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Abstract

Elbers and Ridder (1982) and Heckman and Singer (1984) have shown
that under mild conditions the mixed proportional hazard (MPH)
model is nonparametrically identified. However, Elbers and Ridder
did not consider the case of right censored MPH models, whereas
Heckman and Singer only considered right censoring in the Weibull
baseline hazard case. In this lecture note I will explain the Elbers-
Ridder aproach and extend it to the case of right censoring.

1 The mixed proportional hazard model

Let T be a duration, and let X be a vector of covariates. The conditional
hazard function is defined as

i PrTe(tt+6)|T>tX]  fulx)
310 5 11— F(tX)

= A(t, X),

where F(t|X) = Pr[T < t|X], and f(¢|X) is the corresponding conditional
density function. Since
Oln (1 — F(t|X)) —f(t|X)

o T rFex) - X
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it follows that .
1 —F(t|X) =exp (—/ )\(T,X)dT)
0

The proportional hazard model assumes that
At, X) =@ (X)X (t),

were ¢ (X) > 0 is called the systematic hazard, and Aq(¢) is called the
baseline hazard. Usually, ¢ (X) is parametrized as

¢ (X) =exp (G X), (1)

so that the conditional survival function takes the form

S(t|X) Pr[T > t|X] = exp (— exp (B, X) /Ot )\O(T)d'r>

= exp (— exp (ﬁ(/)X) AO(t)) )

where

Mo(t) = [ "Ao(r)dr

is the integrated baseline hazard. Note that for lim;_, . Pr[f >t X] =0 we
need to require that lim; o, Ag(t) = [5° Ao(7)dT = 00, and for Pr[T > t|X]
to be monotonic decreasing on (0,00) we need to require that Ao (t) > 0 for
t € (0,00).

Adopting the specification (1) for the systematic hazard, the mixed pro-
portional hazard (MPH) model, proposed by Lancaster (1979), assumes that
the conditional survival function takes the form

S(t[X) = Eexp (—exp (6 X +Y) Ao(2))] X], (2)

where Y represents unobserved heterogeneity, which is assumed to be inde-
pendent of X. Denoting the distribution function of V' = exp(Y’) by Go(v),
we have

S(X) = [ exp (<v.exp(5X)Aa(t)) dCo(v) 3)

N /ooo (exp (= exp(FX) Ao (1)))" dGio(v)
= Ho (eXp (_ eXp(ﬁ(I)X)AO(t))) )



where

Hy(u) :/ u’dGy(v), u € [0, 1], (4)
0
is a distribution function on [0, 1]. Since for v € (0,1) and n = 1,2,3, ....,
su ) < 00
w20 | (0u)"

it follows from the dominated convergence theorem that
d"Ho(u)/ (du)” = u™" /O T (v — §) u'dGo(v)
7=0

Consequently, Hy(u) is absolutely continuous, with density

ho(u) = / vu’tdGo(v), (5)
0
which is continuously differentiable of any order on (0, 1). Note that if lim,
Go(v) > 0 then lim, g ho(u) = oo but lim,, o u.ho(u) = 0, whereas lim,1 ho(u)
= J;° vdGy(v). Moreover, note that absence of unobserved heterogeneity, i.e.,
Pr[V = 1] = 1, is equivalent to the case ho(u) = 1.

2 Right-censoring

Usually the duration T is only observed up to an upper bound T, which
may vary per individual. This is called right-censoring, which is indicated by
the observable dummy variable C' = I (T > T) , where I(.) is the indicator

function.! As usual, it will be assumed that

Assumption 1. Conditional on the covariates X, the actual duration T and
the censoring time T are independent. The observed duration T is equal to
T-if T <T andis equal to T if T > T. These events are observable in the
form of a dummy variable C = 1 (T > T) .

Also, for later reference it will be assumed that

I(true) =1, I(false) = 0.



