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Abstract

In this paper we propose a consistent Integrated Conditional Mo-
ment (ICM) test of the functional form of a conditional heteroskedas-
ticity model, for example a GARCH specification, which is asymptot-
ically independent of the ICM test of the specification of the under-
lying conditional expectation model, under the null hypothesis that
both models are correctly specified.

1 Introduction
The Integrated Conditional Moment (ICM) estimator of a parameter vector
is derived by minimizing the test statistic of the ICM test of Bierens(1982)
and Bierens and Ploberger (1997) to the parameters. The advantage of this
estimator is that its objective function automatically yields a consistent test
of the null hypothesis that the model involved is correctly specified. We ap-
ply this approach to estimation and testing of ARCH, GARCH and other
conditional heteroskedasticity models. Our main aim is to construct asymp-
totically independent ICM tests of the correctness of both the specification
of the conditional expectation model and the conditional variance model.
∗Incomplete working paper.
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2 The ICM test

2.1 The Bierens-Ploberger ICM test of a conditional
expectation model

The ICM test is based on the following theorem:

THEOREM 1: Let u be a random variable satisfying E|u| < ∞, and
P [E(u|x) = 0] < 1, where x ∈ Rk is a bounded random vector.
(a) Let w(u) be a complex or real valued function that is infinitely many

times differentiable in u = 0 and satisfies the condition that the set

{s ∈ N : (d/du)sw(u) |u=0= 0}

is finite. Then for every ε > 0 there exists a ξ ∈ Rk such that E [u.w(ξ0x)] 6=
0 and kξk < ε.
(b) If in addition w(u) is a power series in an open neighborhood of

u = 0, i.e., for some δ > 0, w(u) =
P∞

s=0 (γs/s!) u
s for |u| < δ, where

γs = (d/du)
sw(u) |u=0, then the set

©
ξ ∈ Rk : E [u.w(ξ0x)] = 0ª has Lebesgue

measure zero and is nowhere dense.

Proof : See Bierens (1982) for part (a) with w(u) = exp(i.u), Bierens
(1990) for the case w(u) = exp(u), and Bierens and Ploberger (1997) for the
general case. Examples of suitable functions w(u) in the general case are
w(u) = cos(u) + sin(u), and w(u) = 1/ [1 + exp(c− u)] for c 6= 0. See also
Stinchcombe and White (1998) for further elaborations on this theorem.
The condition that the random vector x is bounded can be get rid off

by replacing x with Φ(x), where Φ is a Borel measurable bounded one-to-
one mapping, because the σ-algebra generated by x is then the same as the
σ-algebra generated by Φ(x), hence conditioning on Φ(x) is equivalent to
conditioning on x. See Bierens (1982, 1990).
Theorem 1 suggests that, given a random sample (yt, xt), t = 1, .., n,

xt ∈ Rk, and a conditional expectation model E(yt|xt) = g(xt, θ0), the null
hypothesis P [E(yt|xt) = g(xt, θ0)] = 1 for some θ0, can be consistently tested
on the basis of the Integrated Conditional Moment (ICM) statisticZ

|bz(ξ)|2 dµ(ξ),
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where bz(ξ) = 1√
n

nX
t=1

butw (ξ0Φ(xt)) ,
with but = yt − g(xt,bθ),
where bθ is the nonlinear least squares estimator of θ0, Φ is a bounded one-
to-one mapping, w(.) is a weighting function satisfying the conditions of
Theorem 1, and µ a probability measure on a compact set Ξ ⊂ Rk with
positive Lebesgue measure, which is absolute continuous with respect to
Lebesgue measure. The ICM test was proposed by Bierens (1982), for the
case w(u) = exp(i.u), Ξ a hypercube in Rk, µ the Lebesgue measure on Ξ,
and i.i.d. observations (yt, xt) .
It has been shown by Bierens (1990) and Bierens and Ploberger (1997)

that under some mild regularity conditions (among which the assumption
that the function w(.) is real-valued), and the null hypothesis involved,bz ⇒ z on Ξ, where z is a zero-mean Gaussian process with covariance
function Γ(ξ1, ξ2) = E [z(ξ1)z(ξ2)] , hence

R |bz(ξ)|2 dµ(ξ) → R |z(ξ)|2 dµ(ξ)
in distribution, whereas under the general alternative that the null is false,bz(ξ)/√n → η(ξ) = p limn→∞ 1

n

Pn
t=1 butw (ξ0Φ(xt)) in probability, uniformly

on Ξ, where η(ξ) 6= 0 except on a set with zero Lebesgue measure. Con-
sequently, under the alternative (1/n)

R |bz(ξ)|2 dµ(ξ) → R |η(ξ)|2 dµ(ξ) > 0,
a.s.
The asymptotic null distribution of the ICM statistic is of the typeZ

|z(ξ)|2 dµ(ξ) =
∞X
i=1

λiε
2
i ,

where the εi’s are i.i.d. N(0, 1) and the λi’s are the eigenvalues of the covari-
ance function Γ. Moreover,R |z(ξ)|2 dµ(ξ)R

Γ(ξ, ξ)dµ(ξ)
=

P∞
i=1 λiε

2
iP∞

i=1 λi
≤ sup

m≥1

1

m

mX
i=1

ε2i = T ,

say, so that asymptotic critical values can be derived from the latter distri-
bution. The actual test statistic of the ICM test is therefore

bTICM =

R |bz(ξ)|2 dµ(ξ)R bΓ(ξ, ξ)dµ(ξ) , (1)
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where bΓ(ξ1, ξ2) is a consistent estimator of Γ(ξ2, ξ2), uniformly on Ξ× Ξ.

