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1 The mixed proportional hazard model

This FasyReg module (SNPSURVIVAL) estimates a semi-nonparametric (SNP)
mixed proportional hazard model for a duration 7', conditional on a vector
of covariates, according to the approach in Bierens (2005).

Given a vector X € R* of covariates, and a non-negative independent
random variable V' representing unobserved heterogeneity, the conditional
hazard function is defined as

~ P[T€lt,t+6) | X,V,T >t

Then .
P[T > t|X,V] = exp <—/ Mr7|X, V)dT) .
0

In the case of a mixed proportional hazard model it is assumed that A(¢|X, V)

takes the form B
A(t|X) = Vexp (B'X) At]a),

where exp (/' X) is the systematic hazard and A(¢|«a) is the baseline hazard
function depending on a parameter (vector) a. Then conditional on X alone,

P[T > t|X] = /000 exp (—vexp (8'X) A(tla)) dG(v),



where G(v) is the unknown distribution function of the unobserved hetero-
geneity V', and

A(t|a):/0 AT|a)dr

is the integrated hazard. The conditional probability P[T" > t|X] is known
as the conditional survival function.
The conditional survival function involved can be written as

S (tla, B'X,h) = H (exp (—exp (3'X) A(t|a)))
where

H(u) = /Ooou”dG(v), u € [0, 1],

is a distribution function on [0, 1], with density function
h(u) = H'(u) = / oG (v), u € (0,1].
0

The integrated baseline hazard A(t|«) will be specified such that there is
no need to include a constant in X.

2 Interval censoring

It is assumed that the duration 7' is not observed directly, but only in the
form of M dummy variables corresponding to intervals:

Dl’ - I(T € (bifl,bi]), 1= 1, ...,M,

say, where I(.) is the indicator function, I(true) = 1, I(false) = 0, and
0 =by < by <..< by (called the bracket points). The intervals (b;_1, b;]
may be replaced by [b;_1, b;). However, these intervals should be disjoint. If
the duration 7' is right-censored as well, the bracket point b;; should be such
that, for all observations, 7" is not right-censored if ' € (0, byy].

It is recommended to indicate the bracket values in the name of D;, for
example, use names like "Dummy T in (2,4]” or ”I(T in (2,4])”. EasyReg
will then extract the lower and upper bounds of the bracket from the name.

Note that for i = 1,2, ..., M,

JP[l)Z = 1|X] = S(bifl‘Oé,/B/X, h) - S(bi|06,ﬁ/X, h)
= H (exp (= exp (6°X) A(bia]a))) = H (exp (= exp (6°X) A(bil@)))
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and

P

M
ZDi =0
=1

X] — S (bul@ X, h) = H (exp (— exp (3X) Albula)))

3 Hazard function options

3.1 Piecewise linear integrated baseline hazard

Because these probabilities depend on the values of A(b;|a)) in M bracket
points b; only, we may without loss of generality parametrize A(t|a) as a
piecewise linear function:

A(t‘Oé) = A(bi,1|06> + o (t — bifl) (1)
i—1
= Zak (bk — bk—l) + oy (t — bi—l) for t € (bi—la bl],
k=1

o > Ofori=1,...M, a=(a,...,ay) € R™.

There are other equivalent ways to specify A(b;|a), but the advantage of the
specification (1) is that the null hypothesis a; = ... = ay; corresponds to
the integrated Weibull hazard A(t|a) = ast. In that case exp (0'X) A(t|a) =
exp (In(aq) + F'X) t, so that In(a;) acts as a constant term in the systematic
hazard.

The specification (1) is adopted in FasyReg as the default option, and is
called the piecewise linear integrated baseline hazard.

Next to this specification, you have four other options for the baseline
hazard:

3.2 Weibull baseline hazard

AMt|a) = ayant® ™ (2)

ar >0, ay >0, a=(a,a).
t

A(tla) = / A(T|a)dT = a;t°2.
0

The reason for the scale factor «; here and below is that X does not con-
tain a constant, hence In(ay) plays the role of constant: exp(8'X)a;t®? =
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exp(In(ay)+ 0 X)t*2. Note that if iy > 1 then A(¢|) is monotonic increasing,
starting from A(O|a) = 0, and if ay < 1 then A(¢|a) is monotonic decreasing,
and A(0]a) = oc.

