CHAPTER 3

Kernel estimators of regression functions

Herman J. Bierens

Abstract: This chapter reviews the asymptotic properties of the Nadaraya-Watson
kernel estimator of an unknown (multivariate) regression function. Conditions
are set forth for pointwise asymptotic normality and uniform weak consistency.
These conditions cover the standard i.i.d. case with continuously distributed re-
gressors, as well as the cases that the distribution of all, or some, regressors is
discrete and/or the data are generated by a class of strictly stationary time series
processes. Moreover, attention is paid to the problem of how the kernel and the
window width should be specified. Furthermore, the estimation procedure under
review is illustrated by a numerical example.

1 Introduction

A large extent of applied econometric research involves the specification
and estimation of regression models, where in most of the cases the linear
regression model is used. The most crucial assumption underlying these
models is that they represent the mathematical expectation of the depen-
dent variable conditional on the regressors, which implies that the expec-
tation of the error term conditional on the regressors equals zero with
probability 1. If the dependent variable has finite absolute first moment
this conditional expectation always exists. Compare Chung (1974, Theo-
rem 9.1.1). Therefore, regression models are either true or false in the
sense that they represent conditional expectations given the regressors,
or not.

This point of view is at odds with the common belief among econome-
tricians that econometric models are always convenient but imperfect ap-
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proximations of the empirical phenomena under review and that therefore
econometric models are by definition false. In particular, one usually dis-
tinguishes admissible and nonadmissible models, where the admissibility
of a model depends on its purpose. Given the dependent variable and the
regressors, however, there is only one regression model that obeys the
usual conditions on the error term, namely the conditional expectation
mentioned above. Therefore, as long as these conditions on the error term
are adopted, the only admissible model is the true model, in the above
sense. As a consequence, the specification of the functional form of an
econometric regression model is basically a statistical problem rather than
an economic problem. Only the choice of the dependent and the explana-
tory variables themselves is an economic problem. As soon as these vari-
ables have been selected, the corresponding regression model has implic-
itly been selected too. In other words, the model is uniquely determined
by the data. Thus, adding or deleting variables from the list of explana-
tory variables may change the functional form of the model. See Bierens
(1984, p. 326). This argument, however, applies only to regression mod-
els. The conditional expectation is not the correct location “parameter”
for every econometric problem. For example, in nonlinear structural mod-
eling the conditional expectation is not necessarily an aid to recovering
either the structural model or its reduced form.

The usual practice in constructing an econometric regression model is
to specify a parametric family for the response function. Obviously, the
most popular parametric family is the linear model. One could consider
this as choosing a parametric functional form from a continuum of pos-
sible functional forms, analogous to sampling from a continuous distri-
bution. Therefore, the probability that we pick the true functional form
in this way is zero or at least very close to zero.

The only way to avoid model misspecification is to specify no func-
tional form at all. But then the problem arises how information about
the functional form of the model can be derived from the data. Before
Gallant’s (1981) paper on the Fourier flexible form, this problem has not
been rigorously addressed in the econometric literature. Of course, econ-
ometricians have dealt with flexible functional forms before, but mainly
in the framework of the well-known Box-Cox (1964) transformation. See
Zarembka (1968), White (1972), Leech (1975), and Spitzer (1976), among
others, for empirical applications of the Box—Cox transformation. As is
well known, the linear and log-linear models are members of the class of
functional forms covered by the Box-Cox transformation. It is also obvi-
ous, however, that there is no guarantee that the true model belongs to
this class. So the Box-Cox transformation is by no means a watertight
protection against model specification errors.
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Gallant’s method is based on the fact that under mild conditions a real
function on a bounded domain can be expanded in an infinite Fourier se-
ries. Estimating the coeflicients of this Fourier series after suitable trun-
cation by, say, least squares gives a direct estimate of the functional form
of the model without need to specify a parametric family. This approach
is reminiscent of the orthogonal series expansion approach in estimat-
ing probability density functions of unknown form, proposed by Cencov
(1962) and others. See Fryer (1977) and Tapia and Thompson (1978) for a
review of this and other methods for nonparametric density estimation.
That brings us to the statistical literature on nonparametric estimation of
unknown density and regression functions. The problem of nonparamet-
ric estimation of a density function has received extensive attention in the
statistical literature (see the above-mentioned reviews), and since the pio-
neering papers of Nadaraya (1964) and Watson (1964) there is now a grow-
ing extent of literature on the related problem of nonparametric estima-
tion of unknown regression functions. See Collomb (1981, 1985b) for a
review. Most of the literature on nonparametric regression function esti-
mation deals with the kernel method and its variants.

In this chapter we shall discuss the kernel method. The reason for em-
phasizing the kernel method is twofold. First, due to recent generaliza-
tions of this method to time series data and discontinuously distributed re-
gressors, it has now become relevant for econometrics. Second, the kernel
method is easier to apply to multivariate regression problems than other
methods (perhaps apart from Gallant’s approach), although the perfor-
mance of this method is negatively related to the number of regressors.

The character of this chapter is mainly that of an introduction. Our
main aim is to explain the theory to the general reader in an accessible
way, although some new results will be presented. Nevertheless, accessi-
bility might be enhanced by first reading McFadden (1985), who considers
the model specification problem from various points of view, including
the nonparametric point of view. A possible exception to mathematical
accessibility might be the section on time series applications, where we
employ martingale and mixing concepts. Rather than going into mathe-
matical sloppiness, we have sought accessibility in not employing the ut-
most general conditions (though general enough for econometric appli-
cations). Moreover, we shall discuss some practical matters in applying
these methods, together with a numerical example.

The plan of this chapter is as follows. In Section 2 we consider point-
wise asymptotic normality and uniform weak consistency in the case of
ani.i.d. data-generating process with continuously distributed regressors.
Section 3 deals with the i.i.d. case where all, or some, regressors are dis-
crete, thus allowing for qualitative explanatory variables. Again point-
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wise asymptotic normality and uniform weak consistency are shown. In
Section 4 we set forth conditions such that the asymptotic results in the
i.i.d. case go through for a class of strictly stationary time series pro-
cesses. Section 5 is devoted to practical matters, including a numerical
example.

2 Kernel estimators of regression functions: the continuous
i.i.d. case

2.1 Introduction

For a start, let us consider the easiest data-generating process, namely the
case where we have an i.i.d. sample {(y,xy),..., (¥, X,;)} from an abso-
lutely continuous k+ l-variate distribution with density f(y, x), where
y€ R and x e R*. In this data the y /s are the dependent variables and the
x;’s are k-component vectors of regressors. If E|y,| <o, then the condi-
tional expectation of y; given x; exists and takes the form

E(y;lx;)=g(x)) Q.1.1)

with g(-) a Borel measure real function on R*. Compare Chung (1974,
Theorems 9.1.1 and 9.1.2). Denoting

uj=y;—-g(x;) (2.1.2)
we then get the regression model »
yi=g(xj)+u; (2.1.3)

where, by construction, the error term u; satisfies the usual condition
that its expectation conditional on the vector of regressors equals zero
with probability 1 (w.p.1), that is,
E(u;jjx;)=0 w.p.1 (2.1.4)

The model (2.1.3) is therefore purely tautological, that is, its setup is
merely a matter a definition. Now our aim is to estimate the regression
function g(-) without making explicit assumptions about its functional
form.

As said before, the regression model is completely determined by the
data-generating process. For the data-generating process under review the
regression function g(-) takes the well-known form

g0 = {2/, ) dy/hx) it h(x)>0 @.1.5)
where h(x) is the marginal density of f(y, x); that is,

h(x) = S £y, x)dy 2.1.6)
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This suggests estimation of the function g(x) via estimating the densities
fand A.

