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Chapter 1

Introduction

As is well known, every vector in a Euclidean space can be represented as
a linear combination of orthonormal vectors. Similarly, using Hilbert space
theory, we can represent certain classes of Borel measurable functions' by
countable infinite linear combinations of orthonormal functions, which allows
us to approximate these functions arbitrarily close by finite linear combina-
tions of these orthonormal functions. This is the basis for semi-nonparametric
(SNP) modeling, where only a part of the model involved is parametrized,
and the non-specified part is an unknown function which is approximated
by a series expansion. See for example Chen (2007) for a recent survey, and
Bickel et al (1998). There is also a substantial literature on estimation of
semi-nonparametric models using nonparametric kernel density and/or re-
gression estimators (see for example Horowitz 1998), but these approaches
are beyond our scope.

Gallant (1981) was the first econometrician to proposed Fourier series
expansions as a way to model unknown functions. Gallant’s approach is
actually nonparametric in that no FEuclidean parameters are involved. See
also Eastwood and Gallant (1991) and the references therein. However, the
use of Fourier series expansions to model unknown functions has been pro-
posed earlier in the statistics literature. See for example Kronmal and Tarter
(1968).

Gallant and Nychka (1987) consider SNP estimation of Heckman’s (1979)
sample selection model, where the bivariate error distribution of the latent

ISee for example Bierens (2004, Ch. 2) for the definition of Borel measurability of
functions.
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variable equations is modeled semi-nonparametrically using an Hermite ex-
pansion of the error density.

Another example of a semi-nonparametric model is the mixed propor-
tional hazard (MPH) model proposed by Lancaster (1979). In this model the
hazard function is the product of three factors, the baseline hazard which
depends only on the duration, the systematic hazard which is a function
of the observable covariates, and an unobserved non-negative random vari-
able representing neglected heterogeneity. Elbers and Ridder (1982) have
shown that under some mild conditions and normalizations the MPH model
is nonparametrically identified. Heckman and Singer (1984) propose to es-
timate the distribution function of the unobserved heterogeneity variable by
a discrete distribution. Bierens (2008) and Bierens and Carvalho (2007) use
orthonormal Legendre polynomials to model semi-nonparametrically the un-
observed heterogeneity distribution of interval-censored mixed proportional
hazard models and bivariate mixed proportional hazard models, respectively.

In chapter 2 I will explain what a Hilbert space is, and provide examples
of non-Euclidean Hilbert spaces, in particular Hilbert spaces of Borel measur-
able functions and random variables. In chapter 3 I will discuss projections
on sub-Hilbert spaces and their properties. One of the results involved is the
famous Wold (1938) decomposition theorem, which will be derived first in
general terms and then for covariance stationary time series. Also, the funda-
mental role of the Wold decomposition in time series analysis and empirical
macro-econometrics will be pointed out.

The main focus of this book, however, is on Hilbert spaces of square
integrable Borel measurable real functions and the various orthonormal se-
quences that span these Hilbert spaces, as the basis for semi-nonparametric
modeling and inference. Therefore, following Hamming (1973), in chapter
4 T will review the various ways one can construct orthonormal polynomials
that span a given Hilbert space of functions. In chapter 5 I will show that
any square integrable Borel measurable real function on the unit interval
can be written as a linear combination of the cosine series {cos (kmu)} .,
u € [0,1]. This result is related to classical Fourier analysis, which will also
be reviewed. The significance of this result is that it yields closed form se-
ries representations of arbitrary density and distribution functions, as will be
shown in chapter 6, whereas in the approach of Gallant and Nychka (1987),
which is based on Hermite polynomials, and the approach of Bierens (2008)
and Bierens and Carvalho (2007), which is based on Legendre polynomials,
the computation of their density and distribution functions has to be done



iteratively. In chapter 7 I will show how to construct compact metric spaces
of density and distribution functions based on the cosine series expansion.
The applications to semi-nonparametric models, based on Bierens. (2011),
will be added to this manuscript in due course.
Throughout this manuscript the set of positive integers will be denoted
by N, and the set of non-negative integers by Ny. Moreover, the well-known
indicator function will be denoted by I(.), and i = /—1.
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Chapter 2

Introduction to Hilbert spaces

In this chapter I will review the concepts of vector spaces, inner products
and Cauchy sequences, and provide examples of Hilbert spaces.

2.1 Vector spaces

The notion of a vector space should be known from linear algebra:

Definition 2.1. Let V be a set endowed with two operations, the operation
“addition”, denoted by 7+, which maps each pair (x,y) in VXV into V, and
the operation ”scalar multiplication”, denoted by a dot (.), which maps each
pair (c,z) in R x V [or C x V] into V. Thus, a scalar is a real or complex
number. The set V is called a real [complex] vector space if the addition and
multiplication operations involved satisfy the following rules, for all x, y and
z in V, and all scalars ¢, c; and ¢y in R [C]:

(a) z+y=y+u;

Jz+(y+2)=(@+y)+2

) There is a unique zero vector 0 in V such that x + 0 = x;

) For each x there exists a unique vector —z in V such that z + (—z) = 0;'
) L. = x;

) (c162).® = ¢1.(co.);

) ez +y)=ca+cy;

)

(b
(c
(d
(e
(f
(g
(h) (1 + c2).x = 1.2 + co.x.

1 Also denoted by z — x = 0.
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It is trivial to verify that the Euclidean space R" is a real vector space.
However, the notion of a vector space is much more general. For example,
let V be the space of all continuous functions on R", with pointwise addition
and scalar multiplication defined the same way as for real numbers. Then it
is easy to verify that this space is a real vector space.

Another (but weird) example of a vector space is the space V of positive
real numbers endowed with the ”addition” operation x + y = z.y and the
”scalar multiplication” c.x = x¢. In this case the null vector 0 is the number
1, and —z = 1/z.

Definition 2.2. A subspace Vy of a vector space V is a non-empty subset of
V which satisfies the following two requirements:

(a) For any pair x, y in Vo, x +y is in Vo;

(b) For any = in Vy and any scalar ¢, c.x is in V.

Thus, a subspace V, of a vector space is closed under linear combinations:
any linear combination of elements in V), is an element of V.

It is not hard to verify that a subspace of a vector space is a vector space
itself, because the rules (a) through (h) in Definition 2.1 are inherited from
the "host” vector space V. In particular, any subspace contains the null
vector 0, as follows from part (b) of Definition 2.2 with ¢ = 0.

2.2 Inner product and norm

As is well-known, in a Euclidean space R™ the inner product of a pair of
vectors x and y is defined as x’y, which is a mapping R" x R"— R with the
following properties:
(a) 2'y = y'z,
(b) (cx)'y = c(a'y) for arbitrary c € R,
(€) (z+y)z=2a"2+y'z
(d) 'z > 0 if and only if x # 0.
Moreover, the norm of a vector z € R™ is defined as ||z|| = v/z'z. Of course,
in R the inner product is the ordinary product x.y.

Mimicking these four properties, we can define more general inner prod-
ucts with associated norms as follows.
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Definition 2.3. An inner product on a real vector space V is a real function
y): V x V — R such that for all z,y, z in V and all ¢ in R,

(z,

(1) (z,y) = (y,z)

(2) (cx,y) = c(z,y)

(8) (& +y,2) = (2, 2) + (y, 2)

(4) (z,z) > 0 if and only if x # 0.

An inner product on a complex vector space is defined similarly. The inner
product is then complex-valued, (x,y): V x V — C. Condition (1) then
becomes

(17%) (z,y) = (y, z),?

and (2) now holds for all complex and real numbers c. Note that also in this
case {x, ) is real valued.®> A wvector space endowed with an inner product
is called an inner product space. Finally, the norm of x in V is defined as
|zl = V/(z,z)

For example, in the vector space C’ [0,1] of continuous real functions on
[0, 1], the 1ntegral (f,9) fo u) du is an inner product, with norm

IfIl = +/ fo )? du. Moreover, in the vector space of zero-mean random
variables with ﬁmte second moments the covariance (X,Y) = E[X.Y] is an
inner product, with norm || X|| = \/E[X?].

As is well-known from linear algebra, for vectors z,y € R", |z'y| <
l|z||-|ly||, which is known as the Cauchy-Schwarz inequality. This inequality
carries over to general inner products:

Theorem 2.1. (Cauchy-Schwarz inequality) |(z,y)| < ||z|].||y]]-

Given the norm ||z|| = y/(z, z), the following properties hold:

l|z|| > 0if x#0; (2.1)
leal| = felf|=[l; (2.2
|z +yll < llzll+lyll- (2.3)

The latter is known as the triangular inequality.

2The bar denotes the complex conjugate: for z = a +i.b, Z = a — 3.b.
3Because (z,z) = (z,x) implies that (z,z) € R.
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The properties (2.1) and (2.2) follow trivially from Definition 2.3. In the
case of a real vector space the triangular inequality (2.3) follows from

lz+ylP = (e+y,z+y) = (z,2)+2(x,y9) + (y,y)

= |l=II* + 2 (@, y) + lylI* < [2ll* + 2|z, p)| + llyll*
2
111 + 2ll[[- 1yl + [ly!1* = (=] + (1))

IN

where the last inequality is due to Theorem 2.1.
In a Euclidean space, a pair x,y of vectors is orthogonal if 2’y = 0, and
orthonormal if also ||z|| = ||y|| = 1. Similarly,

Definition 2.4. Elements x and y in a inner product space with associated
norm are orthogonal if (x,y) = 0, which is also denoted by x L y, and are
orthonormal if in addition ||z|| = ||y|| = 1.

A norm can also be defined directly:

Definition 2.5. A norm on a vector space V is a mapping ||.||: V — [0, 00)
such that for all x and y in V and all scalars c the properties (2.1), (2.2) and
(2.3) hold. A wvector space endowed with a norm is called a normed space.

2.3 Metric spaces

A norm ||.|| defines a metric d(z,y) = ||z — y|| on V, ie., a function that
measures the distance between two elements x and y of V, for which (trivially)
the following four properties hold. For all x, y and z in V,

d(z,y) = d(y,x) (2.4)
d(z,y) > 0if x#y; (2.5)
d(z,z) = O0; (2.6)
d(z,z) < d(z,y)+d(y, z). (2.7)

Again, the property (2.7) is known as the triangular inequality.
A metric can also be defined directly:

Definition 2.6. A metric on a space M is a mapping d(.,.): M x M —
[0,00) satisfying the properties (2.4) through (2.7) for all x, y and z in M.
A space endowed with a metric is called a metric space.
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In this definition the space M is not necessarily a vector space: Any space
endowed with a metric is a metric space. For example, let M be the space
of density functions on [0, 1], endowed with the metric

W= [ (VI - Vo)

This space is not a vector space, and it is not possible to define an inner
product on it.

2.4 Convergence of Cauchy sequences

A vector space V endowed with an inner product (x,y) and associated norm
||z|| = +/(z,y) and metric ||z — y|| is called a pre-Hilbert space. The reason
for the 7pre” is that a fundamental property is still missing, namely that
every Cauchy sequence has a limit in V.

Definition 2.7. A sequence of elements x, of a metric space with metric
d(.,.) is called a Cauchy sequence if for every € > 0 there exists an ng(€)
such that for all k,m > ng (¢), d(zg, Tm) < €.

For example, in the Euclidean space RP with finite dimension p every
Cauchy sequence converges to a limit in RP, and the same applies to the space
CP of p-dimensional vectors with complex-valued components, endowed with
the inner product

(z,y) = Ty= Re(z)—iIm(z)) (Re(y) + i Im(y)) (2.8)
= (Re (z) Re(y) + Im (x)’ Im(y))
+i. (Re(z)' Tm(y) — Im(z)' Re(y))

and associated norm and metric. It is an easy exercise to check that (2.8)
satisfies the conditions in Definition 2.3. Thus,

Theorem 2.2. Fvery Cauchy sequence in RP or CP has a limit in that space.

To demonstrate the role of the Cauchy convergence property, consider
the space C0, 1] of continuous real functions on [0, 1], i.e., each f € C[0,1] is
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continuous on (0, 1), and f(0) = lim, o f(u) a,nd f(1 ) = limun f(u) are finite.
Endow this space with the inner product (f, g fo u)du and associ-

ated norm ||f|| = /{(f, f) and metric ||f — g|| Now con81der the following
sequence of functions in C|0, 1]:

0 for 0<u<0.5
fo(u) = 2"(u—0.5) for 0.5 <u<05+2"
1 for 0.5+2"<u<l,
n o= 1,2,3,...

It is an easy calculus exercise to verify that || fr,— fim||> = fol (fr (0) = fim (w))®
du < 3 (27%4+27™) , hence f, is a Cauchy sequence in C[0,1]. Moreover, if
follows from the bounded convergence theorem that lim, ., ||f. — f|| = 0,
where f (u) = I (u > 0.5). However, this limit f (u) is discontinuous in u =
0.5, and thus f ¢ C0,1]. Therefore, the space C0,1] is not closed under

convergence.

2.5 Hilbert spaces and sub-Hilbert spaces

2.5.1 Hilbert spaces versus Banach spaces

It is usually quite easy to define an inner product on a vector space, and
the same vector space can often be endowed with different inner products.
For example, for the space of square integrable Borel measurable functions
on [0,1] we can deﬁne an inner product by (f,¢) fo u)du but also

by (f,q) fo uf(u)g(u)du, for example. However, to rnake such a space
a Hilbert space the inner product must be chosen such that every Cauchy
sequence converges to a limit in that space. The requirement that every
Cauchy sequence in a Hilbert space has a limit in that space makes a Hilbert
space closed under convergence, which generates all kinds of useful properties,
similar to Euclidean spaces.

Definition 2.8. A Hilbert space 'H is a vector space endowed with an inner
product and associated norm and metric such that every Cauchy sequence in
H has a limit in H. The way the inner product (x,y) is defined, together
with the associated norm and metric, will be called the topology of H.
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Note that the limit of a Cauchy sequence in a Hilbert space is unique. To
see this, suppose that a Cauchy sequence z,, € H has two limits: lim,, . ||z,—

z|| = 0 and lim, . ||z, — z«|| = 0. Then ||z, — z|| = ||z — 2p + 2, — 2| <
||zn — || + ||z — z«|| — 0 as n — oo. Conversely, any convergent sequence in
a Hilbert space is a Cauchy sequence, because lim,, . ||z, — z|| = 0 implies
that ||z, — 2wl = [[(zx — 2) + (2 — zm)[| < [lzx — 2|l + [[2m — 2]] — 0 as
min(k, m) — oo.

In Definition 2.5 the norm ||.|| was defined directly, without reference

to an inner product, giving rise to the definition of a normed space N, for
example. If we endow N with the metric ||z — y|| and require that every
Cauchy sequence in NV has a limit in A/ then the space N/ becomes a Banach
space. The difference between a Hilbert space and a Banach space is the
source of the norm: In an Hilbert space the norm is defined on the basis of
an inner product whereas in the case of a Banach space the norm is defined
directly. Consequently, in a Banach space the notion of inner product is
nonexisting, and so is the notion of orthogonality.

2.5.2 Linear manifolds and sub-Hilbert spaces

Because a Hilbert space is a vector space, we can define a subspace of a
Hilbert space in the same way as for vector spaces (see Definition 2.2), and
endow it with the same inner product, norm and metric as Hilbert space
involved. Such a subspace is called a linear manifold:

Definition 2.9. A linear manifold M of a Hilbert space H is a subspace of
H endowed with the topology of H.

However, a linear manifold M is not necessarily a Hilbert space itself. In
general there is no guarantee that every Cauchy sequence in M takes a limit
in M. If so the linear manifold M needs to be extended by augmenting it
with the limits of all Cauchy sequence in M. The resulting extended linear
manifold coincides with the closure M of M. Recall that M is a subset
of the metric space H, and that a point of closure of M is an element T
such that for each € > 0 there exists a z € M and a y € H\M such that
||T — z|| < € and ||T — y|| < e. The set of all points of closure of M is called
the border of M, denoted by M, and the closure of M, denoted by M, is
the union of M and its border: M = M UIM.
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Theorem 2.3. The closure M of a linear manifold M is a Hilbert space.

In other words, M is a sub-Hilbert space.

2.5.3 Hilbert spaces spanned by a sequence

Let H be a Hilbert space and let {z;}72, be a sequence of elements of H.
Let M., be the linear manifold spanned by z1, ..., x,,, i.e., M,, consists of
all linear combinations of x1, ..., z,,. Then it follows similar to the proof of
Theorem 2.3 that

Lemma 2.1. M,, is a Hilbert space.

Definition 2.10. The space My, = U2 M,, is called the space spanned by
{:Ej}?‘;l, and is also denoted by span({xj}‘]?‘;l),

It follows similar to the proof of Theorem 2.3 that
Lemma 2.2. M, is a Hilbert space.

Remark. In the sequel a sub-Hilbert space will be referred to as a ”sub-
space”.

Definition 2.11. A sequence {x\}32, in a Hilbert space H is called complete
if H= Span({xj}]o'il)'

2.6 Examples of non-Euclidean Hilbert spaces

2.6.1 A Hilbert space of random variables

Consider the space R of random variables defined on a common probability
space {Q, F, P} with finite second moments, endowed with the inner product

(X,Y) = E[X.Y] and associated norm || X| = /(X, X) = \/F[X?] and
metric || X — Y||. Then

Theorem 2.4. The space R is a Hilbert space.
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2.6.2 Hilbert spaces of functions

Let w(z) be a probability density on R and let L? (w) be the space of Borel
measurable real functions f on R satisfying

/ f(z x)dr < 00

where the integral is the Lebesgue integral, endowed with the inner product

(f,q) = / " f@)g(@)w(e)da

and associated norm ||f|| = /(f \/ [ f(@)?w(z)dz and metric

If = gll. Then for f,g € L*(w), (f, 9 = [f(X)g(X)], where X is a
random drawing from the distribution with density w(x), hence it follows
from Theorem 2.4 that L? (w) is a Hilbert space.

