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Abstract

In this paper we propose a consistent Integrated Conditional Mo-
ment (ICM) test of the functional form of a conditional heteroskedas-
ticity model, for example a GARCH specification, which is asymptot-
ically independent of the ICM test of the specification of the under-
lying conditional expectation model, under the null hypothesis that
both models are correctly specified.

1 Introduction

The Integrated Conditional Moment (ICM) estimator of a parameter vector
is derived by minimizing the test statistic of the ICM test of Bierens(1982)
and Bierens and Ploberger (1997) to the parameters. The advantage of this
estimator is that its objective function automatically yields a consistent test
of the null hypothesis that the model involved is correctly specified. We ap-
ply this approach to estimation and testing of ARCH, GARCH and other
conditional heteroskedasticity models. Our main aim is to construct asymp-
totically independent ICM tests of the correctness of both the specification
of the conditional expectation model and the conditional variance model.

*Incomplete working paper.



2 The ICM test

2.1 The Bierens-Ploberger ICM test of a conditional
expectation model

The ICM test is based on the following theorem:

THEOREM 1: Let u be a random variable satisfying Elu| < oo, and
P[E(ulz) = 0] < 1, where z € R* is a bounded random vector.

(a) Let w(u) be a complex or real valued function that is infinitely many
times differentiable in uw = 0 and satisfies the condition that the set

{s e N: (d/du)’w(u) |4=0= 0}

is finite. Then for every € > 0 there exists a £ € RF such that E [u.w(&'x)] #
0 and ||£]| < e.

(b) If in addition w(u) is a power series in an open neighborhood of
u = 0, e, for some &6 > 0, w(u) = Y ooy (vs/s)u’® for |u| < 6, where
Vs = (d/du)*w(u) |u—o, then the set {{ € R* : E [u.w(¢'z)] = 0} has Lebesgue
measure zero and is nowhere dense.

Proof: See Bierens (1982) for part (a) with w(u) = exp(i.u), Bierens
(1990) for the case w(u) = exp(u), and Bierens and Ploberger (1997) for the
general case. Examples of suitable functions w(u) in the general case are
w(u) = cos(u) + sin(u), and w(u) = 1/[1 + exp(c — u)] for ¢ # 0. See also
Stinchcombe and White (1998) for further elaborations on this theorem.

The condition that the random vector x is bounded can be get rid off
by replacing = with ®(x), where ® is a Borel measurable bounded one-to-
one mapping, because the o-algebra generated by x is then the same as the
o-algebra generated by ®(z), hence conditioning on ®(z) is equivalent to
conditioning on x. See Bierens (1982, 1990).

Theorem 1 suggests that, given a random sample (y;,z), t = 1,..,n,
7y € R* and a conditional expectation model E(y;|z;) = g(zt,6p), the null
hypothesis P [E(y|z:) = g(x¢, 6p)] = 1 for some 6y, can be consistently tested
on the basis of the Integrated Conditional Moment (ICM) statistic

/ 26 du(©),
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where 0 is the nonlinear least squares estimator of #y, ® is a bounded one-
to-one mapping, w(.) is a weighting function satisfying the conditions of
Theorem 1, and g a probability measure on a compact set = C R* with
positive Lebesgue measure, which is absolute continuous with respect to
Lebesgue measure. The ICM test was proposed by Bierens (1982), for the
case w(u) = exp(i.u), = a hypercube in R* 1 the Lebesgue measure on =,
and i.i.d. observations (y;, z;) .

It has been shown by Bierens (1990) and Bierens and Ploberger (1997)
that under some mild regularity conditions (among which the assumption
that the function w(.) is real-valued), and the null hypothesis involved,
Z = z on Z, where z is a zero-mean Gaussian process with covarlance
function T'(¢,&) = E[2(&)2(&)], hence [|2(€))*du(€) — [12(€))* du(é
in distribution, whereas under the general alternative that the null is false
2(€)/v/n — n(€) = plimy_oo £ 31, Gw (£ ®(x¢)) in probability, uniformly
on =, where 7(§) # 0 except on a set with zero Lebesgue measure. Con—
sequently, under the alternative (1/n) [ |2(€)|° du(€) — [ |n(€)| du(€) > 0,
a.s.

