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Abstract

Phillips (1988) has set forth conditions on a k-variate time series

process x; such that, with S; = Z;Zl xj, %Zle Si_17} converges

in distribution to the stochastic matrix %1/2 (fol BdB’) »2 45,
where B is a k-variate standard Brownian motion on the unit inter-
val, ¥ = limy_.c E [$5757] , and £ = limy_.0 %Zle E[Si—12}).
However, Phillips’ derivation of this result is very complicated. There-
fore I will give an alternative proof for the case that x; is a covariance
stationary Gaussian process, employing only fairly standard probabil-
ity theory. The result will be used to explain Johansen’s (1988, 1991,
1995) likelihood-based cointegration analysis, in vector error correc-
tion models without and with intercepts.

This is a lecture note rather than a research paper. Therefore, the
results are not mine; they are all due to Clive Granger, Soren Johansen
and Peter Phillips.



1 Introduction

Let u; € R¥ be an i.i.d. white noise vector time series process with F [uu}] =
Iy, and let S; = Z;:l uj, t > 1, Sy = 0. Moreover, denote for z € [0, 1],
Br(z) = %S[%T}. Under more general conditions Phillips (1988) has shown
that the random matrix My = 7 Zthl u.S;_, converges in distribution to a
random matrix M represented by the integral M = fol (dB) B', where B is a
k-variate standard Brownian motion on [0, 1] (also called a k-variate standard
Wiener process).

More generally, Phillips (1988) has set forth conditions on a k-variate

: . j t T
time series process z; such that, with Sy = > ;_, x; T Doy Se_12) converges

in distribution to the stochastic matrix Y!/2 ( I BdB’) Y2 + %, where
again B is a k-variate standard Brownian motion on the unit interval, with
Y =limr_ o F [%STS’T] , which is know as the long-run variance of x;, and
S = lmp oo = 1, B [Si17).

This result and its generalizations in Section 2 are especially important
for cointegration theory. However, Phillips’ derivation of this result is very
complicated. Therefore, in this lecture note I will give an alternative proof
for the case that x; is a covariance stationary Gaussian process, employing
only fairly standard probability theory. After discussing in Section 3 the
cointegration phenomenon and the Granger representation theorem, the re-
sults will then be used in Section 4 to explain Johansen’s (1988, 1991, 1995)
likelihood-based cointegration analysis, in particular the asymptotic theory
of Johansen’s lambda-max and trace tests for the cointegrating rank.

2 Weak convergence to the matrix stochastic
integral fol BdB’

2.1 About the notation fol BdB’

The reason for denoting the limiting distribution M = fol BdB' of My =
= Zthl S;—qu; as an integral is that we can write

T

T
! 1 1 !
My = T t_zlutst/—l T Z(St — Si-1)8i4

t=1



T

> (Br(t/T) = Br((t = 1)/T)) Br((t — 1)/T)'

Z/t—l (Br(t/T +1)T) — Br(r/T)) Br(r/T)"dr
/0 (Br(t/T +1/T) — Br(1/T)) BT(T/T)/CZT

T /0 (Br(z + 1/T) — By(z)) Br(z)dz

/01 (BT(a: + 11//TT) — BT(x)) By(x)dz

/ (B (x)/dz) By (x) di = / (aBr) B},

say, where dBr(z)/dx is defined as

z+1/T) — Br(x)
1/T '

dBr(z)/dz = Brl

Note, however, that

dBr(z)/dx = VT (Si@r1/myr) — Sir)) = VT upria),

which does not converge weakly. Therefore, we cannot conclude from the
continuous mapping theorem that

Mr

T 1 1
1
=7 Y wS = /O (dBr) By, /O (dB)B' = M. (1)
t=1

Nevertheless, the convergence result (1) holds for some random matrix M.
In the case k£ = 1 the meaning of M follows from the results in Phillips
(1986): Note that S? = (u; + St_1)2 = u? + 2uyS;_1 + S? 4, so that

Mr



The convergence result involved follows from the central limit theorem, i.e.,
Br(1) = S¢/VT = (1 /ﬁ) 7wy % N(0,1) ~ B(1), and the law of large
numbers: plimy_o (1/7) Y1, (u? — 1) = 0. Thus, in the case k = 1,

M:/l(dB)B:/leB:%(3(1)2—1).

Along the same lines we find that in the multivariate case,
1 — 1 —

Mr+ M, = 7 Z Si—1uy + T ZutSl{_l
t=1 t=1

1 1 <

t=1

T
1
— Br(1)Br(1) — I, — (T > wy — Ik)
t=1
d

4 BU)BA) — I, = M+ M. (3)

2.2 The bivariate Gaussian white noise case

Consider the Gaussian white noise case k = 2, i.e., x; = u;, where
U = Ut
Ut
= (S0)= (T,
S2,t ijl U2, j
B, T(ZE) ) ( Sh [zT]/\/T )
B = ’ = ’ )
@) = (o )= ( Sy

It follows from (2) that

~id.d. Ny [0, 1],

1 T 1 2 11 2
T Zul,tsl,t—l = 3 (Bir(1)?—1) — 5T Z (ui, — 1)
t=1

1 < 1 , 11, ,
? t_ZlUQ’tSQ’t_l = 5 (BQ’T(l) — 1) — 5? Z (u27t — 1)



T
1
TZUZtSl,t—l = Byr(1)Byr(1 __ZultSQtl TZ Up U ¢

1 S
= ﬁ Zul,t <B2,T( 20 1) Zul tU2t
t=1

Thus
T
l Z - ( % Z;:l Uy 51,41 % Z;Zl UL 452,41 )
T t=1 o %r Zt:l U2,tSl,t—1 % thl U2,t52,t—1
_ ( % (Bt,T(1)2 - 1) % ZtT:l Ul,t52,t—1 ) (4)
Bir(1)Bor(1) = 23 u14Say-1 3 (Bar(1)? = 1)