A convenient method for estimating unknown multivariate density
functions is the kernel density estimation method proposed by Rosenblatt
(1956). Important contributions to the asymptotic theory of this class of
estimators have been made by Parzen (1962) for the univariate case and
Cacoullos (1966) for the multivariate case. A kernel estimator of the den-
sity h(x) is a random function of the form

hn=Ls K[(x—)’c(j)/v,.]
nj=1 Yn
where K(-) is an a priori chosen real function on RX, called the kernel,
satisfying

2.1.7)

S|K(x)| dx <o SK(x) dx=1 2.1.8)
and (v,) is an a priori chosen sequence of positive numbers, called win-
dow width parameters, satisfying

lim v,=0 lim ny¥=oo (2.1.9)

n— oo n— oo

Under conditions (2.1.8) and (2.1.9), the estimator A(x) is pointwise con-
sistent in every continuity point of h(x), provided

sup A(x) <oo (2.1.10)

pd

The proof of this proposition is simple but instructive. First, the asymp-
totic unbiasedness follows from

Eh(0) = | 7K [(x=2) /7, h(2) de = | hx—,2)K(2) dz

— h(x) SK(z)a'z=h(x) @.1.11)
by bounded convergence. Second, the variance vanishes at order O(1/nv}),
as

. 1 Kl(x—x:

ny; var[A(x)] = nyf — ¥ var {M}

nej=i Yn

= Ey, *K[(x— %) /7] = YMEv K [(x— X)) /7,11

2
=[x =72 K@) dz = vk [Sh(x—m)K(z) dz]

- h(x) SK(Z)za'z (2.1.12)

by bounded convergence. This completes the pointwise consistency proof.
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We shall now construct a kernel density estimator f(y, x) of the joint
density f(», x) such that A(x) is the marginal density of f(», x) and the
integral | ¥f(», x) dy yields an expression involving the same kernel X as
in (2.1.7). This kernel estimator of f(y, x) is of the form

f,x)= %élk.[(y—y,)/vm (=x)/valvn ! 2.1.13)
where the kernel K, satisfies

[ykoay=0  |[K.0dy=K (2.1.14)
Then A(x) is the marginal density of f(y,x), and moreover,

370 dy= 1 3 yKiGc=sx)/mli* @.1.15)
and hence the corresponding regression function estimator of (2.1.5) is

&(x) =ély,-K[(x—xj)/7n] /élK[(x—xj)/v,,] (2.1.16)

This is the so-called Nadaraya-Watson kernel regression function estima-
tor, named after Nadaraya (1964) and Watson (1964). Note that this ker-
nel regression function estimate is a weighted mean of the dependent vari-
ables y ;» Where the weights sum to 1. In particular, if the kernel is chosen
to be a unimodal density function with zero mode (e.g., let the kernel be
the density of the k-variate standard normal distribution) then the closer
X is to x;, the more weight is put on y;.
Similarly to (2.1.11) and (2.1.12), it can now be shown that

Eg(x)h(x)= S g(x~v, ) h(x—v,2)K(z) dz - g(x)h(x) 2.1.17)
and
nykvar[ (0 A1 = | g} (=1, 2) hx =7, D) K (2)? dz

2
- 7,{‘“ gx—v,2)h(x—v,2)K(2) dz}

=0(1) (2.1.18)
where

oXx)=E(y?|x;=x) for h(x)>0 (2.1.19)
provided

sup|g(x)|h(x) <o supoi(x)h(x)<e (2.1.20)

X X
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Now it is easy to verify from (2.1.11), (2.1.12), (2.1.17), and (2.1.18) that
plim A(x)=h(x)  plim g(x)A(x)=g(x)h(x) (2.1.21)

n— oo n—» 0
and hence

p lim g(x)=g(x) (2.1.22)
n-—+ o

in every continuity point x of A(x) and g(x)A(x) for which A(x)>0.
The weak consistency of the kernel regression function estimator is
not limited to the case that x; is continuously distributed, as is shown by
Devroye (1978) and Bierens (1983a). We shall consider the (partly) dis-
crete case in Section 3. Uniform weak consistency will also be considered
in the sequel of this chapter. Also, strong consistency results are available
in the literature (e.g., Nadaraya 1965, 1970; Noda 1976), but these results

will not be discussed. Moreover, the L# convergence concept, that is,

lim ‘g |8(x)—g(x)|?dH(x)=0 for some p>0 (2.1.23)
with H the distribution function of the x;, will also not be considered.
For that we refer to Konakov (1977) and Devroye and Wagner (1980a).

If we replace the window width v, in (2.1.16) by v;, we get the recur-
sive kernel regression function estimator. This type of estimator has been
studied by Ahmad and Lin (1976), Greblicki and Krzyzak (1980), and
Devroye and Wagner (1980b). Finally, we note that other variants of the
kernel regression approach can be found in Priestley and Chao (1972),
Benedetti (1977), Clark (1977, 1979, 1980), Stone (1977), Schuster and Yak-
owitz (1979), Spiegelman and Sacks (1980), Devroye and Wagner (1980b),
Devroye and Wise (1980), Cheng and Lin (1981a, b), Bierens (1983b), and
Georgiev (1984b-¢). All these variants are out of the scope of this chapter.
Thus, we only consider the basic properties of the “classical” Nadaraya-
Watson kernel regression estimator (2.1.16).

2.2 Asymptotic normality

The kernel regression estimation approach distinguishes itself from other
nonparametric regression methods in that asymptotic distribution theory
is fairly well established. In particular, the asymptotic normality of the
kernel regression function estimator under the conditions under review
has been proved by Schuster (1972) for the univariate case (k=1). Here
we shall derive asymptotic normality in a somewhat different, but much
easier, way for the general case k= 1.
Observe from (2.1.3), (2.1.7), and (2.1.16) that
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n X—X;
qu[ j]%—k

n

R 1
[E(x)—g(x)]h(x)= p

Jj=1

n

1 —x
+= 3 {[g(x,)—g(x)]K[x x’}v;k
n Y

Jj=1 n

—E[g(xj)—g(x)]K[x;xj]7{"}

n

1 —X;
+— 3 E[g(x,)—g(x)]K[x x’}v;k
n ;=1 Y

n

=§1(x)+G2(x) +q3(x) (2.2.1)

say. We shall now set forth conditions such that first

VYK Gqi(x) - N<0, aa(x) h(x) SK(Z)Zdz> (2.2.2)
in distribution, where, for h(x) >0,

o,f(x):E(uf|xj=x) 2.2.3)
is the conditional variance of the u;. Second, we show that

lim E[/nyk¥§,(x)]*=0 (2.2.4)
and finally we set forth conditions such that

lim ,;,245(x) (2.2.9)
exists. The conditions we need are the following. For p> 0 let

ol (x)=E(|u;|? | x;=x) (2.2.6)

provided E|u;|? <o and A(x) > 0.

Assumption 2.2.1. There exists a 6> 0 such that 02*%(x) #(x) is uniformly
bounded. The functions g(x)2h(x) and ¢2(x)h(x) are continuous and
uniformly bounded. The functions A(x) and g(x)#A(x) and their first
and second partial derivatives are continuous and uniformly bounded.
First we prove (2.2.2). Denote

un,j(x)=u,5[(L\/_’%)/—“’"l 2.2.7)
Yn
Since «/nykq,(x) = (1//n) Z}_,v, ;j(x), it suffices to show that the
double array (v, ;(x)) satisfies the conditions of Lyapunov’s central limit
theorem (cf. Chung 1974, p. 209). Thus, the results

Ev, ;(x)=0 (2.2.8)
Ev, ;(x)? = EuZK [(x—x,) /vl * = | o2 =7, 20 K (2)? dz -
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- 02(x) h(x) SK Xz)dz (2.2.9)
5 oy 1248
j(x)/\/_|2+6 < 1 >E|uj|2+6 K[ﬂjl "—k
nyx Vn
é
= \/;7>Saf”(x—v,,z)h(x—vnz)IK(z)Iz”dz
é
=O< ! k> — 0 for some 6>0 (2.2.10)
n n
\/’—1 E Up, j(X) = (O, o (x)h(x) jK(z)zdz> (2.2.11)
J=

in distribution. This proves (2.2.2).
Next, observe that similarly to (2.1.12),

E[\nvkgy(x))?

= [ letr=7,0) —2(0)Ph(x~ 7, 2) K(2)* dz

2
—k {S [g(x=v,2) —8(x)] A(x = v,2) K(z) dz} -0 2212

by bounded convergence. This proves (2.2.4).
Finally, observe that similarly to (2.2.11),

300 = [ Letx=7, 2~ 2N h(x 1,2 K (2) d2

= | le(x= 1 2) hx=7,2) = g (X)) K(2) dz

—g(0) |t =y, 2) - h(01K(2) dz

a
==, SZ’T[g(X)h(X)]K(z) dz
X

492 [ =y, M0, ) T A=y, My DK () 2

1,800 {70 hK () e

M(x,2)2]12K(z) dz (2.2.13)

3
—3vie(x) S -
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where 0 < \,(x, z) = 1. The last equality in (2.2.13) follows from Taylor’s
theorem. Thus, if we choose K such that

SxK(x) dx=0 Sxx’K(x) dx=0 2.2.14)
is finite, then by bounded convergence
lim v, 245(x) = b(x) (2.2.15)

where

1

b(x)= Etr {Q aa P [g(x)h(x)]}— —g(x)tr[ 6 h(x)] (2.2.16)

a
ax dx’
This proves (2.2.5).

From (2.2.1), (2.2.2), (2.2.4), and (2.2.5) the following theorem easily
follows.

Theorem 2.2.1. Let Assumption 2.2.1 and condition (2.2.14)
hold and let h(x)>0. If

lim y2a/nyf =N with 0=\<o (2.2.17)
then

Nnyk[g(x)—g(x)] - N
in distribution. If

()\b(x) o2(x)

0 SK(Z)zdz) 2.2.18)

lim y2+/nyk = (2.2.19)
then
b(x)
-2
p hfl, Yn “[8(x)— g(x)]————h(x) (2.2.20)

Note that the latter result may be considered as convergence in distribu-
tion to a degenerated limiting distribution.

