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In this paper we propose a consistent test of the linearity of the median regression model, similar to
the Integrated Conditional Moment (ICM) test of Bierens (1982) and Bierens and Ploberger (1997).
Thistest requires re-estimation of the median regression model by minimizing the ICM test statistic
with respect to the parameters. Also, we may use the ICM test for testing linear parameter
restrictions. We apply the ICM test to examine the functional form of three wage equations.

1. I ntroduction

Median and quantile estimation methods have recently been applied to economic models
because these methodsimpose fewer restrictionson the datathan widely-used mean regressions. The
linear median regression model assumes that the conditional median of the dependent variableyisa

linear function of the vector x of independent variables. The median regression model is particularly
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suitable if the conditional distribution of the y variable is fat-tailed, or if the lowest and/or highest
values of y are truncated or misreported. The latter may occur if y is ameasure of income, because
respondents in the highest income group will often be reluctant or unwilling to reveal their true
income. Also, the median regresson model may serve as an aternative for a Tobit model if the
conditiona distribution of the error of the underlying latent model is symmetric but non-normal.
While these methods are being used to estimate economic models, few specification tests are
available for median or quantile regression models. This paper proposes a consistent test of the
linearity of the median regression model.

The parameter vector of the linear median regression modelsisusually estimated by the L east
Absolute Deviation (LAD) estimator. Under certain regularity conditions, in particular the
requirement that the conditional distribution of the dependent variable y relative to the vector x of
regressors is continuous, the LAD estimator is strongly consistent and asymptotically normally
distributed. See Koenker and Bassett (1978).

Tothebest of our knowledge, the only paper inthe econometricsliterature that addressesthe
problem of consistent testing of the functiona form of quantile regression models is Zheng (1998).
Zheng' s approach is based on weighted kernel regression estimation. In this paper we propose an
alternative consistent test of the linearity of the median regression model, similar to the Integrated
Conditional Moment (ICM) test of Bierens (1982) and Bierens and Ploberger (1997). Thistest can
eas |y be extended to more general quantile regression models. Thistest requiresre-estimation of the
median regression model by minimizing the ICM test statistic with respect to the parameters.

Although median and quantile regression has not been used as extensively as OLS in the
empirical literature, recent papers have used this method to estimate wage equations and the
conditional wage distribution. (See for example, Chamberlain 1994, Buchinsky 1994, 1995, 1997,
and Poterba and Rueben 1994). Asan empirical illustration, we shall apply the ICM test to examine

thefunctional form of three wage equationsthat has been estimated previoudly by quantileregression



methods, using a sample of 28,155 male workers taken from the March 1988 Current Population
Survey (CPS).

2. Median regression models, and LAD estimation
Consider arandom sample (y;,x) € RxR¥, j = 1,...,n, where the dependent variable y, is
related to the vector X, of explanatory variables, possibly including a constant 1, by the median
regression model
y, = 6o + ¢, where P[e, > 0|x] = Ple; < 0|x]. (1)
Asiswell known, under someregularity conditions, in particular the conditionsthat the error term g
is continuously distributed with zero median and is independent of x;, and that E(X; ij) < «, the

parameter vector 6, can be estimated consistently by the L east Absolute Deviation (LAD) estimator

n
00 = argeminz ly, - 07X
i-1
and

V@ 5-60) - NO,(L[2f(0)]HQ Y

indistribution, where f isthe density of g and Q = plim (1/n)Ej”:1xjij. See Koenker and Bassett

N-oo
(1978) and the references therein.
The median regression model is equivalent to
u(®) = Ity - 07 > 0) - Iy, - 6™ < 0), E[u(8,)[%] = 0 as, 2

where 6, € O c R* with © the parameter space, I(.) is the indicator function, and

Definition 1: )?J isan m-vector of components of x; such that the o -Algebra generated by x isequal

to theo - Algebra generated by )?J

For example, if x = (1,2,2)" with z a scalar random variable then % =z
The median regression model is correctly specified if
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Hy,: 3 6, € O: P(E[uj(eo)]ij] = O) = 1. 3)
We will test the null hypothesis (3) against the general dternative that (3) isnot correct, e.g.
H,: VO € ©: P(E[uj(e)])?j] = O) < 1. (4)

