
Sample Moments Integrating Normal
Kernel (SMINK) density and

regression estimators

1 SMINK density estimation

Let X1; :::; Xn be a random sample from a k-variate absolutely continuous
distribution with density f (x); expectation ¹; and non-singular variance ma-
trix §: Let x(i) be the i-th component of x, and Xi;j the i-th component of
Xj: The SMINK density estimator of f(x) takes the form:
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with X = (1=n)
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For ° 2 (0; 1] we have

Z
xbf(xj°)dx =X;

Z
xx0 bf(xj°)dx = 1
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Let »n 2 (0; 1] be a sequence of non-random numbers such that limn!1 »n =
0; limn!1

p
n»kn = 1: In particular, let

»n =
¡p
n
¢¡®=k

; 0 < ® < 1: (2)

EasyReg International will ask you to specify ® (the default value is 0:5).
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Moreover, let °n be a sequence of (random) numbers such that °n 2 [»n; 1]
(a.s), (p) limn!1 °n = 0: Then bf(xj°n) is uniformly consistent:

p lim
n!1

¯̄
¯ bf (xj°n)¡ f (x)

¯̄
¯ = 0: (3)

Furthermore, if we choose

°n = arg min
°2[»n;1]

bQ(°);

where
bQ(°) =

Z
bf(xj°)2dx¡ 21
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bf(Xjj°);

then
R ³

bf (xj°n)¡ f (x)
´2
dx is (approximately) minimal, and (3) carries

over.

2 SMINK regression estimation

Now let (Y1; X1) ; :::; (Yn; Xn) be a random sample from a k + 1-variate ab-
solutely continuous distribution with density fy;x(y; x) and marginal density
fx(x); where Yj 2 R: As is well known, the conditional expectation function
g(x) = E[YjjXj = x] takes the form

g(x) =

R 1
¡1 yfy;x(y; x)dy

fx(x)
:

This suggests to estimate g(x) nonparametrically by

bg(xj°1; °2) =
R1
¡1 y

bfy;x(y; xj°1)dy
bfx(xj°2)

;

where bfy;x(y; xj°1) and bfx(xj°2) are SMINK density estimators. It can be
shown that bg(xj°1; °2) takes the form
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where b̄
0 and b̄

1 are the OLS estimators of the constant and the slope para-
meters, respectively, of the linear regression of Yj on Xj; bUj = Yj¡ b̄

0¡ b̄ 0
1Xj

is the OLS residual, Ij(x) =
Qk
i=1 I(x

(i) 6= Xi;j); and bfn;j(xj°) is de…ned in
(1). Note that bg(xj1; 1) = b̄

0 + b̄0
1x; hence the linear regression estimator is

a special case of a SMINK regression estimator.
Next, choose »n the same as in (2), and let

°2;n = arg min
°2[»n;1]

bQ2(°);

where
bQ2(°) =

Z
bfx(xj°)2dx ¡ 2 1

n

nX

j=1

bfx(Xjj°):

If we choose
°1;n = arg min

°2[»n;1]
bQ1(°);

where
bQ1(°) =

1

n

nX

j=1

(Yj ¡ bg(X1j°; °2;n))2 bfx(Xjj°2;n)2;

then bg(xj°1;n; °2;n) is uniformly consistent:

p lim
n!1

sup
fx(x)>"

jg(x)¡ bg(xj°1;n; °2;n)j = 0

for all " 2 (0; supx fx(x)):

Reference: Bierens, H.J. (1983), ”Sample Moments Integrating Normal
Kernel Estimators of Multivariate Density and Regression Functions”, Sankhya,
45, Series B, 160-192.
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