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1. Missing variables
Suppose you assume that the relationship between a dependent variable Y; and an
explanatory variable X; for observations j = 1,...,n is given by
Y, =a+ [B.Xj + U, j =12,...n, (1)
whereas in reality
Yj =q + B.Xj + y.Zj + Uj, j =1.2,...,n, (2)
where Z; is a missing explanatory variable, and U; is the error term. Recall that the OLS
estimator of 3, assuming that model (1) is correct, is
i _
§ - Ejzl(xj—x )Yj'
XX -X)? (©)

Substituting (2) in (3), it can be shown (see the Appendix) that
Bop . yzj”:l(xj—X)(zj—Z) . Y (X -X)Y,
Sl(X-X)? Sl(X-X)? (4)

where Z is the sample mean of the Z;’s. Assuming that the variables involved are independent
across the observations j and that model (2) is correct, in the sense that E[Uj|Xj,Zj] =0, it
follows from (4) that

YL(-X)(Z-2) )

E[B] = B + v.E . .
! XX -X)? (®)

In other words, the OLS estimator Bof B in model (1) is no longer unbiased, due to the missing
explanatory variable Z;, except if the sample covariance (1/n)EF:1(Xj—>Z )(Zj -Z ) is exactly zero.

To demonstrate the effect of missing explanatory variables, | have drawn X; forj=1,...,n



= 500 independently from the N(0,1) distribution, then generated the Z;’s by Z =X +V forj =
1,...,500, where the V;’s have been drawn independently from the N(0,1) distribution, and next |
have generated the Y;’s by Y =1+ X +Z + U for j=1,...,500, where the U;’s have been
drawn independently from the N(0,1) distribution. Thus, model (2) is applicable to this artificial
data set, withoa ==y =1.

The EasyReg output of the regression according to model (1) is:

Dependent variable:
Y (= 1+X+Z+0U)

X variables:

X(1) =X
X(2) =1
Model:

Y = b(1)X(1) + b(2)X(2) + U, where U is the error term satisfying
E[U|X(1),X(2)] = 0.

OLS estimation results
Parameters Estimate t-value H.C. t-value
(S.E.) (H.C. S.E.)
[p-valuel [H.C. p-value]

b(1) 2.08383 32.704 34.040
(0.06372) (0.06122)
[0.00000] [0.00000]
b(2) 0.97896 15.475 15.496
(0.06326) (0.06317)
[0.00000] [0.00000]
Notes:
l: S.E. = Standard error
2: H.C. = Heteroskedasticity Consistent. These t-values and

standard errors are based on White's heteroskedasticity
consistent variance matrix.

3: The two-sided p-values are based on the normal approximation.

Effective sample size (n): 500

Variance of the residuals: 1.996027



Standard error of the residuals (SER) : 1.412808

Residual sum of squares (RSS): 994.021241
(Also called SSR = Sum of Squared Residuals)

Total sum of squares (TSS): 3128.841499
R-square: 0.682304

Breusch-Pagan test = 0.048472

Null hypothesis: The errors are homoskedastic
Null distribution: Chi-square (1)

p-value = 0.82574

Significance levels: 10% 5%
Critical values: 2.71 3.84
Conclusions: accept accept

Thus, the OLS estimator of 3 in model (1) is B = 2.08383, which is more than 100% larger than
the true value p = 1.

Note that in this case
Yy =1+X +Z + U =1+2X +V, +U =1+2X + U, (6)

say, where Uj* =V, + Uj is the new error term, which satisfies E[Uj*|Xj] = 0 and var(Uj*|Xj)
= var(Vj|Xj) + var(Uj|Xj) =1+1=2.

Thus, all relevant explanatory variables should be included in the regression model, as
otherwise the OLS estimators of the parameters of interest may be biased, and will then stay

away from the true values even if the sample size n grows to infinity.

2. The multiple regression model, and least squares estimation
The multiple regression model with an intercept takes the form
Yi = BoXyy * BoXyy et B Xegy + B+ Upn b = 12,0, (7
where Xi i = 1,2,...k-1, are the explanatory variables, U, is the error term, and B, is the
intercept. We can write this model more compactly as
Y, = TUBX, + U= 1200, (8)

where X, ; = 1.