3. I ntegrated conditional moment testing of median regression models
Ashas been shown by Bierens (1990, 1994 Sec.3.3) and Bierensand Ploberger (1997), these
two hypotheses can be distinguished by using an infinite set of moment conditions of the type
E[u,(®)w ()] =0, where
W@ = WER(R)). € € &, ©
with @ abounded on-to-one mapping, W(.) an analytical function with al but a finite number of
derivatives at zero unequal to zero, and = a subset of a Euclidean space with positive Lebesgue

measure. Bierens (1990) has shown for the case W(.) = exp(.) that

Theorem 1: Under H, theset §(0) ={&c&: E[u(0)w(€)] = O} issuchthat §6,) ==, and
forall 6 ¢ ®\{0.}, S0) hasLebesgue measure zero and isnowhere dense, provided that the
parameter 6, in (3) isunique. Under H,;, §0) has Lebesgue measure zero and is nowhere

densefor all 6 € 0.

Bierens and Ploberger (1997) and Stinchcombe and White (1998) have shown that the same result

holds for a much wider class of weight functions w(.). In particular, Theorem 1 also holds if we

choose
W(E) = cosE'®(X)) + snE'@(X)), € € R™, (6)
where @ isthesameasin (5). The advantage of thisweight function isthat it is uniformly bounded:
W) < v2. @

In this paper we will use the weight function (6), for reasons to be explained later.

Denoting



Q0) = [IE[u,(0)w,(E)| (@), (8

where

Assumption 1: wj(g) is defined by (5), p is a probability measure on E that is absolutely

continuous with respect to Lebesgue measure, and = is compact with positive Lebesgue measure,

it followsfrom Theorem 1 that under H,, (3(60) =0, whereasunder H,, infeggé(e) > 0. Thisresult

suggests to use the Integrated Conditional Moment (ICM) test based on infegg(ﬁ(e), where

Q(6) = f |2(0,8)| *du () 9)

with 20,8) = (Un)Su(@)w().
It follows from the result in Bierens (1990) and Bierens and Ploberger (1997) that under

H, and Assumptions 1,

VnZ(6,.8) = E), (10)
where" =" means "converges weakly to" [cf. Billingdey (1968)], and z(.) is a zero mean Gaussian

process on = with covariance function
D(E,,E,) = E[ZE)ZE)] = E[uy(0)°wy(E)wy(E,)] - (11)
Note that if
Assumption 2: The conditional distribution of y; given x; is continuous,
then P(y, - 8gx = 0) =0, hence u(6,)? = 1 as. and conseguently

['(;.€,) = Ewy(E)w ()] (12)

It follows now from Bierens and Ploberger (1997) that under H,,



né(eo) EI 1&; )\, 1 m
Fn(6 ) = - < _Z 13
TS fw@e Y, mami 13)

in distribution, where the ¢,'s are independent standard normally distributed, and the A.'s are the
solutions of the eigenvalue problem f L€, E)d,(E)duUE,) = A,d,(E,), with the ¢,(E) the
corresponding eigenfunctions. The eigenvalues A, are non-negative and rea valued, and the
eigenfunctions ¢,(€) arereal valued and orthogonal with respect to .

Thestatistic F,(6,) cannot be used as atest statistic, because 6, isunknown. If wewould
pug in a /n-consistent estimator 0 for 0, for example the LAD estimator, we need to take the
asymptotic distribution of n(Q(0) - Q(6,)) into account. However, the non-differentiability of
(3(6) prevents us from using the quadratic Taylor expansion approach in Bierens and Ploberger
(1997). A possible solution to this problem isto bootstrap F, (0, o). However, for large data sets
this may take too much computing time?. Therefore, we propose the following more practical

approach: If we choose

6 = argminQ(0), (14)

0cO

then Fn(é) < F,(6,), hence the asymptotic inequality in (13) will be preserved. Thus, let

nQ(©) |
WY [(wE)du)
j=1

T

(15)

where 8 isgiven by (14). Then:

Theorem 2: Under Assumptions1-2and H,, IimsupMP(lf > F) < P(F_ > F) for all non-random
F>0.

2 The LAD estimation of the mode! in Taple 3 below took about 15 minutes on a Pentium 11
PC. Thusfor this case 1000 bootstraps of F (6, ,,) will take about 250 hour nonstop!
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Bierens and Ploberger (1997) have shown that
P(F > 3.23) - 0.10, P(F > 4.26) - 0.05 (16)
Thus we rgject the median regression model at the 10% significance leve if F > 3.23 and at the 5%
level if F > 4.26.
Note that if we choose the weight function w(g) as in (6) and the probability measure .
symmetric, then f W(E)%du(E) = 1, sothatthen F = nQ(6). Itisfor that reason, and the fact that

then vvj(E) is uniformly bounded®, that we favor the weight function (6).