At first sight it looks attractive to choose the window width v, such
that A=0, as then the asymptotic bias vanishes. This is done by Singh
and Ullah (1985). However, in that case the asymptotic rate of conver-
gence in distribution is lower than in the case A >0, as (2.2.17) implies

Vnyx k/(k+4)
m - N as n— oo (2221)

This corresponds to the fact that minimizing the integrated mean square
error E [[2(x)A(x)—g(x)h(x)}?dx yields an optimal window width of
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the form (2.2.17) with A>0. Thus, the window width v, that gives the
maximum rate of convergence in distribution is

ya=cn~ Y+ (2.2.22)

where ¢> 0 is a constant. Since A = ¢ ¥+%/2 we have the following cor-
ollary.

Corollary 2.2.1. Let the conditions of Theorem 2.2.1 hold. With
the window width (2.2.22) we have

2 2
2+ D[ 50 ) — LX) 0 (x) 2 >
n (8(x)—g(x)] N< ) , € h(x) SK(z) dz
(2.2.23)

Note that the asymptotic rate of convergence in distribution is negatively
related to the number of regressors. This is typical for nonparametric re-
gression, for the more regressors we have, the more information we ask
from the data and thus the more observations we need to get a useful
answer.

The result (2.2.23) has practical significance only if it is possible to
estimate the mean and the variance of the limiting normal distribution
involved. As far as the variance is concerned, consistent estimation will
appear to be feasible. Regarding the mean, however, the estimation prob-
lem is too hard. Inspecting the function b(x) [cf. (2.2.16)] reveals that es-
timating this function is awkward, as b(x) is a function of the second de-
rivatives of the unknown functions A2(x) and g(x) A(x). It would therefore
be preferable to get rid of the mean of the limiting normal distribution.
We already mentioned a way to do that, namely, to choose the window
width such that the limit A in (2.2.17) is zero, but then we also sacrifice
some of the speed of convergence. There is, however, another way to get
rid of the asymptotic bias while maintaining the maximal rate of conver-
gence in distribution of order n#*+% namely, by combining the results
(2.2.18) and (2.2.20). The idea is to use (2.2.20) for estimating the mean
of the limiting normal distribution in (2.2.18) by subtracting the random
function at the left-hand side of (2.2.20) times A from the left-hand side
of (2.2.18).

Corollary 2.2.2. Let the conditions of Theorem 2.2.1 hold. Let
&,(x) be the kernel regression estimator with window width

Ya=Cn ~1/(k+4)

and let g,(x) be the kernel regression estimator with window
width
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Ya=cn~ Y D with §€(0,1)

Denote
s B1(x)—n~21=0/k+4 5 (1)
(x)= 1—n-20-8)/(k+4) (2.2.24)
Then i
nk+ D[ p(x) - g(x)] - N<0, C—k% SK(Z)Zdz> (2.2.25)

in distribution.

Note that for the estimator g,(x) the result (2.2.18) holds with A\ >0,
whereas for §,(x) the result (2.2.20) holds. The proof of this corollary
follows therefore straightforwardly from the fact that, by (2.2.20),

n¥ k48[ g, (x)— g(x)]— cHcn =YK+ 725, (x) — g(x)]
is asymptotically distributed as

c2b(x)
h(x)

This easy result, however, is not a standard result in the literature but one
of the innovations in this chapter.

The rate of convergence in distribution is determined by the rate of
convergence of the expectation §;(x). If we would choose the kernel X
such that §xK(x) dx=0 and [ xx’K(x) dx=0, then it can be shown that
instead of (2.2.15), lim,,_, & v, >@5(x) exists and is finite. The asymptot-
ic rate of convergence in distribution then becomes n¥**6) instead of
n?/*+9_Thus, a way to improve the convergence in distribution is to
choose a kernel with zero moments up to a particular order m. More pre-
cisely, following Singh (1981), we define the class X, ,, of these kernels
as follows.

n¥*+ 9z (x)—g(x)]—

Definition 2.2.1. Let X, ,, be the class of all Borel measurable
bounded real-valued functions K(-) on R* such that, with z=
(Z15-e524), 2 €ER,

Sz{lz?---z,’(kK(zl,zz, ey Z) Az dzy

_{1 if ij=iy==i,=0

0 if 0<ij+iy+-+iy<m (2.2.26)

SIzI’IK(z)Idz<co Jor i=0and i=m SK(z)dz=1
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With K€ X, ,, we then have
lim vy, "§;(x) = b*(x) (2.2.27)

n— o

say, provided h(x) and g(x)h(x) belong to the class Dy ,,.

Definition 2.2.2, Let Dy ,, be the class of all continuous real
functions f on R* such that the derivatives

3N/ a N\ /a\
i — ) .2 Ty eens 2 i.=20, j=1,...,k
<321> <322> <azk> Sz D !

are continuous and uniformly bounded for O0<i +i,+ .-+
iksm.

Thus, similarly to Theorem 2.2.1, we have:

Theorem 2.2.2. Let Assumption 2.2.1 and the additional condi-
tions h(x) € Dy, g(x) h(x) € Dy, p, K€ Xy ,, hold, where m is
an integer greater than 2. Let h(x) > 0. There exists a real func-
tion b*(x) on R¥ such that

lim y"\/nyk =N with 0<s\A<co (2.2.28)
implies

Ab*(x)  oX(x)
h(x) ° h(x)

Vny¥[&(x)—g(x)] N< SK(z)2 dz> (2.2.29)

in distribution, and

lim v a/nyf =o0 (2.2.30)
n—»
implies

b*(x)

p lim vy, "(g(x)—g(x)] = (2.2.30)

N h(x)

The optimal rate of convergence in distribution is now n™@m+8_and the
corresponding window width is

yp=cn Y @m+k) (2.2.32)
with ¢ > 0 a constant. Moreover, similarly to Corollaries 2.2.1 and 2.2.2,
we now have:

Corollary 2.2.3. Let the conditions of Thearem 2.2.2 hold. With
window width (2.2.32) we have:
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m/(2m+ k) 5 _ - c™b*(x) _kUu(x) 5 >
n [(x)—g(x)] N( o R jmz) dz

(2.2.33)

in distribution.

Corollary 2.2.4. Let the conditions of Theorem 2.2.2 hold. Let
81(x) be the kernel regression estimator with window width

= cn V@Mt

and let 2,(x) be the kernel regression estimator with window
width

ya=cn~¥CmER ity §e(0,1)

Denote
80y —nUm0m/@miK) g, (x)
0= 1—n—Q-8m/2m+k) (2.2.34)
Then
nm/(2m+k)[§(x)—g(X)]——>N<0 —k };4((x)) SK( )Zdz> 2.2.35)

As is well known, the usual asymptotic normality results in parametric
regression analysis hold with a rate of convergence in distribution equal
to the square root of the number of observations. Now we see that in the
nonparametric regression case this rate can be approached arbitrarily
close by increasing m.

In Singh (1981), examples are given of members of the class X, ,, for
m=3,4,5,6. However, a simple way to construct kernels in X, ,, for
arbitrary k=1 and even m =2 is the following. For x€ R* and N>1let
N 0;exp(—1x'Q7'x/a})

K
0= X J2m ¥ o, aer@)

where Q is a positive definite matrix and the 8; and ¢; are such that

(2.2.36)

6,=1 (2.2.37)

8;0%'=0 for £=1,2,...,N—1 (2.2.38)

Then it is not hard to verify that K'e X, , with m=2N.
The choice of the 8; and o; affects the asymptotic variance of the esti-
mator g via the quantity
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N N
SK(x)zdx= S 3 0,6,No7+ 02 (/27 )*\/det () (2.2.39)
i=1j=1
Thus, at first sight, one might think of choosing the 6, and o; so as to min-
imize (2.2.39) given Q. However, (2.2.39) can be made arbitrarily small,
forif 6y,..., 0y, 01,..., on is a solution of (2.2.37) and (2.2.38), then so is
6y, ..., 05, Noy, ..., Aoy for any A > 0. Then (2.2.39) is proportional to ™1
This indicates that the choice of the 6, and the g; is not crucial, as the con-
stant of the window width (2.2.32) may take over the role of this \.
Finally, we consider the multivariate limiting distribution of the kernel
regression estimator in distinct points. Thus, let x and x® be distinct
points in R¥ such that A(xV) >0, A(x @) >0. Then, similarly to (2.2.9),

cov{vnyk g (x D), \/ny}ra(x@))

= EulK[(x V= x;) /v, ) K[(x®—x;) /7] v ¥

= | 02(x W=, 2) hx V=7, 2) K@) K([(x P = xV) /7,1 + 2) dz ~ 0
(2.2.40)

by bounded convergence, for K{[(xV—x®)/y]+2z} -0 as y10. Using
this result, it is easy to show that