3.3 Generalized Weibull baseline hazard

A(tla) = aro (o5 +1)* 7, (3)
a1 >0, ay >0, az >0, a = (ag,a,a3)

t
Atl) = / A(rla)dr = oy (a5 + 1) — a3?).
0
The reason for the extra parameter as is to allow 0 < A\(0]a) < oo.

3.4 Unimodal baseline hazard

206115
Alt|a) = PYRTL
2

a1 >0, ay >0, a=(a,a) .

t 2 2
A(t]a) :/0 A(r|a)dr = a1.In <O‘2tt ) .

o5

ay = argmax A(t|a), (4)

This hazard function is increasing on (0, ay) and decreasing on (v, 00), with
A(0]a) = A(oo]ar) = 0.

3.5 Generalized unimodal baseline hazard

2(1/1 ((1/3 +t)
(OCQ + 063)2 + (063 + t)
a1 >0, a3 >0, ag >0, a=(a,a,a3).

At]o) :/0 )\(T|oz)d7':ozl.ln<(a2+a3) *las 1) )

(042 + 043)2 + Of%

Atler) = 3, G2 = argmax A(t|a), ()

Again, the reason for the extra parameter as is to allow A\(0|a) > 0.



4 SNP approximation of the density h(u)

The unknown density h(u) and its distribution function H(u) are parame-
trized as

L+ bnpn(u 2 ,
ho(uls) = E > 52( 5 (61,6.),
n=1"n

Hy(ul6) = /Ouhq(v|6)dv,

respectively, where the p,(u)’s are orthonormal Legendre polynomials of or-
der n on [0, 1]:

/0 pre() prm (u)du = { ? §§ :iz

For n > 2 the Legendre polynomials can be computed recursively by

CV2n—-1y2n+1 (n—1)v2n+1
= - (2u — 1)pp_1(u) — /2 3 Pr—2(1),

starting from po(u) = 1, py(u) = V3 (2u — 1).
In order for «, § and 6 to be identified we need to fix the location and
scale of H,(ul6), by imposing the following moment restrictions on h,(u|d):

Pn(u)

/Oln(ln(l/u))hq(u|6)du = /Oln(ln(l/u))du,
/0(1n(1n(1/u)))2hq(u|5)du _ /O(In(ln(l/u)))2du.

These moment restrictions are imposed in FasyReg by penalizing the log-
likelihood function with the following two penalty terms:

T8 = —N(1+86) (/0 1n(1n(1/u>)hq(u\5>du—/o ln(ln(l/u))du) ,

n26) = —N(1+86)* ( /0 (In (In (1/)))? hy(u|8)du — /0 (1n(1n(1/u)))2du>

where N is the sample size.
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5 Three-step ML estimation

FEasyReg estimates the parameter vectors «,  and ¢ in three steps. In first
instance the parameters «; are fixed to a; = 1, except that in the cases (4)
and (5) as = by, and ¢ is set equal to a zero vector

The (quasi-)maximum likelihood estimator Eo of ( in the first step will
be used as starting values in the second step, together with the initial values
of a;, keeping 6 = 0. This step yields (quasi-)maximum likelihood estimators
ay of a and Bl of (.

Again, these estimates are merely used as starting values in the final step,
where h(u) and H(u) are approximated by h,(u|é) and H,(u|6), respectively

If you check ”Batch mode” these three rounds are conducted automati-
cally, where in each round the iteration is automatically restarted until the
log-likelihood does not change anymore. This option is recommended for big
jobs.

If ¢ — oo with the sample size N then under some regularity conditions
the final ML estimators @, (3 are weakly consistent: plimy .., @ = « and
plimy_ B = . However, the asymptotic normality results for (3, @, 6) given
by EasyReg are only valid if for a fixed ¢ and a 8y € R?, hy(u|bp) = h(u).
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