The OLS estimators Bi, i = 1,2,..k of the corresponding parameters [3, can be obtained
by minimizing the sum of squared residuals:
k
mlrgE” (Y - X B, X% )

The first-order conditions for this problem take the form

(EF::LXLJ-XLJ-)Bl toa ¥ (Ej”:lxlvjxk,j)Bk = LX),
_ o _ _ 10)

(Elek,jxl,j)Bl o F (E?:lxk,jxk,)ﬁk = En

kJJ

This is a system of k equations (called the normal equations) in k unknowns Bl Bk. If
Assumption 1: The normal equations (10) can be solved uniquely for Bl Bk,

then the solutions involved take the form

1]] i

Blch” +...+CZ"kJ
. . . . . (11)

n n
Be = XX ot Gy XY
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where the coefficients ¢_., m,i = 1,2,....k, are (complicated) functions of the explanatory

m,i’
variables X i =12..kj]=1..n
To determine how the solutions (11) are related to the corresponding true parameter

values B, and the error terms U,, substitute model (2) in (11). Then

Bl_Blzczn 1JJ+"'+CEn kJJ
: : : : : (12)
Bk - By = Cklzn Yy v CkkEn kY
where the coefficients ¢, m,i = 1,2,..k, are the same as before. Moreover, denoting
= oaCim X (13)

we can write the solutions (12) as



BJ_ - B]_ = Zn 1W1J i
' : (14)
Bk - Bk = Zn kaj i

Now let us for the time being assume that
Assumption 2: The explanatory variables X;; are non-random,
and that
Assumption 3: The error terms U, are independently N(0,6?) distributed.
Because the coefficients (13) are functions of the explanatory variables Xi; only, they are

nonrandom too. Consequently, it follows from (14) and Assumptions 2-3 that the OLS estimators

B, are unbiased:

E[Bl] = Bl + Zjn:lwl,jE[Uj] = Bl
(15)
E[Bk] =B -+ Z?:lwk,jE[Uj] = By
Moreover, the variances involved are
var[B,] = czzjilwfj
(16)
var[B] = o®X w2 f
hence,
A oy N 2
Bl ~ N[Bl,ﬁ Ej:lwl,j]
(17)

Bk ~ NIBy, GZEF :1Wk2,j]



because the error terms U, are independently N(0,6%) distributed and the Bi ‘s are linear
combinations of the U‘s and therefore normally distributed themselves. It follows now from

(17) that under Assumptions 1-3,

L U
o Ejilwlzj

(18)
ﬂ ~ NJ[0,1]

/xn 2

The error variance o2 can be estimated similar to the case of the two-variable linear
regression model, namely using the sum of squared residuals
n2
SSR = XL,U/, (19)
where
~ k ~
Up =Yy = ZiaBiX (20)
is the OLS residual.

It can be shown that under Assumptions 1-3,

(21)

Since the expected value of a xﬁ,k distributed random variable is n-k, the result (21) suggests to

estimate o® by

n

> U (22)

A 1
02 = —
n—kH

Due to (21), this estimator is unbiased: E[6?] = o° Moreover, it can be shown that under
Assumptions 1-3, X, U2

i
the definition of the t distribution that under Assumptions 1 and 2,

is independent of the Bi‘s, hence it follows from (18) and (21) and



- 3 tn—k
Gy 21 Wy 4
(23)
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~ ek
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The denominators involved are the standard errors of the corresponding OLS estimators:
& = &S w; (= standard error of ). (24)

The results (18), (21) and (23) do not hinge on the assumption that the explanatory

variables Xi,j are nonrandom, though. They also hold if we replace Assumption 2 by

Assumption 2": The model variables Y;, X, ;,....X,_,; are independent and identically distributed

across the observations j = 1,....,n,

and if we replace Assumption 3 by

Assumption 3™: Conditionally on X...,X, ,; the errors U; are N(0,6°) distributed.

Proposition 1: Under Assumptions 1, 2" and 3" the results (18), (21) and (23) carry over.
Furthermore, if instead of Assumption 37,

Assumption 37 E[UJX, ..., ;] = 0, E[UX Xy ;] = 6% < wand E[X]] < « fori=
1.k -1,

then it can be shown that



Proposition 2: Under Assumptions 1, 2" and 3™,

ﬂ ~ N(0,2)
avzjnzlwlz,j

(25)
M ~ N(0,1)

~ NN 2
(0 Ejzlwk,j

provided that n is large.

3. Testing parameter hypotheses
The results (23) and (25) can be used to test whether a particular coefficient B, is zero or
not, similar to the case of the two-variable linear regression model. The test statistic involved is

the corresponding t-value,

>
=

B
= (26)

~ / n 2

Proposition 3: Under the null hypothesis B, = 0 and the conditions of Proposition 1, ﬂ ~t

~—+
I
o

and under the null hypothesis involved and the conditions of Proposition 2, fl ~ N(0,1).
Moreover, if B, > 0 then t, converges in probability to = if n - !, and if B, < 0 then ¢,

converges in probability to —o if n - o,

The test can now be conducted in the same way as in the case of the two-variable linear
regression model, either left-sided, right-sided or two-sided. The only difference is the degrees of
freedom, which is n-k instead of n-2 in the two-variable linear regression case.

Now suppose you want to test the joint hypothesis that, for example, B, = 0 fori=1,..,m,

This means that for any constant K > 0, IimnmP(tAi > K) = 1.