W(Ql(x(l)) )

Ql(x(z))
(0 [o2(xM)/h(x V)] [ K(2)* dz 0
- 2[<0>< 0 [03(x<2’)/h(x<2>)1sK(z)Zdz>]
(2.2.41)

in distribution. Thus,

Vayka(x®) and  nyf g (x®)
are asymptotically independent, and so are

Vnyklg(x V) —g(x™)] and  nyF[a(x?)—g(x)]
More generally we have:

Theorem 2.2.3. Let the conditions of Theorem 2.2.1 or Theorem

2.2.2 be satisfied and let xV, ..., x™) pe distinct points in R*
with h(x®)>0 for £=1,2,..., M. Then the sequence

(Vv g(x ) —g(x]}) e=1,....M

is asymptotically independent, and so is

(WNryk[g(x ) —g(xD))) e=1,...,.M
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2.3 Uniform consistency

The uniform consistency of the kernel regression estimator is proved by
Nadaraya (1965, 1970), Devroye (1978), Schuster and Yakowitz (1979),
and Bierens (1983a). The approach in the latter two papers is based on an
idea of Parzen (1962), namely to use the Fourier transform of the kernel.
Suppose that the kernel has an absolutely integrable Fourier transform;
that is,

S|¢(t)| dt<e with z/x(t)=Sexp(it’x)K(x)dx @.3.1)

[Note that this condition is satisfied for kernels of the type (2.2.36).] Then
by the well-known inversion formula for Fourier transforms the kernel
can be written as

k
K(x)= <%> Sexp(—it’x)t/x(t)dt .3.2)

Consequently, g(x)A(x) can be written as

) 1 Z f TY —it'(x—x;)
() A(x) = ;IEI)’,"Y" <‘27> SCXP<7—I>¢(f)dt

n

< > ‘ j= ' ° '3

E sup|g(x) h(x)~ Eg(x)h(x)|
[V (vnt)| dt

X
1 k
() Il
()
(2.3.9)
More_over, using the well-known equality exp(ia) =cos(a)+isin(a) we
see that, uniformly in ¢,

E [y; exp(it'x;) — Ey; exp(it'x;)]

1 ,
E|= X [y;exp(it'x;)—Ey;
n ;=1

IA

1~ ) 1/2
{var[— 2y cos(t’xj)]+var[— 2y sin(t’x,-)B
n =1 nj=1

\/Eyj2
Jn
Combining (2.3.4) and (2.3.5) yields :
Esup|2(x) h(x)—Eg(x) h(x)| < VEy} \F< > Jlvennlar

1
=O<_ykﬁ> (2.3.6)

(2.3.5)

IA
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Furthermore, if h(x) and g(x)h(x) belong to the class Dy ,, and K be-
longs to the class Xy ,,, then it can be shown, similarly to the proof of
Lemma 2 of Bierens (1983a), that

lim sup sup v, | Eg(x) A(x) — g(x) h(x)| < o (2.3.7)

n—o X

Changing y; to 1 we see that similar results hold for A(x). It is now easy
to verify:

Theorem 2.3.1. Let Assumption 2.2.1 and the additional condi-
tions (2.3.1), (x)e Dy ,, gx)h(x)e Dy ,, Ke Xy, hold,
where m=2. Let

b€ (0, sup h(x)] (2.3.8)

be arbitrary. Then
min(yf v, v, ™) sup |8(x)—g(x)| 2.3.9)

xe{xeRK: h(x)=8)

is stochastically bounded.

Clearly, the best uniform consistency rate is obtained for =, such that
min(yfv/n, v, ™) is maximal. This is the case if

yy 0c =1/ @m+20) (2.3.10)

We then have
min(yf/n, v, ™) oc n™/(2m+2k) (2.3.11)

It should be noted that the rate (2.3.11) is not the maximum obtain-
able rate, as is shown by Silverman (1978) for the density case and Révész
(1979), Schuster and Yakowitz (1979), Liero (1982), and Cheng (1983) for
the regression case. The present conservative approach has been chosen
for its simplicity by which it can easily be extended to the case with partly
discrete data and/or time series data. Compare Bierens (1983a).

3 The i.i.d. discrete case and the mixed continuous-discrete
case
3.1 The discrete case

Economic data quite often contain qualitative variables. A typical fea-
ture of such variables is that they take a countable number of values and
can usually be rescaled to integer-valued variables. Therefore, we con-
sider now the case that all the components of x; are of qualitative nature.
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In the next section we show what happens in the mixed continuous-dis-
crete case.

The following assumption formalizes the discrete nature of x;.
Assumption 3.1.1. There exists a countable subset X of R* such that

() xe X implies p(x)=P(x;=x)>0;
(II) Xiex p(x)=1; and
(III) every bounded subset of X is finite.
Part (III) of this assumption excludes limit points in X. It ensures that,
for every xe X,
inf |z—x|=p(x)>0 (3.1.1)
ze X—{x}
Now let the kernel and the window width be such that
K(0)=1, 4,10, /n sup |K(z)|—=0 forevery A>0 (3.1.2)
[z >N vq
This condition holds for kernels of the type (2.2.36) and window widths
of the type vy, xn™7 with 7> 0.
Since now

1 X—X; 1

yjK[x——xj]
Tn

—EI ilvn o sup  |K(z)[ >0 (3.1.3)

nj=i [z > ux) /7,
in probability, where I(-) is the indicator function, and similarly

I(x;# x)

1 2 X—X;
5 ~ K I(x;= 3.1.4
\/,—,jgl[%]\/—E(xx) (3.1.4)
in probability, it is easy to verify that, for every x € X,
p lim Vn[g(x)—g*(x)]1=0 (3.1.5)
where
g.(x)= E yJI(xJ=x)/2 1(xj=x)
Jj=1 ji=1
= [ .Elujl(xe)/,EII(XJ=X)J+g(X) (3.1.6)
1= j=

It follows straightforwardly from the law of large numbers that
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1 n
prx) = o 2 I(xj=x) - p(x) (3.1.7)
j=1
in probability, whereas by the central limit theorem

Vn[g*(x) p*(x) — g(x) p*(x)] = — I E u;I(x;=x)
j=
- N(0, a&(x)p(x)) (3.1.8)
in distribution. Combining (3.1.5), (3.1.7), and (3.1.8) yields:

Theorem 3.3.1. Under Assumption 3.1.1 and condition (3.1.2)
we have

Vn[g(x)—g(x)] = N(0, 62(x)/p(x)) (3.1.9)

in distribution.
Also, similarly to Theorem 2.2.3, we have:

Theorem 3.3.2. Let xV,...,x"™ be distinct points in X. Under
the conditions of Theorem 3.3.1 the sequence

(Vrlg(x®)—g(xM)) £=1,....M

is asymptotically independent.

Note that the discrete case differs from the continuous case in that
hardly any restrictions are placed on the window width, whereas, never-
theless, the asymptotic normal distribution has zero mean. Moreover, the
asymptotic rate of convergence in distribution is now the same as for the
usual parametric models. Furthermore, since every bounded subset X, of
X is finite, Theorem 3.3.1 implies that

max |r[g(x)~ g(x)]| (3.1.10)
xeX.

is stochastically bounded.

3.2 The mixed continuous-discrete case

We now consider the case where the first k£, components of x; are contin-
uous and the remaining k£, components are discrete. Of course, this case
is only relevant if k=k;+k,=22.

Assumption 3.2.1. Let x; = (x;”, x;Z))’ € X; X X,, where X is a k;-dimen-
sional real space and X, is a subset of a k,-dimensional real space. The
set X, is such that
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() x@eX,implies p(x?) =P(x¥ = x>0
() Zimex, P(xP)=1 and
(111) every bounded subset of X, is finite.
Let x=(x, x®) e X;x X, and let A(xV | x?) be the density of the
conditional distribution of x{" given the event x ¥ =x‘?. For every
fixed x @ e X, the following hold:
(V) A(x®|x@) and g(x®, x @) h(x V| x?) belong to the class Dy, ,,
with m=2;
(V) there exists a 6> 0 such that ¢2+3(x®, x@) h(x V| x @) is uni-
formly bounded on X; and
(VD) the functions
g(x(l)’x(Z))Zh(x(l) |x(2)) and 0,,2(X(1),X(2)) h(x(l) | x(Z))
are continuous and uniformly bounded on X.

Moreover, we now choose the kernel K(x ¥, x?)) and the window width
v, such that, with (z, z;)’ € XX X, and for n— o,

Y0 Vn sup S|K(zl,zz)]dzl—>0 for every A>0

[22] > N7y
n7:1—>w K(ZI,O)EJCkl,m with m=2

SIK(Zx,O)l dz;<e SK(zl,O) dz;=1 (3.2.1)
Denoting
h(x)=h(x D, x D)= p(x V| x?) p(x ) (3.2.2)

we now have:

Theorem 3.2.1. Under Assumption 3.2.1 and condition (3.2.1) the
conclusions of Theorems 2.2.2, 2.2.3, and 2.3.1 and Corollaries
2.2.3 and 2.3.3 carry over with k replaced by k, and | K(z)* dz
replaced by {K(z,,0)% dz,.