The asymptotic null distribution of bTICM is case-dependent, because the
eigenvalues λi depend on the distribution of (yt, xt) and the conditional ex-
pectation model g(xt, θ0), but is dominated by the distribution of T . Thus,
denoting the 1−α quantile of T by Tα, i.e., P (T ≥ Tα) = α, the null hypoth-
esis is rejected at the α × 100% significance level if bTICM ≥ Tα. The values
of Tα for α = 0.10, 0.05, 0.01 can be found in Bierens and Ploberger (1997).

2.2 De Jong’s ICM test

The Bierens-Ploberger version of the ICM test allows for consistently testing
of linear and nonlinear ARX models, but not for ARMAX models, because,
given a k-variate vector time series process

xt = (yt, x
∗0
t )
0 ∈ R× Rk−1, (2)

an ARMAX model represents the conditional expectation of the dependent
variable yt relative to all lagged xt’s. Bierens (1984) and De Jong (1996)
have, in different ways, extended the ICM test to the case where x is infinite
dimensional, i.e., x = (x0t−1, x

0
t−2, ...)

0, in order to accommodate conditioning
on the infinite past of a k-variate time series process xt. In this paper we
shall adopt the approach of De Jong (1996).
The space (Ξ, k·k) defined in De Jong (1996) is given as follows. For two

infinite sequences of points in R∞, ξ and ζ , given by ξ = (ξ01, ξ
0
2, ...)

0 and
ζ = (ζ 01, ζ

0
2, ...)

0, where ξj , ζj ∈ Rk, define the norm

kξ − ζk =
vuut ∞X

j=1

j2|ξj − ζj|2,

where |ξj − ζj| is the Euclidean metric on Rk. Next, define the space Ξ as
Ξ = {ξ ∈ R∞ : aj ≤ ξj ≤ bj, ∀j ≥ 1},

where aj < bj and |aj|, |bj| ≤ cj−2 for some constant c > 0. With this defin-
ition (Ξ, k·k) is a compact metric space, and therefore it is totally bounded.
Following Bierens (1990), De Jong now proposes to use the weight function

wt(ξ) = exp

Ã
tX
j=1

ξ0jΦ(xt−j)

!
,
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and the Lebesgue measure on Ξ as the measure µ. However, in view of The-
orem 1, De Jong’s results carry over to the more general case

wt(ξ) = w

Ã
tX
j=1

ξ0jΦ(xt−j)

!
, (3)

where w(·) is a real-valued function satisfying the conditions of Theorem
1(b), and Φ is a bounded one-to-one mapping. If w(·) is real valued but only
satisfies the conditions of Theorem 1(a), we have to choose aj < 0 < bj , ∀j.
In this case the results of Theorem 1(b) read:

THEOREM 2: Let ut be a random variable satisfying E|ut| <∞, and let
xt be a k-variate time series process, such that (ut, xt) is stationary. Let
(Ξ, k·k) be defined as in De Jong (1996), and let

wt(ξ) = w

Ã ∞X
j=1

ξ0jΦ(xt−j)

!
, (4)

where w(·) satisfies the conditions of Theorem 1 (b). Then

P [E(ut|xt−1, xt−2, ...) = 0] < 1
if and only if the set {ξ ∈ Ξ : E (utwt(ξ)) = 0} has Lebesgue measure zero
and is nowhere dense in Ξ.

Proof : De Jong (1997).
The actual test statistic is now the same as (1).
Note that if we choose

w(·) = cos(·) + sin(·), (5)

Ξ = ×∞j=1
©×k`=1 £−cj−2, cj−2¤ª

for some constant c > 0, and µ(ξ) a symmetric measure on Ξ, thenZ
Ξ

wt(ξ)
2dµ(ξ) = 1,

and consequently the denominator of (1) becomes,Z bΓ(ξ, ξ)dµ(ξ) = (1/n) nX
t=1

bu2t .
The latter result is one of the reasons why we favor the weight function (5).
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2.3 An ICM test for ARCH

The results of De Jong can be straightforwardly applied to construct an
ICM test of ARCH and GARCH, given the correctness of the underlying
conditional expectation model. For example, consider the ARCH(1) model

yt = β 00ext + ut,
ut = vt

q
α0 + α1u2t−1, Et−1(vt) = 0, Et−1(v

2
t ) = 1,

where ext = (1, x0t)0, with xt defined by (2), and
Et−1(•) = E(•|xt−1, xt−2, ...).