Assumption 2. The support of the distribution of T is (0,7),

where possibly but not necessarily ¢ = co. Then
Pr(C = 1|X,T] = S (T|X) = Hy (exp (—exp(5X)Ao (T)))  (6)
and

— _ Pr<t,T<T|X] Pr[T" < min (t,T) |X]
PrT <X, T,¢ =0 = Pr[C =0/X,T] Pr[C=0X,T]
1— H, (exp <— exp(GhX) Ao <min <t,T>>>>

1 — Ho (exp (—exp(55X)00 (7))

Thus the survival function of T given X, T and C = 0 takes the form:
S (41X, T,C =0) (7)
_ Ho (exp (= exp(5X)Ao (1)) — Hy (exp (— exp(ByX) Ao (T)))
1—Hp <exp (— exp(FX) Ao (T)))

x I (T>t>

3 Nonparametric identification

Elbers and Ridder (1982) have shown that under some conditions the MPH
model is nonparametrically identified. Heckman and Singer (1984) provide
an alternative identification proof based on the more general conditions in
Kiefer and Wolfowitz (1956), and propose to parametrize Gy as a discrete

distribution: Go(v) = YL, I (v <6;)p;, with I(.) the indicator function,
where 6; > 0, p; > 0, and Y7, p; = 1. Thus, Heckman and Singer (1984)
implicitly specify ho(u) = YL, 6;u%~1p;. However, they assume that the

support S of the systematic hazard exp (8;X) contains an open interval,
which excludes the case that all the components of X are discrete. Elbers
and Ridder (1982) derive the nonparametric identification of the MPH model
under this condition as well as for the case that X is a dummy variable, with
o # 0.

In this section I will explain the Elbers and Ridder (1982) approach, in a
slightly different way than in that paper.
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3.1 Identification of the systematic hazard

Suppose that there exist a parameter vector 3, an integrated baseline hazard
A (t), and a distribution function H(u) on [0, 1] with density A(u) such that

sup |H (exp (—exp(8'X).A(t))) — Ho (exp (—exp(3yX). Ao (¢)))]

te[oT]
=0 a.s. (8)
Then

Lemma 1. Under Assumption 2, (8) implies that for all t € (0,7)

H (exp (—exp(8'X).A(t))) = Ho (exp (—exp(3,X). Ao (¥))) a.s.  (9)

Proof: Appendix
Taking derivatives of both sides of (9) to ¢t € (0,) yield

h (exp (—exp(8'X).A (1)) exp (— exp(8'X).A ()
X exp(3' X))\ (t)
= ho (exp (— exp(5yX)-Ao (t))) exp (— exp(FyX) Ao (£))
X exp(3yX)No (t)

hence

h (exp (—exp(3'X).A (1))
n (10)

)
ho (exp (— exp(5.X) Ao (1))
_ exp (—exp(54X).Ao (1)
exp (— exp(FX) A (1))

Following Elbers and Ridder (1982) and Bierens (2008) I will now assume
that

exp (8o — B) X)

Assumption 3: The distribution function Go(v) of the unobserved hetero-
geneity variable V' is confined to the class G of distribution functions G on
(0, 00) satisfying [y° vdG(v) = 1.



The actual assumption involved is that for all G € G, [7° vdG(v) = p for
some common 4 € (0,00). Then without loss of generality we may normalize
w=1

With ho(u) = [5° vu’1dGo(v) and h(u) = [3° vu®"1dG(v), where Gy, G €
g, it follows from Assumption 3 that

ho(1) =R (1) =1. (11)

Regardless wether or not h(u) is of the form [;°vu*~'dG(v) with G € G, it
will be assumed that condition (11) holds. How to implement (11) in practice
has been shown in Bierens (2008).

Taking the limit of (10) for ¢ | 0, it follows now from (11) that

1= %(11)) = exp (6o — B)' X) lim AAO(%)- (12)
hence (2
(B—0F) X =In (ltilr(r)l )\O((t))> a.s. (13)

Next, following Bierens (2008), suppose that

Assumption 4: E[X'X] < oo and ¥ = E (X — E[X]) (X — B[X])'] is
non-singular.?

The condition E[X'X] < oo implies that E[X] exists and is finite, hence
In (limg g Ao (t) /A (t)) = (B — Bo) E[X] exists and is finite and thus by (13)

(8= 6o) (X — E[X]) =0 as. (14)
It follows now from (14) and Assumption 4 that (8 — 3,)' 2 (8 — B) = 0,
hence 3 = (3, and
, Ao (1)
im

tlo A (¢)

=1. (15)

3.2 Identification of the baseline hazard in the Weibull
case

Note that if A (t) and A (¢) are of the Weibull type,
Xo(t) = exp (o) wot ™", A(t) = exp () wt* ™,

2Note that the nonsingularity of ¥ excludes the presence of a constant covariate.
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where agy and « are scale parameters, and wg > 0, w > 0, then (15) implies
a = g, w = wp, hence A (t) = Ao (t) for all £ > 0. Thus in this case (9) reads