This means that for any constant K > 0, IimnmP(tAi < -K) = 1.
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where m < k -1, against the alternative hypothesis that the null hypothesis is false: 3, # 0 for at
least one index i < m. One possible way of testing this hypothesis is to conduct m separate two-
sided t tests for i =1,..,m. However, the problem is that the left-hand side random variables in
(23) are in general not independent, hence under the null hypothesis B, =...= B = 0 the test
statistics fl,...,fm are in general not independent. In particular, it is impossible to select a critical
value t. such that for a given significance level ax100%, P[lt,| > t_, [t)] > t,,..[t | > t] =

A

because we do not know the joint distribution of t,,...,t .
The solution of this problem is the following. Consider the restricted regression model

Yi = BnaXmaj * BrnaXmj TP Xy B U b = 120, (27)
Then it can be shown that:

Proposition 4: Under the null hypothesis B, =....= B = 0 and the conditions of Proposition 2,

= _ (SR, - SSRym

~F 28
SSR/(n-k) mn-k (28)
and under the conditions of Proposition 2,
N .~ SSR, - SSR )
W =mF = ~ A (29)

SSR/(n-k)
where SSR is the sum of squared residuals of the unrestricted model (7) and SSR,, is the sum of
squared residuals of the restricted model (27). Moreover, under the alternative hypothesis that

for at least one index i <m, B, # O, the test statistics F and W converge in probability to « as

3

n - o7,

The test based on F is called, for obvious reasons, the F test, and the test based on W is called
the Wald test, named after the statistician with that name who proposed this test. The tests
involved are conducted right-sided. In particular in the case of the Wald test the null hypothesis

involved is rejected at say the 5% significance level if W > ¢, where the critical value ¢ is chosen

3 Again, this means that for any constant K > 0, IimnmP(FA > K) =1and

lim _P(W > K) =1.



such that for a 5, distributed random variable W, P[W > ¢ ] = 0.05.
If m =Kk -1 then the restricted model (27) takes the form
Y =B~ U0 =120 (30)
The sum of squares residuals of this model, SSR,, is then equal to the total sum of squares of
model (7),
TSS = XL (Y,-Y )2 (31)
where Y = (1/n)Ej”:1Yj. The F test involved then has test statistic

= _ (TSS - SSR)/(k-1)
SSR/(n-k)

which hasan F,_,  distribution under the null hypothesis that 8, =...= B,_, = 0 and the

(32)

conditions of Proposition 2. This test is called the overall F test. Its null hypothesis amounts to
the hypothesis that none of the explanatory variables Xijn i = 1,...k-1, have an effect on the

dependent variable Y,

4, The adjusted R?
The R? in the multiple regression case is defined the same as in the two-variable

regression case:

SSR
RZ =1 - =,
TSS (33)
The problem with the R? is that it can be inflated towards 1 by including more explanatory
variables in the model, because
min XL (Y - SLbX)? > min S (Y - B5RX ) (34)

Byos By By BB

The extreme case is where k = n. Then SSR = 0, hence R? = 1. To penalize this, the R? is adjusted

as:

-2 _, _ SSRI(n-K)
T Tssin %)

The reason for this particular adjustment is that under the conditions of Proposition 1, SSR

~ %, whereas under the null hypothesis B, =.= B, =0,TSS ~ y
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5. Multicollinearity
Multicollinearity is the phenomenon that (some of) the explanatory variables are highly
correlated. The effect of multicollinearity is that the t-values are deflated. To demonstrate this, |

have generated artificial data Y X0 Xy forj=1,....,n =500 as follows. The explanatory

1j
variables Xy have been drawn indejpendently from the N(0,1) distribution. Next, I have drawn
random variables \ independently from the N(0,1) distribution, and have set Xy = Xyt
0.01.Vj. Due to this construction the explanatory variables X and X,; are highly correlated. In
particular, the R? of the regression of X,; 0n Xy is 0.999892. Finally, I have drawn the errors

U, independently from the N(0,1) distribution, and have generated the dependent variables by

Y= X+ X; +1+U,j=1..,n =500 (36)
This is model (7) withk=3and B, = B, = B, = 1.

The EasyReg output involved is below.

OLS estimation results
Parameters Estimate t-value H.C. t-value
(S.E.) (H.C. S.E.)
[p-valuel [H.C. p-value]

b(1) 0.45258 0.101 0.104
(4.48811) (4.35703)
[0.91968] [0.91727]

b(2) 1.57385 0.351 0.362
(4.48634) (4.35350)
[0.72573] [0.71772]

b(3) 0.95879 21.386 21.410
(0.04483) (0.04478)
[0.00000] [0.00000]

Notes:

l: S.E. = Standard error

2: H.C.

Heteroskedasticity Consistent. These t-values and
standard errors are based on White's heteroskedasticity
consistent variance matrix.