Let bα0, bα1, and bβ be the maximum likelihood estimators of the parameters
involved (assuming that the vt’s are i.i.d. N(0, 1)), and let bet = bu2t − bα0 −bα1bu2t−1 be the ARCH(1) residuals, with but = yt − bβ00ext. Then under the
null hypothesis that the conditional variance of ut is ARCH(1), the integralR |(1/√n)Pn

t=1 betwt(ξ)|2 dµ(ξ) converges in distribution, whereas under the
appropriate choice of wt(ξ) and µ(ξ) this integral converges to infinity if the
ARCH(1) model is incorrect.
However, the problem is that this ICM test is not independent of the

ICM test of the null hypothesis that the conditional expectation of ut is
zero with probability 1, because both limiting null distributions depend on
the parameter estimators of the conditional expectation model. This can be
verified from

bet =

µ
ut −

³bβ − β0
´0 ext¶2 − bα0 − bα1µut−1 − ³bβ − β0

´0 ext−1¶2
= et − (bα0 − α0)− (bα1 − α1)u

2
t−1

−2utex0t ³bβ − β0

´
+
³bβ − β0

´0 ¡extex0t − bα1ext−1ex0t−1¢ ³bβ − β0

´
+2bα1ut−1ex0t−1 ³bβ − β0

´
,

where
et = u

2
t − α0 − α1u

2
t−1 =

¡
v2t − 1

¢ ¡
α0 + α1u

2
t−1
¢
,

so that under the null hypothesis,¡
1/
√
n
¢ nX
t=1

betwt(ξ) =
¡
1/
√
n
¢ nX
t=1

¡
v2t − 1

¢ ¡
α0 + α1u

2
t−1
¢
wt(ξ)
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−√n
µ bα0 − α0bα1 − α1

¶0
1

n

nX
t=1

µ
1
u2t−1

¶
wt(ξ)

+2
√
n
³bβ − β0

´0 1
n

nX
t=1

(α1ut−1ext−1)wt(ξ)
+Op(1/

√
n),

where the Op term is uniform on Ξ. The null distribution of the ICM test of
the null hypothesis Et−1(ut) = 0 is based on¡

1/
√
n
¢ nX
t=1

butwt(ξ) =
¡
1/
√
n
¢ nX
t=1

vt

µq
α0 + α1u2t−1

¶
wt(ξ)

−√n
³bβ − β0

´0 1
n

nX
t=1

extwt(ξ).
Although ¡

1/
√
n
¢ nX
t=1

vt

µq
α0 + α1u2t−1

¶
wt(ξ)

and ¡
1/
√
n
¢ nX
t=1

¡
v2t − 1

¢ ¡
α0 + α1u

2
t−1
¢
wt(ξ)

converge to independent Gaussian processes if the vt’s are i.i.d. N(0, 1),
conditional on xt−1, xt−2,....,due to the fact that then Et−1 [(v2t − 1) vt] = 0, the
two ICM tests themselves will be dependent because they have

√
n
³bβ − β0

´
in common.
A possible solution to this problem is to use independent estimators of β0

in constructing the two ICM tests, for example, by using the following ICM
estimators:

bβ0 = argminβ Z
¯̄̄̄
¯(1/√n)

nX
t=1

(yt − β0ext)wt(ξ)
¯̄̄̄
¯
2

dµ(ξ),

and ⎛⎝ bα0bα1bβ1
⎞⎠ = arg min

α0,α1,β

Z ¯̄̄̄
¯(1/√n)

nX
t=1

³
(yt − β 0ext)2

−α0 − α1 (yt−1 − β 0ext−1)2´wt(ξ)¯̄̄2 dµ(ξ).
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As will be shown, the estimators bβ0 and (bα0, bα1, bβ 01)0 are asymptotically in-
dependent if Et−1 [(v2t − 1) vt] = 0, because

√
n
³bβ0 − β0

´
= (1/

√
n)

nX
t=1

vtgt + op(1)

√
n

⎛⎝ bα0 − α0bα1 − α1bβ1 − β0

⎞⎠ = (1/
√
n)

nX
t=1

¡
v2t − 1

¢
ht + op(1),

where the weights gt and ht depend on ext, ext−1, vt−1, wt(ξ), and µ(ξ).
3 The ICM test based on the ICM estimator

3.1 The model: Examples

Let xt = (yt, x
∗0
t )
0 be a strictly stationary k-variate time series process [cf.

(2)], and consider a possibly implicit single-equation time series model

f(yt, yt−1, ..., yt−p, x∗t−1, .., x
∗
t−q, θ0) = ut, (6)

where f is a known function, θ0 an unknown parameter vector, and ut an
error term which satisfies the condition

H0 : E(ut|xt−1, xt−2, ...) = 0 a.s. (7)

Most single-equation time series models can be cast in this framework, es-
pecially if we allow the lag lengths p and/or q to be infinite in order to
include ARMAX and GARCH models as well. However, for the time being
we shall assume that both p and q are finite, and that xt is observable for
t = −max(p, q), ..., n.
The ARX(1) regression model with ARCH(1) errors provides various ex-

amples of model (6). Let

yt = β00bxt−1 + vtqα0,0 + α0,1ε2t−1(β0), (8)

where α0,0 > 0, 0 < α0,1 < 1, θ0 = (α0,0,α0,1, β
0
0)
0, and

εt(β) = yt − β 0bxt−1, ε2t (β) = (εt(β))
2 ,
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with bxt−1 = (1, yt−1, x∗t−1). The correctness of this ARX-ARCH model hinges
on two crucial hypotheses:

Et−1 (vt) = 0 a.s., (9)

and

Et−1
¡
v2t
¢
= 1 a.s. (10)

There are various models f that correspond to this ARX-ARCH model.
First, the ARX part fits in this framework:

f(yt, x
∗
t−1, θ0) = εt(β0) = ut, (11)

ut = vt

q
α0,0 + α0,1ε2t−1(β0),

where now θ0 = β0. However, various version of the ARCH part can be
formulated. For example, let:

f(yt, yt−1, x∗t−1, x
∗
t−2, θ0) = ε2t (β0)− α0,0 − α0,1ε

2
t−1(β0) = ut, (12)

ut =
¡
v2t − 1

¢ ¡
α0,0 + α0,1ε

2
t−1(β0)