2.7 Appendix: Proofs

2.7.1 Theorem 2.1

Let the vector space involved be complex. It follows from the properties
(1)-(4) in Definition 2.3 that for any complex valued A,

0 < (z+Ay,z+\y)

= (z,7) + (\y, ) + (7, Ay) + Ay, Ay)
= 2| + Ay, 2) + My, 2) + A (y, )
= 2| + Mz, y) + Ay, ) + AAy, y)
= ]]? + XMz, y) + A (y,2) + XX (y, v)
= 2| + Mz, y) + X (2, 9) + A A (y,9)
= a]]® + Mz, y) + A (2, 9) + AN |y]]?

Next, note that

Mz, y) + A (z,y) = (Re(A)+1iIm (X)) (Re((z,y)) —i.Im ({z,y)))
(A) —i.Im (X)) (Re ((z,y)) +i.Im ((z,y)))
= 2(Re(M)Re((z,y)) +Im (A) Im ((z,y)))
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and

AX = (Re(\) +i.Im(A) (Re(A) —i.Im ()
(Re (A))” + (Im (A))*

Hence

0 < [l2[]* +2(Re (N Re ((z,9)) + Im (X) Im ((z, ))) (2.9)
+ ((Re (A)* + (Im (1)) Iyl

The latter is minimal for

() = —Rel@y) oy o mlzy)
R == ==

Substituting these solutions in (2.9) yields

((Re ((z,y)))* + (Im ((z,9)))*) = [|z]|* — [z, )"

0 < ||=[]* —
[yl

1
[lyl[?

and thus [(z,y)| < ||z[|.[|y]].

2.7.2 Theorem 2.2

Let z,, be a Cauchy sequence in R, and denote T = limsup,,_,., =,. Let us
first show that T < oo, as follows. By the definition of ”limsup” there exists
a subsequence ny such that T = limy_,. z,,. Note that this z,, is also a
Cauchy sequence, hence for arbitrary € > 0 there exists an index ky such
that |x,, —xn,,| < € for all k,m > k. Keeping m > ko fixed and letting
k — oo it follows that | — z,,,| < €, hence T < co. By a similar argument
it follows that x = liminf, ..z, > —oo. Thus, we can find an index kg
and subsequences n; j and ns,, such that for all k,m > ky, |T — xnl’m‘ < e,
|§—xn2’m‘ < ¢ and ‘xm,m — :Um,m| < ¢, hence |T — z| < 3e. Since ¢ was
arbitrary, it follows now that T = x = x, which implies that lim, .., =, =
x € R. By applying this argument to the real and imaginary parts of a
complex valued Cauchy sequence z,, it follows that lim, .. x, = = € C.
Moreover, applying this argument to each component of a (complex) vector
valued Cauchy sequence the results for the cases RP and CP follow.
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2.7.3 Theorem 2.3

Let z,, be a Cauchy sequence in M C H. Then z,, has a limit T € H, i.e.,
lim,, .o ||7, — Z|| = 0. Suppose that T ¢ M. Since M is closed there exists
an € > 0 such that the set N(Z,e) = {x € H : ||z — T|| < €} is completely
outside M: N (Z,e) N M = (). But lim,,_.o ||z, — Z|| = 0 implies that there
exists an n(e) such that x,, € N(T,¢) for all n > n(e), hence z,, ¢ M for all
n > n(e), which contradicts x,, € M for all n.

2.7.4 Lemma 2.1

Without loss of generality we may assume that the m x m matrix X,, with
elements (x;, ;) is nonsingular, as otherwise we can re-arrange the x;’s such
that M,,, = M, with r = rank(X,,). Let y,., = Z;’;l ¢jn; be a Cauchy
sequence in M,,,. Then

m 2

|2 Z(CJ'JH - Cj,ﬂz)xj

J=1

m m
= > (Cim = Cima) (Chm = Cima) (i, 75) — 0

Hym,m — Ynam

as min(n, ng) — oo. This is only possible if for j = 1,2, ..., m, liMmin(n; ng)—o0
|Cjny — Cjmy| = 0. Thus, the ¢;,’s are Cauchy sequences in R, and therefore

converge to limits c;. Denoting y,, = ZT:l ¢;xj, which is an element of M,,,,

it follows now easily that lim, ..o ||Ynm — Ym|| = 0. Thus, every Cauchy
sequence in M,, converges to a limit in M,,.

2.7.5 Theorem 2.4

Let X,, be a Cauchy sequence in R. Then
|1 X0 — Xl [P = E [(Xn - Xm)ﬂ — 0
as min(n, m) — oo, so that by Chebyshev’s inequality,

plim |X, — X,,| =0.

min(n,m)—oo
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As is well-known, convergence in probability is equivalent to almost sure
(a.s.) convergence along a further subsequence of an arbitrary subsequence?,
hence there exists a subsequence ny such that for min(k, m) — oo,

In its turn this result is equivalent to the statement that there exists a set
N € F with P(N) = 0, called a null set, such that for all w € Q\N,

lim | X, (W) — X, (W) =0

min(k,m)—o0

Now X, (w) is a Cauchy sequence in R and thus converges to a limit X (w) in
R, which is measurable F,° so that X is a random variable defined on
{Q, F, P}. Hence, for fixed m and k — oo

(X, — Xn)? 5 (X — X)) (2.10)
Finally, it follows from (2.10), Fatou’s lemma® and the Cauchy property that

1X = Xpl? = E[(X - X)) =E [nm (X — Xm)2]

k—o0

< lim inf B [(X,, — Xn)'] =0

for m — oo.

4See for example Bierens (2004, Theorem 6.B.3, p. 168).

>The latter follows from the well-known property that the limsup and liminf of a se-
quence of random variables are random variables themselves. See for example Bierens
(2004, Theorem 2.13, p. 47).

6Fatou’s lemma states: For a sequence X, of non-negative random wvariables,
Elliminf, o X,] < liminf, . E[X,]. See for example Bierens (2004, Lemma 7.A.1,
p. 201).



Chapter 3

Projections

3.1 The projection theorem

As is well-known from linear algebra and econometrics, the projection of a
vector y € R™ on the subspace spanned by vectors x4, ...,z in R™ is a linear
combination y = 2521 Bjx; such that ||y — y|| is minimal. This is a linear
regression problem: Minimize

ly—7l> =vy'y — 2y’ XB+ B X'Xp

to B = (Bi,..., 3) , where X = (21, ..., x}) . If k < n and the vectors 1, ..., 7
are linear independent then the solution is 8 = (X'X)™' X'y, hence § =
Xp=XX'X)"X"y.

If 24, ...,z are not linear independent then rank(X) = m < k. In that
case we can rearrange ri,..., Ty such that the matrix X; = (z1,...,z,,) has
rank m and Xo = (Zp41, ..., 2x) = X1C for some (kK —m) x (kK —m) matrix
C. Partition § accordingly as 3 = (b},b,)". Then

ly — I = 'y — 2/ X1 (b — Cha) + (b1 — Cby)' X1 X7 (b1 — Cby)
which is minimal for (b; — Cby) = (X}X;)™" X}y, hence
g//\: lel + ngg = X1 (bl — Cbg) = Xl (X1X1>_1 X{y,

which is unique. The latter follows from Theorem 3.1 below.
The notion of a projection for Hilbert spaces is similar:

21
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Definition 3.1. The projection y of an element y of a Hilbert space H on a
subspace S is an element y € S such that ||y — y|| = inf,es ||y — 2||.

However, we still have to show that y € S is possible and unique. This
follows from the fundamental projection theorem:

Theorem 3.1. (Projection theorem) If S is a subspace of a Hilbert space
H and y an element of H then there exists a unique element y € S such that
lly — yl| = inf,es ||y — z||. Moreover the residual w =y — Y is orthogonal to
any z € St (u,z) = 0.

3.2 Projections in terms of angles

As is well known, the angle p(z, y) between two vectors z and y in a Euclidean
space is defined by the cosine formula

||| |” + y]]* = ||z — yl|? z'y
cos(p(z,y)) = = ,
2||z|].]|yl| [|[|.|]yl|

due to the Law of Cosines.! Clearly, this formula carries over to elements x
and y of a Hilbert space H, simply by replacing the Euclidean inner product
2’y and norm ||z|| = vz'z by (z,y) and ||z|| = \/(z, x), respectively. Thus,
the angle ¢(x,y) between two elements = and y of a Hilbert space is defined
by the cosine formula

()
os(e (@ 9) = LTl (3.1)

Let S, y and ¥ be as before, and let x be any element of S. Then it follows
from the cosine formula (3.1) and the orthogonality condition (z,y —y) =
0 that

Gy @@ Al
os( @) = 1l = Telllgll ~ Tyl

cos(p(z,9))

!Consider a triangle ABC, let ¢ be the angle between the legs C' — A and C — B,
and denote the lengths of the legs opposite to the points A, B and C by «, 3, and -,
respectively. Then v2 = a2 + 3% — 2a cos(¢p).
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which is maximal if cos(¢(x,y)) = 1. The latter is true if z = c.y for some
constant ¢ > 0. Consequently,

cos(ip(y, 7)) = max cos(io(z, ) = % (3.2)

z€eS

<

3.3 Projections on subspaces spanned by a
sequence

Let ‘H be a Hilbert space and let {z4}32; be a sequence of elements of H.
Let M,, be the linear manifold spanned by z, ..., z,: M,, = span({zx}7_;).
As we have seen from Lemma 2.1, M,, is a Hilbert space.

Consider the projection 7, of an element y € H on M,,. Then 7, takes the
form y,, = > 1_, Onk Tk, where the 6, ;’s are the solutions of the minimization
problem

2

min

n
y— E Orxy
61,02,...,0
1,02 n =1

_ : 2
=, nin (Hy\l -2 ;Hk (@ y) + D Ol (i, xm>>

k=1 m=1

Similar to linear regression, the first-order conditions involved are the normal

equations
n

Z <xkaxm> en,m = <$k,y> ) k= L,2,..,n,

m=1
which can be written in matrix-vector form as X, ;,0,, = X, 4y, for example.
To solve this system uniquely as 6,, = E;;mZn’my we need to impose a similar

condition as linear independence in Euclidean spaces, namely regularity:

Definition 3.2. Let {z4}32, be a sequence of elements of a Hilbert space H.
Denote the projection of xy on span({xj}?’:kﬂ) by Ty, and let uy, = xp — Tg.
The sequence {xk}32, is said to be reqular if ||lug|| > 0 for all k > 1.

FEzercise: Given a regular sequence {xy}?°,, prove that for n = 1,2,3,.....
the n x n matrices ¥, ;, with elements (z;, z;) are nonsingular.
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Lemma 3.1. For z € span({zx}2,) let Z, be the projection of z on
span({zx}y_y). Then lim, . ||z — 2,|| = 0.

More generally we have:

Theorem 3.2. For z € H, let Z be the projection of z on span({z}2,) and
let z,, be the projection of z on span({zx}y_;). Then lim, . ||z — Z,|| = 0.

Although each projection z, is a linear combination of 1, ..., z,, in gen-
eral the result of Theorem 3.2 does not imply that there exists a sequence
{0,132, such that =}, 0;z;. As an example of such a case, consider the
Hilbert space R of zero-mean random variables with finite second moments,
endowed with the inner product (X,Y) = E[X.Y] and associated norm and
metric. Let

X =Vi— Vi,
where V; is distributed i.i.d. N(0,1). This is clearly a zero-mean covariance
stationary process, with covariance function v(0) = 2, (1) = —1, y(m) =

0 for m > 2. Hence X; € R for all ¢.
For given t, let ML = span({X; ., }3_,), M!ZL =span(X;_ 1, ..., Xy n) -
The projection X;,, of X; on M}_} takes the form

Xt,n — Zen’th_]‘
j=1
where the coefficients 0,, ; are the solutions of the normal equations
y(m) =3 A(lk = m)ns, m=1,...,n.
k=1

hence for n > 3,

—1 = 20,1 —0p2

O - _8n71 + 207’172 - 071,3
0 = —0Op2+20,35—0,4
0 = _en,nf2 + 26n,n71 - gn,n

0 = _en,n71+29n,n
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The solutions of these normal equations are

] .
0, = -1, 5=1,....n,
L | J "
hence .
> J
Xip = E —1) X, 3.3
t, p= <TL+1 ) t—j ( )

Next, let )/(\'t be the projection of X; on M"_L and suppose that there
exists a sequence {0;}%2; such that X; = » %, 0;X; ;. Note that the latter
is merely a short-hand notation for

n n 2
j=1

j=1

If so, it follows from Theorem 3.2 and (3.3) that

[ n n . 2
0 = lm B (Z X~y <nil - 1) Xt_j> (3.5)
j=1

2

lim

n—oo

j=1
[ n . 2
(S ()
L J:1
But
Zn:( ; 1 1_6')Xt—ﬂ:zn:( ; 1 1—9j> (Viej = Viej1)
- n+ = n +
n G, 1
= - (n+ 1 +91> Vier — ; (9j+1 —0;— n——i—l) Viej1
+ ! + 6, |V,
n+ 1 n t—n—1
hence

n ) 2 2
J B n
" <j—1 (”+1 : 9]> XH) - <”+1 +91)

n—1 1 2 1 2
+Z(0j+1— j—n—H) +<n+1+0”) (3.6)

j=1
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This equality implies that for arbitrary integers m > 1,

n . 2
lim inf E (Z( il —1 —ej) Xt_j)
n—o0 n

j=1

2 2
> lim inf ( i +01> + lim inf <9m+1—0m—L>

n—oo \n + 1 n—00 n+1
= (01 +1)* + (Or1 — Om)”

Therefore, a necessary condition for (3.5) is that 6,, = —1 form =1,2,3, .....
But then it follows from (3.6) that

2
n . 1 2
N B <Z<nil—1—9j>Xt—j> :Jiﬂo(wrl_l) =1

Jj=1

which contradicts (3.5). Thus, in this case there does not exist a sequence
{0;}32, such that (3.4) holds.

The problem that for the projection z on span({xj};-”;l) there does not
always exist a sequence {0;}%2, such that z = Zj’;l 0;z; only occurs if the
sequence {7;}52, is not orthogonal:

Theorem 3.3. If a sequence {x;}32, in a Hilbert space 'H is orthonormal,
i.€.,
(zi, ;) = 1(i = J), (3.7)

[o.9]

then the projection Z of z € H on span({z;}32,) takes the formz = =2 | 0;x;
(in the sense that lim, o |[2—Y77_, 0;4]]), where 0; = (2, x;) with 3372, 07 <
00.

3.4 The Wold decomposition

Let &1, ..., S, be subspaces of a Hilbert space H. Then similar to Definition
2.10,

Definition 3.3. Span(Sy,...,S,) is the closure of the space of all linear
combinations ) ;_, c¢;z;, where x; € S;.
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We also need the definition of orthogonal complement:
Definition 3.4. The orthogonal complement of a subspace S of a Hilbert
space 'H, denoted by S*, is the subset of H such that for each x € S and
y €St (z,y) =0.

Lemma 3.2. Orthogonal complements are subspaces.

We can now formulate the following general version of the Wold decom-
position:

Theorem 3.4. Given a reqular sequence {xi}3>, in a Hilbert space, every
z € 8 = span({zx}32,) can be written as x = > oo, ayer + w, in the sense

that lim, .o ||z —w — > ;_, akex]| = 0, where {ex}32, is an orthonormal
sequence in S, ay = (T, ex), > pey Of < 00, and
w € Sy NUL, (3.8)

with Soo = N span({x;, 12, ) and UL the orthogonal complement of Uy, =
span({ex}32,). Note that (3.8) implies that w is orthogonal to all the ey’s:
(e, w) =0 for k=1,2,3,....

In the case of the Hilbert space R of zero-mean random variables with
finite second moments, with inner product (X,Y) = E[X.Y] and associated
norm and metric, the results of Theorem 3.4 translate as follows:

Theorem 3.5. (Wold decomposition theorem) Let X, be a reqular univariate
zero-mean covariance stationary time series process. Then X, can be written
as

o)
X, = E a;Ui_j + Wy a.s., (3.9)
Jj=0
where Uy s a zero-mean uncorrelated process with variance 1,

o = E[XUpj), Y o) <o, (3.10)
7=0
and Wy is a zero-mean covariance stationary process satisfying

Wi el NS o, (3.11)
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where S_o = Npspan({ X, _x}2,) and U is the orthogonal complement of
Uy = span({Ui—i }2,) - The result (3.11) implies that

Wi € span ({W_}oo_y), (3.12)
which in its turn implies that W, is perfectly predictable from the past values
Wi 1, Wi o, Wy_3, ... Moreover, (3.11) implies that

for all leads and lags m.

The condition var(U;) = 1 is not essential as long as X; is regular. With-
out loss of generality we may then replace U; with ﬁt =olU;, 0 > 0, and oy
with ay /o, where o can be pinned down by normalizing ay = 1.

The Wold decomposition carries over to k-variate covariance stationary
processes X, as follows. Consider the Hilbert space Ry, of zero mean random
vectors in R* with finite second moment matrices, endowed with the inner
product (X,Y) = F[X'Y] and associated norm and metric. Let X; be the
projection of X; on span({X; ;}32,), with residual vector V; = X; — X,, and
let ¥ = E[V,V/]. In this case we need to extend the notion of regularity
by requiring that ¥ is positive definite rather than only ||V;||* = E [V/V;] >
0, so that we can define U; = $7/2V,. Then the projection X, of X; on
span({U;—;}7_) takes the form X; = > 77 | A;U;;, where A; = E [(X.U;_,] -
It follows now straightforwardly from the proofs of Theorems 3.4 and 3.5
that

Xt = ZAjUtfj + VVt a.s.,
j=1
where the process U; is uncorrelated with zero expectation vector and vari-
ance matrix Iy, and W, € U N S_., with Ui~ and S_, defined in Theorem
3.5.