The asymptotic null distribution of the ICM statistic is of the type

/ =€) du() = > ne?

where the ¢;’s are i.i.d. N(0,1) and the \;’s are the eigenvalues of the covari-
ance function I". Moreover,

[ 12O du(€) O _ X 1
ITEOdE ~ >on i‘i?ng

say, so that asymptotic critical values can be derived from the latter distri-
bution. The actual test statistic of the ICM test is therefore

7 _ JIEOFdu(©)
[T O du(€)
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where f(ﬁl, &) is a consistent estimator of ['(£2, &), uniformly on = x =.
The asymptotic null distribution of fICM is case-dependent, because the
eigenvalues \; depend on the distribution of (y;, z;) and the conditional ex-
pectation model g(z,6), but is dominated by the distribution of T'. Thus,
denoting the 1—« quantile of T by T, i.e., P(T > T,) = «, the null hypoth-
esis is rejected at the o x 100% significance level if fICM > T,. The values
of T, for @ = 0.10,0.05,0.01 can be found in Bierens and Ploberger (1997).

2.2 De Jong’s ICM test

The Bierens-Ploberger version of the ICM test allows for consistently testing
of linear and nonlinear ARX models, but not for ARMAX models, because,
given a k-variate vector time series process

zy = (y, ) € R x RF !, (2)

an ARMAX model represents the conditional expectation of the dependent
variable y; relative to all lagged x;’s. Bierens (1984) and De Jong (1996)
have, in different ways, extended the ICM test to the case where x is infinite
dimensional, i.e., x = (z}_;,&}_,,...)", in order to accommodate conditioning
on the infinite past of a k-variate time series process z;. In this paper we
shall adopt the approach of De Jong (1996).

The space (Z, ||]|) defined in De Jong (1996) is given as follows. For two
infinite sequences of points in R*, ¢ and (, given by £ = (&1,&5,...)" and
¢ =1(¢,&,...), where &, ¢; € R¥, define the norm

€= cll = | D_7%1& = Gl
j=1
where |¢; — (;| is the Euclidean metric on R*. Next, define the space Z as

E={{eR*:q; <& <b;,Vj>1},

where a; < b; and |a;|, |b;| < ¢j~? for some constant ¢ > 0. With this defin-
ition (=, ]|-||) is a compact metric space, and therefore it is totally bounded.
Following Bierens (1990), De Jong now proposes to use the weight function

wi(€) = exp (Z 5;-<1><xt_j>> ,
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and the Lebesgue measure on = as the measure p. However, in view of The-
orem 1, De Jong’s results carry over to the more general case

w(€) = w (Z §;<I><xtj>> , (3)

where w(-) is a real-valued function satisfying the conditions of Theorem
1(b), and ® is a bounded one-to-one mapping. If w(-) is real valued but only
satisfies the conditions of Theorem 1(a), we have to choose a; < 0 < b;, Vj.
In this case the results of Theorem 1(b) read:

THEOREM 2: Let u; be a random variable satisfying E|u| < oo, and let
x; be a k-variate time series process, such that (ug,x;) is stationary. Let
(Z, Il be defined as in De Jong (1996), and let

w(§) = w (Z §}<I>($t—j)> : (4)

where w(-) satisfies the conditions of Theorem 1(b). Then
P[E(Ut‘.%t,l,l‘t,g, ) = O] <1

if and only if the set {{ € =: E (uw(§)) = 0} has Lebesgue measure zero
and is nowhere dense in =.