¢
,

where again θ0 = (α0,0,α0,1, β
0
0)
0. Then under the hypotheses (9) and (10),

Et−1
£
f(yt, yt−1, x∗t−1, x

∗
t−2, θ)

¤
= − (α0 − α0,0)− (α1 − α0,1) ε

2
t−1(β0) + 2α1εt−1(β0)bx0t−2(β − β0)

+(β − β0)
0 ¡bxt−1bx0t−1 − α1bxt−2bx0t−2¢ (β − β0),

where θ = (α0,α1,β 0)0, hence

Et−1
£
f(yt, yt−1, x∗t−1, x

∗
t−2, θ)

¤
= 0 a.s. if and only if θ = θ0. (13)

An alternative ARCH(1) specification of f is

f(yt, yt−1, x∗t−1, x
∗
t−2, θ0) =

ε2t (β0)

α0,0 + α0,1ε2t−1(β0)
− 1 = ut, (14)

ut = v2t − 1, (15)

and again (13) holds if both (9) and (10) hold. The same applies to the
alternative ARCH(1) model

f(yt, yt−1, x∗t−1, x
∗
t−2, θ0) =

ε2t (β0)− α0,0 − α0,1ε
2
t−1(β0)p

α0,0 + α0,1ε2t−1(β0)
= ut, (16)

ut =
¡
v2t − 1

¢q
α0,0 + α0,1ε2t−1(β0) (17)
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The latter model has the advantage (as will turn out later) that the factorp
α0,0 + α0,1ε2t−1(β0) is the same as in the ARX model (11).
Note that if (9) does not hold for some β0, it is still possible that for some

β0, Et−1 (ε2t (β0)) = α0,0 + α0,1ε
2
t−1(β0). Therefore, the hypothesis (9) has to

be tested separately.

3.2 The generic model

For notational convenience we shall suppress the random arguments of f ,
and write the model in generic form as

ft(θ0) = ut ∈ R, θ0 ∈ Θ ⊂ Rm,
where θ0 is such that

H0 : Et−1(ut) = 0 a.s.

We may interpret ft(θ0) as a short-hand notation for the left-hand side of
(6), and Et−1(ut) as a short-hand notation for the left-hand side of (7).
Throughout we assume that

ASSUMPTION 1: The parameter space Θ is compact and convex, and
ft(θ) is a.s. twice continuously differentiable on Θ.

Also, we need the identification condition that

ASSUMPTION 2: For any pair (θ1, θ2) ∈ Θ×Θ,

P (Et−1 [ft(θ1)] = Et−1 [ft(θ2)]) = 1

implies θ1 = θ2.

Moreover, we may replace any reference to the time series process xt
by references to the σ-algebra Ft−1 generated by {xt−j , j ≥ 1} and/or the
σ-algebra F0,t−1 generated by {xt−j, j = 1, .., t}:
ASSUMPTION 3: {ft(θ), θ ∈ Θ} is strictly stationary, and measurable Ft,
where {Ft} is a monotonic increasing sequence of σ-algebras: ∀t : Ft−1 ⊂ Ft.
Now Et−1(ut) is a short-hand notation for E (ut|Ft−1) .
Note that for the weight functions wt(ξ), wt(ξ), and the metric space

Ξ in Theorem 2, the σ-algebra generated by {xt−j , j ≥ 1} is the same as
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the σ-algebra generated by {wt(ξ), ξ ∈ Ξ}, and the σ-algebra generated by
{xt−j , j = 1, .., t} is the same as the σ-algebra generated by {wt(ξ), ξ ∈ Ξ} .
Moreover, it is not hard to verify that we can choose w and Φ such that
limt→∞E

R
Ξ
(wt(ξ)− wt(ξ))2 dξ = 0. In view of Theorem 2 we may therefore

assume, without loss of generality, that:

ASSUMPTION 4:
(a) The weight functions wt(ξ) and wt(ξ) are random functions on a compact
metric space (Ξ, k·k), such that

lim
t→∞

E

Z
Ξ

(wt(ξ)− wt(ξ))2 dξ = 0.
(b)The process {wt(ξ), ξ ∈ Ξ} is measurable Ft−1, and the process {wt(ξ), ξ ∈ Ξ}
is measurable F0,t−1, where F0,t is a monotonic increasing sequence of sub-
σ-algebras of Ft−1: ∀t : F0,t−1 ⊂ F0,t ⊂ Ft.
(c) For any Ft-measurable random variable ut for which E [|ut|] <∞,

P [E (ut|Ft−1) = 0] < 1
implies that the set {ξ ∈ Ξ : E (utwt(ξ)) = 0} has Lebesgue measure zero and
is nowhere dense in Ξ.