It should be stressed that the deterministic process W; is not necessarily
nonrandom. For example let W; = a. cos(At) + b.sin(At), where a and b are
independent random drawings from the standard normal distribution and A\ €
(—m/2,m/2) is a constant. Then E[W;] = 0 and E [W;W;_,,] = cos (Am),
hence W, is a zero-mean covariance stationary process. If we observe W;_1,
W;_o and W;_3 then we can solve a, b and X, hence W, is then determined
for all t.
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The question now arises under which conditions the deterministic process
W, is identical to zero. Since W; € Npspan({X,;}52,), it follows that W is
measurable with respect to the remote o-algebra of the process X;:

Definition 3.5. Let F; = o({X;_;}32,) be the o-algebra generated by
{Xi-j}320- The o-algebra F_o = NJF; is called the remote o-algebra of the
process X;.

If the process X; is independent then it follows from Kolmogorov’s zero-
one law? that the sets in F_,, have either probability one or zero, so that the
information in F_., is non-informative. In other words, the memory of the
remote past of X; has vanished. However, this result carries over to certain
dependent processes, for example a-mixing processes.® This gives rise to the
notion of vanishing memory:

Definition 3.6. A time series process is said to have a vanishing memory

if the sets in its remote o-algebra F_, have either probability one or zero,
i.e., A € F_o tmplies P[A] =1 or P[A] =0.

In that case E[W;|F_o] = E[W;] a.s. However, since W; is measurable
F_ o, we also have E[W;|F_] = W, a.s. Thus, W, = E[W;] = 0 a.s., where
the second equality follows from the condition that F[X;] = 0. Consequently,

Theorem 3.6. If the zero-mean covariance stationary process X; has a
vanishing memory then the deterministic term Wy in its Wold decomposition
18 zero with probability 1.

The Wold decomposition theorem in the form of Theorem 3.6 is the basis
for time series analysis. In particular, for a univariate covariance stationary
process X; with a vanishing memory and expectation E[X;] = u the Wold
decomposition can be written as

Xt:/L+Oé(L)Ut

where L is the lag operator and « (L) =14 Y 77, o L*. The function o (L)
can be approximated arbitrarily close by a ratio of two lag polynomials,

2See for example Bierens (2004, Theorem 7.5, p.185).
3See for example Bierens (2004, Theorem 7.6, p.186).
1See for example Bierens (2004, Exercise 3 in Section 7.6).
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Vo (L) = 1+ >0 6kLF and ¢, (L) = 1 — > 7_, v L*, of orders q and p,
respectively, where at least ¢, (L) is invertible with inverse ¢,*(L).” In
particular, for arbitrary € > 0 there exist lag polynomials v, (L) and ¢, (L)
such that

E|((a(L) = ¢, (L), (D) U)*] <.

This gives rise to the well-known ARMA (p, ¢) models, for which it is assumed
that o (L) is exactly of the form a (L) = ¢, * (L) 1q (L), so that @, (L) X; =
Y + g (L) Uy with 9 = ¢p (1) p. Thus,

P q
X =7+ Z%Xt—k +U; + Z OmUt—m.

k=1 m=1

Moreover, if also v, (L) is invertible then X; has the representation
U, (L) ¢p (L) Xy = Bo + Uy,

where By = p.¢p (1) /¢q (1). The lag function t," (L) @, (L) can be writ-
ten as 1, (L) pp (L) = 1 — > 77, BxL¥, so that then X, has the AR(co)

representation

Xt = o + Zﬁkthk + Us.
k=1
This representation plays a key role in forecasting.

An important econometric application of the multivariate version of the
Wold decomposition is Sims’ (1980) innovation response analysis. Sims’
(1980) landmark paper has changed the way empirical macroeconomics is
conducted nowadays. His idea is the following. Let X; € R* be a covariance
stationary process of economic variables generated by a stationary VAR(p)
process:

p
Xe=bo+ Y BiXen+U
k=1

Assume that the error vectors Uy are i.i.d. N [0, X], where 3 is nonsingular.
Stationarity of this process is equivalent to the requirement that the matrix-
valued lag polynomial B(L) = I, — >¥_, BiL" is invertible.® The latter

’Le., ¢, (2) = 0 for some z € C implies |2| > 1.
6Which in its turn is equivalent to the condition that the roots of the polynomial
det(B(z)) are all outside the complex unit circle: det(B(z)) = 0 implies |z| > 1.
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condition also guarantees that X; has a vanishing memory. It follows then
from the Wold decomposition that X; can be decomposed as

Xp=p+ i AU,

m=0

where p = E[X;] and Ay = I;. The parameters X, u, and A,, can be
estimated by estimating the VAR(p) for X; by ordinary least squares, and
then inverting the VAR(p) lag polynomial.

The variance matrix Y of the U,’s can be written as ¥ = A.A’, where A is
a k x k lower-triangular matrix, so that U; can be written as U, = Ae;, where
now e; ~ Ny [0, I]. Sims proposes to interpret the components of e; as the
unpredictable parts of policy interventions in the corresponding components
of X;. To trace the effect of these policy innovations on the future path
of X;, project Xy, for m > 0 on component e;; of e;. These projections
take the form A,,0;e;, where §; is column 7 of A, and may be interpreted as
the response of X;,,, to the innovation e;;. Since the scale of e;; does not
matter, the responses of X;.,, for m = 0,1,2,.... to a unit shock in e;, are
now A.,0; = E [ Xiymleir = 1] — E [ X4+, which are usually presented in the
form of graphs.

For more on the Wold decomposition and its time series applications, see
for example Anderson (1994).

3.5 Projections on a random subspace

Because a Hilbert space H is a metric space, we can define open sets in H in
the usual way. Therefore, similar to the Euclidean Borel field, we can define
the Borel field By, of subsets of H as the smallest o-algebra containing the
collection of all open sets in H, and call its elements Borel sets. Moreover,
given a probability space {2, F, P}, where F is a o-algebra of subsets of
the sample space €2 and P is a probability measure on F, a random element
X € H can now be defined as a mapping X (.) : © — H such that for all
Borel sets B € By, {w € Q : X(w) € B} € F. In particular, if X,, is a
sequence of random elements of H defined on a common probability space,
the notion of convergence in probability of X,, to a non-random element z
of H, denoted by plim,, .|| X,, — z||, can be defined in the same way as for
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sequences of random vectors in a Euclidean space, i.e., for an arbitrary € > 0,

Pri|X,—z||<e] @ PlweQ: X(w) e{zeH: ||z—z| <e}})

— 1 as n — oo,

because {z € H : ||z — z|| < e} is an open set and therefore a Borel set.

Now the question I will address is the following. Let Yy and X n, ..., X, v
be random elements of H depending on a sample of size N, where n = ny is a
subsequence of N. Let Y, x be the projection of Yy on span(Xi v, ..., Xnn),
and let U,y = Yy — )//\'N be the residual. Under what conditions do ?n N
and U, y converge in probability? The answer to this question is crucial for
proving asymptotic normality of semi-nonparametric sieve estimators.

The answer is given in the following theorem.

Theorem 3.7. Let Yy and X, n,Xon,...., Xnn be random elements of a
Hilbert space H on the basis on a sample of size N, where n is a subsequence
of N. Let i}n,N be the projection of Yy on span({ X, n}ih_y), with residual
Uyon=YnN— i}n, ~- Suppose that the following conditions hold.

(a) There exists a non-random element y of H such that

plim ||Yy —y|| = 0. (3.14)

N—oo

(b) There exist a sequence {Tn,}5_, of non-random elements of H and a
sequence {pm }2°_, of positive numbers such that

phim >~ p|| Xy — Tl| = 0 (3.15)

N—oo m—1

and
liminf || >~ ppam|| > 0. (3.16)
m=1
Then plimN_)OOH?mN — Y|l =0 and pimy_.o0||Unn — u|| = 0, where y is the

projection of y on span({z,,}5°_,) and u =1y — ¥y is the residual involved.
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3.6 Appendix: Proofs

3.6.1 Theorem 3.1

Recall that ”subspace” means a sub-Hilbert space. Thus, S is a Hilbert
space.
Pick a sequence z, € S such that

ly = zall < lly =Gl + 07" (3.17)

This is always possible because otherwise ||y — z|| > ||y — ¥|| + n~! for all
z € 8 so that inf.cs ||y — z|| > |ly — 7| + n~'. Then

Tim ly — 2l = lly — 91 = & (3.18)

say. The first step is to show that z, is a Cauchy sequence. Observe that

||Zn _ZmH2 = ||(Zn _y) - (zm _y)H2

= |lza —yI> =2 (20 — ¥, 2m — ¥) + ||2m — ||
and

4.110.5(zn + 2m) —YI? = ||(zn —y) + (2 — v)|?
= 20—yl +2(z0 — ¥ 2m — ¥) + [|2m — yl[?

Adding these two equation up yields
120 = zmll* = 2[20 = ylI* + 2|20 — y|I* = 4]10.5(20 + 2) —ylI*  (3.19)

Because 0.5(z, + z,) € S, it follows that ||0.5(2, + 2,,) — y||> > 62, whereas
by (3.17) and (3.18), ||zn — 9|2 < (6 +n1) and ||zm — y]]> < (6 +m1)*.

Therefore, it follows from (3.19) that

oo snll < 260 2 ) a8

= 46/n+2n 2 +48/m +2m 2.

Thus, z, is a Cauchy sequence in S and therefore takes a limit 7 in S.
The next step is to show that for all z € S, (y — ¥, 2) = 0, as follows.
Note that for any real scalar ¢, y + c.z € S and therefore

ly =9I <|ly =7 —czll> = ly = 9II> = 2¢. {y — 7, z) + 3|2
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The right-hand side is minimal for ¢ = (y — 7, ) /||z||?, hence

0 < — ((y ﬁ ?/|J\|,2Z>)2

and thus (y — ¥, z) = 0.

Note that this argument only applies if the Hilbert space H is real. If H
is complex this orthogonality proof can be adapted similar to the proof of
Theorem 2.1.

Finally, we need to show that 7 is unique. Suppose that there exists an-
other projection y € S. Then also (y —¥y,z) = 0, and thus (y — ¥y, 2) —
(y—5,2) = (G—9.2) = 0. But 2 — y—j € S so that [[j — §If* —
(y— v,y —7y) = 0. Consequently, ¥ is unique.

3.6.2 Lemma 3.1

Let M,, = span({zx}7_;) and My = span({zx}32,) = U M,,. If z €
U, M, then there exists an ng such that z € M,,, hence for n > ny,
Z, = 2z and thus lim, . ||z — Z,|| = 0. Now let z € M\ (U2, M,,). Since
My = U2 M, is closed and M, C M, ,, for each n there exists an
Z, € M,, such that lim, .. ||z — 2,||* = 0, hence for n — oo, ||z — Z,||* <
|z = zal]? — 0.

3.6.3 Theorem 3.2

Adopting the notation in the proof of Lemma 3.1, we may without loss
of generality assume that z € M \(U2;M,,), as otherwise the result of
Theorem 3.2 holds trivially. Since M, is closed this assumption implies
that for each n we can select a z, € M,, such that

lim ||z — z,|| = 0. (3.20)

n—oo

Let ||z — z]| = 6 and ||z — Z,|| = én, and note that 6, > é. Since
b = llz=Zall <llz = zall* = llz = 2+ 2 — 2

2 =22+ |2 = 2al P+ 2 (2 — 5,5 — 2)

&+ 12— 2zl
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it follows from (3.20) that
lim &, = 6. (3.21)

n—oo

Recall that z = Z + u, where (u,z) = 0 for all z € M. Hence

1Z=Z2l7 = llz=Zu—ull =Ilz = ZI]* + [Jull* = 2(z — %, u)
= lz = Zall* + llul]* — 2 (z,u) = 67 - 6° (3.22)

~

where the last equality follows from (z,u) — (u,u) = (z,u) = 0 and (u,u) =
||u|[* = 62. The theorem now follows from (3.21) and (3.22).

3.6.4 Theorem 3.3

Due to the orthonormality condition (3.7), the projection z, of z on M,, =
span({z;}7_,) takes the form

Z, = Zejmj, where 0; = (z,z;) . (3.23)

J=1

Moreover, denoting u,, = z — Zz,, it follows from (3.7) and (3.23) that
n 2 n n n

=Y Ol = 2P =20 (zm) + > D 0,6 (x5, )
j=1 j=1

j=1 i=1
= Jlz]P=)_ 6 >0 (3.24)
j=1

[unl[* =

hence Y77 | 07 < |[|z||* for all n and thus Y >, 67 < oo. Finally, it follows

2.0
from Theorem 3.2 that !
2

n
zZ — E Hjxj

lim = lim |[Z—Z,|]*=0
n—oo n—oo
J=1
so that we can write z =3 %, 0;7;.

3.6.5 Lemma 3.2

Let x be an arbitrary element of a subspace S of an Hilbert space H and
let , be a Cauchy sequence in S*. Then there exists an y € H such that
lim, oo ||y — ynl|| = 0. Since (z,y,) = 0 we have (z,y) = (z,y —yn). It
follows now from the Cauchy-Schwarz inequality that | (z,y) | = | (z,y — yn) |
< ||z|]-lly = yn|| — 0. Hence y € S*.
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3.6.6 Theorem 3.4

Denote S,, = span({zx}%2,,). Project each zj on Sii1, so that x, = Ty +
uy with projection T € Siy1 and residual uy. Recall that by the regularity
condition, ||ug|| > 0, hence ex = ug/||uk|| is well defined. It is not hard to
verify that the residuals u; are orthogonal, so that the e;’s are orthonormal.
Next, denote

U, = span (eq,...,e,) = span (ug, ..., Uy),
and let U be the orthogonal complement of U,,. Note that
Ury CU. (3.25)

To see this, let z € Uy ;. Then for all © € U1, (z,2) = 0, and because
obviously U,, C Uy 1, it follows that also (z,z) = 0 for all z € U,,. Hence,
z € Ur.

As before, let M,, = span({zy}}_,).

The theorem under review will be proved in six steps:

Step 1. First I will show that

M,, C span (U, Uy NSs) . (3.26)

Proof. Let z € M, be arbitrary. Recall that z takes the form z =
> i CkZy. Substituting zy = Ty, + u, = Ty, + ||ug||ex we can write z as

n n n
z = ch (EC\k +Uk) = chuk —+ Zc;ﬁk
k=1 k=1 k=1
n n
= > allurller + ) e
k=1 k=1

Note that N
Z Ty € S (3.27)
k=1

because Ty € Spy1 C So.

Next, project > , cxZx on U,. This projection takes the form p, =
> i, diey with residual w,, 1 € Sp. The latter follows from (3.27). But since
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Wp41 is a residual of a projection on U, we also have (ex, w,1) = 0 for
k=1,...,n, hence w,; € U . Thus,

Wn+1 € Z/{TJL_ N 82.
Denoting oy, = cg||uk|| + di, we can now write

n
z= E aper + Wpy1, where wy, 1 € Z/I,f N Ss.
k=1

Therefore, (3.26) holds.

Step 2. I will now show that
span (Z/{n,L{nL N 82) = span (Z/{n,L{nL N Snﬂ) ) (3.28)

Proof. Denote
Skm = Span({%};n:k)

for m > k and let 2 € U+ N So.m for some m > 2. Consider first the case
m > n. Since z € Sy, there exists constants ¢ such that

m n m
z = E CLT = E ce (Tp + ug) + E CLTh
=2 k=2

k=n+1
n n m
= ZCkHukHek_’_ch/m\k"'_ Z CrT.
k=2 k=2 k=n+1

Moreover, since z € U it follows that (z,e;) = 0 for k = 1,...,n. In
particular,

0 = (z,e2) = ¢ lluall + Y cx (@ayea) + Y cx (wh,e2)
k=2 k=n+1

= col|usll

because Y ,_, ckTr € S5, > 11 ChTr € Spy1, and ey is orthogonal to S3
and S,,1. Hence ¢, = 0 and thus

n n m
Z:ZCk HukHek%—ch’x\k—k Z CLTk-
k=3 k=3

k=n+1
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It follows now similarly that ¢, = 0 for £ = 3, ...., n, hence
z= Z kT € Sptim-
k=n+1
Because z € U+ as well, it follows now that
z € Z/{é' N SnJr]_’m,

which implies
Z/[é' N 827m C Z/[,i_ N Sn-i—l,m

because z € Z/{nL N Sy, was arbitrary. However, S,,11,m C Sz, and therefore
Z/[,nL N Sn+1,m C Z/{,,ZL N S2,ma

so that
UHL NSom = Z/InL N Spt1,m for m > n.

This result implies that
Uy N (U0 1Som) = Uy N (U4 1Snt1m) (3.29)

In the case m <n, z € Ll,nL N Sz, implies that z = 0, as can be straight-
forwardly verified from the above argument, so that U N S,,, = {0} for
m = 2,3,...,n. Since Hilbert spaces are vector spaces and therefore always
contain the null element it follows that

U Uy NS = {0} U (U, Uy N Sam)
U1y N Sam,
hence
U N (U2 0Ssm) = Uy N (US4 182m) - (3.30)
Since by Definition 2.10,

82 = Uﬁ:QSZ,ma ’SnJrl = Ugi:nJrl’SnJrl,m
it follows now from (3.30) that

Ur NSy = Ur NUZ_,Som
= Z/{,i‘ N U(r)nozn+18n+l,m = U,i‘ N Snt
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which implies that (3.28) holds.