This theorem can be proved by combining the arguments in Sections 2
and 3.1. The proof is somewhat cumbersome but does not involve insur-
mountable difficulties. It is therefore left to the reader.

4 Time series

4.1 Preliminaries

Recently the kernel regression approach has been extended to time series.
Robinson (1983) and Singh and Ullah (1985) show strong consistency and
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asymptotic normality using the a-mixing concept. Bierens (1983a) proves
uniform consistency under v stability in L? with respect to a ¢-mixing
base. Collomb (1985a) proves uniform strong consistency under the ¢-
mixing condition. Georgiev (1984a) proves consistency in the case of a
Markov data-generating process. The conditions in the first four papers
are reminiscent of those in Bierens (1982a, 1984) and White and Domo-
witz (1984) for nonlinear parametric time series regressions.

In this section we shall extend the results of Bierens (1983a) to asymp-
totic normality under similar conditions. Thus, we shall employ the »-
stability and mixing concepts. These concepts are defined as follows.

Let (z,) be a stochastic process in R* with the structure

2 =Y (W, W, Wy_g, ) (4.1.1)

where (w,) is a stochastic process in a Euclidean space W and the ¥, are
Borel-measurable mappings from the space of one-sided infinite sequences
in W into R* Let E|z,|" <o for some r >0, and for m=0,1,2, ..., let

v(m)=sup E|z,—E(Z,| W;, W;_1s Wi_25eees Wi_m)|” 4.1.2)
!

Definition 4.1.1. The process (z,) is said to be v stable in L" with
respect to the base (w,) if lim,,_, , v(m)=0.

Next, let &_,, be the Borel field generated by w,, w,_, w,_,,..., and
let &, . be the Borel field generated by w,, w, .}, w,,,,.... Denote, for
m=0,12,3,...,

a(m)=sup sup|P(E1 and E,)— P(E)P(E,)|
! E€F wim E26F 0  (4.1.3)

¢(m)=sup sup|P(E, | E,) — P(E,)|
! Ei€F_wi-m E2€5, o, P(E)>0  (4.1.4)

Definition 4.1.2. The process (w,) is said to be a-mixing if
lim,,_, , a(m)=0 and ¢-mixing if lim,,_, , ¢(m)=0.

A further discussion of these concepts can be found in Bierens (1983a,

1984) and White and Domowitz (1984). See also Bierens (1981, Chapter 5,

1982a, 1984) for a discussion of the related stochastic stability concept.
We now assume:

Assumption 4.1.1. The data-generating process {(y,, x,)} is a strictly sta-
tionary »-stable process in L? with respect to a strictly stationary ¢-
mixing base (w,), where
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v(m)=Ol[exp(—cm)] for some ¢>0 (4.1.5)
S é(m)<a (4.1.6)
m=0

This assumption holds, for example, if the data-generating process is an
ARMA process with the usual properties. Compare Bierens (1983a, 1984).

Moreover, according to Bierens (1984), we assume that g(x,) repre-
sents the conditional expectation of y, given the entire past of the data-
generating process:

Assumption 4.1.2. Let
8X)=E(y, | X Xt 1, X125 o3 Yi—13 Vi—25--+) W.p.1 4.1.7)
Moreover, the error u,=y,— g(x,) is one of the components of w;.
The latter condition in Assumption 4.1.2 is not strictly necessary but
eases the argument. Moreover, we note that Robinson (1983) assumes
only E(y,|x,)=g(x,), which is weaker than (4.1.7). The advantage of
assumption (4.1.7) is, however, that the errors u, are now martingale dif-

ferences, by which the following Lyapunov version of the martingale cen-
tral limit theorem is applicable.

Lemma 4.1.1. Let (v, ;), j=1,...,n,n=1,2,..., beadouble ar-
ray of martingale differences; that is,

E(, |0y j—15Vpn 2,2 Un1)=0 w.p.l (4.1.8)
Sforj=2,3,...,nand n=2,3,.... If
1 1z
plim — ¥ v2;=1lim — ¥ Ev? ;=0%€(0, ) 4.1.9)
nowo N j=1 n— o Jj=1 ’
and
n v, 2+46
lim Y E|-2Z =0 for some 6>0 (4.1.10)
n— o j=1 ‘\/’_1
then
1 n
— 3 v, ;> N(0,0?) (4.1.11)
nj=1"

in distribution.

Proof. The lemma follows straightforwardly from Theorem 2.3 of Mc-
Leish (1974). [ ]

Furthermore, we also need the following lemma.
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Lemma 4.1.2. Let {(z;, x;)} be a strictly stationary stochastic pro-
cess in R X R, with

Ez}<co and Elx;|*<e (4.1.12)
Let this process be v stable in L* with respect to a strictly station-
ary ¢-mixing base, where v satisfies condition (4.1.5) and ¢ satis-
fies condition (4.1.6). Let K be a Borel-measurable real function
on R such that, for 1=1,2,

[k tax<e  [jevn)di<e 4.1.13)
where yy(t)= Sexp(iz'x)|1<(x)|’dx

Denote, for x € R¥,

G O g i/ LI K| XX
d,,(x)—var[njglzjK[ " B pr 'glvar[zjK[ B

n Jj= Yn
4.1.14)
where v,> 0, v,10 as n— o. Then
n 1
d,(x)=0[{In —+In )
n(*) [( Yn EZ%K[(X—XO)/’)‘"]Z
2 _ 2
 EKI(x—x0)/,) ] @.1.15)
n
Proof. See Appendix. |

Finally, we need the following additional assumption.

Assumption 4.1.3

M

(1D

4.2

If Assumption 2.2.1 holds, then in addition:

(@) o(x)h(x) is uniformly bounded;

(b) g(x)2h(x) has continuous and bounded second derivatives.

If Assumption 3.2.1 holds, then for every fixed x¥ e X,:

@ o2(xD, x@Pyn(xV| x?®) is uniformly bounded on X;

(b) g(xW, x@)2p(xD | xP) has continuous and bounded sec-
ond derivatives with respect to the components of x V.

Results

Using Lemmas 4.1.1 and 4.1.2, the previous asymptotic results can be ex-
tended to the time series case.
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Theorem 4.2.1

(I) With Assumption 4.1.1 the previous uniform consistency results
go through.
(I1) Let

Euj3<oo and Eg(x;)*<e 4.2.1)
and let the kernel K be such that, for f=1,2,3,4,

§|t1,bg(t)|a’t<oo where yb[(t):§exp(it’x)|K(x)|"a’x 4.2.2)

Moreover,

let §zz'K(z)? dz be finite in the continuous case,
and let § 7,2 K(z,,0)? dz be finite in the mixed
continuous-discrete case, respectively. 4.2.3)

With Assumptions 4.1.1, 4.1.2, and 4.1.3 and conditions (4.2.1),
(4.2.2), and (4.2.3), the previous asymptotic normality results go
through.

Note that conditions (4.2.2) and (4.2.3) hold for kernels of the type
(2.2.36).

To save space, we shall prove only part II of Theorem 4.2.1 for the
continuous case. The reader is invited to prove the discrete and mixed
continuous-discrete cases along the same lines. For the proof of part I we
refer to Bierens (1983a). So we now have to show that (2.2.2) and (2.2.4)
go through and that A(x) remains pointwise consistent for the time se-
ries under review, as only in these steps was the independence assumption
involved.

Proof of (2.2.2). Since now the v, ;(x) defined by (2.2.7) are martingale
differences, it suffices to show that

p lim 1 ﬁ [Un, j(x)? = Ev, ;(x)*]=0 (4.2.4)
=1

n— e 7=

as then (2.2.2) follows from Lemma 4.1.1. Thus, consider Lemma 4.1.2
with z;=u? and K(x) replaced by K(x)2 Since

4
X—X;
Eujf‘K[———’] =X § o x—v,2) h(x—v,2)K(2)* dz

n

= O(v) (4.2.5)

it follows from Lemma 4.1.2 that
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Var<—]- 2": usz[(x—xj)/-Y"]Z>

n =i 1A

: <u,21<[(x—x,)/m2

1
=— 3 var .
ne j=1 Yn

1 1 n
=0 +0{ — In —— 0 4.2.6
<nv,{‘> <nvnk n wl)* asnoe (320

provided v, o< n~" with 7 <1/k. Therefore, (4.2.4) follows from (4.2.6)
and Chebishev’s inequality. |

>+ Y 2d,(x)

Proof of (2.2.4). Let z; in Lemma 4.1.2 be

=y U= g =8(x))—gx) (4.2.7)
Then
var(\/— 2 Le(x,)—g(x)]K[(x— x)/v,.>
1K
_Lz T Var( N [g(x,)—g(x)]lf (x—x,)/7"]>
#a=t 74
=%d,,(x)= <'y,, In _Y:+3>+o(1) (4.2.8)

where the last conclusion follows from the fact that by Assumption 4.1.3
and Taylor’s theorem

x—ij
Yn

=7k [ (80— 1,2) — g0 Ph(x = 1,2 K(2) d2

Elg(x;)—g(x))*K [

=i+ [ aa, [g(x)zh(x)]} K(2)*dz=0(vf*?) (4.2.9)

Since y2In(n/y5*3)~ 0as n— oo if v, n™" with 7>0, (2.2.4) follows.
|

The pointwise consistency of A(x) under the conditions under review
follows from Bierens (1983a). So the proof of part Il of Theorem 4.2.1
for the continuous case is now complete.