3.3 The ICM estimator of θ0
The ICM estimator of θ0 is:bθICM = argmin

θ∈Θ
bQICM(θ),

where bQICM(θ) = Z
Ξ

¯̄̄̄
¯ 1n

nX
t=1

ft(θ)wt(ξ)

¯̄̄̄
¯
2

dµ(ξ),

with µ as in Theorem 2.
A more general estimator would be the conditional moment estimator

proposed by Carrasco and Florens (1997), which is based on an objective
function of the form

eQΛ(θ) =

Z
Ξ

Z
Ξ

Ã
1

n

nX
t=1

f(yt, xt−1, θ)wt(ξ1)

!
Λ(ξ1, ξ2)

×
Ã
1

n

nX
t=1

f(yt, xt−1, θ)wt(ξ2)

!
dµ(ξ1)dµ(ξ2),
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where Λ(ξ1, ξ2) is a positive definite function on Ξ×Ξ. Carrasco and Florens
(1997) derive the optimal Λ(ξ1, ξ2) as the inverse of a particular positive
definite function, similarly to the GMM case. However, this inverse may not
exist, and if it exists it is quite difficult to compute. Therefore we prefer
our approach. Moreover, in the context of testing the ARCH specification,
our objective is not to efficiently estimating θ0, but to construct independent
ICM tests of the correctness of the specification of conditional expectation
and conditional variance models.
It can be shown, similarly to Bierens (1990), De Jong (1997), and Bierens

and Ploberger (1997), that under H0, Assumptions 1-4, and the additional
assumptions in the Appendix, that bθICM is consistent, and that

bz(ξ) = 1√
n

nX
t=1

utwt(ξ)⇒ z(ξ), (18)

where z is a zero mean Gaussian process with covariance function

Γ(ξ1, ξ2) = E [z(ξ1)z(ξ2)] = E
£
u2twt(ξ1)wt(ξ2)

¤
.

This function can be consistently estimated by

bΓ(ξ1, ξ2) = 1

n

nX
t=1

h
ft

³bθICM´i2wt(ξ1)wt(ξ2),
uniformly on Ξ× Ξ. Denoting,

b(ξ) = E

∙
∂ft(θ0)

∂θ0
wt(ξ)

¸
,

and

A =

Z
Ξ

b(ξ)b(ξ)0dµ(ξ)

it can now easily be shown, using (18) and standard asymptotic theory, that

√
n
³bθICM − θ0

´
→ −A−1

Z
Ξ

b(ξ)z(ξ)dµ(ξ) in distr.

The function b(ξ) can be consistently estimated by

bb(ξ) = 1

n

nX
t=1

⎛⎝∂ft

³bθICM´
∂bθ0ICM

⎞⎠wt(ξ),
12



uniformly on Ξ, hence bA = Z
Ξ

bb(ξ)bb(ξ)0dµ(ξ)
is a consistent estimator of the matrix A.
Finally, observe thatZ

Ξ

b(ξ)z(ξ)dµ(ξ) ∼ Nm [0,Ω] ,

where

Ω =

Z
Ξ

Z
Ξ

Γ(ξ1, ξ2)b(ξ1)b(ξ2)
0dµ(ξ1)dµ(ξ2)

= E

∙
u2t

µZ
Ξ

wt(ξ1)b(ξ1)dµ(ξ1)

¶µZ
Ξ

wt(ξ2)b(ξ2)dµ(ξ2)

¶0¸
.

This matrix can be consistently estimated by

bΩ = 1

n

nX
t=1

³
ft(bθICM)´2µZ

Ξ

wt(ξ)bb(ξ)dµ(ξ)¶µZ
Ξ

wt(ξ)bb(ξ)dµ(ξ)¶0
Summarizing, we have:

THEOREM 3: Under Assumptions 1-4, the null hypothesis H0, and the
additional assumptions in the Appendix, the ICM estimator is asymptotically
normally distributed:

√
n
³bθICM − θ0

´
→ −A−1

Z
Ξ

b(ξ)z(ξ)dµ(ξ) ∼ Nm
£
0, A−1ΩA−1

¤
,

and p limn→∞ bA−1bΩ bA−1 = A−1ΩA−1.
3.4 The ICM test on the basis of the ICM estimator

Next, let us look at the asymptotic distribution of the ICM statistic

n bQICM(bθICM) = Z
Ξ

¯̄̄̄
¯ 1√n

nX
t=1

ft(bθICM)wt(ξ)
¯̄̄̄
¯
2

dµ(ξ),
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on which the ICM test is based. We have

1√
n

nX
t=1

ft(bθICM)wt(ξ) =
1√
n

nX
t=1

utwt(ξ)

+b(ξ)0
√
n
³bθICM − θ0

´
+ op(1),

uniformly on Ξ, hence

1√
n

nX
t=1

ft(bθICM)wt(ξ) ⇒ z(ξ)− b(ξ)0A−1
Z
Ξ

b(ξ∗)z(ξ∗)dµ(ξ∗)

= z∗(ξ), say,

where z∗(ξ) is a zero-mean Gaussian process on Ξ with covariance function

Γ∗(ξ1, ξ2) = Γ(ξ1, ξ2)−
Z
Ξ

Γ(ξ1, ξ∗)b(ξ∗)0dµ(ξ∗)A−1b(ξ2)

−b(ξ1)0A−1
Z
Ξ

Γ(ξ∗, ξ2)b(ξ∗)dµ(ξ∗) + b(ξ1)0A−1ΩA−1b(ξ2).