4, Consistency of the ICM test
For the consistency of the |CM test we need to establish that plim__ inf,_o Q(6) >0 under
H,. A sufficient condition for thisis that
Q0) - Q) as., (17)
uniformly in 0 € ©. Therefore, we will now set forth condition for uniform convergence of
Q(6).
Under Assumption 2 it follows from the uniform strong law of large numbers of Jennrich
(1969) [cf. Bierens (1994 Sec.2.7) for details] that
sup;.z|4(0,8) - E[u(B)w, ()] - 0 as., (18)
pointwisein 6 € ©, hence Q(6) -~ Q(6) as., pointwisein 6 € ©. If the function u,(6) would be

continuousin 0 and the parameter space © iscompact, then by Jennrich's (1969) uniform strong law
of large numbersthisresult would holdsuniformly on® aswell. However, for the median regression
model under review the function uj(e) is discontinuous in the parameters, so that the standard
uniform convergence proof [see for example Bierens (1994, Sec. 4.2)] no longer applies.

Nevertheless, it can be shown (seethe appendix) that (18) also holdsuniformly on ©, provided that:

3 The boundedness of the weight function isimportant for our applications, because due to
the large sample size the integra in (9) has to be computed by Monte Carlo ssmulation. See the
appendix.



Assumption 3: The parameter space © is compact,
Assumption 4. The conditional density f(y|x) of y; given x; = x satisfies E[sup, f(y[x,)] < .
Then:

Theorem 3: Under Assumptions 1-4, lim__sup,_o|Q(0) - Q(6)| = 0 as.

Vv

Thus, under the aternative hypothesis (4) we have liminf,_Q(6) > inf,_ ,Q(8) > 0 ass., which
establishes the consistency of the ICM test.

5. L ocal power of the ICM test for the casethat 6, isknown

In Bierens and Ploberger (1997) it has been shown that the ICM test of the functional form
of conditional expectation models has non-trivial +/n local power, which is superior to alternative
consistent model misspecification tests based on comparison of the parametric functional form
involved with a nonparametric kernel regression model. See the referencesin Zheng (1998). Inthis
section we will therefore derive the local power properties of the ICM test for median regression
models, but only for the special case that 6, is known. The reason for the latter is that for the
genera case (15) we need to derive the limiting distribution and rate of convergence of the ICM
estimator (14) under the local aternative, which isanon-trivial task. Since thisICM estimator is of
no particular interest by itself (it only servesan auxiliary roleintheCM test), deriving thislimiting
distribution is beyond the scope of this paper. Our purpose isto show that for this special case the
|CM test has better local power than Zheng' s (1998) test, asamotivation for the use of the ICM test
(15).

Thelocal aternativeinvolved is similar to the local alternative considered by Zheng (1998):

Hyt y = B + gx)i/n + g, (19)
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where g is a uniformly bounded nonlinear function of x such that P[g(xj) =0 <1, ad g is
independent of x,, with continuous distribution function F(.) satisfying F(0) = 0.5. Moreover, let f(.)
be the density of g and assumethat f(0) > 0 and f(.) is differentiable with uniformly bounded
derivative 1 '(.). Furthermore, we may without loss of generality assume further that 6, = O.

Under the local aternative (19) with 6, = 0and weight function (6), it followssimilarly to
Bierens and Ploberger (1997) that

1

n
nij=1

(UpWi(&) — Elu,w(®)]) = z.(8) (20)

on &, where u,; = I[g; > -g()A/n] - I[g; < -g(x)i/n], and z,(€) is a zero mean Gaussian
process with covariance function
T\ = IMEUZwEWEN - Elu, wE)] Elu, W)
" (21)
- Elw(EW(E)] = TELE,).
Compare (12). Thus, z (£) has the same distribution as the Gaussian process z(&) in (10) . The
second equality in (21) follows from the fact that E[un%j]xj] = las., and that by the Taylor
expansion and the uniform boundedness of g(.), f'(.), and W(E),
E[u,w@)] = E(1 - 2F(-go)WVm)w(@)] = FONMEIgx)w,E] + On)
uniformly in €. Itisnow not hard to verify that under the local aternative,
nQ(0) - f (2.(6) + fOE[GMx)W,(E)])*du(€)

in distribution. Finaly, similarly to Bierens and Ploberger (1997) it can be shown that

[[2.) + FOEG)WEIFIE) > [(z.E)dE).
Therefore, inthecasethat 0, isknown the|CM test hasnon-trivial /n local power, whereasin the
same case the test by Zheng (1998) has non-trivial local power only at a Slower rate.

