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1 Heckman’s sample selection model

1.1 Introduction

Heckman’s sample selection model! is based on two latent dependent vari-
ables models:

Yy B'X + U, (1)
Y = AZ+U, @

where X and Z are vectors of regressors, possibly containing common com-
ponents, including intercepts, and the errors U; and U, are, conditional on
X and Z, jointly bivariate normally distributed with zero mean vector and
variance matrix X.

The model for Y;* is the one we are interested in, but Y;* is only observable
if Y;* > 0. Thus the observed dependent variable Y is

Y = YyifYy >0,

Y = missing value if Y5 <0.

However, the Z’s are observable if Y is a missing value, and the X’s are
observable if the Y’s are.

'"Heckman, James J. (1979): ”Sample Selection Bias as a Specification Error”, Econo-
metrica 47, 153-161. (Heckman got the Nobel prize for this article.)



The variance matrix > can be written as
Y= AN,

where A is an upper-triangular matrix:
(& b
2= (5 5)

Ui = b1e1+ 6qe9,
Uy = O3eq,

Consequently, we can write

where e; and ey are independent standard normally distributed. Thus the
latent dependent variables models (1) and (2) can be written as

}/1* = ﬁ/X + 6161 + 5262, (3)
Yy = 97+ e (4)

Without loss of generality we may assume that 6; > 0, and since only the
sign of Y5 plays a role, we may set 63 = 1. Then the conditional probability
of a missing value of Y is:

PIY; < 0|Z,X] = Plez < —7]
= 1— Pley > —+'7]
= 1— Pl—ey <~'7]

= 1_F(7/Z)’

where F' is the distribution function of the standard normal distribution, i.e.,

Fla) = / " fwdu, (5)

with 2o
fla) = 2, ©)

Thus, from now on I will assume that

61>0, 53:1
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Let D be a dummy variable taking the value 1 if Y is observed, and 0 if

not. Then

P[D=1/2,X]|=F(Z2). (7)

The distribution function of Y conditional on the event D = 1 and X and

Z is now given by

H(y|X,Z) =

P[Y <y|D=1,X,7] (8)
PlY <yand D =1|X,Z]
P[D=1|X,7Z]
PlY <yand Yy > 0| X, Z]
F(vZ)
Plbses <y— X —b1e; and —+'Z < es] X, Z]
F(vZ)

1.2 The case 6, > 0

In order to evaluate expression (8) further, and derive the corresponding
conditional density, assume first that 62 > 0. Then (8) times F' (7'Z) becomes

F(YZ) HylX,Z)

= P[—’}/IZ < ()] S (y—ﬁ'X—élel)/ég\X, Z]
— [ PlvZ<asu-pX 5w/ X2

X fozu)du

(y—B'X+827'Z) /61
/_ F((y — BX — 81)/83) — F(—7'2)]

X foZu)du

(y—B' X+82v'Z) /61
/ F((y— 0'X — 61u)/62) f (u)du

—_F(—Z)F ((y— BX +6:7/2)/61)
_ ‘;_? P Sy 7% — ) /o)y
—F(—Z)F ((y— BX +6:72)/6,)
[ OF ((y — B'X — 6yv)/61)
/_ ,ZF (v) ov

—F(AZ)F((y — X +64'Z) /1)

dv




= —F@)F(ly— X —60)/1)|7,,
+/ F((y—F'X —b60)/61) f(v)dv
—'Z
~F(—yZ)F ((y - BX +64'2)/61)
- / ZF ((y — B'X = 630)/61) f(v)dv
_—y/
The fifth equality follows by substituting
u=(y—B'X —bw)/b,

and the last two equalities follow from integration by parts.
The corresponding conditional density is now

0H (y| X, Z)
Oy
1

= m s f(ly—=B'X —by0)/61) f(v)dv

It can be shown (see Appendix 1) that for the standard normal density

hylX, 2) =

/s
/Coof(a—l—b.x)f(x)dx = f(%l) (9)
X [1 —F(cm+ab/\/m)]

Substituting ¢ = —vy'Z, a = (y — #'X) /61 and b = —65 /6y, i.e.,

1 61
P+l /2182
a oy pX
b2+ 1 NGER
-] 2 2 !
Vb2 + 1+ ab _ by /BX)+(61+62)VZ’
b2 +1 614/6% + 63

it follows therefore that
1 (- 8%)/v/5+8)
V62 + 83F (V' Z)
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hylX, 2) = (10)