Thus we have

n bQICM(bθICM) → Z
Ξ

z(ξ)2dµ(ξ)−
µZ

Ξ

z(ξ)b(ξ)dµ(ξ)

¶0
A−1

Z
Ξ

b(ξ∗)z(ξ∗)dµ(ξ∗)

=

Z
Ξ

z∗(ξ)2dµ(ξ)

in distr. Note thatZ
Ξ

Γ∗(ξ, ξ)dµ(ξ) =

Z
Ξ

Γ(ξ, ξ)dµ(ξ)−
Z
Ξ

b(ξ)0A−1ΩA−1b(ξ)dµ(ξ)

=

Z
Ξ

Γ(ξ, ξ)dµ(ξ)− trace ¡A−1Ω¢ ,
which can be estimated consistently byZ

Ξ

bΓ∗(ξ, ξ)dµ(ξ) = Z
Ξ

bΓ(ξ, ξ)dµ(ξ)− trace³ bA−1bΩ´ .
Therefore, the ICM test statistic for testing the null hypothesis (10) is

bTICM =
n bQICM(bθICM)R

Ξ
bΓ(ξ, ξ)dµ(ξ)− trace³ bA−1bΩ´ .
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Finally, we recall that the weight functions wt(ξ) and the measure µ(ξ)
can be chosen such that

R
Ξ
wt(ξ)

2dµ(ξ) = 1, so that thenZ
Ξ

bΓ(ξ, ξ)dµ(ξ) = 1

n

nX
t=1

³
ft(bθICM)´2 .

3.5 The one Newton step approximation of the ICM
estimator

Since the objective function bQICM(θ) of the ICM estimator is a double sum:

bQICM(θ) =
1

n2

nX
s=1

nX
t=1

f (ys, xs−1, θ) f (yt, xt−1, θ)
Z
Ξ

ws(ξ)wt(ξ)dµ(ξ)

=
1

n2

nX
t=1

f (yt, xt−1, θ)
2

Z
Ξ

wt(ξ)
2dµ(ξ)

+
2

n2

n−1X
t=1

nX
s=t+1

f (ys, xs−1, θ) f (yt, xt−1, θ)
Z
Ξ

ws(ξ)wt(ξ)dµ(ξ),

the actual computation of the ICM estimator bθICM = argminθ∈Θ bQICM(θ)
is quite laborious (even if we choose the weights wt(ξ) and µ(ξ) such thatR
Ξ
wt(ξ)

2dµ(ξ) = 1). However, there is no need to go all the way with
minimizing bQICM(θ). As is well known from maximum likelihood theory, if
one has an initial estimator eθ such that

√
n
³eθ − θ0

´
= Op(1),

then a single Newton step starting from eθ yields an estimator with the same
asymptotic normal distribution as the maximum likelihood estimator. For
example, in the case of ARCH(1) model (12), we may choose

eθ = (bα0OLS, bβ 0OLS)0,
where bαOLS is the vector of OLS estimators of α0 and α1 in the linear regres-
sion of bu2t on bu2t−1, with but = yt − bβ 0OLSbxt−1, and bβOLS the OLS estimator of
β0. It is a standard exercise to prove that this result carries over to the ICM
estimator, as follows.
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Let eη(ξ) = 1

n

nX
t=1

ft(eθ)wt(ξ),
eb(ξ) = 1

n

nX
t=1

⎛⎝∂ft

³eθ´
∂eθ0

⎞⎠wt(ξ),
and eθNEWT = eθ − µZ

Ξ

eb(ξ)eb(ξ)0dµ(ξ)¶−1 Z
Ξ

eb(ξ)eη(ξ)dµ(ξ).
Then √

n
³eθNEWT − bθICM´ = op(1).

Moreover, using the second-order Taylor expansion of n bQICM(eθNEWT ) aroundbθICM , it follows that
n bQICM(eθNEWT ) = n bQICM(bθICM) + op(1).

Therefore, rather than using bθICM , we may use the one Newton step estimatoreθNEWT .

4 Estimation and testing of ARX-ARCHmod-
els

In the ARCH(1) cases (12) and (14), the ICM estimator bθICM also yields an
estimator bβ, say, of β0: bθICM = (bα0, bβ0)0, where bα0 = (bα0, bα1). Moreover, the
limiting normal distribution of bθICM , and the null distribution of the ICM
test statistic bTICM , are determined by the Gaussian process z(ξ) = z2(ξ),
say, which is the limit process of

bz2(ξ) =
1√
n

nX
t=1

utwt(ξ)

=

⎧⎪⎨⎪⎩
1√
n

Pn
t=1 (v

2
t − 1)

¡
α0,0 + α0,1ε

2
t−1
¢
wt(ξ) in the case (12),

1√
n

Pn
t=1 (v

2
t − 1)wt(ξ) in the case (14),

1√
n

Pn
t=1 (v

2
t − 1)

p
α0,0 + α0,1ε2t−1wt(ξ) in the case (16).
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Similarly, the limiting normal distribution of the ICM estimator eβICM of
β0,and the null distribution of the corresponding ICM test statistic eTICM , in
the case of the conditional expectation model for yt,

f(yt, xt−1, β) = εt(β0), (19)

f(yt, xt−1, β0) = ut = vt

q
α0,0 + α0,1ε2t−1(β0),

Et−1(vt) = 0 a.s.,

are determined by the limiting Gaussian process z1(ξ) of

bz1(ξ) = 1√
n

nX
t=1

vt

µq
α0,0 + α0,1ε2t−1(β0)

¶
wt(ξ).

Moreover µ bz1(ξ)bz2(ξ)
¶
⇒
µ
z1(ξ)
z2(ξ)

¶
.