Finally, we note that the ¢-mixing condition on the base can be relaxed
to a similar a-mixing condition but at the expense of stronger conditions
on the moments of y; and x;. This follows from Lemma 2.1 of McLeish
(1975). The present approach has been chosen in order to keep our argu-
ment in tune with the approach in Bierens (1983a).
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5 How to choose the kernel and the window width

5.1 The choice of the kernel

In the literature on kernel density and regression function estimation the
problem of how the kernel should be specified has mainly been consid-
ered from an asymptotic point of view. In the case of density estimation
Epanechnikov (1969) has shown that the kernel that minimizes the inte-
grated mean squared error

g[ﬁ(x)—h(x)lzdx (5.1.1)

over the class of product kernels . »
Kx)=K(xW,x® | x® )= HKO(x(i’) xWeR (5.1.2)

i=1

with
Ko(0)=Ko(-0)20 [ Ko(w)dv=[vKo@)dv=1

(5.1.3)
gvKO(v) dv=0
is a product kernel with
3/4V5—3v%/20V5 if |v|<V5
Ko(v)—{o if |o]>V3 (5.1.4)

Note that Epanechnikov’s kernel K|, is the solution of the problem:
minimize gKO(v)zdv subject to (5.1.3) (5.1.5)

Greblicki and Krzyzak (1980) have confirmed this result for the regression
case. Epanechnikov also shows there are various kernels that are nearly
optimal. For example, the standard normal density satisfies conditions
(5.1.3) and is almost optimal, as

1,,2y72
g[e—xp—(ﬁl] dv=1.051§K0(v)2dv (5.1.6)

;T
A disadvantage of Epanechnikov’s kernel is that its Fourier transform is
not absolutely integrable, a condition quite often employed in this chap-
ter. Also, the nonnegativity of K, implies that the kernel (5.1.2) with
(5.1.4) merely satisfies K € X, ,, whereas higher rates of convergence in
distribution than n%*+*% require K € X, with m>2. Compare Theo-
rem 2.2.2.
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Since kernels of the type (2.2.36) have all the required properties, are
almost arbitrarily flexible, and can easily be constructed, we advocate the
use of that type of kernel. However, the question now arises how the ma-
trix @ should be specified. A heuristic approach to solve this problem is to
specify 2 such that certain properties of the true regression function carry
over to the estimate g. The property we shall consider is the l/inear trans-
lation invariance principle. Suppose we apply a linear translation to x
and the x;’s:

x*=Px+q x?=Px.+q 5.1.7)

where P is a nonsmgular k x k matrix and ¢q is a k-component vector.
Then

gx)=E(y;|xj=x)=E(y;|x;=x")=g*(x*) (5.1.8)

say. However, if we replace the x; and x in (2.1.16) by x; and x*, respec-
tively, and if we leave the kernel K unchanged, then the resulting kernel
regression estimator g*(x*), say, will in general be unequal to g(x), for

20 = 3 vk [M]/EK[P(X x’]#g(x) if P#I
/=t Yoo dl=t n (5.1.9)

The only way to accomplish g*(x*) = g(x) in all cases (5.1.7) is to let the
kernel be of the form

RK(x)=9(x'VP~x) (5.1.10)

where 7 is a real function on R and ¥ is the sample variance matrix; that is,
N l n 1 n
V=— % (x;—X%)(x;—X) with ¥=— Y x; (5.1.11)
nj=1 n; =1

In partigular, if we use kernels of the form (2.2.36), then we should spec-
ify @=V. Thus, for m=2,4,6,..., we let

m/2 g, exp[—1ix'P~'x/0}]

K, (x)=3 5.1.12a)
" j=1 («/27r)"l X ~/det (P) (
in the continuous case,
R m/2 0. —Llyp-t 2
Ron)= 3 — 21 &xPl=zXV " x/o]] (5.1.12b)

/=1 (\V2m)R o 1\det [(P0) 1]

in the mixed continuous-discrete case (with the first k; components of x;
continuously distributed), and

K (x)=Ky(x) =exp(~3ix'P ~lx) (5.1.12¢)
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in the discrete case, where ¥V is the upper left k, x k; submatrix of ¥ ~},
and

m/2 1 if £=0
2¢
o= 5.1.13
Elo’of {0 if £=1,2,...,(m/2)—1 (5.1.13)

The question now arises whether the previous asymptotic results go
through for kernel regression estimators with this kernel. The answer is
yes, provided the following additional conditions hold.

Assumption 5.1.1. Let E|x;|*<oo and let the matrix
V= Ex;x;— (Ex;)(Ex;) (5.1.14)

be nonsingular. Moreover, let (x;) be », stable in L* with respect to
the base (w;) considered in Assumption 4.1.1, with

ve(m) = O(exp(—c,m)) for some c,>0 (5.1.15)

Denoting
/2 9, expl—ix'V x/a}]

K, (x)= 5.1.16a
m() j§=:1 (\27)¥|a;|¥\/det(V) ( )
in the continuous case,
m/2 i 1 /V-—l 2
K )=y — Qi expl=ax V7 x/oj] (5.1.16b)

21 (VY[ Rt (7 )]

in the mixed continuous-discrete case, where ¥ is the upper left k, x k,
submatrix of ¥ "1 and the 6 ; and the o;are the same as before, and

K (x) =K, (x)=exp(—3x'V"lx) (5.1.16¢)

in_the discrete case, we can now state:

Theorem 5.1.1. With Assumption 5.1.1 the kernel regression es-
timator with kernel (5.1.12) has the same asymptotic properties
(as previously considered) as the kernel regression estimator with
kernel (5.1.16).

Proof. See Appendix. ]

Remark. The approach in this section is reminiscent of that in Bierens
(1983b). In that paper the regression function estimate with kernel of
the type K, is derived from moment conditions on the kernel density
estimator of the density of the regressors x; and the density of the ob-
servations (¥;, x;). In other words, these moment conditions imply the
linear translation invariance principle.
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5.2 The choice of the window width

From the preceding results it is clear that the asymptotic performance of
the kernel regression function estimator heavily depends on the choice of
the window width v,. In particular, the asymptotic normality results in
Corollaries 2.2.2 and 2.2.4 show that the variance of the limiting normal
distribution of £ shrinks down to zero if we let the constant ¢ of the win-
dow width parameters approach infinity. But that will destroy the small-
sample performance of the kernel regression estimator. If we choose too
large a v,, the Nadaraya~-Watson regression function estimate will be-
come too flat, for
1 n
gx)-y=— 2 y; if y,o (5.2.1)
n ;=i
Similarly, §(x) — ¥ if ¢— 0. On the other hand, if we choose too small
a v, the estimate g will go wild. For example, if we employ in (2.1.16)
the kernel K , and if we let v, 10, then

2(x)- }_; yil{(x=x;) V" (x=x;) =min(x—xg)’l7“(x—x¢)}

/21[(x ~x))V N x— x)—mm(x X))’V x—x,)}
= (¢=1,...,n) (5.2.2)

where /() is the indicator function. Thus, g(x) converges to the Y for
which (x—x;)’ P-4 x— x;) is minimal, so that then the estimate § degener-
ates to an inconsistent nearest -neighbor estimate. Compare Stone (1977).
Again, a similar result holds for g if we let ¢ — 0.