(1_F by —FX)+ (G + V2
814/ 6% + 63

( y— X))/ 1 62)

82+ 82F (v Z)

814/ 6% + 63

o (62@ —0X) + (8 + 6%)v'2>

1.3 The case 6, <0
If 65 < 0 then (8) times F' (7' Z) becomes

F(YZ).H

(y‘X’ Z) =

P [6262 <y-— ﬁ/X — 6161 and — 52’)/Z > 6262‘ X, Z]
P[b2e; <min ((y — F'X — b1e1), |62]7' Z)]
P |da]ea < min ((y — 8'X — b1e1), 62|17 Z)]

= Ple; <min((y — X — b1e1)/[62.7'Z)]

(y—B'X—|6217'2) /61

T / N F((y—BX — vu)/ 18a]) f(u)du
(y—B'X—|621v'2Z) /61
F(/2)F ((y— B'X — 6:172)/8))
L L2] / ! ((y — B'X — |8] 0)/81)dv
(y— B'X — [6:]7/2)/61)
) / o 2= BX o),
F(/2)F ((y— B'X — |6:]7'2)/81)
— F(0) F((y — 8'X — 6] v)/60)["2

+/YF@—gX_@wmmﬂ@m

—00

/_*r F(ly—B'X — 6| v)/61)f (v) dv
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The corresponding conditional density is now

OH(y| X, Z)
dy

1 vz )
_ af;ﬁﬁ/;fﬂ@—ﬁx—wﬂmmaﬂmm)

hylX, 2) =

It can be shown (see Appendix 1) that for the standard normal density
/s

¢ f (a/\/b2 + 1)
+ b. dr = 11
| _fasba@is — (1
I (m/b2 1+ ab/VE + 1)
Substituting ¢ =+'Z, a = (y — #'X) /61 and b = —|62|/61, i.e.,
(I §
)
a oy -pX
Pl VB8
/52 _BX
c b2+1—|— a'b — 6 +62 /Z ‘52|(y ﬁ )
b’ +1 01 81/6% + 62
by — B'X) — (67 +63)7'Z
611/62 + 63 ’
it follows that
N2 =)
hylX,Z) =

6 + 03F (v Z)
< F ba(y — B'X) + (81 + 63)7'Z
814/ 6% + 63

which is the same as in the case 6 > 0.



1.4 The conditional density of the observed Y
Next, substitute

01 = o1 —p?, 6 = po,

which correspond to

62 + 62 G o op
_ r_ 17T 02 _
n=AA = ( 02 1 ) \op 1 ’
where o2 is the variance of U; and p € (—1,1) is the correlation between Uy
and Us. Then (10) simplifies to:

MK Z. o poo) — LW =BX)0) | (p(y - X))o +7’Z> )

oF (v'2) 1—p?
The case 63 = 0 corresponds to p = 0:

hylX, Z,B,7,p,0) = f((y — BX)/0) /o,
which is just the conditional density of Y7*.

2 Sample selection bias

The conditional expectation corresponding to (12) is

f('2)
ElYID=1X,71=03X 1
and the conditional variance involved is
'"Z)\ (V' 2)
Var[Y|D =1,X,2Z] = 0% — p** (+Z f( .. 14

See Appendix 2. Thus
EY|D=1,X|=0X+0opE[f(Y2)/F(¥Z)| X]. (15)

The second term is the cause of the sample selection bias of the OLS estimator
of B if Y is regressed on X using the valid observations on Y only.
Note that if X and Z are independent then

Elf(YZ)/F (Y2 X]=E[f(¥Z)|F (v Z)]

is constant, and therefore only affects the intercept.
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3 The log-likelihood function and score vec-
tor

Let for j = 1,...,n, D; = 1 if Y} is observed, and D; = 0 if not. The
regressors X; € RF are observable if the corresponding Y; are observable,
and the Z; € R’ are observable for all j. It will be assumed that the data
involved is a random sample with non-response for Y; if D; = 0.