H (exp (— explao + 8,X). B0 (1)) ) (16)
= Hy <exp <— exp(ap + B5X). Ao (t))) a.s.

for all ¢ € [0,), where B

AO (t) = twO.
However, this result by itself does not pin down «p, because (16) also holds
for H* (u) = H (ul/c> and Hg (u) = Hy (ul/c) , where ¢ > 0 is arbitrary:

H* (exp (— exp(ap + In(c) + 3,X).Ag (t)))
= H; (exp <— exp(ag + In(c) + B5X). Ao (t))) a.s.

On the other hand, if H} (u) = [5°u’dG§ (v) where G§ € G, then by As-
sumption 3 and (11),

| — fim 90 (1)

1 1
1 1/c\ =,,1/c—1 — -
ull U 11%111 ho (u ) cu ’

C

and similarly for H*. Thus, Assumption 3 pins down the scale of the inte-
grated hazard in the Weibull case.

3.3 Identification of the integrated hazard
3.3.1 Continuous covariates
Under Assumptions 2-3, (9) now reads
H (exp (—=Z.A(t))) = Hp (exp (—Z.Aq (t))) (17)

a.s. for t € (0,t), where Z = exp(3,X). Elbers and Ridder (1982) assume in
first instance that the support of Z contains an open interval, for example
the interval (29 — €, z0 + €). Then

H (exp (—z.A (1)) = Hp (exp (—z.Aq (1))

on (zg—¢€,20+¢) X (0,t) . Hence, taking the derivative to z € (29 — €, 29 + €)
and letting z — 2y, it follows that

h (exp (—z0-A (t))) exp (—z0.A (t)) A (¢) (18)
= ho (exp (—20.Mo (t))) exp (—20.Ao (t)) Ao (1),
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whereas if we take the derivative to t € (0,%) and set z = zy then

h (exp (—z0.A (1)) exp (—20-A (£)) A (£) (19)
= ho (exp (—20.Ao (t))) exp (—20-Ao (t)) Ao (2) .

Dividing (19) by (18) yields
A(t) o (t)

() Ao(t)

for t € (0,1),

which is equivalent to

din (A (t))  dAg (1)
dt o dt

for t € (0,1).

Integrating both derivatives and using the boundary condition A (0) = Ay (0) =
0 it follows that
A(t) = Ao (¢) fort €[0,1). (20)

Thus, the integrated baseline hazard is now identified on [0,%) up to a
multiplicative constant. However, this constant is identified. So see this,
denote

6o = (Ao (1) =In(A (1),

Ro(t) = Ao(t) /Mo (1), Ro(t) =No(t) /Ao (1)

so that A (1) = Ag (1) = 1. Then it follows similar to the Weibull case that
«p is identified.

3.3.2 Discrete covariates

In the Appendix of their paper, Elbers and Ridder (1982) also consider the
case where the systematic hazard takes two values. Thus, let again Z =
exp (B)X) and suppose that there exists a pair 2, 2o such that

Pr[Z = 2] >0, Pr[Z = 2] >0, 0 < 21 < 29 < 00.
Then for 0 <t <t and j = 1,2,
H (exp (—z;.A (1)) = Ho (exp (—2;.A0 (1)) ,
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hence

A(t) = , j=12 (21)
Next, assume that
Assumption 5. Ay (t) > 0 on (0,00).

Then Ag (t) is strictly monotonic increasing on (0, 00), and since Hy(u)
and H (u) are strictly monotonic increasing on (0, 1) it follows from (21) that
A (t) is strictly monotonic increasing on (0, c0) . Therefore, both Aq (t) and
A (t) are invertible on (0,00), with inverses denoted by Ag'(.) and A= (.),
respectively.

Given an arbitrary ¢ € (0,%), let

=451 (200 0)) = A5 (oo (1) (22)

where
p=2z1/z <1,

and note that by the monotonicity of Ag (¢), t < t. Then it follows from (21)
that

M) = A(Ag" (pho (1)) (23)
_ hl (H_l (HO (exp (—ZQ.AO (tg)))))
_ (T (o (e (2o (A" (500 (9)))))
_ W (H 7 (Hy(exp (=2 (1) _ 21y n
- 0. 2
hence
pA(t) = A (A5 (oo (1)) (24)

and thus also
pho (£) = Ao (A7 (pA (1)) - (25)
More generally, it follows by induction that



Lemma 2. For n=1,2,3,.... and t € (0,%), p"Ao (t) = Ao (A7 (p"A (2))) .