Step 3. Denote R,, = span (UH,L{# N Snﬂ) . Then

S, = U2 R,,. (3.31)

Proof. Combining (3.26) and (3.28) yields M,, C R, hence

where the equality follows from Definition 2.10. However, we also have R,, C
S1, as is not hard to verify, hence

U=, R, C S (3.33)
Thus, the result (3.31) follows from (3.32) and (3.33).

Step 4. For an x € Sy, let Z,, be the projection of x on R,,. Then
n
/.’E\n = Z Q€; + Wn 1 (334)
j=1
where a; = (z,¢e;) and w1 is the projection of z on U N S,,;1. Moreover,
[e.e]
> af < oo (3.35)
j=1

Furthermore,

= 0. (3.36)

n
r — E Q€5 — Wn41

=1

lim
n—oo

Proof. By the definition of R,, and by Definition 3.3, z, = > 7, 0e; + w
for some constants 6; and a w € Z/{nL N Sp+1. To determine the 6,’s and w,
note that

n 2 n n
r=> Gieg—wl| = |lz—wl> =2 0;{ej,x) +2> (e w)
j=1 j=1 j=1
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2
+

n
E 0;€;
=1

= lz—w| =2 0, (ejx) + ) 03
j=1 j=1

because w € U+ N S, 1 C U implies (e;,w) = 0 and
n n J

n 2 n n n n
Yobiesl| =D D 06ileje) =) 03 eje) =Y 6

j=1 i=1

Thus

2

n
~ 112 .
T —7 = inf x—g O.e; —w
H n|| 01 5eeesOn  WEUL NSy 11 o 7%

n n
— inf z—w|P =2 0 (e x) + > 03
61,..., Qnﬂ})IGlufl‘nSvrkl (H || j=1 ]< J7 > 7j=1 ’

n
= inf |]x—w|\2—2a§
=1

’LUGZ/{,,J; NSp+1

= |z —wpa|? =D (3.37)
j=1

where a; = (z,¢e;) and w, 1 is the projection of z on Uy N S,41.
This result implies that for all n,

Y af < |z = wo| P < [l (3.38)

j=1

so that (3.35) holds.

Finally, to prove (3.36), let Z be the projection of  on U®,R,. Then
it follows from Theorem 3.2 that lim, . ||Z, — Z|| = 0. But (3.31) implies
T € 81, hence © = 7, so that lim,, . ||Z, — z|| = 0.

Step 5. Let z, =7, a;je;. Then

lim ||z — 2,|| =0, where z € U. (3.39)
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Proof. This follows from the fact that z, is a Cauchy sequence in U,, =
span({ex}32 ;) because

2
max(m,n)

|20 = zmll* = > e

j=min(m,n)+1

max(m,n) 00
_ 2 2
= 2 9 > 9
j=min(m,n)+1 j=min(m,n)+1

— 0

as min(m, n) — oo, where the latter is due to ) ™°, aZ < oc.

Step 6. There exists a w € UL N Sy such that

lim ||wp41 —w|| = 0. (3.40)

Proof. Recall from Step 4 that
Wp4+1 € Z/{nL N Sn+1-

Moreover, it follows from (3.25) and the definition of S, ;1 that for an arbi-
trary k > 1,
Z/{nL NSpi1 C Z/{kL N Sgyq forn >k

hence
Wyl € U,CL N Sgyq for n > k.

Furthermore for n > k, w, . is a Cauchy sequence in L{kL N Sk+1 because

||wn+1 _wm+1|| = ||§7\n — Zp — Ty +Zm||
< o = Tl | + |20 — 2l
< T — 2| + |2 — 2]] + |20 — 2ml]

— 0

as min(m, n) — oo. Thus, there exists a w € Ui-N Sk, such that (3.40) holds.
Since k was arbitrary we have w € N2, U = UL and w € N2, Sk11 = Seo,
hence

w € UL N Sw.
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This completes the proof of Step 6.

The theorem now follows from (3.35), (3.39), (3.40) and the fact that
w € UL N S, C UL, which implies that (w,e;) = 0 for k € N.

3.6.7 Theorem 3.5

Recall that U, = (7,5/ FE [ﬁf} , where ﬁt =X, —)?t with )?t the projection of

X; on span({X;_;}32,). The uncorrelatedness of the Uy’s follows from The-

orem 3.4, but we still need to show that E[U;] = 0 and E[U2] = o2 for all
t.

Proof of E[U;] =0
Let Xy, be the projection of X; on span({X; ;}7_,). Then X;, takes the
form

n
Xt,n = E ﬂj,nXt—ja
Jj=1

where the ;,’s do not depend on t. The latter follows from the fact that
the (3;,’s are the solutions of the normal equations

> Bim(i—4) =~(i), i=1,2,..,m,
j=1

where (i) = E[X;X;_;] is the covariance function of X;. Hence FE [)A(tn] =
0.
It follows from Theorem 3.2 that

hm ‘)?t,n — Xt

n—oo

" lm B l()?t,n — )?tﬂ —0 (3.41)

n—oo

so that by Liapounov’s inequality and E [)A(tn] =0,

lim )Ep?t]

n—oo

= hm ‘E[)/(\Vt — )?t,n]

n—oo

~ ~\ 2
\/lim E [(Xm —Xt> ] ~0.

S lim F H)/(\Vt — )?t,n

n—oo

)

IN
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Thus E[X;] = 0 and therefore E[U,] = E[X, — X;] = 0.

Proof of E[U3) = o?
Let Ui, = Xi — X4y It follows from (3.41) that

lim B {((Z - fft,nﬂ = lim E {()?m - X’tﬂ —0 (342

Moreover,
2 n 2
.ﬂw4zux—&n:E(@—zmme
j=1

= 7(0) -2 Zﬁj,w(j) Y BBy (i — §)

j=1 i=1
2

:O‘n

say, which does not depend on t. Furthermore, note that o2 is non-increasing
in n, so that

lim o2 = o
exists, and that
~ ~ \2 - 12 - ~ 1|2
E l(Ut — Ut,n) ] = || Xin — Xil| = HXt,n - Xi+U;
~ 2 ~ ~ ~
= || X¢n — X +2<Xt,n_XtaUt>+||Ut||2

2 ~ ~
= [|Un _2<Xt7Ut>+||Ut||2

~ 2 -~ ~ ~ o
= ||Uin _2<Xt+UtaUt>+HUt||2

= ﬁt,n T 2 <[7t7(7t> + ||[71t||2

o -ToATE
- E [ﬁfn] .y [(73}.
Thus,
B[07] = ot~ (0= 0) ] -
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Proof of (3.10), (3.11) and (3.13)
The result of Theorem 3.4 can now be translated as
=0, (3.43)

lim
n—oo

Xt — Zoszt,j — Wt
7=0

where U, is a zero-mean uncorrelated covariance stationary process with unit
variance, and oy, = (X, Uy_y) = E [XUs_g] with > 72 a2 < oo.

We still need to prove that the a;’s do not depend on ¢, as follows. Recall
from the proof of E[U?] = o that Uy,, = X; — > i1 BjnXij, so that

E [kaﬁt,n} =7 (k) — zn: Biny(k + 7)),

j=1

which does not depend on t. Moreover, by the Cauchy-Schwarz inequality
and (3.42),

lim ‘E [XHk (fjm - f]})] )2 <~ (0) lim E {(ﬁt,n - ﬁtﬂ ~0.

n—oo n—oo

Thus FE [Xt+k(7t] =lim, .o F [XH;JZ’"] . Since the latter does not depend

on t, neither does oy, = E [ X4 U] = E [Xt+kl7t/]]l7t||] )
The results (3.11) and (3.13) follow straightforwardly from Theorem 3.4.

Proof of (3.9)
The result (3.43) implies, by Chebyshev’s inequality, that

X, = plim > a;U,_; + W (3.44)

n—oo

J=0

Recall that convergence in probability for n — oo is equivalent to a.s.
convergence along a further subsequence k,, of an arbitrary subsequence of
n. See for example Bierens (2004, Theorem 6.B.3, p. 168). Thus for such a
subsequence k,,,

Em
j=0
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as m — 00, and the same holds for any further subsequence of k,,.
Without loss of generality we may choose kg = 0. Then for each n > 0 we
can find an m,, such that

b, <0< k... (3.46)

Moreover, (3.45) implies that

Fern,

ZajUt—j X, — W, as n — . (3.47)

=0

Due to (3.46),

n=1 j=km, ,+1 =0

so that by Chebyshev’s inequality, for arbitrary € > 0,
kmn n

ZPI" [ Z(l/jUt_j — Z(l/jUt_j
n=0 j=0 j=0

This result implies, by the Borel-Cantelli lemma,” that

>6] < Q.

kmn n
ZajUt,j — ZajUt,j Y2 0asn — oo. (3.48)
=0 =0

Combining (3.47) and (3.48) it follow now that

ZajUt,j X, — W, as n — . (3.49)

j=0

Since D% a;U;j is defined as lim, .o > 7o a;Us—j, (3.9) is equivalent to
(3.49).

"See for example Bierens (2004, Theorem 6.B.2, p. 168).
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The zero-mean covariance stationarity of W,
It follows now trivially from (3.9) that E [W;] = 0. Moreover, it is left as an
exercise to show that for m > 0,

EW W] =~(m) - Z O pm . (3.50)

Proof of (3.12)
Finally, W; € Npspan({X,_;}52,) implies that W; € span({X;_;}32,), hence
the projection of W; on span({X;_;}32,) is W; itself. Since by (3.9),

span({X;;}72,) = span (span({U;-; }521)s span({Wt,j}j-';l))

and the projection of W; on span({U;_;}32,) is zero, it follows that the pro-
jection of W; on span({W;_;}52,) is W, itself, which proves (3.12). ®

3.6.8 Theorem 3.7

Note that |[Yyn =¥l = |[(u = Unn) = (Y =9l < [[Un.nv —ul[+[[Yn —yll;
hence R
[Yon =Yl < [|Un,nv — ul| + 0p(1),

where the 0,(1) term follows from condition (a). Therefore it suffices to prove
||Un,n — u|| = 0,(1), as follows.

Let EN/n,N be the projection of y on span({ X, x }7,_) , with residual ﬁmN =
y — Y, n, and let 3, be the projection of y on span({z,}7"_,), with residual
U, =Y — Yn. Then by the triangular inequality,

HUn,N—unH < HUn,N—Un,N’|+Hun_ n,NH-
It will be shown that
||Un,N - fjn,N” = Op(l) (3-51)

and B N
[[Un — Yon|l = [lun — Unn|| = 0,(1). (3.52)

Since lim,, . ||Un — y]| = 0 and thus lim,,_, ||u, — u|| = 0, the result of the
theorem under review then follows from (3.51) and (3.52).
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Proof of (3.51)
Denote the angle between two elements x and y of H by ¢(z,y). Recall that

sin? (Vv o)) = (10l 2/11¥ |
sin? (0(y, Va)) = 10|/l
cos (9(Yw, Yan)) = [1¥ull/I[¥a]
cos (p(y, Vo)) = [Vl Iyl
Using these formulas we can write
1y = Tul P = 10l 4 11T =2 (Ui T
= [vulPsin? (9(Ya, Vo)) + Iyl #sin? (0(y, Vo))
2 (Un, Uny )
= 1Y+ llyl?
1Yl cos? (@(Yi, Vo)) = Iyl cos® (o(v, Vo))
~2(Un, Uny)

= [[¥x = yll? = Yl cos® (9(Ya, Vo) )
Iyl cos? (v Vi) ) + 2 (Vars) = 2 (Unov, Un)
and

<Un,N, fjnN> = (Unn, fjn,N + ?nN> = (Un,N,Y)
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where the inequality follows from cos ((p(y, ?n N)) < cos ((p(y, }7” N)) . Thus

1Unn = Unnl? < [[¥y =yl

~ - 2
— (II¥xlleos (0¥, Vu) ) = Iyl cos ey Vo) ) )
< Yy —yll* = 0,(1)
where the 0,(1) term is due to condition (3.14). This proves (3.51).

Proof of (3.52)

Let r1 = z; and for m > 2, let r,, be the residual of the projection of z,,
on span(xy, ..., Tym_1). Denote €, = ||rm|| " rm if ||rm|] > 0 and e, = 0 if
||7m|| = 0. Similarly, let Ry y = X;n and for m = 2,...,n, let R, v be
the residual of the projection of X, v on span(Xi y, ..., X;n—1n5). Denote
é\mJ\/ = ||Rm,N||_1Rm,N if ||Rm,N|| > 0, and /e\m,N =0 if ||Rm,N|| = 0. Then
we can write

Un = Zamem, where o, = (y,en,) and Z a2 < oo (3.53)

m=1 m=1
Yon = Y OmnEny, Where Gy = (Y, Emn) . (3.54)
m=1
It follows from the trivial equalities ||, — §~/n,]\/||2 = ||}~/nN||2 + |[7nl)* —

2 (Gns Yo ) and (G, Vo ) = (Gnsy = T ) = [1G0ll> = (G, T ) that
10 = Fousl? = [Tos = 13l + 2 (s Do)

Moreover, using the Cauchy-Schwarz inequality and the fact that Hﬁn Nl <
l|y]l, it follows that

(55, =

<i OmCm, ﬁn,N> ‘ -
m=1

<Z am(em - é\m,N)a ﬁn,N>
m=1

n
S ||Un,N| Zam(em_é\m,N)
m=1

n
S ||y|| Zam(em_é\m,N)
m=1
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k

Z am(em - /e\m,N)

m=1

Given an arbitrary ¢ > 0 we can choose & so large that 2[|y||,/> ", . a2 <

e, and for this k, Han:l (€ — /e\m,N)H = 0,(1), as is easy to verify from

condition (3.15). Consequently,

(G O ) = 04(1)

and thus B
2 = (Yol = [[Zal* + 0p(1). (3.55)

The next step is to show that

||/y\n - ?n,N

[Yon|| < Tnll 4 0p(1), (3.56)
as follows. Note that
n 2
Iunll =i, = o

2

= inf inf
(61 ~~~~~ §n)/€X%:1[*pm,pm] A

_ : f 2 <y7 anzl ngm,N> 2
= in Iyl — .
(€15-56n) €XT, 1 [=Pmspm] ||Zm:1 €m1<m7N||

(s EnXon))”

Y=AY enXmy
m=1

= lyl]* - sup =
(&1,56n) €XT 1 [—Ppmspm] HZm:l é‘m)fm,NH2
hence ( Z" >
e Y, m=1 ngm,N
[Yon|| = sup = (3.57)
(517“-,571)/6)(::7‘:1 [—pm,pm} HZm:l mem)NH
and similarly,
1511 = sup (9 2 e S (3.58)

€)X —pmpm] 1Dt EmTm|
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Note that by condition (3.16) at least one x,, is non-zero, so that (3.57) and
(3.58) are well-defined for sufficiently large n.

Since the ratios in (3.57) and (3.58) are scale-invariant, we may without
loss of generality impose the normalization

n
> Entm Z PmTm
m=1

for example. Note that (3.59) is compatible with (&1, ..., &) € X2 _1[=Pms Pm)-
Thus, denoting

1
M, =3 : (3.59)

By = {(513"'7571), € Xn pmapm .

the expressions (3.57) and (3.58) are equivalent to

v <y Zn 1§m mN>
[Yon|| = sup m= (3.60)
(€tnyeZn (2 mmy EmXmn
e (.30 )
- Y, 1 mTm
|[Ynl| = sup = (3.61)
(€15ess )/ E€En | Zm—1 gmxm”
respectively.

Finally, observe from (3.59), (3.60) and (3.61) that

X 05 oK) IS nXon]
ignll = <§1,..f“pe_n{ S el < D ]
_ (U 2t Em( Xy — Tm)) }
IS B
- (10 gt [ e
(&1yees ) EER ||Zm 1€m mNH M,
W1 En (XN — 7)) }
M,

> (1o Dl =2l Ty i
M, utresn [omer En X

_||y||2?n:1 pm”Xm,N — me
M,
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" m Xm - 4m <
(1 . Zm:lp || N L ||) ||Yn7N

_ 2221 Pl XN — Tim|
| = [yl
M,

M,

‘Xm,N - me

> Yol =2yl == :

(3.62)

where the last inequality follows from ||Y, v|| < ||y||. Since by condition
(3.16), liminf,, oM, > 0, it follows from (3.15) and (3.62) that (3.56) holds.
The latter together with (3.55) imply (3.52).
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Chapter 4

Orthogonal polynomials

4.1 Introduction

Let w(x) be a non-negative Borel measurable real-valued function on R sat-
isfying

/ 2* w(z)de € (0,00) for k € No

o0

where the integral involved is the Lebesgue integral. Without loss of general-
ity we may assume that w is a density function with finite absolute moments
of any order. Let

k
pr(x|w) = Zak,jxj, arr =1, k€N (4.1)
=0

be a sequence of polynomials in x € R such that
/ (x| w)pp, (zlw)w(x)dx = 0 if k # m. (4.2)

In words, the polynomials py(x|w) are orthogonal with respect to the weight
function w(x).
Defining

pi(zjw) (4.3)
Vs peylw)w(y)dy

53

Pr(w|w) =
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yields a sequence of orthonormal polynomials w.r.t. w(x):

*_ _ 0 if k+#m,
[T (4.4

This sequence is uniquely determined by w(x), except for signs. In other
words, [Py (z|w)| is unique. To show this, suppose that there exists another
sequence Py (z|w) of orthonormal polynomials w.r.t. w(z). Since Dj(x|w) is a
polynomial of order k, we can write Dj(z|w) = an:o B kP (x|w). Similarly,
we can write By (zw) = S _ Q1P (2|w). Then for j < k,

/“za’,;(xrw)z—ojmw)w(x)dx = 3 o / " PP (ahw)w(z)ds

—00 m 0 —00
= 0
and
o0 k o0
/ Pl Elww@)ds = 3 / P ()P () () d
o m=0 -
— B / B, (xlw)w(z)dz = By,

hence B; , = 0 for j < k and thus

D(x|w) = B Dy (zw).