JW(€) = z.(§) on E for

For the general case we need to show that (Ly/n)X,(,; - u,,

some Gaussian process z_ (), where



Gy = I[g; > (0-6)™ - g0 - I[g; < (B-8)™ - g/,
because then it is guaranteed that under the local aternative, plim__Q(6) > 0.Again, the non-
differentiability of the indicator functions involved prevents us from mimicking the approach in
Bierensand Ploberger (1997). However, devel oping an aternative approach is beyond the scope of

this paper.

6. Empirical illustrations
6.1 Thedata

Linear quantile regression methods have been applied to estimating wage equations and
characterizing the conditional distribution of the log of wages (Chamberlain 1994, Buchinsky 1994,
1995, 1997, and Poterba and Rueben 1994). This application of the ICM test uses data from the
same source as the above studies, the Current Population Survey (CPS).

This study uses data on males from the 1988 March CPS and uses criteria similar to
Buchinsky (1994) to sample the data. The March CPS contains information on previous year's
wages, schooling, industry, and occupation. We select a sample of men ages 18 to 70 with positive
annual income greater than $50 in 1992, who are not self-employed nor working without pay. The
wage data is deflated by the deflator of Personal Consumption Expenditure for 1992. Our data
contains 28,155 observations and has variables for age, years of schooling, years of potential work
experience, industry, occupation, and dummy variables for race, region of residence, living in an

SMSA, and working part time.

6.2  Wage specifications

As an illustration of the performance of the ICM test we examine three wage. The first
gpecification is the traditional Mincer-type model where the log of weekly wages are regressed on
aconstant, years of schooling, years of potential work experience and its square, and arace dummy.

Thismodel isused in most labor papers, including Buchinsky (1994). The second specification adds
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acubic and quartic in potential work experience. Murphy and Welch (1990) indicate that a quartic
in potential work experiencefitsthe data better than the standard quadratic in experience used in the
Mincer model. Finally, we examine a specification similar to that employed by Buchinsky (1997).
The Log of real weekly wages is regressed on years of schooling and its square, years of potential
experience and its square, schooling interacted with experience, and dummy variables for region,
SMSA, region interacted with SMSA, part time work, race, and race interacted with schooling,

experience, and part time employment. The variable names and their definitions are:

rwage: Rea weekly wage. Calculated by taking Total Earnings from wages and salaries last year
(1987) divided by weeksworked last year. The weekly wage is deflated by the deflator for Personal
Consumption Expenditures where 1992 is the base year.

ed: Years of schooling. Years of schooling can take on values from zero to 18.

exper: Years of experience: age - years of schooling - 6.

regne: Dummy variable = 1 if livesin the North East.

regmw: Dummy variable = 1 if livesin the Midwest.

regw. Dummy variable = 1 if livesin the West.

smsa: Dummy variable = 1 if livesin a Standard Metropolitan Statistical Area (SMSA).

race: Dummy variable = 1 if black. Only blacks and whites are included in the sample. The other
categories are omitted from the sample.

parttime: Dummy variable = 1 if worked less than 35 hours aweek at job last year.
The other variables in the model are powers or products of these variables.

6.3  Chosen options for the ICM test.

The ICM tests have been conducted using the weight function functions

W, (6) = cosETD(X,)) + SnETD(X, ) (22)
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(c.f. (6)), where ®(x) isavector valued function with components arctan(x), and )Zn’j is the vector
of instruments >§ in deviation of their sample means and standardized by their sample standard
errors.* We recall that only the untransformed regressors need to be used as instruments. Thus,
products and powers of explanatory variables are excluded from thelist of instruments, because the
o-Algebra generated by these instruments is the same as the o-Algebra generated by al regressors.
The instrumental variables involved in the tables below are underlined. Moreover, the probability
measure w involved in the ICM test is the uniform probability measure on the hypercube = =
[-c,c]x...x[-c,c], where c is either 1 or 5. Thus, we have conducted the ICM test twice for each
model, for ¢ = 1 and ¢ = 5. Under the null hypothesis of model correctness the ICM test statistic
should not be affected too much by the choice of c, but the power will.

