) )
x 0. [W, @)W () dxD(1)'

~ 0'D(1)D(1)'0
x { f(vffl(x))zdx - f w_/l(x)Wk*_*l(x)de( f Wk*_*l(x)Wk*_*l(x)dx) B f Wk*_j(x)v?/l(x)dx)

Next we investigate the asymptotic properties of the matrix A7, under the unit root with
cointegration hypothesis. Let again m be a sequence of natural numbers converging to infinity at rate

o(n). Then it follows from (11) that for x € [0,1],

1 & A A .
mﬁ]z(; (Z[nx]fj a B0 B Bl([l’lx]*])) =

- L Un{ %) Ay U (th) + 6(1/mY" (tn)U (t/n)
m n t=1 t=1

j=0
62 m Y Uy - 12250m)Y @myu, iy + o,(1).
n =1 n t=1
Moreover,
1" [nx]-/ 1% [x]-m+ 14 1 [nx]-m+1+y
=.Z Un =y T = Un T fUn dy
m ;o L m j=o " iy "
. 1
i ;fU,{ ) 1 m y)dy - fun{ﬂ—’”;&y)dy = U, + 0,1
m n nm 0 o
Therefore
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m -1
Y (7~ By — By = COW ).
j=0

myn

and consequently,

A

% - C(1) f W, )W, (x) dxC(1) (A.14)

in distr. Furthermore, it is easy to verify that

Z0'M,0 = 6'D(HD(1)'0 + o, (1),
n

and
%Mze = o,(1).
Thus,
ym o' Jmo o
’ %Ik‘l QTM2 0 %qu )
n n
0"D(1)D(1)'0 o’
0 o/!cq) f W, W, @) dxC(1)'Q,

in distr, and therefore, similarly to Lemma 2, we have

1/yfm oF S 1/ym 0F
M.
0yl ¢ 0 yul,

(6”D(1)p(1)78) ! 0o’ (A1)

o (oo wracare)’

11



in distr.
Comparing (13) and (15) with eigenvalue problem (20), we see that under the unit root

hypothesis with single cointegration and m = [n*], with 0 < ¢ < 1, the minimum solution )Ahl of

eigenvalue problem (19) satisfies:

nl—oci N r'l*
67D(1)D(1)’0

_ _ -1 _
- ﬂWl (x))zdx - (M@ (x)de( [Wew (x)dx) [P, @

in distr.
Note that the limiting random variable involved has the same upperbound as in the case of co-

trending. Moreover, it follows from (12) and (14) that under the unit root hypothesis without

~

cointegration, A, converges in distribution to the minimum solution of the generalized eigenvalue

problem

det[[Wk**l(x)Wk**l(x)de - A f W, W, (x)dx| = 0.

This completes the proof of Theorem 6 for the case of a k-variate unit root process with drift and one
cointegrating vector. The general case with multiple cointegrating vectors can be shown along similar
lines.

In the case of a k-variate unit root process z, without drift with one cointegrating vector 0 and z,

demeaned rather than detrended, we have z, = z, + Et.:lu_ =z -v. + C(DX_e. + v , where
J=17) 0 "0 =17 t

z = (1/n)X]_ 2, and again v, = D(L)e,. Hence

G = DT = U0 = MBS U, = 0,1) = COfW@) = (W) = COT @),

and 0°(z, - z) = v, - v, where v = (I/m)¥_ | v,. The latter implies
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JrOTE(x) = 07D()W (x).

The rest of the proof is now similar to the previous case. Q.E.D.
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