A somewhat heuristic but well-working trick to optimizing the window
width is the cross-validation approach introduced by Stone (1974), Geis-
ser (1975), and Wahba and Wold (1975). See also Wong (1983). The basic
idea is to split the data set in two parts. Then the first part is used for cal-
culating the estimate and the second part is used for optimizing the fit of
the estimate by minimizing the mean squared error. A variant used by
Bierens (1983a) is to consider various partitions and to minimize the mean
of the mean squared errors. In particular, let

—xf]/ 3 I e)km[x_xf] (5.2.3)
Y j=1 Y

and denote, similarly to (2.2.34),
EP(x| )= g (x| cn~V/2mth)) (5.2.9)

. “ . . | x
0| = .21)’,-1(1¢ t’)Km[
j=
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g0(x | c) =80 (x | cn=¥/@m+h)) (5.2.5)
&) _p—U=8ym/(2m+k) 5 (£)

£ (0) _ & x|o)=n &, (x]c)

g¥x| )= === manih (5.2.6)

Then (x| c) is the regression function estimator of the type (2.2.34)
with kernel K,,,, based on the data set leaving the observation with index
£ out. We now propose to optimize ¢ by minimizing

Q)= ‘EI{y,-—é"’(xj |o))? (5.2.7)
J=

to ¢ in an interval [c,, c,] with 0 < ¢; < ¢, < 0. Denoting the resulting op-
timal ¢ by ¢, that is,

Q(&)=inf{Q(c) | ce[cy, c,l} (5.2.8)
we then propose to use
(x|8)=89x|e) (5.2.9)

as the cross-validated kernel regression function estimator.

Although this approach works well in practice, it has the disadvantage
that we lose control over some of the asymptotic properties of kernel esti-
mators. From Bierens (1983a) it follows that the cross-validated kernel
regression estimator remains (uniformly) consistent, but it is not clear
whether asymptotic normality goes through. We can regain some control
over the asymptotic behavior of g(x | é) if instead of (5.2.8) we optimize
¢ by finite grid search; that is, '

0(&)=min{Q(c®|t=1,2,..., M) (5.2.10)

where ¢;=cP<c@ < ... <™ =, are grid points. It is not hard to
show that in the continuous case the M-variate limiting distribution of

n'"/‘2'"+")(§(x|c‘”)—g(X), ._.’é(xlc(M))—g(X)) (5.2.11)

is M-variate normal with zero mean vector; hence, for x with A(x) >0 we
have at least

nm/(2m+k)[§(x|€-)_g(x)] (5.2.12)

is stochastically bounded. A similar result holds for the mixed continuous-
discrete case. However, if for this ¢, plim, _, ., é = ¢, then asymptotic nor-
mality goes through as if ¢ =c. Moreover, in the discrete case the cross-
validated regression estimator has the same properties as before without
additional conditions.
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5.3 A numerical example

We shall now demonstrate the performance of the kernel regression es-
timator on an artificial data set of size 100. This data set, {(y;,x)),...,
(Y1005 X100)} With (¥;,x;) € RX R, has been generated according to

yi=x}+u; w;=NID(0,1) x;=iid IN(=2,1)+1IN(2,1) (5.3.1)

Thus, the x;’s have been generated from a mixture of the normal dis-
tributions N(—2, 1) and N(2,1) with equal weights, and the errors have
been generated independently from the standard normal distribution. So
the regression function g and the density # are

3 -3 2]41 —1(x—2)?
gx)=x>  hx)=22P z<x+2)i/ﬂ;_:?exp 1(x—2)?]

X€ER
(5.3.2)

In Figures 3.1 and 3.2 the cross-validated kernel regression estimator
§(xj ¢) has been fitted by grid search on the 20 grid points 0.1,0.2, ..., 2,
where 6=14 and m=2 (Figure 3.1) or m=4 (Figure 3.2). Compare (5.2.6).
In Figures 3.3 and 3.4 are displayed the estimate &(x|c) for m=2 and
m= 4, respectively, and c fixed on the value 1. In the case m=4the g; in
(5.1.12) have been chosen o;= Vj. Also, 95% confidence bands are cal-
culated on the basis of the following consistent estimator of the asymp-
totic variance of g(x|c):

(/M) Iy = 2(x | 12K 1(x = X)) /7,())Y yn(0)*

3 (x[c)=c _
sl {1/n) 2721 K [(x = X)) /7a(0)] /1n(€)*}?
(5.3.3)

with

Yale)=cn~ V@m0 (5.3.4)
It is not too hard to show that

2
) _—x94(x) 2

p lim 5%(x|0)=c 30 SKm(x) dz (5.3.5)
[cf. (2.2.35)]; hence

1/ @m+k) glx|c)—g(x) -~ N(0, 1) (5.3.6)

(x| c)

in distribution, provided c is fixed. In Figures 3.1 and 3.2 the c is not
fixed but is determined by cross-validation, so strictly speaking, the 95%
confidence bands involved are not valid. Only if the cross-validated esti-
mate ¢ converges in probability to a constant ¢ are these confidence bands
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asymptotically correct. We emphasize that the confidence limits shown in
the figures are pointwise limits and not uniform limits.

The cross-validated kernel estimates in Figures 3.1 and 3.2 are much
closer to the true regression function than the kernel estimates with fixed
c¢=1in Figures 3.3. and 3.4. In particular, the fact that in Figures 3.3 and
3.4 the true regression function lies too often outside the 95% confidence
band indicates that with this small sample and fixed ¢ the asymptotic nor-
mal approximation is of limited practical use. Therefore, cross-validation
seems to be an essential step in kernel regression estimation. Also, the
choice of the kernel type does not seem critical as long as cross-validation
is applied. The estimates in Figures 3.1 and 3.2 look quite similar, and
the estimate in Figure 3.1 is even somewhat smoother than in Figure 3.2,
although the latter estimate is preferable from an asymptotic point of
view. Figures 3.1 and 3.2 show that one should be careful to not interpret
every bump on the estimated regression curve as structural, as the esti-
mation errors manifest themselves as bumps on the estimated regression
curve.

In the case of one or two regressors this sort of plot may serve as a tool
in specifying an appropriate parametric functional form. Subsequently,
model specification tests may be applied to check the correctness of the
specified parametric functional form. In particular, the tests of Bierens
(1982b, 1984) seem appropriate for that.

For models with more than two regressors the interpretation of the
estimation results become difficult. Admittedly, this is a serious drawback
of the kernel regression approach and any other nonparametric estima-
tion method. Nevertheless, also for higher-dimensional models, the ker-
nel regression approach may be useful, namely as an out-of-sample fore-
casting scheme, as for this application visual inspection of the estimation
results is not needed.

Appendix

Proof of Lemma 4.1.2. We can write

n—1n — X
d,(x)= 2—1—2 ElcovizoK[ ’Yxo],zjK[x x,]z

=1j=1 n Yn
n—1n—¢ — —x.
=22 3, 2 e (o5 o152
f=1,=1 Tn Tn
1 "= 1 n—t 2
-2 3% EE(ZOK[ ]) (A.1)
=1, =1 Tn
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Similarly, let
1 n-ln=¢ (m) (m)
dM0)=2— 3 Ecov[zoK[ yx ],z,K[x;‘ H
n n

=1 j=1

1 n—1n—{ x_x(m) x— x(m)
P L e i )
221 Yn Yn

n—1n—¢ _ . im) 2
—2L s 2E<zOK X~%o D (A.2)

t’lj-'

=
|
=

where

("’) =E(Z; | Wj,W;_1,Wj_2s 000, Wi_ )

(A.3)
j('n)=E(xj| ja j-lawj—Z""’wj—m)
We shall prove the lemma in four steps:
Step 1: -

i) s4n“<m+1+ s ¢(9)‘/2>E(zé””1< F—;X—O—D
=0 n

Step 2:

(o5 -2 ra 5]

<cyyv(m) 2+ ey 2v(m)

if n is sufficiently large;
Step 3:

a2 )k 52 )
Yn Yn
_m (m)
—E<Z(()M)K[-——x :O ])(Z}M)KI:————X i })‘SC;'y,,_lu(m)l/z
n Yn

if n is sufficiently large;
Step 4:

2 ) 2
r(eor (52 ]) -2 (5]
Yn Yn

if n is sufficiently large. We first show that the results of these four steps

imply the lemma.
Let (m,) be an arbitrary sequence of positive integers converging to

infinity and let n be so large that

=1+ § o(0)? (A.4)
=0

¢y, v(m)V?

Then the results of the above four steps imply
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d,(x)= Ol p,(x)] (A.S)

where

2
m m X—X
Pn(x)=max{—n7n_ly(mn)l/2’ —nEz(%K[ 0] »
n n Yn

v v(ma)V?, 7,,’2v(m,,)} (A.6)
Without loss of generality, we may assume
vov(m) <1y lw(m,) 2 < E{zoK[(x—x0)/vl}? (A7)

(as will appear). Then

2
m X—X
p,,(x)=max{T"Ez8K[ 0] s 7,,‘1V(m,,)1/2}

n

X—Xq

2
< TniEz(%K[ ] +7, 'exp(—iem,) (A.8)

n

Minimizing the right-hand side of (A.8) to m,, yields

v(m,)?=exp(—iem,) = [2v,/(cn){EZZ K (X — x0)/vn]} ™ (A.9)
with —
2. 2 2 2 - -
my=—tnZ+Zm Ly Zn|ERk| I (A.10)
¢ ¢ ¢ v c Yn

[thus observe that indeed (A.7) holds]. Hence

2 2 _ 29-1
1+In = +In —n—+ln[[Ez8K[x x"] } 2'
c TYn Yn

pn(x) =-—
C
o EZ3K[(x—x0)/vn)?
- .