Proof: De Jong (1997).
The actual test statistic is now the same as (1).
Note that if we choose

w(-) = cos(+) + sin(+), (5)

== X;il {szl [_C.j727 Cin]}

for some constant ¢ > 0, and u(§) a symmetric measure on =, then

[ uwerdue) -1
and consequently the denominator of (1) becomes,
[ Ee.odute) = a/m >
t=1
The latter result is one of the reasons why we favor the weight function (5).
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2.3 An ICM test for ARCH

The results of De Jong can be straightforwardly applied to construct an
ICM test of ARCH and GARCH, given the correctness of the underlying
conditional expectation model. For example, consider the ARCH(1) model

Yt = 5653} + uy,

Ut = Vg [ O + au?_q, Epq1(v) =0, Et—l('UtQ) =1,

where 7, = (1,x})’, with z; defined by (2), and
Et—l(.) = E(.|I’t_1, Ti_2, )

Let ap, ay, and B be the maximum likelihood estimators of the parameters
involved (assuming that the v,’s are i.i.d. N(0,1)), and let & = u? — 4y —
a,u? ; be the ARCH(1) residuals, with @, = 1; — B:ﬁ:}. Then under the
null hypothesis that the conditional variance of u; is ARCH(1), the integral
J1(1//m) > ew, (&)? dp(€) converges in distribution, whereas under the
appropriate choice of w;(§) and p(&) this integral converges to infinity if the
ARCH(1) model is incorrect.

However, the problem is that this ICM test is not independent of the
ICM test of the null hypothesis that the conditional expectation of wu; is
zero with probability 1, because both limiting null distributions depend on
the parameter estimators of the conditional expectation model. This can be
verified from

o= (u-(3-)'%) ~30-m (- (3-4) 7
= e — (G — ) — (@1 — )y,
—2u, T, (B — /30) + (B — /30), (?Et'%; — alfftfljf;fl) (B — /30)

+20 U 1T, (B — 50) ,

2

where
e = u? —ag — ozlut{l = (’Ut2 — 1) (Oéo + 041“?4) )

so that under the null hypothesis,

n

(1/v/n) > aw(&) = (1/vn) Y (v — 1) (a0 + axuf ;) wy(€)

t=1

6



+2v/n (B — ﬁo)/ % D (i) wi(é)

o0,

where the O, term is uniform on =. The null distribution of the ICM test of
the null hypothesis E;_1(u;) = 0 is based on

(V) S aante) = (V)Y o (oot i) wde

~vn (B~ ﬁo)'%i@wt(@-

Although

(1/v/n) tz:;?ft (\/ ap + Oélufl) wy(€)

and
n

(1/+/n) Z (vf = 1) (a0 + aqu;_y) wi()
t=1
converge to independent Gaussian processes if the v’s are i.i.d. N(0,1),
conditional on z;_1,x; o due to the fact that then £, ; [(v} — 1) v;] = 0, the

two ICM tests themselves will be dependent because they have v/n (ﬁ — ﬁo)

in common.

A possible solution to this problem is to use independent estimators of (3,
in constructing the two ICM tests, for example, by using the following ICM
estimators:

n 2

Bo = argmin [ |(1/VA) Y (s~ 05) wi(6)| du(e),
t=1
and
Qo n
I / V) 3 (- 950
1 -

—a0— an (s — T wi(©)| d).
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As will be shown, the estimators Bo and (o, a1, B;)’ are asymptotically in-
dependent if E; 1 [(v? — 1) v, = 0, because

Vi (B = ) = V) D g+ o,

~

Qg — O n
Vi @ | = @) S (02— 1) bt 0,(1),
B1— o =1

where the weights g, and h; depend on Zy, 7,1, v,_1, w(§), and u(§).

3 The ICM test based on the ICM estimator

3.1 The model: Examples

Let z; = (y,x;") be a strictly stationary k-variate time series process [cf.
(2)], and consider a possibly implicit single-equation time series model

f(yt7 Yt—15 -y Yt—p, x:fkfp <y iBI—q? 90) = Uy, (6)

where f is a known function, ; an unknown parameter vector, and u; an
error term which satisfies the condition

Hy: E(u|zi-1,24-2,...) =0 a.s. (7)

Most single-equation time series models can be cast in this framework, es-
pecially if we allow the lag lengths p and/or ¢ to be infinite in order to
include ARMAX and GARCH models as well. However, for the time being
we shall assume that both p and ¢ are finite, and that z; is observable for
t = —max(p,q), ..., n.