Moreover, by normality,

o

1= / P (alw)Pw(z)dz = B2, / Pe(aw)w(z)dz = B2,

so that pj(z|w) = £p,(z|w). Consequently, |p,(x|w)| is unique.

The reason for considering orthonormal polynomials is the following.

Theorem 4.1. Let w(zx) be a density function with support (a,b), —oo <
a < b < oo, satisfying the moment conditions

/Oo 2] w(z)de < o0 (4.5)

—00
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for k € Ng. Denote by L* (w) be the Hilbert space of Borel measurable real
functions f on (a,b) satisfying fabf(m)2w(x)dx < o0, with inner product
(f,g9) = f:f(x)g(x)w(x)dx and associated norm || f|| = \/{f, f) and metric
I|f = gl|. For an arbitrary function f € L*(w), let

Fol@) = 3 3 (o),

where )
=B = [ @palue(d. (1.6
Then '
i 1S = £l = 0. (@.7)
This result implies that every function f € L? (w) can be written as
f(z) = Z’ykﬁk(x|w) a.e. on (a,b). (4.8)
k=0

Note that condition (4.5) holds trivially if the support (a,b) of w(x) is
bounded. However, as is well-known, condition (4.5) also holds for the stan-
dard normal density, the exponential density and more generally the density
of the Gamma distribution, for example.

Since for every density w (z) with support (a, b), f; f (2)* dz < oo implies
that f(z) /\/w(z) € L?(w), the following corollary of Theorem 4.1 holds
trivially.

Corollary 4.1. Let L?(a,b), —0o < a < b < oo, be the Hilbert space of
square integrable Borel measurable real functions on (a,b), with inner product

(f,g9) = fab f(z)g(z)dx and associated norm and metric. Every function
f € L*(a,b) can be written as

f(z) = Vw(z) (kaﬁk(aﬂw)) a.e. on (a,b),

k=0

where w is a density with support (a,b) satisfying the moment conditions
(4.5), the Di(x|w)’s are the orthonormal polynomials generated by w(x) and
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the v ’s are the Fourier coefficients of f(z)/+\/w(x), i.e.,

b
= [ F@palw) /o
This result implies that the functions

Uk (zw) = py(z|w)v/w(z), k €N,

form a complete orthonormal sequence in L? (a,b):

L? (a,b) = span ({ﬁk(x\w) w(:v)}oo ) :

k=0

Of course, the ¥, (x|w)’s are no longer polynomials.

If max (|a|, |b]) < oo then there is another way to construct a complete
orthonormal sequence in L? (a,b), as follows. Let W (z) be the distribution
function of a density w with bounded support (a,b). Then

G(x)=a+ ((b—a)W(x)
is a one-to-one mapping of (a, b) onto (a, b), with inverse
Gly) =W ((y—a)/(b—a))

where W™ is the inverse of W (). For every f € L*(a,b),

<mm/fm@Wmmma/ﬂmwwmwa/ﬂﬁm<w

Hence f (G (z)) € L? (w) and thus by Theorem 4.1,

(G (2)) =) whi(elw) ae. on (a,b)

k=0

where
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Consequently
f@)=F (GG (x)) = Z%ﬁk (G (z)|w) ae. on (a,b)

Note that dG™! (z) /dz = dG™! (z) /dG (G™' (x)) = 1/G' (G™!(x)), so
that

b
:<b—a>/ By (z]) B (z]w) w (2) dz = (b — ) I (I = m)
Thus,

Corollary 4.2. Let w be a density with bounded support (a,b), satisfying
the moment conditions (4.5). Let W be the c.d.f. of w, with inverse W1,
Then the functions

vi (zlw) =5 (W ((z —a) / (b—a)) [w) //(b—a), k€N,

form a complete orthonormal sequence in L*(a,b), i.e., every f € L?(a,b)
can be written as f (z) = > 7o oy (z|w) a.e. on (a,b), where oy, = fab f(z)
Uy, (z|w) de.

4.2 The three-term recurrence relation

It follows from (4.1) that po(x|w) = 1, and it follows from (4.2) that p; (z|w) =
a1 + x can be constructed by solving [*°_ (a9 + z) w(z)dz = 0. Hence,
given that w(z) is a density, oy g = — [ @.w(z)dz. The question now arises
how to construct these orthogonal polynomials further for & > 2.

The answer is the following.
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Theorem 4.2. Fvery sequence of polynomials py(x|w) = 25:0 Qg ;47 , with
arr = 1, satisfying the orthogonality condition (4.2), with w(x) satisfying
the moment conditions (4.5), can be generated recursively by the three-term
recurrence relation (hereafter referred to as TTRR)

Prr1(zlw) + (b — 7) pr(x|w) + expp—1(w|w) = 0, k € N, (4.9)
e [, apelalw)u(z)d
o mk(@w)w(z)de
b = I pe(z|w)?w(z)d (4.10)
and
o pe(z|w)?w(z)de (4.11)

= ffooo Pr—1(x|w)?w(z)dz

Next, let dj, = \/ffooopk(x\w)2w(x)dx, so that p,(z|w) = px(z|w)/dy is a

sequence of orthonormal polynomials. Substituting py(z|w) = di.py(z|w) in
(4.9), (4.10) and (4.11) yields

dpiq _ di—1_
%pk+1(m’w) + (bx — ) Dy (2|w) + Ck%pkfl(l”w) =0, k>1,

where by = [*_ 2., (z|w)?*w(z)dz and ¢, = di /d}_,, hence

g _ dp _
=g P (alw) + (b = ) Plalw) + 2P (alw) =0, k> 1

Moreover, note that

lim :cﬁ_k_l(:dw) _ dp, lim x.pr—1(x|w) _ dy, 7
jol—o0 Py (x|w) dg-1 lzl—o00  pr(z|w) di—1

where the latter equality is due to the normalization aj ), = 1 in Theorem
4.2. Thus:

Theorem 4.3. FEvery sequence py(x|w) of orthonormal polynomials with
respect to a density function w(zx) satisfying the moment conditions (4.5)
can be generated recursively by the TTRR

i1 D1 (z|w) + (b — ) Pr(z|w) + ag.Pp_1(zjw) =0, ke N.  (4.12)
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where
. 2Py (z|w)
ar = | lim —————~ 4.13
T lelmee By(afw) “13)
and
bk:/ 2.5y (z|w)?w(z)dz. (4.14)

4.3 Examples of orthonormal polynomials

4.3.1 Hermite polynomials

If w(x) is the density of the standard normal distribution,
wpo,1)(%) = exp (—$2/2) /\/%7
the orthonormal polynomials involved satisfy the TTRR
VE + 1Py (zlwnpy) — 2.5y (xlwny) + VED 1 (zlwnoy) =0, k €N,

starting from P, (z|wyo,1) = 1, By (|warjo,1) = . Thus in this case a, = Vk
and b, = 0 in (4.12). These polynomials are known as Hermite' polynomials.

It follows from Theorem 4.1 that the Hermite polynomials span the
Hilbert space L*(wp,17), and it follows from Corollary 4.1 that

L*(R) = span <{ WA, 1] (x)]_?k(x|w/\/[o,1])}oo > .

k=0
Consequently, any density f(x) on R can be represented by
~ 2
f(@) = wnpo (z) (Z vkﬁk(ﬂ«“lwmo,l]))
k=0

where Y 7 72 = 1.

!Charles Hermite (1822-1901).
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4.3.2 Laguerre polynomials

The standard exponential density function
Wexp(z) =1 (z > 0) exp (—x)
gives rise to the orthonormal Laguerre? polynomials, with TTRR
(k + 1) B (2msy) + (2K + 1 — ) By (ahwssg) + k By (2lwns) = 0,

for £ € N, starting from py(z|wgy,) = 1, Py (2|wex,) =  — 1. Thus in this
case ar — k and b, = 2k + 1.

Since the moment conditions (4.5) hold for wgy,(z), it follows from Theo-
rem 4.1 that any Borel measurable real function f(z) satisfying [ exp(—x)
f(z)?dx < oo can be written as f(z) = Y p ; VDr(@|weyp) a.e. on [0, 00),

where v, = fooo exp(—) Py (#[w) f(2)dz.
Again, it follows from Corollary 4.1 that

L*(0,00) = span ({exp(—z/2)P; (z|wexp) }iey)

hence any density f(x) on [0, 00) can be written as

o0 2 [e.e]

f(z) = exp(—z) (Z ’Yk]_?k(xlexp)> ,with Y 93 =1.
k=0 k=0

4.3.3 Legendre polynomials

The uniform density on [—1, 1],

1
wy-10)(2) = 51 (|2 < 1),

generates the orthonormal Legendre® polynomials on [—1, 1], with TTRR

E+1

V2k +3vV2k +1
k

_l’_
V2k + 12k — 1

?Edmund Nicolas Laguerre (1834-1886)
3 Adrien-Marie Legendre (1752-1833)

P (lwy-10) — 2Py (@lwyi-1y)  (4.15)

Pr_1(x|wy—1,1)) = 0,
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for k € N, starting from py(z|wy_1.1) = 1, Py (z|wy_1,1]) = V3z.
Note that the orthonormal Legendre polynomials Dy, (z|wey—1,1)) satisfy

1
/ Pr(2u — 1|wy(—1,1)) P (2u — 1wy—1,17)du
0

1 1
-2 / P21 — 1wyg1.1)) P (20 — Ltiggp1.0)d (2u — 1)
0
1 1
=5 | Belalur ) elungande = 16 = m)
-1

Hence,

Pr(u|wyp,1)) = P (2u — Hwy—1,4), k € Ny,

is a sequence of orthonormal polynomials w.r.t. the uniform density on [0, 1],
wu[071}(u) =1 (O S u S ].)

The Dy, (u|wuyo,1))’s are known as the shifted Legendre polynomials, also
called the orthonormal Legendre polynomials on the unit interval [0, 1]. Sub-
stituting « = 2u — 1 and By, (x|wy-11])) = Pp(u|lwyp,)) in (4.15) yields the
TTRR

(k+1)/2
V2k +3v2k +1
N k/2
V2k + 12k — 1

Pr1(w|wygo,ny) + (0.5 — ) . pr(u|wypo,)

pr—1(u|wyp,) =0, k €N,

starting from po(u) = 1, p1(u) = V3 (2u — 1).

Again, it follows from Theorem 4.1 that any Borel measurable real func-
tion f(z) on [0,1] can be written as f(z) = > 77, Vepr(u|wyp,1), where
Ve = fol f () Pk(u|wu[o,1])d$7 hence LQ(Oa 1) = Span({l)k(“|wu[o,1]}:i()) .

These shifted Legendre polynomials have been used by Bierens (2008)
and Bierens and Carvalho (2007) to model semi-nonparametrically the unob-
served heterogeneity of interval-censored mixed proportional hazard models
and bivariate mixed proportional hazard models, respectively.
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4.3.4 Chebyshev polynomials
Chebyshev polynomials on [—1,1]
Chebyshev polynomials on [—1, 1] are generated by the weight function

w1 () = ﬁum <1). (4.16)

This is a density function on (—1,1). To see this, let § = arccos(z), so that
x = cos(f), and observe that

Z—z = —sin(#) = —/1 —cos? () = —V1 — a2,

hence

d arccos(z) _ 1 (4.17)

dz V1—22

Then

1 1 1 1
/1 T _1_90261:3 = = /1darccos(x)

_arccos(—1) —arccos(1) )
7r

because arccos(—1) = 7 and arccos(1) = 0. Clearly, the corresponding dis-
tribution function is

arccos(—1) — arccos(x)

WC[,L”(ZL’) = , T € [—1, 1].

™

The orthogonal (but not orthonormal) Chebyshev polynomials py(x|wej-1,1))
satisfy the TTRR

Prr1(@|we-1,1)) — 2pe(x|wei-1,1)) + Pe—1(@wep-12) =0, k€N, (4.18)

starting from po(z|wei—11]) = 1, p1(z|wej-11]) = x, with orthogonality prop-
erties

0 if k#m,

1
/ Pk($|7~UC[—1,1])Pm(x|w6[—1,1])dx _ 1/2 if k=m>0,
~1 V1= a? 1 if k=m=0.
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An important practical difference with the other polynomials discussed
so far is that Chebyshev polynomials have the closed form®:

Pr(x|wep-1,1)) = cos (k. arccos(x)) . (4.19)

To see this, observe from (4.17) and the well-known sine-cosine formulas that

/1 cos (k. arccos(x)) cos (m. arccos(m))dx

71 — 22
1 /!

= /1 cos (k. arccos(x)) cos (m. arccos(z)) d arccos(z)

1 s
:—/ cos (k.0) cos (m.0) do
0

:%/Owcos((k+m)9)d0+%/ﬂﬂcos((k—m)e)de
SYEIERPENEOLY

2 (k+m)m (k—m)m
0 if k#m,
= 1/2 if k=m>0, (4.20)

1 if k=m=0.
Moreover, the TTRR (4.18) follows from

cos ((k+1).0) — 2cos(f) cos (k.0) + cos ((k — 1) .0)
= cos (k.0) cos(0) — sin (k.0) sin(#) — 2 cos(0) cos (k.0)
+ cos (k.0) cos(f) + sin (k.0) sin(f) = 0.

Hence, the functions (4.19) satisfy the TTRR (4.18) and are therefore genuine
polynomials.

In view of (4.20) we can now define the orthonormal Chebyshev polyno-
mials as

e - 1 for k=0,
P\ Wel-11]) = V2 cos (k. arccos(z)) for ke N.

"Note that arccos(z) = atan(—x/v/1 — 22) + §.7, where atan(z) is the inverse of the
tangents function tan(f) = sin(d)/cos(d), 6 € (—n/2,7/2). In most programming lan-
guages the function atan(z) is an intrinsic function. For example, in Visual Basic this
function is the ATN(z) function.
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It is trivial to verify that the density (4.16) satisfies the moment condi-
tion (4.5), so that the Chebyshev polynomials form a complete orthonormal
sequence in the Hilbert space L*(wc_1,]) involved.

Further properties of Chebyshev polynomials

Because py,(x|wej-1,17) is a polynomial of order n in « € [—1, 1], it has at most
n real roots in [—1, 1]. Obviously, these roots are

Tpg =cos(m(k—0.5)/n), k=1,2,...,n
Moreover,

Lemma 4.1. For 5,5, =0,1,2,....,n — 1,

> " cos (mji(k — 0.5)/n) cos (mja(k — 0.5)/n)

k=1
n 0  if J1# J2
= ijl (T |We—1,17)P5s (Tnpk|lwe—1,) = § /2 if j1=j2 >0,
k=1 n if j1=72=0.
Now interpret k in Lemma 4.1 as a time index: £k =t = 1,....,n, and
denote

Pon(t) = 1, Piu(t) = V2cos(jn(t —0.5)/n),
jo= 1,2,n—1,t=1,2...,n

The P;,(t)’s are known as Chebyshev time polynomials, which by Lemma
4.1 satisfy

1 n
— E P ,(t)P;,(t)=1(t =), i,j=0,1,2,....,n— 1.
n

t=1

Consequently, any function g(t) of time ¢t = 1,2, ...,n can be represented by

n—1 n
1
9(t) = ¢jnPin(t), where ¢;, = - > " g(k)Prn(k).
j=1 k=1
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In particular, if g(¢) is smooth then

m

9(t) =Y cnPin(t)

=1

for modest values of m. This approximation has been used in Bierens (1997)
to test the unit root hypothesis against nonlinear trend stationarity, and in
Bierens and Martins (2010) to test for time varying cointegration.