=o({m l+ln[Ez§K<f:ﬁ>2}_l}Ez(%K [(x—xo)/7n12>

Yn T n
(A.11)

as will be shown.
Proof of step 1. Since {z§™K [(x—x§™)/~,]} is a ¢*-mixing sequence,

where
, 1 if j<m+1
o) = 12

o) {q&(j—-m) if j=m+l a-12)
it follows from Lemma 1 of Billingsley (1968, p. 170) that

(m) (m)
X—X X—X;
cov {zé"')K [————0 ], z,-(”')K[ J ]} l
Yn Yn

_ L tm 2
<26*(j)2E <z(§’"’1<[f—7xﬂ—]> (A.13)
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Step 1 now follows from the fact that
EO¢*(J>‘/2<m+1+ E ¢())? (A.14)
J j=

Proof of step 2. From the inversion formula for Fourier transforms
we have

1 \¥
K(x)"=<zr—) §exp(—it’x)¢((t)dt f=1,2 (A.15)
Hence,
_ . m
EzoK[x xo]—Ezé’")K[x Xp ]
n ’Yﬂ

k
s(—;;) [ Elzo exp(itxe) = 2™ exp(it'x{™)| [¥arat) dt (A.16)

Moreover,
5™ exp(it’xg™)| < || E|zo| | xo—x§™ | + E|zo— 2™
< (VEzZZ|t|+1}p(m)"/? (A.17)
Combining (A.16) and (A.17), it easily follows that
|EzoK1(x = X0)/ Y] = Ezg" K(x=x§™)/va)| < cary ' v(m)2 (AL18)

for some c, > 0. Moreover, using the trivial inequality |a?—52?|<
2|a||a—b|+|a—b|? it easily follows from (A.18) that

|Ezo K [(x—x0)/¥n] = Ez§™ K [(x~x§™)/72]|
< 2|Ezo K[(x=Xo)/val| coy 'v(m) 2+ ey lv(m)  (A19)
Realizing that, by (A.15),

_ 1\
xo]‘sElzol <2—7r> Sltﬁl(t)[dt<oo (A.20)

n

E|zyexp(it'xg)—2g

EZOKI:X

step 2 follows from (A.19) and (A.20).
Proof of step 3. From (A.15) it follows that

(m) (m)
EonK[x—xo]K[x x] —Ez{™z ‘””K[x ol ]K[x a] m]
Yn Yn | Ya Yn

|\
<<_> =
T \2r7 "

X SSElzozj exp(itjxo+itsx;) —z§™ 2™ exp (it} x§™ +ityx™)|

X [WiyntD¥i(a t)| dt, dt, (A.21)
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Moreover, similarly to (A.17), we have

E|zoz; exp(itixo+itsx;) —z{™ 2™ exp (it x{™ +ityx[™)|
= WI"V 1,)] \/El(xo,xj)—(xé'"),xj('"))lz +E|z0zj—z((,”’)zj§"')|
< (V2VEzE (1), t,)| + 2/EzZ}v(m) 2+ v(m)

<{c|(ty, ty)| +cPv(m)V/?  for some c{V>0, ¢ >0 (A.22)

Combining (A.21) and (A.22), step 3 easily follows.
Proof of step 4. Similarly to (A.21) we have

— 2 e (m)q2
'Ez%K[x x"] —E(zé’"’)zk[&]

Yn Yn
1\
= <ZF> v+ | Elzgexpir'xo) — (6™ explit x§™)| [¥a(ya1)| dt
(A.23)
and similarly to (A.22) we have
E|z2exp(it'xg) — (z8™)2 exp(it'x{™)|
<{ct|+c2)p(m)?  for some ¢ >0, c22>0 (A.24)

Step 4 easily follows from (A.23) and (A.24). This completes the proof.
|

Proof of Theorem 5.1.1. We shall prove this theorem only for the con-
tinuous case with kernel K,(x). The proof for the other cases is similar
and therefore left to the reader.

Let
v & iexpl=30—x) V" (x=x,)/v7] A2S
=0 2 (V2m) oy Jdet () (A2
o Lo yiexpl=30x—x)V Nx—x,)/77] A6
S=7 2 (N2m) oy Jdet (D) (829
o L& yiexpl—1x—x)V (x—x))/77] AT
S=5 2, (V2m) ey Jdet (V) (420
Moreover, let
¥ =max| 56— p )| (A.28)
i

where /) is the typical element of ¥ ~'and v/} is the corresponding
typical element of ¥ ~1. For every t=(t, ..., t;)’ € R* we have

[tV U=tV U <sMZ |t t| <kMt't< pMt'V='t (A.29)
i
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where p is the maximum eigenvalue of V times k. Using inequality (A.29)
and the mean value theorem, it is not too hard to verify that
(x—x)VHx—x))

v?

X exp[;pM(x—x,-)’V“(x—x,-)/vf]
expl—1(x—x,)' V' x~x;) /7]
(\/2m)*/det (V)

Now suppose for the moment that the x,’s are independent. Then, for
every ¢ >0,

n/2=¢V-v)-0 (A.31)

in probability, as is easy to verify. Since the elements of an inverse matrix
are continuously differentiable functions of the elements of the inverted
matrix, provided the inverted matrix is nonsingular, it follows that (A.31)
implies

15(x)— S(x)l< §| yil

(A.30)

n2-¢P-1—y-1y 50 (A.32)
in probability, and consequently

p lim n2=<M =0 for every ¢>0 (A.33)
Thus also

lim P(pM<1)=1 (A.34)

n-o

Now (A.30) and (A.34) imply that the inequality

2pkM s/det(V E 3K, [

$74 \/det(V) n 2

[S§(x)—$(x)| <

} (A.35)

with §
K.(x)=(xX'V~1x/2k) exp(—1x'V =)/ [(\/27) ¥ (V2) ¥ /det (V) ]
(A.36)

holds with probability converging to 1. Since .

X— x
E— E|yJ|K[ " ]'Yn_k

n

n

< E(1+y})K. [x_x"]y,,—k
Y
= [+ 02— 7,2+ 80— 122 hlx = 7,2 Ko (2) d2

= [1+02(x)+g(x)*1h(x) as n— oo (A.37)
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and since (A.33) implies

p lim V(ny))M =0 (A.38)
it now follows that, pointwise in x,
p lim ~/nvX|$(x)—5§(x)|=0 (A.39)

Next, observe that

p lim /nyk [5(x)—5(x)| =0 (A.40)
for (A.31) implies that
p lim /nyk[det(V)—det(¥)]1=0 (A.41)
Thus, "
p lim A/nyX[8(x)—5(x)]1=0 (A.42)
n— oo .

From this result it follows straightforwardly that under the i.i.d. assump-
tion the asymptotic normality results go through. The proof that the uni-
form consistency results go through is analogous to Bierens (1983a). So
the proof of the theorem under review is complete if we show that (A.31)
goes through for time series. This follows from Lemma A.

Lemma A. Let (z;) be a strictly stationary stochastic process in R
satisfying Ez;‘. Let (z;) be v stable in L* with respect to a strictly
stationary ¢-mixing base, where

v(m)= Olexp(—cm)] for some ¢>0 (A.43)
> ¢(f) < (A.44)
£=0
Then for every €>Q,
1 n
p lim n¥27¢— ¥ (z;—Ez;)=0 (A.45)
noo nj=1
and
1 n
plim n'27— ¥ (22— Ez})=0 (A.46)
n—oo n ;=1

Proof. Let (w;) be the base and let

z}m)=E(Zj|Wj,Wj—1’ Wi_2seees Wi_m) (A.47)
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Denote, similarly to (4.1.14), (A.1), and (A.2),
1 & 13 2
d,=var <; j§=:l zj>— - j}zzlvar(zj) (A.48)
(m) s (m)y2 1 < (m)y2
m) — m m
am=var(3; 5 ™2 25 B varlzmy) (A49)

Then, similarly to the proof of Lemma 4.1.2, it follows that

<m+1+2§°=0 ¢(£)‘/2>
n

i =<4 E(z(™)*

s8(m+1+2}"’=o & ()2

. >[Ez3+ E(zo—28™*

© 1/2
sl6<m+1+2”=° o(f) >Ez3
n
<327 pz
n
= am (A.50)
n
if »(m) < Ez$ and m=1+33, $(£)"?, and moreover,
|d,—d{™|<c,p(m)/* for some c,>0 (A.51)
Thus, we have, for sufficiently large m> 0,
|d,| <cy(m/n)+c; exp(—3cm) (A.52)

Now choose m = n®, Then

1 n
n'=2%var (; > zf)s n'=%[c;ne '+ ¢, exp(—Lten®)+n"2Ez
=1
-0 as noo (A.53)
This proves (A.46). The proof of (A.45) is nearly the same. ]
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