The ARX(1) regression model with ARCH(1) errors provides various ex-
amples of model (6). Let

Yo = BoTe-1+ vy \/040,0 + agef1(Bo), (8)
where Qoo > O, 0< o1 < 1, 90 = (Oéo70, 06071,ﬁ6>/, and
&) =y — BT, €1(0) = (2(0)),
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with Z;_1 = (1,41, 2;_;). The correctness of this ARX-ARCH model hinges
on two crucial hypotheses:

Ei 1 (v) =0 a.s., 9)

and

Ei i (v]) =1as. (10)

There are various models f that correspond to this ARX-ARCH model.
First, the ARX part fits in this framework:

f(ytvx:—lveﬂ) = Et(ﬁo) = Uy, (11)
U = Ut\/Oéo,o + 040,15?71(50),

where now 0y = (. However, various version of the ARCH part can be
formulated. For example, let:

fe Y1, 071,775, 60) = 5?(50) — Qo0 — 040,15?—1(50) =u, (12)
u = (v = 1) (c00 + a015/1(5)) ,
where again 6y = (a0, 21, 4))’. Then under the hypotheses (9) and (10),
Ey 4 [f(yta Y11, Ty_1, Ty_g, 9)}
= — (a0 —a00) = (a1 — aga) 71 (o) + 201811 (F0)T;_5 (5 — o)
+(6 — o)’ (@—153\2,1 — Oélfth/I\Lg) (B — Bo),
where 0 = (ap, a1, 5’)’, hence
By [f(ye, ye1, 21, 2], 0)] = 0 as. if and only if 6 = 6. (13)
An alternative ARCH(1) specification of f is

f(y Y L P ) = 63(60) —l=u (14)
6 Jt—1y L1512, V0 Qo0 + a7 1 (Bo) )

ut = ’Ut2 — ]_’ (15)

and again (13) holds if both (9) and (10) hold. The same applies to the
alternative ARCH(1) model

£7(Bo) — w0 — a7 1 (o)

\/040,0 + 20,1671 (o)
o= (F=1)\Jaos+anct () (17)

f(ytJytfhxz(—lax:—Q’HO) = Uy, (16)
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The latter model has the advantage (as will turn out later) that the factor
\/ozo,o + ap 171 (fo) is the same as in the ARX model (11).

Note that if (9) does not hold for some [y, it is still possible that for some
Bo, Ei_1(e2(Bo)) = aoo + ap1e? 1(fo). Therefore, the hypothesis (9) has to
be tested separately.

3.2 The generic model

For notational convenience we shall suppress the random arguments of f,
and write the model in generic form as

fi(6p) =u € R, 6y € © C R™,

where 0, is such that
Hy: Ei1(u;) =0 as.

We may interpret f;(6p) as a short-hand notation for the left-hand side of
(6), and E;_1(u:) as a short-hand notation for the left-hand side of (7).
Throughout we assume that

ASSUMPTION 1: The parameter space © is compact and convexr, and
f:(0) is a.s. twice continuously differentiable on ©.

Also, we need the identification condition that
ASSUMPTION 2: For any pair (61,62) € © x O,
P (B [fu(01)] = Era [fi(02)]) = 1
implies 01 = 0.

Moreover, we may replace any reference to the time series process x;
by references to the o-algebra F;_; generated by {z;—;, j > 1} and/or the
o-algebra Fy,_; generated by {z;—;, j =1,..,t}:

ASSUMPTION 3: {f,(0), 0 € ©} is strictly stationary, and measurable F,
where {F;} is a monotonic increasing sequence of o-algebras: ¥t : Fy_1 C Fy.