Proof: Appendix.

Lemma 2 implies that
Ao (t) _ Ao (AT (p"A (1))
A(t) pA(t)

Taking the limit for n — oo yields
M) L A (AT (A )
A(t) n=o0 pA (1)
Ao (AT (P"A (1)) — Ao (A1 (0))

=00 pmA (t)
RTISTY

710 dr
— jim dAo (A1 (7)) dA™1 (1) ‘

710 dA~1(7) dA (A1 (7))
NS TR, ¥

710 A (A1 (7)) 100 A (7)
=1

where the latter follows from (15). Since ¢ € (0,t) was chosen arbitrarily,
it follows that A (t) = Ao (t) on [0,%). Consequently, the result (27) carries
over.

3.3.3 Mixed continuous-discrete covariates

As is well-known [see for example Chung (1974, Sect. 1.3)], the distribution
function ¥(z) of Z = exp (3,X) can always be written as a unique convex
combination

U(z) =Pr(Z <z] = 61W(2) + 62Va(2) + 63V,(2)
where 6; > 0, 63 > 0, 63 > 0, 61 + 69 + 63 = 1, W.(2) is an absolutely

continuous distribution function, W4(z) is a discrete distribution function,
and W,(z) is a singular continuous distribution function.
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Elbers and Ridder (1982) assume that either the support of Z contains
an open interval, which corresponds to 6; > 0 and ¥/(z) > 0 on an open
interval, or that 6; = 0 and 63 > 0 where U4(z) is non-degenerated (i.e.,
U,(z) is not the distribution function of a constant, so that ¥4(z) has at
least two jumps). These two assumptions can be combined as follows:

Assumption 6. The distribution function V(z) of Z = exp (ByX) satisfies
U(z) = 61Ve(z) + 62W4(2), where 6 > 0, 69 > 0, 61 + 62 = 1, U(2) is an
absolutely continuous distribution function on (0,00) with support contain-
ing an open interval, and V4(z) is a non-degenerated discrete distribution
function.

Summarizing, it has been shown:

Theorem 1. Let Assumptions 1-6 hold. Suppose that the conditional survival
function has two equivalent representations,

S(t|X) = Ho(exp (—exp (ao + 5pX) Ao (1))
= H (exp(—exp(a+ FX)A(t))) (26)

for all t € (0,t), where t is the upper bound of the support of the censor-
ing time T, the integrated hazards Ao (t) and A (t) are normalized such that
A(1) = Ao (1) =1, and the density h of the distribution function H is nor-
malized by h(1) = 1. Then a = a, 8= By and A (t) = Ao (t) for all t € (0,7).

3.4 Identification of the unobserved heterogeneity dis-
tribution

It remains to show that under the conditions of Theorem 1,

Pr SFIZ) |H (exp (—exp (o + 5yX) Ao (1))

—Hy (exp (—exp (ap + FX) Ao (1)) = 0] X (27)

=1
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implies H(u) = Hp(u) on [0,1]. If £ = oo this is trivial. If £ < oo but H(u)
is of the type H(u) = [;°u"dG(v) then H = H, follows from the following
lemma.

Lemma 3. Let H(u) = [;°u'dG(v) and Ho(u) = [3° u’dGy(v) for all
u € [0,1], where G(v) and Go(v) are distribution functions with non-negative
support. If H(u) = Ho(u) on an arbitrary interval (uw,mw) C [0,1] then
G(v) = Go(v) on [0,00), hence H(u) = Ho(u) on [0,1].

Proof: Appendix
Remark. Note that the condition that H takes the form H(u) = [;° u’dG(v)
for all u € [0, 1] is necessary. If Hyo(u) = [5° u’dGo(v) a.e. on [0, 1] but only
H(u) = [;°u’dG(v) = Ho(u) a.e. on (u,u) then Lemma 3 implies that
H(u) = [;° u’dGp(v) a.e. on (u,u) but not a.e. on [0,1] if u > 0 or w < 1.
The latter follows easily from the fact that we can always extend H (u) beyond
(u,u) such that H(u) # [;° u’dGy(v) with positive Lebesgue measure.