3: The two-sided p-values are based on the normal approximation.
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Effective sample size (n): 500

Variance of the residuals: 1.00464
Standard error of the residuals (SER): 1.002317
Residual sum of squares (RSS): 499.305951
(Also called SSR = Sum of Squared Residuals)

Total sum of squares (TSS): 2396.64478
R-square: 0.791665
Adjusted R-square: 0.790826
Overall F test: F(2,497) = 944.29

p-value = 0.00000

Significance levels: 10% 5%
Critical values: 2.31 3.01
Conclusions: reject reject

Breusch-Pagan test = 3.286972

Null hypothesis: The errors are homoskedastic
Null distribution: Chi-square(2)

p-value = 0.19331

Significance levels: 10% 5%
Critical values: 4.61 5.99
Conclusions: accept accept

Note that b(1), b(2) and b(3) are the OLS estimators of B,, B, and f,, respectively.

Observe that not only the OLS estimators of B, and B, are way off from the true value 1,
but that also the corresponding t-values are deflated towards levels where the null hypotheses
B, = 0 and B, = O cannot be rejected by the separate t tests at any reasonable significance level.
On the other hand, the overall F test strongly rejects the joint null hypothesis that B, = B, = 0.
These contradictory results are due to multicollinearity.

There is no cure for multicollinearity. The only thing you can do is be aware of it, and
always test joint hypotheses using the F or Wald test rather than using separate t tests.

Assumption 1 does not rule out multicollinearity, but only its extreme form, where one
explanatory variable is an exact linear function of other explanatory variables. For example,

consider model (2), and suppose that Z; =m + 38X, without error. Then model (2) becomes

12
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o+ B.X +v.Z; v U=a+ X + y.(n+6Xj) + U,
(37)

= (@) ¢ BHrd). X+ Uy J = 1200,

Clearly, only a+y.n and p+y.d can be estimated by OLS, but not a, B and yseparately without

knowing n and 6. This case is ruled out by Assumption 1.

6. Heteroscedasticity

Recall that the errors U of a regression model are heteroskedastic if the conditional
variance of U, given the explanatory variables is not constant, but a function of the explanatory
variables. In particular, the error terms in model (7) are heteroskedastic if there exists a non-

constant function y such that
ELUS Xy X0 Xy g ] = WOy X g Xy ) (38)

Heteroscedasticity often occurs in practice. It is actually the rule rather than the exception. One of
the problems of heteroscedasticity is that the standard errors and t-values of the OLS parameter
estimators are no longer valid. However, this problem can easily be cured by replacing the

standard errors (24) with the heteroscedasticity consistent (H.C.) standard errors:

&, = 5w U (= H.C. standard error of B,). (39)

and the t-values with the heteroscedasticity consistent (H.C.) t-values

=

t = = (= H.C. t-value of B,).. (40)

[}

The F and Wald tests in Proposition 4 are also no longer valid under heteroscedasticity,
but the cure for this is difficult to explain at the undergraduate level. To test joint hypotheses
under heteroscedasticity with EasyReg you have to increase the econometrics level to
“Intermediate”. Then after running your regression you will get the option to conduct Wald tests
of linear parameter restrictions. This option gives you two versions of the Wald test, one for the

homoscedastic case and one for the heteroskedastic case. See the guided tour on OLS estimation.
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To decide whether the errors of model (7) are homoscedastic or heteroskedastic, use the

Breusch-Pagan* test. Given that
E[Y; |le, 2 Xienjl = g( VX * yk) for some unknown function g(.). (41)
the Breusch-Pagan test tests the null hypothesis
Hol ¥y == Yy = 0 = E[USIX; Xy Xy g1 = 90r) = o2, (42)
against the alternative hypothesis
Ho: ETUZIXy Xy X 1] = OECXy + 1 # 96 (43)

Under the null hypothesis (42) of homoskedasticity the test statistic of the Breusch-Pagan test has
a X,f,l distribution, and the test is conducted right-sided.

APPENDIX
Proof of (14):
Substituting (2) in (3) yields
5 YL -X) (@ + B.X < v.Z, + V)
(X -X)?

XL (%-X) ) sz“l(xj—i X Y% -X)Z, ) X% -X)U;
Zjnzl(xj _)Z ) ? Ele(Xj _X )2 z:F:l(xj _)_( ) ? z:F:l(xj _)_( ) ? (44)

YL(X-X)(Z-2) ) XL (X -X)U,
z:F:l(xj _>_( ) 2 Z:F:l(xj _>_( ) 2

where Z is the sample mean of the Z;’s. Note that the last equality in (4) follows from the fact
that 3,(X;-X) = 0.

4 Breusch, T. and A. Pagan (1979), "A Simple Test for Heteroscedasticity and
Random Coefficient Variation", Econometrica 47, 1287-1294.
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