Now E;_1(u;) is a short-hand notation for E (u|F;_1) .
Note that for the weight functions w;(§), wy(¢), and the metric space
E in Theorem 2, the o-algebra generated by {z;_j, j > 1} is the same as
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the o-algebra generated by {w.(§), £ € Z}, and the o-algebra generated by
{zi—j, 7 =1,..,t} is the same as the o-algebra generated by {w:(§), & € =} .
Moreover, it is not hard to verify that we can choose w and ® such that
limy o0 E [z (W0y(€) — wy(§ ))?dé = 0. In view of Theorem 2 we may therefore
assume, without loss of generality, that:

ASSUMPTION 4:
(a) The weight functions w,(§) and wy(§) are random functions on a compact
metric space (2, ||-]]), such that

lim E / (@i (€) — wi(€))? de = 0.

t—o0

(b) The process {w(§),& € E} is measurable Fy_1, and the process {w:(§),& € E}
is measurable Fo .1, where Fo; is a monotonic increasing sequence of sub-
o-algebras of Fi_1: Vt: For1 C For C Fr.
(c) For any F-measurable random variable u; for which E [Ju]] < oo,

PE (w|Fi1) =0 <1

implies that the set {{ € = : E (w;w:(§)) = 0} has Lebesgue measure zero and
s nowhere dense in =.

3.3 The ICM estimator of 6,
The ICM estimator of 6y is:
Orom = arg 1;}16%1 Qrem(9),

where 9

Grcnr(0) = / ap(©),

1

%th(‘g)wt(g)

with g as in Theorem 2.

A more general estimator would be the conditional moment estimator
proposed by Carrasco and Florens (1997), which is based on an objective
function of the form

Qu(0) = /:/: (%Zf(yt,xtlﬂ)wt(&)) A&, &)
x (% > F s, e)wt@)) A1) duE),
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where A(£1, &) is a positive definite function on = x =. Carrasco and Florens
(1997) derive the optimal A(&;,&s) as the inverse of a particular positive
definite function, similarly to the GMM case. However, this inverse may not
exist, and if it exists it is quite difficult to compute. Therefore we prefer
our approach. Moreover, in the context of testing the ARCH specification,
our objective is not to efficiently estimating 6y, but to construct independent
ICM tests of the correctness of the specification of conditional expectation
and conditional variance models.

It can be shown, similarly to Bierens (1990), De Jong (1997), and Bierens
and Ploberger (1997), that under I—/I\o, Assumptions 1-4, and the additional

assumptions in the Appendix, that ;o is consistent, and that

26 = — 3 wanl€) = +(6), (18)

where 2 is a zero mean Gaussian process with covariance function

[(&1,&) = E2(6)2(&)] = E [ujwy(&)w(&)] -

This function can be consistently estimated by

T(&1,6) = %z”: [ft <§ICM)]2wt(§l)wt(§2),

uniformly on = x =. Denoting,

o) = £ | 22w

and

A= / b(E)B(E) dp€)

it can now easily be shown, using (18) and standard asymptotic theory, that

'~

Vit (Brcar = 80) = =A7" [ bO=(€)dute) in distr
The function b(£) can be consistently estimated by

3(5) _ 1 n [ Of: <§ICM)

n —~
t=1 aGICM

wy(§),
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uniformly on =, hence
A= [y aue)

is a consistent estimator of the matrix A.
Finally, observe that

T

b(€)z(§)du(§) ~ Ny [0, €],
where

Q - / / P(&1, £)b(E0)b(E) du(E)dpu(E)

- 5| ([meoneane) ([ m(@)b(@)du(@))'} .

This matrix can be consistently estimated by

n

023 (f0ew)” [ webaue)) ([ wieiermo)

t=1

!/

Summarizing, we have:

THEOREM 3: Under Assumptions 1-4, the null hypothesis Hy, and the
additional assumptions in the Appendix, the ICM estimator is asymptotically
normally distributed:

Vit (Brcar = 80) = A7 [ BO(dn(e) ~ N 0,470 ],

A~ A~

and plim, o, A1QA" = A1QAL.