Now if under both null hypotheses Et−1(vt) = 0 a.s., Et−1(v2t ) = 1 a.s., we
also have that

Et−1(v3t ) = 0 a.s., (20)

then
E [z1(ξ1)z2(ξ2)] = 0,

hence the Gaussian processes z1(ξ) and z2(ξ) are independent, and asymp-

totically so are
³bθICM , bTICM´ and ³eβICM , eTICM´ .

By a similar argument it follows that asymptotically the OLS estimatoreβOLS of β0, and the corresponding test statistic eTBP of the ICM test of Bierens
and Ploberger (1997), are independent of

³bθICM , bTICM´ . These results carry
straightforwardly over to ARX(p) models with ARCH(q) errors.
An alternative approach to consistently testing the ARCH(1) specifica-

tion would be to conduct the ICM test of Bierens and Ploberger (1997) on
the basis of say the maximum likelihood estimator bθML of θ0. The null distri-
bution of this ICM test then depends on the Gaussian limit process zML(ξ)
of bz(ξ) = 1√

n

nX
t=1

f(yt, xt−1,bθML)wt(ξ),
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where f is defined by (12). However, it is not too hard to verify that this
test will not be asymptotically independent of the ICM test eTBP of the con-
ditional expectation model (19). This is the main reason for considering ICM
estimation of the parameters of ARCH models.

5 Estimation and testing of general condi-
tional heteroskedasticity models

The problem of estimation and consistently testing of an ARCH model using
the ICM approach can be cast be cast in the following general framework:
Let for t = 1, .., n,

H0,1: ∃β0 ∈ Θβ: f1,t(β0) = u1,t, Et−1(u1,t) = 0 a.s.,
H0,2: ∃(α00,β 00)0 ∈ Θα ×Θβ: f2,t(α0, β0) = u2,t, Et−1(u2,t) = 0 a.s.,

(21)
Θα ×Θβ ⊂ Rp × Rq,

where (f1,t(β), f2,t(α,β)) is a stationary process on Θα × Θβ, and f1,t(β),
f2,t(α, β) are (a.s.) twice continuously differentiable on Θα × Θβ. Again,
the conditional expectation Et−1(·) is taken relative to the σ-algebra Ft−1
generated by {wt(ξ), ξ ∈ Ξ} .
We recall that in the ARCH case,

u1,t = vt

q
Et−1

¡
u21,t
¢
, Et−1 (vt) = 0 a.s.,

u2,t =
¡
v2t − 1

¢
gt−1, Et−1

¡
v2t
¢
= 1 a.s.,

where gt−1 is measurable Ft−1. For example, gt−1 = Et−1
¡
u21,t
¢
in the case

(12), and gt−1 = 1 in the case (14).
Denoting

bzj(ξ) = 1√
n

nX
t=1

uj,twt(ξ), j = 1, 2,

it follows that

bz(ξ) = µ bz1(ξ)bz2(ξ)
¶
⇒ z(ξ) =

µ
z1(ξ)
z2(ξ)

¶
,
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If we are willing to assume that vt is independent of the events in Ft−1
(which is the usual assumption in ARCH and GARCH models), then it is
possible to make the ICM tests of H0,1 and H0,2 independent, as follows.
Let µ be a probability measure on Ξ which is absolutely continuous with

respect to Lebesgue measure. Let

wt(ξ) = w

Ã
tX
j=1

ξ0jΦ(xt−j)

!
.

Denote

bQ1(β) =

Z
Ξ

¯̄̄̄
¯ 1n

nX
t=1

f1,t(β)wt(ξ)

¯̄̄̄
¯
2

dµ(ξ),

Q1(β) =

Z
Ξ

|E (f1,t(β)wt(ξ))|2 dµ(ξ),

bβ1 = arg min
β∈Θβ

bQ1(β),
β1 = arg min

β∈Θβ

Q1(β),

bQ2(α,β) =

Z
Ξ

¯̄̄̄
¯ 1n

nX
t=1

f2,t(α,β)wt(ξ)

¯̄̄̄
¯
2

dµ(ξ),

Q2(α,β) =

Z
Ξ

|E (f2,t(α, β)wt(ξ))|2 dµ(ξ),

µ bαbβ2
¶

= arg min
α∈Θα,β∈Θβ

bQ2(α, β),µ
α
β2

¶
= arg min

α∈Θα,β∈Θβ

Q2(α, β).

Then

LEMMA 1: Under standard regularity conditions, p limn→∞ bα = α, p limn→∞ bβ1 =
β1, and p limn→∞ bβ2 = β2. If H0,1 and H0,2 are true then α = α0 and
β1 = β2 = β0.
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Next, denote

b1(ξ) = E
h³

∂f1,t(β1)/∂β
0
1

´
wt(ξ)

i
,

b2(ξ) = E

∙µ
∂f2,t

¡
α,β2

¢
/∂α0

∂f2,t
¡
α,β2

¢
/∂β

0
2

¶
wt(ξ)

¸
,

bb1(ξ) =
1

n

nX
t=1

³
∂f1,t(bβ1)/∂bβ 01´wt(ξ),

bb2(ξ) =
1

n

nX
t=1

⎛⎝ ∂f2,t

³bα, bβ2´ /∂bα0
∂f2,t

³bα, bβ2´ /∂bβ 02
⎞⎠wt(ξ),

Aj =

Z
Ξ

bj(ξ)bj(ξ)
0dµ(ξ), bAj = Z

Ξ

bbj(ξ)bbj(ξ)0dµ(ξ), j = 1, 2,
Γj(ξ1, ξ2) = E

£
u2j,twt(ξ1)wt(ξ2)