Shifted Chebyshev polynomials
Substituting z = 2u — 1 for u € [0,1] in (4.16) yields

2 1
wepo,1)(u) = = . (4.21)

m/l—(Qu—-17> T u(l—u)

with corresponding distribution function

Wepo,(u) = 1 — 7 arccos(2u — 1), (4.22)
and shifted Chebyshev polynomials

1 for k=0,

P (ulwero)) = { V2 cos (k. arccos(2u — 1)) for k€ N. (4.23)

Again, it follows from Corollary 4.1 that the orthonormal sequence

(1) = weio,1 () for k=0,
b V2+/wepo1y(u) cos (k. arccos(2u — 1)) for k € N,

is complete in L?(0,1). Thus, every function f € L? (0,1) can be written as
f )= () (4.24)
k=0

a.e. on (0, 1), where ;, = fol I (u) Y (u)du.
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4.4 Bivariate functions
Let wy(z) and wo(y) be densities with supports (aq,b;) and (az, b2), respec-

tively, where oo < a; < b; < 00, 1 = 1, 2, satisfying the conditions of Theorem
4.1. Consider the space L?(w; X ws) of bivariate Borel measurable functions

f(z,y) satisfying
b1 bo
/ / wn (2)wa(y) f(z, y) dady < oo, (4.25)

endowed with the inner product

(f.9) = / 1 / i (@) wn(y) £z, y)g (e, y)drdy

and associated norm ||f|| = \/(f, f) and metric || f — g||. Then for any fixed
y € (ag, by) for which
/b1 wi (z) f(z,y)*dz < oo, (4.26)
ax
we have f(z,y) € L*(w1), hence
flz,y) = ivk(y)ﬁk(ﬂwl) a.e. on (ag,by). (4.27)
k=0

where () = [ w1 (2) f (2, 9)Pe(alwn)do and 352, 7 (y)? < oo.
Note that by the Cauchy-Schwarz inequality and (4.25),

2

/a jz wa(y) vk (y) dy = /a jz ws(y) ( / § wy ()P, (x| w:) f(l"y)dl) dy

b1 21 bo
g/ wy ()P, (z|w;)2dz / wy (x)wa(y) f (2, y)*dedy

by b
/ / w (z)wy(y) f(z,y)*dedy < oo

where the second equality follows from the fact that fall wy ()P (z|w ) 2dz =
1, so that v (y) € L?(w). Consequently, for each k € Ny we have

V() =D VemDm(ylwz) a.e. on (as, by), (4.28)

m=0
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where

S / " s ()1 (9B (102 dy

a2

— /1/2wl(x)wg(y)f(ﬂc,y)ﬁk(x|w1)ﬁm(y|w2)dxdy (4.29)

and > Vp,, < 0.
Moreover, note that due to (4.25) the restriction (4.26) holds a.e. on
(ag, by), so that

oo o0

flz,y) = Z thmﬁk(ﬂwl)ﬁm(mwg) a.e. on (a1, b1) X (ag,by),

k=0 m=0
where the double-array 7y ., of Fourier coefficients are given by (4.29) and
satisfies > 70> (i, < 00. Consequently, the space L*(w; X wy) is a

Hilbert space.
Recall that in the case

wi(x) = wa(r) = exp(~2?/2)/V2T = wnio(@)

the polynomials Py (x|waro,1)) are the Hermite polynomials. Then every den-
sity f(z,y) on R? can be written as

exp (—3 (2% +¢°))

f(z,y) o
(e.9] o0 2
103 SRR X ) I
k=0 m=0
a.e. on R?, where Z Z ’y,g’m =1.

k=0 m=0

This is the approach taken by Gallant and Nychka (1987). They consider
SNP estimation of Heckman’s (1979) sample selection model, where the bi-
variate error distribution of the latent variable equations involved is modeled
semi-nonparametrically via the Hermite expansion (4.30) of the error density.
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4.5 Appendix: Proofs

4.5.1 Theorem 4.1

Let f,(z) = Y 1o De(x|w), where v, = fab Pi(z|w) f (x)w(x)dx, and observe
that due to condition (4.5), f,, € L? (w) . Next, observe that

lr=%0F = [ <f<x>—§jm<x\w>) w(e)ds
- [ dx—zz% [ Puteto) syt

+ Z Z’V’Cl'ykz/ Dry (7|W0) Dy, (z|w)w(x)d

k1=0 k1=0

_ / Flefula)dz — 2 > 0 (4.31)

Hence > ,_,77 < fab f(z)*w(z)dz < oo for all n > 0, and thus
> i < oo (4.32)
k=0

The latter implies that f, is a Cauchy sequence in L? (w) because

max(n,m)

lim ||f, ~ F.|l = lm Z 1< Jim e =0,
in(n,m) k=m

min(n,m)—oo mln(n,m)—wo 41

Therefore, there exists a function f € L? (w) such that

lim |[f, — f||=0. (4.33)

This limit function f can be written as

T (@) =) whi(a|w) +en(x) (4.34)

k=0
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for all n € N, where
b

lim [ en(z)*w(z)dr = 0. (4.35)

Proof of (4.7)
To prove (4.7), it suffices to show that

/ exp (it.2) (£(z) — F (2)) w(z)de = 0 (4.36)

for all t € R, because (4.36) implies that f(z) = f (z) a.e. on (a,b), due to
the uniqueness of the Fourier transform.” .
It follows from the definition of ~,, and f that for m < n,

/ en ()P, (z|w)w(x)dx

\/ / (o) ula)is,

/ (f(@) - F (@) Pu(zlw)w(z)d

IN

hence by (4.35),
b
| (@) =7 @) Bulat)uta)ds =0 (4.37
for all m € N. This result implies, by induction, that
b
/ (f(z) = f(2)) z™w(z)dz = 0 for all m € N. (4.38)

In its turn (4.38) implies, together with the well-known equality exp (i.t.x) =
S, (i.t.z)™ /m!, that for t € R and all n € N,

m=0

/ exp(i.t.z) (f(z) — f (2)) w(z)dz

3
S
~
=
3

— [ B () - T @) wlos

m=0

®See for example Bierens (1994, Theorem 3.1.1, p.50).
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. ( > <i'§>m> () T (@) wie)de

m=n+1

-/ ( > “f;j)m) (f(2) ~ F (@) w(z)d

m=n+1

If —oo < a < b < oo then by dominated convergence,
b
/ exp(it.z) (f(z) - F (2)) wlz)de
b = (itax)" -
- / (g§o y & ) (f(z) = T (2)) wla)de = 0

m=n+1

If @ = —oo and/or b = oo we can find for arbitrary € > 0 a finite lower bound
a(e) > a and a finite upper bound b(e) < b such that

|

a(e)
/ exp(i.t.z) (f(z) — f (z)) w(z)dz| < €/2

sl

< €/2

/b exp(i.t.z) (f(z) — F (2)) wiz)de

()

whereas by dominated convergence
be) _
/ exp(i.t.z) (f(z) — f (z)) w(z)dx

()
be) = (itx)" —
[ 3 B 1)~ T ) e o

(8) m=n+1

Since € > 0 is arbitrary, we therefore have in either case that (4.36) holds. It
therefore follows from (4.34) and (4.35) that

b
lim
n—oo a

(f (2) - mew)) w(x) de = 0. (4.39)

This completes the proof of (4.7).
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Proof of (4.8)
To prove that (4.7) implies (4.8), let X be a random drawing from w(z).
Then by Chebyshev’s inequality, (4.39) implies

f(X) = plim > 7Py (X|w) (4.40)

As is well-known®, convergence in probability is equivalent to almost sure

(a.s.) convergence along a further subsequence of an arbitrary subsequence
of n. Thus it follows from (4.40) that for any subsequence n; in N there
exists a further subsequence n;,, such that for m — oo,

jm

> Pe(X|w) *5 f(X). (4.41)

k=0

For each n there exists an m such that n;, , < n < mn; . Hence, there
exists a further subsequence j, of n; such that for j,; < n < j, and
n — oo,

S B (XJw) = £(X). (1.42)

The latter implies that

E (vakz—ok<X|w>—kam<X|w>) - E(Z m—ok<X|w>>

k=n+1

IA
(]
?\T%M

k:jn—1+1
so that
oo In n 2 0o Jn
Sk (Zw@(X\w)—kam(X\w)) ST Y g
n=1 k=0 k=0 n=1k=j,_1+1
< Yap<os
k=0

6See for example Bierens (2004, Theorem 6.B.3, p.168).
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Then by Chebyshev’s inequality,
S|
n=1

for all € > 0, which by the Borel-Cantelli lemma’ implies that for n — oo

S B (X[w) — S B (X[w)

k=0

>8] < o0

Jn n
> wPp(X|w) =Y P(X|w) 5 0. (4.43)
k=0 k=0

Combining (4.42) and (4.43), it follows that Y ;_, vPp(X|w) =5 f(X) as
n — oo, which is equivalent to (4.8) because the support of w(z) was assumed
to be (a,b).

4.5.2 Theorem 4.2

Due to the normalization oy = 1 it follows that pyi1(z|w) — z.pr(z|w) is
a polynomial of order k, which can be written as a linear combination of

p0($|w),p1<:€|w),...,pk(£l}|w)l
Prr1(z|w) — z.pg(z|w) = Z 0; ki (z|w) (4.44)

for example. Then for m < k,

o0

0 - /mpk+1<x|w>pm<x|w>w<x>dx— / .91 (] 0)pm (e w0)0 ()

—00 —0o0

i [ el

oo

— _/Oo 2. (2| W) P (2 |w)w(z)dz — 5m,k/ Pm(w)?w(z)dx

—00 —00
so that

_ L5 @pnlalw) pealw)wl@)de
B = T oo ™ O L ek

"See for example Bierens (2004, Theorem 2.B.2, p. 168).




4.5. APPENDIX: PROOFS 73

Because z.p,,(z|w) is a polynomial of order m + 1, it follows that for
m < k — 2, x.p,(x|w) is orthogonal to py(x|w), hence 6, = 0 for m =
0,1,.....k — 2. Thus it follows from (4.44) that

Pk+1($|w) - I-pk(ﬂ«“|w) = 5k,kpk(x|w) + 5k—1,kpk—1($|w)

= —brpe(z|w) — cppr—1(v|w)

where

_ s [ zpr(z|w)w(z)de
by = —bpr = 1% pi(a|w)?w(z)dz

and

2 zproa (z|w).pr(z|w)w(z)de
I P (zw)?w(z)de
ffooo pi(x|w)?w(z)dx
ffooo pr_1(x|w)2w(x)dx

Cr = _5k71,k

The last equality follows from the fact that z.px_;(z|w) can be written as
z.pr_1(x|w) = Z]nc@:o B kPm(x|w), where G = 1, so that

—00

/00 z.pr—1(x|w).pp(z|w)w(z)de = Zﬁmk /_OO P (|w)pr(z|w)w(x)dx

= Ok /00 pr(zw)?w(x)dz

—00
o0

- / pi(elw) () da.

[e.9]

4.5.3 Lemma 4.1

Using the well-known cosine formulas 2 cos(a) cos(b) = cos(a+ b) + cos(a — b)
and cos(a — b) = cos(a) cos(b) + sin(a) sin(b) we can write

n
Z Pj (xn,k|wC[—1,1] )P (T |UJC[—1,1})
k=1

= Zcos (mj1(k — 0.5)/n) cos (mja(k — 0.5)/n)
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:—Zcos 7(j1 + 72)(k — 0.5)/n) + Zcos 7(j1 — J2)(k — 0.5)/n)

1
= 5 cos (0.57(j1 + 72)/n) Zcos m(j1 + j2)k/n)
k=1

1
+2sm(0 br(j1+ j2)/n) ;sm (1 + j2)k/n)

1
+2 cos (0.5 (51 — j2)/n) ;cos (71 — J2)k/n)

1
+2 sin (0.57(j1 — j2)/n) Zsm w(j1 — j2)k/n)

k=1

Moreover, using the well-known De Moivre formula exp(i.a) = cos(a) +
i.sin(a) it follows that

1 Z cos (m.m.k/n)

=1

—Zexp itm.k/n) +Zexp —imm.k/n)

3

- (exp (i.mm/n)) +Z(exp(—i.7rm/n))

exp (i.mm) — exp (—i7mm) — 1

exp (i.mm/n) —1 [ Texp (—imm/n)

= exp (i.mm/n) exp (—imm/n) — 1

exp (i.mm/(2n))
oxp L/ (2n)) — exp (—imm/@m)) o (mm) = 1)
B exp (—i.7mm/(2n))
exp (L.mm/(2n)) — exp (—i.wm/(2n))
= cos (mm) — 1

(cos (mm) — 1)

and similarly for m # 0,

1 n
3 Z sin (m.m.k/n)
k=1
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= % Z exp (i.mm.k/n) — % Z exp (—i.mm.k/n)
_ l Z (exp (L.rm/m))* — % S (exp (—imm/n))*
exp (i.wm)_— 1 lex i /) P (—imm) —1
( exp (imm/n) —1 i p(~imm/n)
_ lexp (i.mm/(2n)) 4+ exp (—i.tm/(2n))
iexp (imm/(2n)) — exp (—i.wm/(2n))
_cos (mm/(2n)) B
sin (wm /(am)) (08 () = 1)

= —exp imm/n)

exp (—imm/n) — 1

(cos (mm) — 1)

Thus, for ji1 # Ja,
Z Pir (T k| we-1,1)Pja (T k| we-1,1))
k=1
1 ) . . .
= 5 o8 (0.57(j1 + j2)/m) (cos (m(j1 + j2)) — 1)
1

— cos (7(j1 + J2)/(2n)) (cos (w(j1 + j2)) — 1)

—|—% cos (0.5m(j1 — ja)/m) (cos (m(j1 — j2)) — 1)

g c0s (w(ji — 2)/(2n)) (cos (x(ji — 2)) ~ 1)

=0

whereas for j; = jo = j > 0,

ij(ﬂﬁn,klwcm,l])pj (Tn, |IUC[71,1})

k=1
1 . 1 .
= 5 cos (m.7/n) Zcos (2m.j.k/n) + 5 sin (7.5 /n) Zsin (2m.j.k/n)
k=1 k=1
R
2"~ 2"

The case j; = jo = 0 is trivial.
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Chapter 5

Trigonometric series

5.1 Cosine series representation

Note that the distribution function W 1) (u) defined by (4.22) has inverse
W (w) = (1+ cos (1 (1 —u))) /2. (5.1)

It is now easy to verify from Corollary 4.2, (5.1) and (4.24) that every function
f € L*(0,1) can be written as

flu) = v+ kaﬂ cos (k. arccos(2W, " (u) — 1))

— oyt nyk\/ﬁcos (km (1 —u))

k=1

= Y+ nyk (=1)" V2 cos (kmu)

= ao+§:ak\/§cos(k7ru)
where .
o = w0 = 0 [ fm (30 costr 1= e ) i
_ ) fwdu it k=0,
- {folf (u) V2 cos (kru)du if k€ N.

7
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Consequently,

Theorem 5.1. The functions

(1 if k=0,
Iik(u)—{ \/§COS(]§7TU) 2f kEN;

form a complete orthonormal sequence in L?(0,1). Thus, given a function
felL?(0,1), let

falu) = ap + Z ap V2 cos (kmu)
k=1

where ay = fol [ (u) g (u) du. Then Y 2 ai < oo and
1

im [ (f(u) = fu(u)® du = Tim i ai = 0.

" Jo k=n+1
Consequently, similar to Theorem 4.1, f can be written as

flu) =ap+ Z V2 cos (kmu) a.e. on (0,1). (5.2)

k=1

5.2 Fourier analysis

Consider the following sequence of functions on [—1,1]:

po(z) =1 (5.3)
on_1(z) = V2sin(knz), o (z) = V2cos (krz), k € N.

These functions are know as the Fourier series on [—1,1]. It is easy to verify
that these functions are orthonormal with respect to the weight function
w(z) = 41 (o] < 1), ie.,

1

3/ enle)en(@)de = Im =)

It is a classical Fourier analysis result that
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Theorem 5.2. The Fourier series {¢y,}o-, is complete in L* (—1,1).

The "official” proof of this result is long and tedious. See for example
Young (1988). However, using Theorem 5.1 this result can be proved some-
what easier, as follows.

We need to show that for an arbitrary function g € L? (—1,1),

im = [ (g(z) - go(2)dr, (5.4)

n—oo 2 1

where

gn (T) = ap + Z V2 cos (k) + Z BiV/2sin (krz) (5.5)

with Fourier coefficients
1

1
ayg = —/ g (z)dx
2/,
1 1
a = 3 V2cos (knz) g (z) dz
-1

1 1
B = 3 / V2sin (knz) g (z) d.
-1
Let x = 2u — 1 for u € [0,1], and denote

flu) =g @2u—1), fu(u) = gn (2u—1)

Then it follows from the well-known sine-cosine equalities that
1 1
ayg = / gQ2u—1)du= / f(u)du
0 0
1
a = / V2cos (km (2u—1)) g (2u — 1) du
0
1
= (—)k/ V2 cos (2kmu) f(u)du
0
1
B = / V2sin (kr (2u — 1)) g (2u — 1) du
0
1
= () / V2sin (2kmu) f(u)du
0
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and
falu) = gn(2u—1)

= ap+ iak\/?cos (km (2u—1)) + iﬂk\/gsin (km (2u — 1))
k=1 k=1
= oo+ i (=) V2 cos (2kmu) + iﬁk(—)k\/ﬁsin (2kmu)

Thus, (5.4) is true if and only

1

lim (f(u) — fu(w))? du = 0.

n—oo 0

Theorem 5.2 follows now from the following result, which will be proved in
the appendix to this chapter.

Theorem 5.3. The functions B, (u) = 1, B, (u) = V2sin(2kru) if k > 1 is
odd, B, (1) = V/2cos (2kmu) if k> 2 is even, form a complete orthonormal
sequence in L*(0,1).

Although Theorem 5.1 was used to prove Theorem 5.2, Theorem 5.2 can
also be proved independently. See for example Young (1988). Then Theorem
5.1 becomes a corollary of Theorem 5.2, as follows.

Let f(u) € L?(0,1) be arbitrary, and let g (z) = f(|z|). Then g (z) €
L?(—1,1), with Fourier coefficients

oo = 5 [ Flahar= [ rua

- %/lﬂcos(km)fuxpda;:/o V3 cos (k) f (u) du
1t ,

Gr = 5/1\/581n(k7m)f(|x|)dx:0

Hence it follows from Theorem 5.2 that

1

lim (f (u) —ap — Z V2 cos (kwu)) du (5.6)

n—oo 0
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1 n 2
= — lim (f (|z]) — g — Zak\/icos (kwm)) dx
-1 k=1

1
92 n—oo
0
Similar to the proof of Theorem 4.1 is follows now from (5.6) that

f(u)=ay+ Zak\/icos (kmu) a.e. on (0,1),

k=1

where o = fo u) du and o = fo 2 cos (kmu) f (u) du for k > 1, which is
just the result in Theorem o.1.

5.3 Sine series representation

Let f(x) be a square integrable function on [—1, 1] such that f(x) = —f(—z),
with a possible discontinuity at z = 0. Then

O = % lf(x)\/ﬁsin(kﬁm)du:/o f(u)\/isin(kmu)du

0 = % 1f(x)\/§cos(k7rx)dm

0 = %/_llf(x)dx:

Hence by Theorem 5.2, lim,,_.« 3 f (f(z) = Yp_, BrV2sin (lmx)) dx =0,
which by the condition f(z) = —f(—x) 1mphes

lim [ (f(u)— fa(w))?du=0,

n—~o0 0

where

u) = i BV/2 sin (kmu)

k=1
Moreover, it is easy to verify that

/1 V2sin (kmu) V2sin (mru) du = I(k = m).
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Thus, we have the following corollary of Theorem 5.2.