All computationshave been done using the econometricssoftware package EasyReg® , written

by the first author.

6.4  Median regression estimation and test results

The t-values of the LAD estimators are based on the assumption that the error g is
independent of the explanatory variables®, asin Koenker and Bassett (1978). The error density f(.)
has been estimated by a kernel density estimator with standard normal kernel and window width h
=s.n %2 where sisthe mean of the absolute values of the LAD residualsin deviation of their sample

mean. This scaling factor s makes the kernel density estimator location and scale invariant.

4 See Bierens (1982, 1990) for the reason for the latter.

5 EasyReg is an interactive Windows freeware program, which is downloadable from web
page http://econ.la.psu.edu/~hbieren EASY REG.HTM. The data is downloadable from web
page http://econ.la.psu.edu/~hbierenss MEDIAN.HTM.

6 This excludes heteroskedasticity of the errors. Admittedly, this assumption may not be
realistic for wage equations. If so, the t-values reported in Tables 1-3 are biases. However,
asymptotically the ICM test is not affected by heteroskedasticity. See Assumptions 2 and 4.
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The LAD estimators were used as starting values for computing the ICM test statistic, in
twofold: for c = 1 and ¢ = 5. Since the signs of the large median residuals will likely not change, the
minimization of the ICM objective function has been conducted by adjusting the 10% smallest (in
absolute value) residuals only, using the downhill simplex method of Nelder and Mead (1965) (see
also Press et al. 1989, pp. 289-293), which do not require the use of derivatives, and after each
iteration round we have checked whether the signs of the other 90% residual s have changed. Only
one iteration round sufficed.

Theintegral of the ICM statistic has been computed on the basis of Monte Carlo simulation,
using 1000 random drawings from the uniform distribution on &, because the sample sizeistoo large
to compute this integral numerically.

A more detailed description of the testing recipe will be given in the appendix.

The LAD and ICM estimation and test results are presented in Tables 1-3.

<Insert Tables 1-3 about here>

First, observethat the ICM estimators are virtually the same asthe LAD estimators. Wewill
explain this in the appendix.

Next, observe that the ICM testsfor c =5 reject the median regressionsin Tables 1-2 at the
5% significance level. The differences of the ICM test statisticsfor c=1and c = 5in Tables 1-2
indicate that the null hypothesisis not true, despite the test results for ¢ = 1, because under the null
hypothesis of model correctness the null distribution of the ICM test isinvariant for c. However,
since under the alternative of misspecification the ICM test statistics converge in probability to
infinity, and the sample sizeis very large, the modest but significant values of the ICM test statistics
involved indicate that the misspecification of the models in Tables 1-2 is modest. The latter is
corroborated by the fact that the LAD and ICM parameter estimates are very close. Only the
Buchinsky type median regression in Table 3 is accepted by the ICM test for bothc=1andc=5.

Theseempirical applicationsclearly demonstrate the practical applicability of thelCM test for

median regression models.
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APPENDI X
1. Proof of Theorem 3
We can approximate the median regression model by a continuoudly differentiable model, in

various ways. For example, let for arbitrary small € > 0,

(v; - 0™x)/e

u®(6) - f v|exp(-v¥2)dv - 1 = (1 - exp[-0.5(y,-07x)%e?] )uj(ﬂ), (23)

and 2©(0,8) = (ﬂn)Ef':le(e)(e)vvj(E). Then it is easy to verify from (2), (7) and (23) that

240,8) - 200,8)] < 1Y |u(0) exp(-0.5(y,-6X) )W
Nj-1
(24)
. %Z exp(-0.5(y,-67%)/e2).
i1

It follows from Assumption 3 and Jennrich's (1969) uniform law of large numbersthat for any fixed

c>0,
n
sup |(Un)) exp[-0.5(y;-67x)?/e?] - E(exp[-0.5(y,-07x)?/e?])| - 0 as., (25)
0e®,ex>c j=1
Moreover,

n
limsup  sup EZ exp(-0.5(y,-6"x)7¢?)

n-o 0@ 0<esclj-1

n
< limsup supiz exp(-0.5(y;-07x)7c?)
n-o 60 Nj=1

(26)

n
< limsup ésug]%z: exp(-0.5(y;-0'x)%c?) - E[exp(-0.5(y,-0'x,)%/c?)]]|
N-oo € j=1

- ésugE[exp(—O.5(yl—6Txl)2/02)] = ésugE[exp(—O.5(yl—6Txl)2/02)] as.