3.4 The ICM test on the basis of the ICM estimator
Next, let us look at the asymptotic distribution of the ICM statistic

2

n@ICM(EICM)Z/:'%th(@cz\/[)wt(ﬁ) du(§),

13



on which the ICM test is based. We have

1 <~ 1 —
% ;ft(QICM)wt(f) = % ;Utwt(f)
b)YV (@CM _ 90) +o,(1),

uniformly on =, hence

T2 Y Aiewun©) = 0 =A™ [ He)el dule.
= 2%(§), say,

where z*(£) is a zero-mean Gaussian process on = with covariance function

66) = T(E6) / P(r, £)B(E) du(E) A~ b(E)
b(e)y AT / D(E.. £)b(E)du(E.) + b6 A QA B(E).

Thus we have

wQuoullion) — [ =0ran©) - ([ Hemean(©) 47 [ e e ranc.

= [ eraue)
in distr. Note that

/: DL€, )du(E) = / P(&,E)du(e) — / b(E) AQAB(E)dpu(€)

= /:F(ﬁ, £)du (&) — trace (A_lﬁ) ,

which can be estimated consistently by

[T tc.ute) = [ Tle)du(e) - trace (4710).

Therefore, the ICM test statistic for testing the null hypothesis (10) is

n@ICM (EICM)

f_ (&,6)du(€) — trace (A\*lﬁ)

Trem =
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Finally, we recall that the weight functions w;(£) and the measure (&)
can be chosen such that [ w;(£)*dp(€) = 1, so that then

/: F(€.©)du(€) = %Z (FBrenn))

= t=1

3.5 The one Newton step approximation of the ICM
estimator

Since the objective function Qe (0) of the ICM estimator is a double sum:

Quew(®) = 25303 F (et 6) £ (o1,6) [ wn(€u(an)

s=1 t=1 =

D w0 [ e (e

"—%Z Z f(ys;a?s1;9)f<yt,l't1,9)/U}s<£)wt(§)du<£)’

t=1 s=t+1 =
the actual computation of the ICM estimator EICM = arg mingce @ICM(Q)
is quite laborious (even if we choose the weights w;(§) and p(§) such that
Jzwe(€)?*dp(§) = 1). However, there is no need to go all the way with
minimizing @ 1om(0). As is well known from maximum likelihood theory, if
one has an initial estimator # such that

NG (b’ - 90) = 0,(1),

then a single Newton step starting from 0 yields an estimator with the same
asymptotic normal distribution as the maximum likelihood estimator. For
example, in the case of ARCH(1) model (12), we may choose

~ . ~/
0 = (O/OLSv 5OLS)/7

where aprg is the vector of OLS estimators of oy and o in the linear regres-

A~ A . ~ /\/ ~ - .
sion of @7 on u? ;, with Uy = y; — BorsTt1, and By the OLS estimator of

Bo. It is a standard exercise to prove that this result carries over to the ICM
estimator, as follows.
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Let

() =~ > fulO)wn(8),
_ n (0f (6
(€)=~ ~< ) wi (),
nia=\ o0
and 1
Onpwr =0 — ( / 5(5%(5)’@(5)) / b(E)R(E)du(€).
Then

\/ﬁ (5NEWT — /éICM) = 0p<1)-

Moreover, using the second-order Taylor expansion of n@ ICM (5N gwr) around
Orcn, it follows that

HQ\ICM(ENEWT) = nQ\IC’M(/Q\IC’M) + 0,(1).

Therefore, rather than using /9\1(; M, we may use the one Newton step estimator
OnEWT-

4 Estimation and testing of ARX-ARCH mod-
els

In the ARCH(1) cases (12) and (14), the ICM estimator ;¢ also yields an
estimator /B, say, of [o: Orom = (@, B/)’, where &' = (Q, @ ). Moreover, the
limiting normal distribution of /éICMa and the null distribution of the ICM
test statistic Tronr, are determined by the Gaussian process 2(€) = z(&),
say, which is the limit process of

Z - L - )
%) = \/ﬁ; 1wy ()

ﬁ iy (v — 1) (o0 + apaety) we(€) in the case (12),
= ﬁ Sy (vf = 1)wy(€) in the case (14),
ﬁ Sy (v — 1) /oo + aaerwi(§) in the case (16).
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Similarly, the limiting normal distribution of the ICM estimator B 1o of
Bo,and the null distribution of the corresponding ICM test statistic Trcay, in
the case of the conditional expectation model for y,

fWe,v1,8) = &), (19)

flye, ve-1, B0) = w = ’Ut\/Oéo,o + ag1e7_1 (o),
Ei1(v) = 0a.s.,

are determined by the limiting Gaussian process z; (&) of

z1(§) = % évt <\/040,0 + 040,163_1(/30)) w(§).