Theorem 5.4. The sine series {\/2sin (kmu)}32, is a complete orthonormal
sequence in L?(0,1). Consequently, any function f € L*(0,1) can be written
as

u) = iﬁkﬁsin(lmu) a.e. on (0,1),

k=1

where [, = fo V2 sin (kmu) du.

Note however that f,(u) will be a poor approximation of f(u) for u
close to zero or one because f,(0) = f,(1) = 0 whereas f(0) and f(1)
may be nonzero. The reason is that in general lim, ., lim, o fn(u) #
limy, oo limy .y, fr(u).

5.4 How well does the cosine series fit?

5.4.1 Exact Fourier coefficients

To check how well the cosine series fit, consider the function f(u) = u(4—3u)
on [0, 1]. Note that this is a density function. For this function we can derive
the Fourier coefficients involved analytically, as

ay = /1f(u)du:

o = /f V3 cos(kmu)du = —23/2(km) 2 ((~1)* + 1)

This way of approximating densities directly by a series expansion has been
advocated by Kronmal and Tarter (1968). However, a potential problem
with this approach is that in general there is no guarantee that f,(u) > 0.

In the following figures the function f(u) = u(4 — 3u) is compared with
its SNP approximation f,,(u) = 1 + > 7_, axv/2cos(kmu) (dotted curve) for
n=4,8,12.
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Figure 5.1: f(u) = u(4 — 3u) compared with f,(u) for n =4

Figure 5.2: f(u) = u(4 — 3u) compared with f,(u) for n = 8



84 CHAPTER 5. TRIGONOMETRIC SERIES

Figure 5.3: f(u) = u(4 — 3u) compared with f,(u) for n =12

We see that f,(u) approximates f(u) quite well, even for n = 4, ex-
cept for the tails of f,(u) in the latter case. The reason is that f/(u) =
— > b agkmy/2sin(kmu), so that £/(0) = f,(1) = 0. As expected, the tail
fit becomes better for larger truncation orders n.

5.4.2 Bivariate SNP regression

Let (Y, X) € R? be a pair of absolutely continuous random variables satisfy-
ing
E[Y?] < 00, E[X?] < 0. (5.7)

We can always write
ElY|X] = f(X)=a+pX + X*r(X), (5.8)

where a+ X is the linear projection of Y on 1 and X, with residual X?r(X).
Moreover, given an absolutely continuous distribution function G(x) with
density g(z) > 0 on R and inverse G~1(u), u € [0, 1], we can write

r(z) = ¢(G(x)) (5.9)

where
p(u) = (G (u)) (5.10)
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Now let us assume that
1 e’}
/ go(u)2du:/ r(z)?g(z)dr < oo (5.11)
0 —00

so that ¢ € L?(0,1). Then by Theorem 5.1, ¢ has the series expansion

olu) =~v+ Z 512 cos(kmu) a.e. on [0, 1],
k=1

where

\ - /0 ' (w)du, 8 = /0 B cos(bru)p(u)du.

Consequently,

f(X)=E[Y|X]=a+ 06X +7X%+ X? i 6rV2 cos(knG(X)) a.s.

k=1

Next, let

fu(X) =a+BX +9X* + XQi(Sk\/iCOS(/ﬂTG(X)),

k=1
and denote 7,(r) = > 1_; 02 cos(knG(X)). Since by Theorem 5.1,

lim r,(z) = r(z) a.e.,

n—oo

it follows that
lim f,(X) = f(X) a.s.

In principle we could specify f(X) directly as f(X) = ¢(G(z)), but if f(x)
is linear then we need the full series expansion of ¢ to fit f(z) = a + X,
whereas in the case (5.8) the linear regression model corresponds to r(x) = 0.
A convenient choice for G is the logistic distribution function

G(x) = (1 +exp(—z)) ",

which has density g(z) = G(z)(1—G(z)) and inverse G (u) = In(u/(1—u)).
Since all the moments of the Logistic distribution are finite, the condition
(5.11) allows r(x) to be a polynomial of any order.
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To check how well f,(X) fits, let Y = f(X) + U, where X and U inde-
pendent standard normally distributed, and

f(z) = (2| = 1/49* (I (z > 1/4) = I (x < ~1/4)).

The reason for this choice of f(z) is to check whether the cosine series ex-
pansion is able to capture the horizontal part of f(x) for |z| < 1/4.

The following three figures compare f(z) with the SNP-OLS estimates
fn(x) of fr(z) forn =4,8,12 and = € [—2, 2], with G the Logistic distribution
function, on the basis of a random sample of size 500 from (Y, X).

L

Figure 5.4: f(z) compared with its SNP-OLS estimate J/‘;(:z:) on [—2,2]



5.4. HOW WELL DOES THE COSINE SERIES FIT?

87

Figure 5.5: f(z) compared with its SNP-OLS estimate fs(z) on [—2,2]

Figure 5.6: f(z) compared with its SNP-OLS estimate fi2(z) on [—2, 2]
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Figure 5.7: Comparison of f(z) with its nonparametric kernel regression
estimate f(z) on [—2,2]

As a comparison I have also estimated f(z) by nonparametric kernel re-
gression, similar to Bierens and Pott-Buter (1990), with standard normal ker-
nel and bandwidth constant determined by in-sample leaving-one-out cross-
validation over the interval [0.1,2]. The result for z € [—2,2] is displayed in
Figure 5.7. R

As to the SNP results, note the slight wiggle of f,(z) in the flat area
|z| < 1/4, whereas the nonparametric kernel regression estimator f(z) is
smoother in this area. However, in view of the fact that this flat part of f(x)
has been approximated via a linear combination of cosine functions the SNP
approach works better than I expected.

5.5 Appendix: Proof of Theorem 5.3

The orthonormality of the sequence {%, }, -, is easy to verify. The complete-
ness proof employs the following steps.

Step 1. Let Cy[0, 1] be the space of continuous functions f(u) on [0, 1] satis-
fying fol f(u)du = 0, endowed with the L?(0,1) topology, and let Cj 1[0, 1]
be the space of continuously differentiable functions F'(u) on [0, 1] satisfying
F(0) = F(1) = 0, also endowed with the L? (0,1) topology. Note that the
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functions in Cy;[0, 1] take the form F(u) = [} f (z) dz with f (u) = F'(u).
It will be shown that Cy1[0,1] C span({gpn}n_o)

Step 2. It will be shown that Cy[0,1] is the closure of Cp;][0, 1], hence
Co[0,1] C span({®,,}o°,) . It follows then trivially that the space C|0, 1] of
continuous functions on [0, 1] is contained in span({%, }22,) -

Step 3. Finally, it will be shown that every function in L? (0,1) can be
written as a limit of a sequence of continuous functions, hence L? (0,1) is the
closure of C10,1], so that L?(0,1) = span({p, }2,) -

Proof of Step 1

Let f, (u) and f(u) be the same as in Theorem 5.1, except that due to the
condition fol fu)du =0, ag = 0, and let Fy,(u) = [;' f, () dz. Then

F.(u) = Z \/§sm (kmu)

[(n+1)/2] [n/2]

— Z (2225 11) V2sin ((2k — 1) 7 —|—Z k\/_sm(2k:7ru)
=1
and
sup [F(u) — Fy(u)| < / (@) = fo (@) da
0<u<1

IN

\/ / (f(2) — fu (2)2dz = 0(1)  (5.12)
Next, observe that

/0 V2sin ((2k — 1) mu) du = (2;2_\/1_) = Yo,k

/1 V2sin ((2k — 1) 7u) V2 cos (2m — 1) wu) du = 0

/1 V2sin ((2k — 1) 7u) V2 cos (2mmu) du

B 9 9
TRt m—Ur  Clh-m—1)x
2 4k — 2

T2h+tm) —1)2k—m) 1)
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2 k—1/2
= —— ) 2 :7m,k
m

T (k—1/2)? —

Hence

V2sin ((2k — 1) mu) = yox + Z Yo V2 cos (2mmu)

m=1
a.e. on [0,1]. Now let
~ [(n+1)/2] o 1 n/2]
F,(u) = kz_; (2k Yo,k Z 2 2sin (2kmu)
N [[(n+1)/2] o
+,,§_:1 kz_zl m%n,k V2 cos (2mmu)
- "i” a% Tt [nf%ﬂsin(%wu)
— 2k
N [(n+1)/2}

1 _
_ Z A2k V2 cos (2mmu)

w2\ = (k- 1/2)* —m?

where N > [(n+ 1) /2]. Then

N ) o fleoE
(Fn (u) — F, (u)) du = — — 5
/ A2\ & e
| = (n+1)/2] s 2
oL _
—_ 2
mt m§+l = m’ - (k—1/2)

IA
A |
™

o0 n 2
1 S g, | )

m=N+1 m? — ([n/2})2

B i 00 z(n—!—l)/Q] |042k71| 2
o 2 (m — [n/2]) (m + [n/2])

0o n+1)/2 2
Loy (2 z< QLT
1 /2]

IN
|
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oo n+1)/2 2
Loy z“ 1 oz
47 — [n/2]

m=[n/2]+1
w(x
/n)

1
47
1 =1 >
< (S s
(1/n))

IN

k=1

]
1 1 [(n+zl)/2] | |
Y — (%)

(5.13)

Hence by (5.12) and (5.13),

L. 2
lim <Fn (u) — F (u)) du =0
n—oo 0
Since F, € span({@, }2°,) it follows that F' € span({%, }°°,) , hence Cy1[0,1] C
span({, }720) -

Proof of Step 2
Choose an arbitrary function f € Cy[0,1], and extend f(x) for x > 1 as
f(z) = f(1). Let F(u) = [ f(z)dz and

— u+1/n
Fulw) = —o [ fays
Then by continuity

T [fuu) ~ f0)] < lm sup|f(@) — f(u) =0

=00 y<z<u+l/n

pointwise in u € [0, 1]. Moreover,

sup |fn(u) — f(u)] <2 sup [f(u)] < oo
0<u<1 0<u<1

Therefore if follows by bounded convergence that

lim [ (fa(w) = f(u))’ du=0

n—oo
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Since f,, € Cy1 [0, 1] C span({@,, }o2,) it follows now that Cj [0, 1] C span({®,,}5°,)-
Because the functions in C'[0, 1] differ from the functions in Cj [0, 1] by
constants only, it follows that C'[0,1] C span({%,,}5°,)-

Proof of Step 3
Let B be an arbitrary Borel subset of [0, 1] and let

fn (u) = exp (—n_l inf |x — u|> — exp (—n_l inf |z — u|> :

zeB z€B\B

where B is the closure of B. This function is continuous on [0,1]. To see
this, note that for uy, us € [0,1],

inf |[x —uy| < |ug —ug| + inf |2 — ug|
zeB

z€B
inf |z —wuy| < |ug—u|+ inf |z —
z€B\B z€B\B
hence
inf |z — ug| — inf |z — wy|| < |ug — uy
rzeB zeB
and similarly,
inf |z —wus| — inf |z —wul|| < |ug — uy
z€B\B xeB\B

Foru € B,inf, 5 |r—u| = 0 and inf, 5, 5 [z—u[ > 0, hence lim,, . f (u) =
1. Foru € B\B, inf 5 |z —u[ = 0 and inf, 5 5 [z —u| = 0, hence f, (u) =0,
and for v € [0,1\B, inf 5|z —u| > 0 and inf, 5 gz — u[ > 0, hence
lim,, o frn (u) = 0. Thus

lim f, (u) =1(zx € B).
Since f, (u) € C[0,1] C span({p,}>°,) it follows now that for arbitrary
Borel sets B, I (x € B) € span({$,,}°°,) and so are all simple functions on
[0,1]. Because functions are Borel measurable if and only if they are limits

of sequences of simple functions, it follows that L?(0,1) = span({®,}52,) -
|



Chapter 6

Density and distribution
functions

6.1 Density functions on the unit interval
It follows from Theorem 5.1 that for any density function h(u) on [0, 1] there

exists a sequence {ay}72, satisfying > p-, a; = 1 such that

h(u) = (ao + iakﬂcos (kwu)) a.e. on (0,1). (6.1)

The square guarantees that h (u) > 0. Gallant and Nychka (1987) proposed
a similar series expansion on the basis of Hermite polynomials.

Note that the ay’s in (6.1) are no longer unique. For example, we can
always write h (u) = fg (u)*, where for an arbitrary Borel set B in [0, 1],

fo(u) = (I(ue B)—1I(ug¢ B))\/h(u). (6.2)

Then the a;’s in (6.1) take the form

ap = /B Vh(u)kg (u) du — Vh(u)kg (u) du

[0,1\B

In particular, we may choose for o any

ap € [— /01 Vh(w)du, /01 \/Wdu] . (6.3)

93
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If we choose o € <0, fol Vi h(u)du] then we can reparametrize the Fourier
coefficients oy, as

1

\/1+Zm 1 m

s
— i . keN

Q = 9
\/1+Zm 1 m

where Y 62 < co. Hence,

m=0"m

Qg =

Theorem 6.1. For any density function h(u) on [0,1] there exist possibly

uncountable many sequences {6, }oo_, satisfying > oo, 62, < oo such that

(14352, 6kV/2 cos (/€7ru))2
L+, 62

In particular, (6.4) holds for all sequences by, of the form

. fol (I (u1€ B) — I (u¢ B)) /h(u)v2cos (kru) du7 (6.5)

Jo I (ue B)—1I(u¢ B))+/h(u)du
where B is any Borel set in [0, 1] satisfying

/0 (I(we B)—I(u¢ B))/h(u)du > 0.

Moreover, the corresponding SNP densities

(1+ V23 1, bk cos (k:7ru))2

h(u) =

a.e. on (0,1). (6.4)

hn(u) =

-

Furthermore, the corresponding SNP distribution functions have the closed
form expressions

1+Zm 1 m

satisfy

H,(u) =u
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sin k:7ru) ", sin (2m7u)
2 ) 02— :
1+zm1m \/_Zk +m1m 2mm (6:8)
n k-1
sin ( k:—i—m ) Tu) sin ( m) T
+2225k 23" 4, m){T >],
k=2 m=1 k=2 m=1

and satisfy
sup |H(u) — Ha(u)| < |5 ) 82 —0. (6.9)
Osusl k=n+1

6.2 Uniqueness of the series representation

The density h(u) in Theorem 6.1 can be written as h(u u)?/ fo v)2dv,
where -
n(u) =1+ Z SmV/2 cos (mmu) a.e. on (0,1). (6.10)
m=1

Moreover, recall that in general,

5 :fol(l(ueB) I(u € [0,1]\B)) V2 cos (mmu) \/h(u)du
" I (I(we B) = I(u € [0,1\B)) /A du

\/Héw = /0 (I(u € B) —I(u € [0,1\B)) v/h(u)du.

for some Borel set B satisfying fol (I(u€ B) — I(u € [0,1\B)) /h(u)du > 0,
hence

9

n(u) = (I(u€ B) — I(ue [0,1\B)) vVh(w), [ 1+ 3 &2, (6.11)

Similarly, given this Borel set B and the correspondlng Om’s, the SNP
density (6.6) can be written as h,(u) = n,(u)?/ fo nn(v)?dv, where

Ma(u) = 1+ Z V2 cos (mmu)
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= (I(u€ B) —I(u€[0,1\B)) v/hn(u) 1+Z§2 (6.12)

Now suppose that h(u) is continuous and positive on (0,1). Moreover,
let S C [0,1] be the set with Lebesgue measure zero on which h(u) =
lim,, .o hy(u) fails to hold. Then for any uy € (0,1)\S, lim, .o hy(ug) =
h(ug) > 0, hence for sufficient large n, h,(ug) > 0. Because obviously
hn(u) and n,(u) are continuous on (0, 1), for such an n there exists a small
en(up) > 0 such that h,(u) > 0 for all u € (ug — en(up), uo + enlug)) N (0, 1),
and therefore

I(ue B)—I(ue[0,1\B) = NC \/1@2 (6.13)

is continuous on (ug—e, (ug), uo+£&,(uo))N (0, 1). Substituting (6.13) in (6.11)
it follows now that n(u) is continuous on (ug — &, (o), ug + €n(uo)) N (0,1),
hence by the arbitrariness of uy € (0,1)/5, n(u) is continuous on (0, 1).
Next, suppose that 7(u) takes positive and negative values on (0, 1). Then
by the continuity of () on (0, 1) there exists a ug € (0, 1) for which n(ug) =0
and thus h(ug) = 0, which however is excluded by the condition that h(u) > 0
n (0,1). Therefore, either n(u) > 0 for all u € (0,1) or n(u ) < 0 for all
€ (0,1). However, the latter is excluded because by (6.10) fo u)du = 1.
Thus n(u) > 0 on (0 1), so that by (6.11), I(u € B) — I(u € [0, 1]\B) =1
(0, 1).
Consequently,

Theorem 6.2. For every continuous and positive valued density h(u) on
(0,1) the sequence {6, }2°_; in Theorem 6.1 is unique, with

i fo 2cos (mmu) \/h du
" \/ du

6.3 (eneral representation

Given a continuous distribution function G(x) with support = C R, any
distribution function F(z) with support contained in = can be written as
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F(x) = H(G(z)), where H(u) = F(G'(u)) is a distribution function on
[0,1]. Moreover, if F and G are absolutely continuous with densities f
and g, respectively, then H is absolutely continuous with density A(u), and
f(z) = h(G(z))g(x). Therefore, f(z) can be estimated semiparametrically
by estimating h(u) semiparametrically.