Theorem 2. In addition to the conditions of Theorem 1, suppose that either
the support of the censoring time T is (0,00), or H(u) = [y° u’dG(v), where
G has nonnegative support. Then H(u) = Hy(u) for all u € [0,1].

4 Proofs

4.1 Lemma 1

It is trivial that (8) implies that for any 7 € (0,1),
tSE(l)p) |H (exp (—exp(8'X).A (t))) — Ho (exp (— exp(8,X).Ag (2)))]
€|0,7

xI(TST):Oa.s.

Letting 7 — t, the lemma now follows from the fact that by Assumption 2,
I(Tﬁf) =1 as.
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4.2 Lemma 2
Suppose that for an n > 1, p"Ag (t) = Ag (A (p"A (¢))) on (0,7). Let t, =
A7t (p"A (t)) and note that ty < t because p € (0,1). Then
PN () = Pt Ao (Mg’ (pAo (1))
= " Ao(t2) = Ao (A (57A (12)))
= Mo (AT (A ()).

4.3 Lemma 3

The proof of Lemma 3 is an adaptation of the results of Abbring and van
den Berg (2003). It is given in the separate appendix (Bierens and Carvalho
2007b, Lemma A.1) to Bierens and Carvalho (2007a), but will be reproduced
here again.

First, observe that for u € (0,1) and non-negative integers m,

supv™u’ < oo. (28)
v>0

Take the derivative of H(u) and Hy(u) to u € (u,u). Then by (28) and dom-
inated convergence we may take the derivatives inside the integrals involved:

/000 vu "t dG (v) = /Ooo vu' "t dGo(v). (29)

Multiply (29) by u, and then take the derivatives to u € (u,u) again, which
by (28) implies that

/ v?u’ G (v) = / v?u’ "t dGo(v).
0 0
Repeating this procedure it follows by induction that

/OO v""udG(v) = /OO v""u’dGy(v) for m =0,1,2,.... (30)

0 0

/Ooo Zk: (t'v)mu”dG(v) = /Ooo 3 <t’v)mu”dG0(v) for k=0,1,2,.... (31)

|
m—0 U

13



Since

o0 m

>

2 exp (—v.1In(1/u))

= p((\t| —1I1(1/U)) v)
< 1if |¢] <In(1/u)

IN

sup| Y-
k>1 | ;=0 m:

it follows from (31) and bounded convergence that

/ ™ exp (t0) w'dG(v) = / ~ exp (£0) u'dGo(v) for || < In(1/u).  (32)
0 0
Now denote

~ Jo u’dG(v)

I u’dGo(v)
F(ZIZ’|U) - fooo ’LLUdG(’U)7 e

57 urdGo(v)
for u € (u,w) and x > 0. Then it follows from (32) and (33) that

Fo(zlu) = (33)

/OOO exp (t.w) dF (v|u) = /OOO exp (t.v) dFy(vlu) for [t| < In(1/u).

Hence it follows from the uniqueness of moment-generating functions that
F(z|u) = Fo(x|u) for u € (u,u) and = > 0, and thus

/O " udG(v) = /0 U dGy(v). (34)

Moreover, similar to (30) it follows from (34) that for x > 0, m,k =0,1,2, ...
and u € (u,7),

/z vy dG (v) = /x V"R dGo(v),
0 0

hence

/Oxvde(v) = /Ovm vlng{:l!/u)) u’dG(v)

k

(In(1/ x
(In( 'u / V™ Ry dG (v)
0

I
Mg

k=0
(In( 1/u

Mg

/w V™R dGo(v)
0

k=0
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_ /Ow i (’Uhl(k].'/U)) ’UmuvdGo('U)

= / exp (—v. In(u)) u’v™dGo(v

0

= /ZD v"dGo(v).

0

Thus, for x > 0and m=0,1,2, ...,

/0 T (0. (v < 7)™ dG(v) = /0 T (0. (v < 7)™ dGo(v), (35)

where [(.) is the indicator function.

Now use the well-known fact that distributions of bounded random vari-
ables are equal if and only if all their moments are equal. Then, with V' a
random drawing from G(v) and V; a random drawing from Gg(v), it follows
from (35) that for x > v > 0,

PrVI(V <z)<v]=Pr[Vo.Il(Vy <z) <.

This implies that G (z) — G(v) = Go (x) — Go(v). Hence, letting z — oo, it
follows that
G (v) = Gy (v) for v > 0.
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