(26)=(28)

Now if under both null hypotheses E;_;(v;) = 0 a.s., E;_1(v?) = 1 a.s., we
also have that

Moreover

E,_1(v}) =0 a.s., (20)

then
E[21(61)22(&)] =0,

hence the Gaussian processes z1(£) and 25(§) are independent, and asymp-
totically so are (51(;]\/[, T\ICM and E 1OM> TICM .
_ By a similar argument it follows that asymptotically the OLS estimator
Bors of Bo, and the corresponding test statistic Tzp of the ICM test of Bierens
and Ploberger (1997), are independent of (51(;1\4, fICM) . These results carry

straightforwardly over to ARX(p) models with ARCH(q) errors.

An alternative approach to consistently testing the ARCH(1) specifica-
tion would be to conduct the ICM test of Bierens and Ploberger (1997) on
the basis of say the maximum likelihood estimator /Q\M 1, of 6. The null distri-

bution of this ICM test then depends on the Gaussian limit process zp/r,(§)
of

2(6) = %ﬁ S Pl o1, Brrn)w(€),
t=1

17



where f is defined by (12). However, it is not too hard to verify that this
test will not be asymptotically independent of the ICM test TB p of the con-
ditional expectation model (19). This is the main reason for considering ICM
estimation of the parameters of ARCH models.

5 Estimation and testing of general condi-
tional heteroskedasticity models

The problem of estimation and consistently testing of an ARCH model using
the ICM approach can be cast be cast in the following general framework:
Let fort =1, ..,n,

Hy,: 360 € Og: f1,6(B0) = u1y, E; 1(u1s) =0 a.s.,
Hoo: ag,By) € Oa x Og: far(w, Bo) = usy, Ei1(uze) =0 a.s.,
(21)
Oqn X O C RP x RY,

where (f1:(8), fa+(a, 3)) is a stationary process on ©, x Og, and f1.(5),
far(a, B) are (a.s.) twice continuously differentiable on ©, x 4. Again,
the conditional expectation F;_1(-) is taken relative to the o-algebra F; ;
generated by {w;(£), £ € =}.

We recall that in the ARCH case,

uy = v\/Ei1 (W3,), By (v) =0 a.s.,

Ut = (%2 - 1) gi-1, Fi (%2) =1la.s.,

where g;_; is measurable F; ;. For example, g, 1 = E; (u%t) in the case
(12), and g, = 1 in the case (14).
Denoting

N 1 « ,
zi(§) = Jn ;Ua‘,twt(ﬁ% J=12,

it follows that
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If we are willing to assume that v; is independent of the events in F;
(which is the usual assumption in ARCH and GARCH models), then it is
possible to make the ICM tests of Hy; and Hy o independent, as follows.

Let 1 be a probability measure on = which is absolutely continuous with

respect to Lebesgue measure. Let

j=1
Denote
2
~ 1 <
0@ = [ @) o)
QB = [ IEFBm))P du(e).
gy = arggrel(iar;@(ﬁ),
By = arg grel(iag@l(ﬁ),
n 2
~ 1
Q) = [ |23 fulaBudo)| duco)
= t=1
Q) = [ 1B e B duc),
a\ N
( 3 ) = arg _min Q2(a, B),
( %2 ) = argaeerilgle@ﬁ@z(a,ﬁ)-
Then

LEMMA 1: Under standard reqularity conditions, plim,,_.., & = @, plim,_, B1 =
ﬁl, aﬁd plim, .o By = By. If Hoy and Hyo are true then @ = «ay and

51 = 52 = [o.
19



Next, denote
() = B[(0£.5)/08,) m(€)]

nie) = & (o 2 Y]