In general, the role of the a priori chosen distribution function G is three-
fold:

1. G specifies the support of the unknown distribution functions F' in the
semi-nonparametric model;

2. G maps the parameter space F of candidate distributions for F' one-to-
one onto a space H(0, 1) of distribution functions on the unit interval,
which enables us to develop a unified inference approach for a wide
range of semi-nonparametric models;

3. G serves as an initial guess for F(z) = H(G(z)). If the guess is right
then H(u) = u. A related interpretation of G is that it serves as a (non-
Bayesian) "prior” for F, with the estimate Hof H playing the role of
correction mechanism which converts the prior GG into a ”posterior” F
for F' on the basis of data evidence. Another related interpretation
is that ' = G represents a standard parametric model for which the
semi-nonparametric model is a generalization.

It follows now from Theorem 6.1 and (6.22) that
Theorem 6.3. Given an absolutely continuous distribution function G(x)

on R with density g(z), any density function f(x) with support contained in
the support of g (i.e., {x: f(x) >0} C{z: g(x) > 0}) can be written as

(L+v2352, 6, cos (krG (:r)))2

f(@) = gl) T (6.14)
a.e. on {x: f(x) > 0}. Moreover, the corresponding SNP densities
n 2
o) = (o) L2 Ty 08 (G (2) (6.15)

L+ 6%
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satisfy

where F(x) = [*_ f(z)dz and H,(u) is defined by (6.8).

6.4 Smoothness

The non-Euclidean parameter of a semi-nonparametric econometric model
often takes the form of a density function f(z). Usually it is assumed that
f(z) has certain smoothness and regularity properties, like boundedness, con-
tinuity and differentiability. Also, usually the semiparametric model involved
requires that the support of f(z) is connected, i.e.,

{z €R: f(x) >0} = (a,b),

where possibly a = —oo and/or b = co. To impose these conditions, we need
to impose corresponding smoothness and regularity conditions on the density
g(x) of the a priori chosen distribution function G(z) and on the density h(u)
in the transformation f(z) = h(G(z))g(x).

Denoting u = G(z), we can write

Given that G is chosen such that f and g have the same support (a,b), it
follows that h(u) must have support (0, 1), i.e.,

h(u) >0 on (0,1), (6.16)

and if f and ¢ are continuous on (a,b) then h(u) is continuous on (0, 1).
Moreover, if it is known that f(z) < oo for each = € (a, b), then f(z)/g(x) <
oo for each = € (a,b), hence h(u) < oo for each u € (0,1). Furthermore,
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since g(x) is an initial guess of f(z), it is reasonable to assume that g(z) is
sufficiently close to f(x) to guarantee that

lim f(z)/g(x) < oo, lim f(z)/g(x) < o0

These tail conditions, together with the condition that f(z) < oo for each
r € (a,b), are equivalent to supg,<; h(u) < oco. A sufficient condition for
the latter is that the 6;’s in (6.4) satisfy

[e.9]

> 18| < o0. (6.17)

k=1

This condition is stronger than necessary for supy,<; h(u) < oo only, be-
cause:

Theorem 6.4. Condition (6.17) implies that > oo | 6,/2 cos(kmu) is uni-
formly continuous on [0, 1], hence the corresponding density function h(u) in
(6.4) is then uniformly continuous on [0,1].!

Note that Theorems 6.2 and 6.4 imply the following corollary.

Theorem 6.5. Suppose that h(u) has support (0,1). If the é;’s in (6.4) are
confined to those for which Yy | |0x| < oo then they are unique.

Next, suppose that f and g are continuously differentiable on (a,b). Then
h(u) is continuously differentiable on (0,1). A sufficient condition for the
latter is that

> " k|be| < oc. (6.18)
k=1

To see this, pick any u € [0, 1] and let € # 0 be so small that u + ¢ € [0, 1].
Then by the mean value theorem there exists a sequence A\, (u, €) € [0, 1] such
that

) 1
limsup |-
e—0 | E

Z Ok (cos(km(u + €)) — cos(kmu)) + 7 Z oy sin(kmu)

k=1 k=1

"Which implies that supy<,<; h(u) < co.
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< mlimsup Z |6k [sin(kru) — sin(km(u + Ag(u, €)e))|

e—0 1
< wlim supz k|6k]. [sin(kru) — sin(km(u + A\g(u,€)e))| + 27 Z k|64 |
=01 k=n+1
=27 Z k|bk| — 0 as n — oo,
k=n-+1
hence
di (Z O cos(/mru)) = Z 6’“% = -7 Z ko, sin(kmu)
Y \k= k=1 U k=1
and thus
. 21 (L4 V23 0, 6v2cos(kru)) (35, kbpv/2sin(kmu))
R (u) =— =53 :
Sy

Note that A'(0) = h/(1) = 0. Moreover, it follows similar to Theorem 6.4 that
h/(w) is uniformly continuous on [0, 1].
Along the same lines it can be shown that

Theorem 6.6. If for some natural number € > 1, Y77 k*|é| < oo, then the
density function h(u) in (6.4) is £-times continuously differentiable on [0, 1].

6.5 Bivariate densities

Similar to (4.30) and (6.1), any bivariate density h(u,v) on [0,1] x [0,1] can
be written as

h(u,v) = <a0,0 + Z a0V 2 cos(kmu) + Z g m V2 cos(marv)

k=1 m=1

+ i i Wpm V2 cos(/mru)ﬁCOS(mﬂv)>

k=1 m=1
a.e. on [0, 1] x [0, 1], where > 77 > @y, = 1, and similar to (6.4) we can
reparametrize the ay,,’s such that h(u,v) becomes
1

Lot D251 00+ 2ot Om + 251 2o O

h(u,v)
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X <1 + Z Sk.0V/2 cos(kmu) + Z 80.m V2 cos(mmv)

k=1 m=1

+ i i SrmV/2 cos(kﬁu)\/icos(mﬂv)>

k=1 m=1

a.e. on [0,1] x [0, 1], where

D G0+ D Gomt DD pm < 00 (6.19)
k=1 m=1

k=1 m=1

Note that the marginal densities of h(u,v) take the form of a weighted
sum of univariate densities. In particular, denoting

1
hi(u) = / h(u,v)dv
0
1+v2352, 6kocos(kru)
143701 6
(bom + 2y Ok V2 cos(lmru))2
Zl;.io 61%,771

hl,O (U) =

hl,m (U) ==

it can be shown that

(142202, 87 0) Po(w) + 20—y (30020 Gm) ham(u)
L+ 370 60+ 2t Om T+ 2ot 2ot O
Of course, the 0 ,,’s can be reparametrized such that h,(u) takes the form

(6.4).
Similar to (6.6), let

hl (U) =

1
L3 00+ 21 Bm + 2kt 2ot im

X (1 + Z Ok.0V/2 cos(kmu) + Z 80,mV2 cos(mmv)

P (u, v)

k=1 m=1

k=1 m=1

+ i zn: 6k,m\/§cos(k7ru)\/§cos(mﬁv)>
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be the truncated version of h(u,v). It is not hard to verify that

lim//|huv n(u, )| dudv = 0.

Finally, note that any density f(z,y) with support =, X =, C R? can be
represented by

f(@,y) = g:(2)gy () (Ga(), Gy(y)) ae. on Zp X 5y,

with truncated version

fo(2,y) = 92(2) 9y () hn (G2 (), Gy (y)),

where G, is an a priori chosen absolutely continuous distribution function
with density g, and support Z;, and G, is an a priori chosen absolutely
continuous distribution function with density g, and support =,,.

6.6 Appendix: Proofs

6.6.1 Theorem 6.1

The result (6.8) follows from the well-known sine-cosine formulas. To prove
(6.7), denote

Fu) = L+>0, 5k\/_cos (kﬂu)
N \% 1+ Zm 1 m ’
) = L+> 0 15k\/_cos(k7ru)

VAR

It follows from the Cauchy-Schwarz inequality that

1= g - /!f ()] 1f () + fu ()] du

< 2\/ / (f () = fu () du (6.20)
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Moreover,

/0 (f (w) = fo () du

2 1 i

E:k +162 2
el = < Z 52 (6.21)
1+Zm 1572” k n+1

as is not hard to verify. The result (6.7) now follows from (6.20) and (6.21).
Finally, (6.9) follows from

sup |H(u) |</ h(z)—ha(@)dz < |5 Y 2 —0. (622)

0<u<1 k=nt1

6.6.2 Theorem 6.4
Pick any u € [0,1] and let € # 0 be so small that u + € € [0, 1]. Then

lim sup Z Ok (cos(km(u+¢)) — cos(kwu))‘
S
= limsup Z (cos(kme) — 1) cos(kmu) — sin(kme) sm(kmu))‘
e—0

k=1

< lim supz 16k| (|1 — cos(kme)| + | sin(kme)|) + 3 Z |6k
0 %=1 k=n-+1

=3 Z |6k] — 0 as n — oo.

k=n+1

By the compactness of [0, 1] this result implies that »".° ; 6 cos(kmu) is uni-
formly continuous on [0, 1], and so is h(u).
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Chapter 7

Compactness

As said before, the non-Euclidean parameter of a semi-nonparametric econo-
metric model often takes the form of a density and/or distribution function.
See the next section for an example. Similar to parametric nonlinear esti-
mation, these non-Euclidean parameters need to be confined to a compact
metric space. In this chapter it will be shown how to construct such compact
metric spaces.

7.1 General density and distribution functions

Recall that the results in Theorem 6.1 read more generally as follows. Given
a complete orthonormal sequence {p;}re, in L?(0,1) with po(u) = 1, for
every density function h(u) on [0, 1] there exist uncountable many sequences
{6 },7_, satisfying

> 82, <00 (7.1)
m=1

such that

L+ 3% 8mpm (1))”
h(u) :( +Zm:100 pm (1) a.e. (7.2)

1 + Zm:l 67271
Moreover, recall that this representation does not require any smoothness

conditions. Thus (7.2) holds if h(u) is merely Borel measurable. Furthermore,
denoting

(L4300 bmpm ()
L+370 2, 8% (7-3)

105

hn(u) =
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for n > 1, it follows that

/0 B (1) = ()| du < (7.4)

as n — o0o. B
The condition (7.1) can be imposed by imposing the restrictions |6| < O,

< - . s <2
where 6y, is an a priori chosen positive sequence such that Y ;- 6, < oco. For

example, let
- c
op = ————, 7.5
1+ VE(k) (7:5)

for some constant ¢ > 0. It is easy to verify that then Y ;- gi < ?+c%/1n(2).
These restrictions on the ;’s also play a key-role in proving compactness:

Theorem 7.1. Let D (0,1) be the space of densities of the type (7.2) sub-
ject to the restrictions |6x| < 8y for some a priori chosen positive sequence

8y, satisfying Y ey gi < 00, endowed with the L' metric

1
I = hall, = [ lbs(0) = ha(w)] du.
0

Then D (0, 1) is compact. Consequently, the space

H(0,1) = {H(u) :/ h(v)dv, h € D(O,l)}
0
endowed with the "sup” metric

| Hy — Ho|

sup =

sup |H; (u) — Ha (u)]
0<u<1

is compact as well. Moreover, let D, (0,1) be the space of SNP densities of
the type (7.3), with Dy(0,1) the singleton {h(u) = 1}, subject to the same
restrictions on the 8y ’s, and endowed with the same metric as D (0,1). Then
the sequence D,, (0,1) is dense in D (0,1):

D(0,1) = U2 D, (0,1).

Consequently, the spaces

H, (0.1) = {Hn(u) _ /Ou ho(0)dv, hy € D, (0, 1)}
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endowed with the sup metric are dense in H (0,1):

H (07 1) = U?:OHn <O7 1)

Bierens (2008, Theorem 8) proved this result for the case where the p,, (u)
are Legendre polynomials and &y, is given by (7.5). However, as will be shown
below these results hold for any complete orthonormal sequence p,(u) and
any positive sequence &, satisfying ey Sz < 00.

Similarly, it is easy to construct compact metric spaces of general density
and distribution functions on R. In particular, recall that any density f(x)
with support X C R can be written as f(z) = h(G(z))g(x), where G(z) is
a given absolutely continuous distribution function with density g(x) and
support containing X: X C {z € R: g(x) > 0} . Thus, denoting

D(G) = {f(z) =NG(x))g(x):heD(0,1)}

F(G) = {F(x) — [ st sen (G)}
it follows trivially from Theorem 7.1 that D (G) is a compact metric space
of densities with metric [*_|fi(z) — fo(x)| dz, and F (G) is a compact metric

space of absolutely continuous distribution functions with metric sup,p | #1(z)
— Fy(x)|. Moreover, denoting

D,(G) = {f(z)=h(G(z))g(z): h € D,(0,1)}
Fo(G) = {F(x) :/_ f(z)dz: f €D, (G)}

it follows from Theorem 7.1 that D (G) = U2 (D, (G) and F (G) = UX \F,, (G).

The compactness part of Theorem 7.1 follows from the following two
lemmas and the fact that similar to (6.7), for each pair hy, he € D(0, 1) there
exist sequences 61 = {01}, and 6o = {2 }7>, such that

e}

/0 1 \hy (1) — ho(u)| du < V/5 (810 — Oa)>.

k=1
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Lemma 7.1. Let {6}, be an a priori chosen positive sequence satisfying
ey Ez < 00, and let A = X2 [0k, 6x]. Endow the space A with the metric

oo

d(61,62) = | D (b1 — 620)°,

k=1
where 6 = {611 }52, € A, 0y = {02 }22, € A. Then A is compact.

Lemma 7.2. Let s(61,062) be another metric on A such that for some con-
stant ¢ > 0, s(61,62) < c.d(61,62). Then under the conditions of Lemma 7.2,
the space A endowed with the metric s is compact as well.

7.2 Smooth densities on the unit interval

Note that if we replace the condition .- gi < o0 in Lemma 7.1 by >_32 | %0y,
< oo for some integer ¢ > 0 and the metric d(é;, 82) by

d(él, 62) = Z kqél,k - 627k|
k=1

then the result of Lemma 7.1 carries over. Consequently, the following results
hold.

Theorem 7.2. Let Dy (0,1) be the space of densities of the type (6.4) sub-
ject to the restrictions |6, < 0y, for some a priori chosen positive sequence
ok satisfying > v k0, < oo for some integer £ > 0. Endow D, (0,1) with
the Sobolev' metric

171 = hally = max, sup | () = b5 ()] (7.6)
where K™ (u) = d™h(u)/(du)™ for m > 1, O (u) = h(u). Then Dy (0,1) is
compact. Moreover, let Dy, (0,1) be the space of SNP densities of the type
(6.6), subject to the same restrictions on the 6;’s, and endowed with the same
metric as Dy (0,1). Again, Dyg (0,1) is the singleton {h(u) = 1}. Then the
sequence Dy, (0,1) is dense in Dy (0,1): Dy (0,1) = U2 Dy, (0,1).

!See for example Adams and Fournier (2003).
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This result follows from the fact that for each pair hy, he € Dy(0,1) with
corresponding sequences {01}, and {624 }52; we have

|hy — hall, = O <Z k|6 g — 62,k|> , (7.7)

k=1

as is not hard to verify.

7.3 Appendix: Proofs

7.3.1 Lemma 7.1

To prove the compactness of A it suffices to prove that A is complete and
totally bounded. See Royden (1968, Proposition 15, p.164).

Completeness means that every Cauchy sequence in A takes a limit in A.
To show this, let 6, = {0, }7>; be an arbitrary Cauchy sequence in A, i.e.,

[e.e]

lim  d(6y,6m) =  lim > (bnk = bmp)? = 0.

min(n,m)—oo min(n,m)—oco P

Then for each k& > 1, limuyin(n,m)—oo |Onk — Omi| = 0, hence 6, is a Cauchy
sequence in [0y, 8x] and therefore takes a limit 6 € [0y, 6x]. Consequently,
6 =16}, € A and lim,,_, d (6,,0) = 0, where the latter follows from

o0

lim sup (d (6,,6))* = lim sup > (6 — O)°

n—00 n—00
k=1

< lim sup Z (Bt — k)" + 4 Z Ei
OO k=1 k=m-+1

o
=2
= 4 g 0 — 0 as m — oo.
k=m+1

Thus, A is complete.
To prove total boundedness, let ¢ > 0 be arbitrary, and choose an n so

large that /> ., EZ < g/4. Denote

Ay = (Xzzl[_gk,gk]) x (Xio:n-s-l{o}) : (7.8)
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Since X?_, [—dy, 6x] is a closed and bounded subset of R™ it is compact, hence
A,, is compact. Therefore, there exist elements 61, ...,65; of A, such that
A, Cc UM {6, € A, : d(6,6) < e/2}. Since for each § € A there exists

a b, € A, such that d(6,6,) < 24/>°7° ., Ei < €/2, it follows now that
each 6 € A belongs to one of the open sets {6 € A : d(6,6;) < €}, hence
AcCUM {6eA:d($6) < e} Thus, A is totally bounded.

7.3.2 Lemma 7.2

Let Ao be a set which is open under the metric (., .) but not under the metric
d(.,.). Let § € Ao be a point of closure under the d-metric. Note that by
assumption, ¢ is an interior point of Agp under the s-metric. Then for every
e > 0 there exists a 6 ¢ Ag such that d(9,6) < e. But then s(¢,6) < ¢/c,
which would imply that § is a point of closure under the s-metric as well. This
contradiction implies that open sets under the s-metric are also open under
the d-metric. Consequently, any open covering of A under the s-metric is an
open covering under the d-metricy. Since in the latter case A is compact,
there exists a finite sub-covering of A, which is also a finite sub-covering
under the s-metric. Hence A is compact under the s-metric.
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Semi-Nonparametric models
(To be done)
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