Without loss of generality we may assume that ¥; = 0 if D; = 0. The
actual dependent variable is now the pair (D;, D;Y;), with joint conditional
distribution given by

d
e [D; =1, D;Y; < y|X;, Zj]
y
d
= d_yp Y; <y|D; =1,X;,Z;] P[D; = 1|X;, Zj]

=h(|X,Z,B8,7,0,p)F (v'Z)
and
P[D; =0,D;Y; = 01X;, Z;] = P[D; = 01X}, Zj] =1 - F (v'Z)
Then the log-likelihood takes the form

n

ML) = Y (1-Dy)(l-F('Z)+ Y Diln(F (7)) (16)

=1 j=1

+> D;In (WYX}, Z;, 8,7, p, 0))
j=1

where
0=(8,7.0p) (17)
The corresponding score vector 01ln £(6)/90 is .
oln L(6 =
IEO) 55,0 (1
j=1
where
O
B f0'z) L f(YZ) Z;
R e R ) | E
0



Daln (h(}/;‘XJ7 Zj?ﬁalyap: U))
! oo’
with Oy a k-vectorsof zeros. The partial derivative vector in (19) is derived
in Appendix 3.
Moreover, recall from maximum likelihood theory that for the true para-
meter vector 6,

1 0%1In L(0)

H=lim E 000

n—oo

9—9] JﬁonZE )]

and that under some regularity conditions the maximum likelihood estimator
0 of 0, satisfies

Vi (0-60) — N[0, 5]

in distribution, where H can be consistently estimated by

~ 1< ~ o~
H=- > " 6;(0)8;(8)
j=1

4 Initial parameter estimates

The log-likelihood function (16) is highly nonlinear in the parameters, and

even more so are the components of the score vector 9 ln L(6)/06 (see Appen-
52 1n£

dix 3) and the elements of the Hessian matrix . Moreover, the latter
matrix may not be negative definite for all values of 6 (at least I could not
verify this). Therefore, EasyReg maximizes the log-likelihood function (16)
by using the simplex method of Nelder and Mead, which only requires evalu-
tions of (16) itself. However, this method is rather slow, and if the Hessian is
not negative definite for all values of 6 one may get stuck in a local optimum.
Therefore, it is important to start the simplex iteration from a starting value
of 6 already close to the true parameter value #,. Such a starting value 6,
say, can be derived as follows.

The parameter vector v can be estimated by Probit analysis. Given the
Probit estimator 7, say, the parameter vector  and the parameter a =
op can be estimated by regressing Y; on X; and f (’i/Zj) /F ('vv/Zj) for the
observations j for which D; = 1, with OLS estimators E and a, and residual
’Ujl

Y, =0 X;+af (7'2;) |F (YZ;) +v;.
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Now (14) suggests to estimate o2 by

2 _ I, 1oL, fEZ) 1 1E2)
7= m;D’ (m; )+m;F(§’Zj)2>
R O )

where

Note that 52 > &2, because

inf [uF(u) + f (w)] = lm_[uF(u) + f(u)] =

U——00

Finally, p can be estimated by
p=a/Va

Let 0 = (E/, y',7,p)'. Under some regularity conditions (one of them is
that m/n — A € (0,1) as n — 00) it can be shown that

7 00=0, (1),

where 6 is the true parameter vector.

5 Appendix 1: Products of normal densities

Let f(x) be the standard normal density. Then

exp [—1 (a + bx)? — 1a2?]
2m
exp [—1 (a® + 2abz + (1 + b?)2?)]
2m
exp [_% <lfb2 +2fpT+a ) (1+ 52)]
27

fla+ba)fa) =

10



€xp [_% ((11%2)2 +

2ab

1+b2x

+22) (14 82)]

y 1 a?
exp |—= —
P15\ 15

2T

(725) )

e[ ) ]
V21
oo [ (%)
VIt o
- (o 755) fo) £ (aVT5P)
Hence:
/ fla+ba)f
/—oof<(“1ibb2>/¢1l+—bz> dﬂfo(a/JH—b?)
Sl ) o )
Xf(aN—b2)

« f (a/\/—)

_ /_c+ab/(1+b )f (u TR b2) p (u T b2) y f (

c+ab/(1+b2
/ b2) du

b
=FcV1+b+ a
(VP

This result proves (11).

) f(a/V1+02)
V142

Setting ¢ = oo in (20) it follows that

/ fla+bx)f

a/V1+b?)

1+ b2

f (a/\/l + 1)2)

11

V1+ b2

(20)



hence

/ fla+b.x)f(x)dx

/ fla+b.x) (a:)da:—/;f(a+b.a:)f(a:)da:

- (v ] LN

This result proves (9).