31(5) = %i(afu(@l)/&@;) wy(§),

- 1 s [ 0fe (@, 5,) J0d
ba(6) = U wl©),
S ( Ot Emg /o7, ) e

= [nemterane. &= [Bhme, =12

T;(6,6) = E[uwm(&)w(&)], j=1,2,

B6&) = — > Ban(e)u(E), =12
t=1

where @10 = fi(By), g = fou (@,5,) , and

2 = /E/EFJ‘<51=52)bj(51)bj(£2)/du(£1)du(£2), j=1,2,
j /:/:fa'(fl’52)3]‘(51)Ej(ﬁz)'du(&)du(ﬁz), j=1,2.

)
Il

Then

THEOREM 4: Under standard reqularity conditions and the null hypothe-
ses Hy1 and Hypo,

5

Br—fo) — —A / by (€)1 (E)du(€) ~ Ny(0, AT ALY,

ﬁ(%Q_—aﬁO()) = " [ B©m(dul) ~ N0, 470,
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where z;(§) is a zero mean Gaussian process on = with covariance function
I';(&1,&2), 7 = 1,2. Moreover,

p lim A 1Q A A]lejAj_l, j=1,2.

n—oo

Furthermore, the test statistics of the ICM tests converge in distribution, i.e.,

T, = nQ1(8y) f~ 21 Qdﬂ =11, say
J=T1(&, €)dp(€) — trace ( ) T LE ,u(f) , say,
T, = nQs(@ ) J=2(8) Qd“ = T3, say
J= f2(fa§)d,u(£) — trace ( 192) f: [ ( ,u(g) ) )
where

7% (§) = %(6) - bj(é)/AjI/Ebj(i*)zj(é*)du(f*), j=1,2.

The null distributions T;, j = 1,2, are of the type

> i Ai,jg?,j

it dig
where for each j, the €; ;’s are i.i.d. N(0,1), and the Aij s are the eigenvalues
of the covariance function of z;(§). Moreover, T; < T; a.s., where T; =

1 N 2
SUPN>1 N > i €
If under Hy; and Hy o also

TjN

Ei 1 [uyus] =0 a.s., (22)

then z and zy are independent, hence /ﬁ\l and (&,BQ> are asymptotically

independent, and the asymptotic null distributions T and Ty of the ICM
tests are independent. R
Finally, if the null hypothesis Hy ; is false, then plim, .., T;/n > 0.

The hypothesis (22) can be tested consistently by the ICM test, on the ba-
sis of the model fi+(06o) fa.t(, Bo) = w1 +uay, similarly to model fo (v, Bo) =
Ug,t, but the test involved will not be asymptotically independent of the ICM

tests T1 and Tg, except if F; [u% U2, t} =0as. or F; 4 [ul u2 t] =0 a.s.
However, if one is willing to assume that under Hy; and Hy o,

(u1,4,ug¢) is independent of the instruments z;_;, j > 1, (23)
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then there is no need for condition (22) in order to achieve independence of
the ICM tests, because then we can may rearrange model (21) as follows:

fl,t(ﬁo) = U1,
f2*,t(040; Bol7) = faulao, Bo) — Vf1.e(Bo) = uas — Fuay,

where o

Y= 2

n -~ )
> e Uit

with 4y, and Uz, determined on the basis of initial consistent estimates of

ap and fy. Then under Hy; and Hy o,

p lim 7 = 9o = —llditize)
n—oo E (u%’t) ’

and consequently E [uj; (u2s — Yours)] = 0. The ICM test @* of the null
hypothesis

Hop:3(ag, By)' € Oa x Ot f3,(c0, Bolo) = sy, Eri(uz,) =0 a.s.,

has now a null distribution which is determined by the Gaussian process
25 = 22 — 21 Under condition (23), 23 is independent of z;, because

Elz(E)x(&)] = E [uius (&)W (&)
= Eluiy (ugs — your)) B [wy(&)we(&2)] = 0,

where the second equality follows from condition (23). Hence the ICM tests
T} and T are asymptotically independent.
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