Furthermore, it follows from Assumption 4 that
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0 < E(exp[-0.5(y,-0™x))%/€?]) < &/2 E[sup,f(yix,)] (27)
hence

lim, ,, supy.oE (exp[ -0.5(y, -07x,)%/€?]) = O. (29)

Combining (27) through (28), it follows that for arbitrary ¢ > 0 there exists an number a > 0 such

that
limsup  sup 1Q©) - Q¥O)| <cas (29)
and similarly o
sup  [Q(0) - Q(0)| < c, (30)
0€0, O<e<a
where
QY(®) = [129%0.8)[Pdu(®). Q(0) = [IE[u (@)W, (E)]|*ch(®). (31)

Moreover, it follows from Jennrich's (1968) uniform law of large numbers that for fixed € > 0,

Q®®) - Q¥(6) as., uniformly on ©. (32)

Combining (29), (30) and (32), and letting c | 0, Theorem 3 follows. Q.E.D.

2. The ICM test procedure

Given model (1), the first thing we have to do is to select the variables to be included in the
vector )?J = ()§(1) ....... >§(m))T of instruments. For example, in the case of the Buchinsky type model
inTable 3, )?J consists of the (m = 8) underlined variables, i.e., the smallest set of variables such that
the conditional distribution of Y, given X, is the same as the conditiona distribution of Y, given )?J

Next, we have to standardize )?J , asfollows (see Bierens 1982, 1990 for the reason):

X0) - W0
YW £ 0? - (W8 0)

i = (KD s % (M), where X (i) =

15



fori=1,...,m. Moreover, wehaveto transform )Zn’j by abounded one-to-one mapping ®: R™ - R™.
We have chosen ®((x,,...,.x)") = (arctan(x,) ....., arctan(x))".

Denotefor £ € & = x",[-c,c], withc=1or 5,

Uynj(01,0) = d;(0)u(0) + (1 - dy;(8,))u(6,) (33)

and z,,(6,,0,8) - (ﬂn)Ef‘zlup’n’j(el,G)Wn’j(i), where w, (€) isdefined by (22), u,(8)is defined by
(2), ad dp’j(el)is a dummy variable which takes the value 1 if | belongs the set of the p%
observations with the smallest value of ]yj—GIxj] , and zero if not. In the empirical applications we
have chosen p = 10.

Let u be the uniform probability messure on E. Then the integrd Q,(6,,6) =

f 12,,(6,,0,8)| 2du() can be approximated by

- N
Gupl01,0) = 3 2,0(0,0.8)% (34)

L

were & ..., g, are random drawings from the uniform distribution on E. In the empirical
application we have chosen N = 1000.

Note that, due to the boundedness of Wn,,-(E), (34) isamean of bounded random variables
2,,(0,,6,8)%, conditiona on the data and given the values of 0, and 6. This will boost the
performance of the law of large numbers on which this approximation relies. Moreover, it isnot hard
to verify that for the weight function (22) and the uniform probability measure p on E =

><irr:l[ _C,C] )

. tan(X_ .(K)) +arctan(X. .(kK
[0, &, ©@) = T sridarctan(s, () -arctan(, () -

k-1 c[arctan(in’i(k))+arctan(>?n’j(k))]
hence [w;(€)*du(€) = 1.

Now giventheinitia value 6, = éLAD, minimize (jN,p(el,e) to 0, usingthesimplex method
of Nelder and Mead (1965), whichyields 0, = argmin, (jN,p(el,e). If u(®,) = u(6,) for d (6,)

=0thenwearedone: 6 ~ 6 = 0,, and the smulated ICM test statistic becomes
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F = nQ,,6.6), (36)
else we repeat the minimization procedure with 6, replace by 6,.
It would be better to conduct this algorithm on the basis of the exact integral Qp(el, 0), but
this will involve m(n? - n)/2 multiplications of different pairs of (33) and the m factors of the
product in (35), plusn squares of (33) . Since our sample sizeisn = 28155, the computation of the

integral (jp(el, 0) takes therefore too long on aregular PC .