6 Appendix 2: The conditional moment gen-
erating function and its derivatives

In order to derive the conditional expectation E[Y|D =1,X, 7] and the
conditional variance Var [Y|D = 1, X, Z] we now compute the moment gen-
erating function of the conditional density h(y|X, Z, 3,7, p, 0):

m(é|X, Z, 3,7, p,0)
_ / exp(Ey)h(yIX. 2.8, 7, p, o)dy

/°° flly=pX)/o) , (p(y ~3X)/o+ 7/Z> "

exp(£y)

. oF (vZ2) V1i-p?
_ % /_ Z exp(éou) f (u) F (%) du
B exp(&ﬁ’X+§2 /2) / Flu—e (r%) o
_ exp(&ﬁ’X +§2 2/2) / flu (pu 715% v’Z) "

The fourth equality follows from

exp [— (€202 — 26ou + u?) /2]

V2r

exp(§ou) f (u)
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X exp (5202/2)
= exp (§%0°/2) f(u —&o)

Thus,
om(€| X, g,gﬁ, 7, p,0) (22)
(x4 et O 55’X+£2 ?/2) / f(u (p“pga;”,Z) du
el o 2/2 / ‘o (ﬂu adag ) o

= (ﬁX+§0 ) (SIX,Z,B,%/), o)

+po exp(EFX + &%%

The last equality follows from (20) with ¢ = oo, a = (p§o ++'Z)/\/1 — p?,

b=p/\/1— p?
/  (u ("“”&’*]Z)d — V1= 22f (po +~'7).

Moreover, it follows from (22) and the easy equality f'(u) = —uf(u) that

*m(&| X, Z, 8,7, p,0)
(0€)?
= 0‘27n(§|)(7 ZJﬁ)’y) Py 0—)
+(BX +§02)8m(g|X7 gf’%p’ 0)

+po(B'X + €0”) exp(§4'X + £0°/2)

(23)

f(p€o ++'7)
F(yZ)
f(po++'7)

—p’0” (po +7'Z) exp({F'X + o /2) =7 (v'2)

Hence

om(&|X, Z, 5,7, p,0)

E[Y|D=1,X,2] = 5
=0
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f(Y2)
F(yZ)

= X+ po

*m(¢|X, Z,8,7,p,0)
(9¢)? e=0

— 0?4 (ﬁ’X + po 1{:(8?)) X
f('2)

71 02)
Foz) " PR )
=0’ + (B X)" + 2p0 ﬁX]];((7 ?) p2a2('y/Z)f(’y Z)
202+(5’X+

2 2, o f(VZ) f
—PU(VZ)W Py )

E[Y’D=1X,Z] =

+po BN

and thus

Var[Y|D =1,X,Z]
=E[Y’D=1,X,Z] - (E[Y|D=1,X,Z])*

_ 2 2 o (V' Z) 22f(’7/Z)2
=0 —pU(’yZ)m—pUW

7 Appendix 3: The score vector

In order to derive the score vector 81%5,(0), I will derive the first-order partial

derivatives of

Inh(y|X, Z, 8,7, p,0) (24)
_ g L [ PY X))o +7Z
=Inf((y—04X)/o)+1 F( i )

—InF(yZ)—-Ino.

Using the easy equality f'(u) = —uf(u), it follows from (24) that
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8ln h(y‘X’ Z’ 57 Y P 0-)

op
Ny — X
—((y - BX)/o) W
(p(y B'X) /U+’y Z)
ply— B X)/o+~'Z
( y— ﬂX/chrfyZ) m
( yﬁX/cr+*yZ>
_1|y=pX p
o o <p(y ﬂX/U—f—fyZ) 1— 2
_L(y=BX _ (py=BX)otvZ\ » )y
7 ? m 1— p? ’
where .
g(u) = F(Z)‘ (25)

Moreover using the notation (25) it is easy to verify from (24) that

Olnh(y|X, Z, 3,7, p,0)

o'
_ [\/11_79 (p(y—\ﬁ/’%jwfz) oz

8111 h<y|X7 ZWB”VJ Ps U)
dp

_,(Pw=FX)o 42 8 (ply = X))o +72
AN




+Q(My—HXVJ+MZ>p@@—ﬂXVU+VZ

V1-p? (1—p2)/1—p?
—g (p(y—ﬁ’X)/a-py’Z) (y—0'X)/o+pyZ
V1-p? (1—p2)/1—p?

and

Olnh(y|X,Z,B8,7,p,0)

Oo
g ply—BX)o+~vZ\ 0 (ply—BX)/o++Z\ 1
V1—=p? 0o V1—=p? o
1 / 2 14 /
=— - 0X)/o)" —1— - 03X)/o
UF@ X0 1= L= (= X))
xg(my—ava+vZ>
Vi

Given these partial derivatives, the results (18) and (19) follow.
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