¤
, j = 1, 2,

bΓj(ξ1, ξ2) =
1

n

nX
t=1

bu2j,twt(ξ1)wt(ξ2), j = 1, 2,
where bu1,t = f1,t(bβ1), bu2,t = f2,t ³bα, bβ2´ , and

Ωj =

Z
Ξ

Z
Ξ

Γj(ξ1, ξ2)bj(ξ1)bj(ξ2)
0dµ(ξ1)dµ(ξ2), j = 1, 2,

bΩj =

Z
Ξ

Z
Ξ

bΓj(ξ1, ξ2)bbj(ξ1)bbj(ξ2)0dµ(ξ1)dµ(ξ2), j = 1, 2.
Then

THEOREM 4: Under standard regularity conditions and the null hypothe-
ses H0,1 and H0,2,

√
n(bβ1 − β0) → −A−11

Z
Ξ

b1(ξ)z1(ξ)dµ(ξ) ∼ Nq(0, A−11 Ω1A
−1
1 ),

√
n

µ bα− α0bβ2 − β0

¶
→ −A−12

Z
Ξ

b2(ξ)z2(ξ)dµ(ξ) ∼ Nq(0, A−12 Ω2A
−1
2 ),
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where zj(ξ) is a zero mean Gaussian process on Ξ with covariance function
Γj(ξ1, ξ2), j = 1, 2. Moreover,

p lim
n→∞

bA−1j bΩj bA−1j = A−1j ΩjA
−1
j , j = 1, 2.

Furthermore, the test statistics of the ICM tests converge in distribution, i.e.,

bT1 =
n bQ1(bβ1)R

Ξ
bΓ1(ξ, ξ)dµ(ξ)− trace³ bA−11 bΩ1´ →

R
Ξ
z∗1(ξ)

2dµ(ξ)R
Ξ
E [z∗1(ξ)2] dµ(ξ)

= T1, say,

bT2 =
n bQ2(bα, bβ2)R

Ξ
bΓ2(ξ, ξ)dµ(ξ)− trace³ bA−12 bΩ2´ →

R
Ξ
z∗2(ξ)

2dµ(ξ)R
Ξ
E [z∗2(ξ)2] dµ(ξ)

= T2, say,

where

z∗j (ξ) = zj(ξ)− bj(ξ)0A−1j
Z
Ξ

bj(ξ∗)zj(ξ∗)dµ(ξ∗), j = 1, 2.

The null distributions Tj , j = 1, 2, are of the type

Tj ∼
P∞

i=1 λi,jε
2
i,jP∞

i=1 λi,j
,

where for each j, the εi,j’s are i.i.d. N(0, 1), and the λi,j’s are the eigenvalues
of the covariance function of z∗j (ξ). Moreover, Tj ≤ T j a.s., where T j =
supN≥1

1
N

PN
i=1 ε

2
i,j.

If under H0,1 and H0,2 also

Et−1 [u1,tu2,t] = 0 a.s., (22)

then z1 and z2 are independent, hence bβ1 and ³bα, bβ2´ are asymptotically
independent, and the asymptotic null distributions T1 and T2 of the ICM
tests are independent.
Finally, if the null hypothesis H0,j is false, then p limn→∞ bTj/n > 0.
The hypothesis (22) can be tested consistently by the ICM test, on the ba-

sis of the model f1,t(β0)f2,t(α0,β0) = u1,tu2,t, similarly to model f2,t(α0, β0) =
u2,t, but the test involved will not be asymptotically independent of the ICM
tests bT1 and bT2, except if Et−1 £u21,tu2,t¤ = 0 a.s. or Et−1

£
u1,tu

2
2,t

¤
= 0 a.s.

However, if one is willing to assume that under H0,1 and H0,2,

(u1,t, u2,t) is independent of the instruments xt−j, j ≥ 1, (23)
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then there is no need for condition (22) in order to achieve independence of
the ICM tests, because then we can may rearrange model (21) as follows:

f1,t(β0) = u1,t,

f ∗2,t(α0, β0|bγ) = f2,t(α0, β0)− bγf1,t(β0) = u2,t − bγu1,t,
where bγ = Pn

t=1 bu1,tbu2,tPn
t=1 bu21,t ,

with bu1,t and bu2,t determined on the basis of initial consistent estimates of
α0 and β0. Then under H0,1 and H0,2,

p lim
n→∞

bγ = γ0 =
E (u1,tu2,t)

E
¡
u21,t
¢ ,

and consequently E [u1,t (u2,t − γ0u1,t)] = 0. The ICM test bT ∗2 of the null
hypothesis

H0,2:∃(α00, β 00)0 ∈ Θα ×Θβ: f
∗
2,t(α0,β0|γ0) = u∗2,t, Et−1(u∗2,t) = 0 a.s.,

has now a null distribution which is determined by the Gaussian process
z∗2 = z2 − γ0z1. Under condition (23), z∗2 is independent of z1, because

E [z∗2(ξ1)z1(ξ2)] = E
£
u1,tu

∗
2,twt(ξ1)wt(ξ2)

¤
= E [u1,t (u2,t − γ0u1,t)]E [wt(ξ1)wt(ξ2)] = 0,

where the second equality follows from condition (23). Hence the ICM testsbT1 and bT ∗2 are asymptotically independent.
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