3. Why are the LAD and ICM estimators close?
In order to explainwhy the LAD and ICM estimatorsin Tables 1-3 are so close, suppose that

the correct median regression model is

Y = gx) + e, (37)

and that g isindependent of x; , with distribution function F(.) satisfying F(0) = 0.5. Moreover, let
H(.) be the distribution function of x . Sincethe LAD estimator is actualy a method of moment

estimator, namely the solution of the moment conditions (1/n)Ej”:luj(6)xj = 0, it convergesas. to

0, = arggninllE[uj(G)xj] 12 = argeminllE[(l - 2F(g(x) - O™)x]I?

(38)
= arggnin f f (1 - 2F(g(x) - 6™))(L - 2F(g(x) - BTX,))W,(x;,x;)dH(x,)dH(x,),

where W, (x,,X,) = xlTxl, whereasthe |CM estimator with weight functi onw(ETCD(xj)) convergesto

7 The computation of each of thetwo ICM test statistics (36) for the model in Table 3
took about 8 hours on a Pentium I PC with 128 MB RAM, using EasyReg (see footnote 5).
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0... = argrin | [y (OWE 00 c(e)

(39)
= arggnin f f (1 - 2F(9(x) - 6™))(L - 2F(g(x) - O67X,))Wy(X,, X,)dH(x)dH(x,),

where W,(x,,x,) = f WETD(x,))WED(x,))dU(E) . Therefore, asymptotically the difference between
the LAD estimator and the ICM estimator will not be substantial if the misspecification is rather
modest, because the objective functions (38) and (39) only differ with respect to theweight functions
W, and W,
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TABLES

Table 1: LAD and ICM estimation and test resultsfor the standard Mincer type model

X LAD estimation results

esti mat es t -val ues
race -0. 251165 -18.132
ed 0. 093462 68. 514
exper 0.076289 80. 844
exper 2 -0.001274 -62. 568
1 4.279231 208. 134
| CM t est

|CM estimation results

c =1 c =5
. 251183 -0. 251832
. 093469 0. 093711
. 076294 0. 076492
. 001274 -0. 001277
. 279546 4. 290609
. 224736 27.54178

AP OOCOO

Table2: LAD and ICM estimation and test resultsfor the quartic model

X LAD estimation results

esti mat es t -val ues
race -0. 245609 -18. 003
ed 0. 095481 70. 784
exper 0.166344 49. 568
exper? -0. 008562 -30.016
exper?3 0. 000201 23. 086
exper* - 0. 000002 - 20. 445
1 4. 005403 181. 053
| CM t est

20

|CM estimation results

c =1 c =5
. 245609 -0. 246033
. 095481 0. 095646
. 166344 0. 166631
. 008562 -0. 008577
. 000201 0. 000201
. 000002 - 0. 000002
. 005398 4.012319
. 425816 11. 26330

1
NPOOOOOO



Table 3: LAD and ICM estimation and test resultsfor the Buchinsky type model

X LAD estimation results |CM estimation results

esti mat es t -val ues c =1 c =5
ed 0.137425 17. 115 0. 137446 0.137841
exper 0. 086972 43. 398 0. 086984 0. 087234
regne 0. 046971 2.173 0. 046978 0.047114
r egnw -0.013488 -0.786 -0. 013490 -0. 013529
regw 0. 042601 2. 337 0. 042607 0.042730
snsa 0. 134946 9. 895 0. 134966 0. 135356
race -0. 267068 -3.566 -0. 267107 -0. 267876
parttine -0.934852 -69. 697 -0. 934991 -0.937682
exper 2 -0. 001063 -48.122 -0. 001063 -0. 001066
ed? -0. 000397 -1.516 -0. 000397 -0. 000398
ed*exper -0.001785 -16. 719 -0.001785 -0.001791
regne*snsa 0. 055559 2.314 0. 055567 0. 055727
regmvsnsa 0. 097281 4. 795 0. 097295 0. 097575
regwsnsa 0. 004530 0. 212 0. 004530 0. 004543
race*ed 0. 000753 0. 149 0. 000753 0. 000756
race*exp 0. 000678 0. 648 0. 000678 0. 000680
race*parttinme 0. 142179 3.473 0. 142110 0. 142608
1 3.788416 57.192 3.788976 3.799885
| CM t est 1.981098 3.333470
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