S5 Y eson) ®

The elements of the matrix (4) are functions of
T
ﬁ D i UL

Zp = % ZtT:l ul,tS2,t—1 (6)
T
ﬁ D o1 Uzt

and the matrix (5) converges in probability to a zero matrix. Therefore, we
only need to show that (6) converges in distribution, as follows. Write

0 1 7 1
Zr=1| 0 + —F= Z Uyt S2,t—1/\/T
By (1) VT = 0

Then conditionally on is us 1, ..., us 7, Zr is normally distributed with expec-
tation vector

and singular variance matrix

Doy 0
== (0" 1)
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where

Por =

)

( 1 fol ng(%)d.% ) '

fol BQ,T(.T)CZ.T fol BQ,T(x)2d-T

Therefore, the characteristic function of Zr conditional on ugy, ..., ug 1 is
-~ .~/ 1 /
Elexp (1.6 Zr)|ugy, ..., ug,r] = exp (i.€ pur) exp (—55 ETf)
. 1
= exp (i.&3B2,7(1)) exp <—§ (&1,&) Por (&1, 52),)

1 1
= eXp(_%gf) exp <§1§2/0 BQ,T(fE)dIL‘ - %53/0 BQ’T("L‘>2d(E)
X exp (Z£3BQ’T(1)) R

where £ = (&1, &, &3) . Because By r(1) and @51 converges jointly in distrib-
ution to By(1) and

B, — ( 1 fol By (z)dx ) |

fol By(z)dx fol By (z)*dx

respectively, it follows from the continuous mapping theorem that pointwise

in &,
exp(~ ) exp (1.6 Bar(1)
1 1
X exp (5152/0 B27T(m)dm - %fg/o B2,T(90)2d$)
L exp(~560) exp (152 (1))
1 1 1
X exp (5152/0 By (z)dx — 553/0 32(15)26195)
This result implies that
i Blexp (16 Z2)] = exp (561 )
1 1
xE {exp (1.£3Bo(1)) exp <§1§2/ By(x)dx — %&3/ BQ(m)Qdm)} ,
0 0

6



because convergence in distribution of bounded random variables implies

convergence of their expectations. Consequently, Zr 4 7= (Z1, 29, 73),
where Z is a random vector with characteristic function (7). Hence,

' 1(z2-1) Z
M = dB)B' = ( 2} ’
L= (5272 Yiz-v )

1 1 2
—Z—l) YAV A A
M’:/BdB’:<2(1 )
0 Zy %(Zg_l)

2.3 The tri-variate Gaussian white noise case

Now suppose that us; € R?. Then

T
1 T 1 T /
1 S sl = ( T Zthl UrgSie—1 T Zthl U159, 1 )
t—1 — 1 1 !
T t=1 T Zt:l u27t517t_1 T Zt:]. u2’tS2at_1
1 2 1 T '
(3 (Byr(1)* 1) T 21 U155 1

B ( Bir(D)Bor(1) — 23 w8y, 230 ueeSh, )

T
1 < %Zt:Tl (uf, —1) O ) .
2\ 272, uyy, O

Stack the four elements of ZtT:l U255, 1 in a vector ¢r, and let

Bir(1) A, (L
ZT = % ZZ;I U/LtSQ’t_l = ﬁ t=1 T ﬁszt—l
wT wT

Then

Elexp (1.8 Zr)| uga, ..., uz.r] = exp (i. (§5¢7))

o 1 1 fol By r(x)'dx &
p ( 5 (&1,6) ( fol By p(x)d fol By r(x)Bar(z) dx ) < &2 )) 7

where & = (&,&},£;)" has been partitioned conformably with Zr. But by

the previous argument, all the random elements involved converge jointly in

distribution, hence F [exp (i.£’ Z7)| converges to a characteristic function.
The k-variate Gaussian case follows now by induction.

7



Summarizing, the following result has been shown.

Theorem 1. Let u; be i.i.d. N[0, I;] and let S; = 22:1 uj. Then the ran-
dom matriz (1/T) .1, uySl_, converges in distribution to a random matriz,
denoted by fol (dB) B', where B(.) is a k-variate standard Brownian motion.

2.4 The dependent case

The independence assumption is not essential for the above results, provided
that some adjustments are made:

Assumption 1. Let
Yt = Yp—1 + Ty, (8)
where x; is a k-variate zero mean covariance stationary Gaussian vector time

series process with Wold decomposition x; = anozo Conht—m, with uy i.1.d.

Ni(0,Ii). For m — oo the elements c; jm of the k x k matrices C,, converge
to zero at an exponential rate: there exists a p € (0,1) and a constant K €

g e e

Denote C(L) = > >_,Cp, L™, with L the lag operator, so that

We can always write

C@%AXD+<£%%%%Q)U—LFAXD+D@M1—M, (10)

say, because all the elements of C'(L)—C(1) have root 1, hence these elements
are proportional to 1— L. This construction is known as the Beveridge-Nelson
decomposition. Then,

2, =C(Dug + D(L) (1 — L) uy = C()uy + vy — vey, (11)
and
¢ t
yt:ij—i-yoZC(l)ZUj+Ut—Uo+yO7 (12)
j=1 J=1



where

Ve = D(L)Ut = Z Dmut_m. (]_3)
m=0

Assumption 1 implies that v; is a zero-mean covariance stationary Gaussian
process, and that for m — oo, D,,, — Oy, exponentially.

Let us derive first the limiting distribution of %Zthl ugy;_;. Using the
decomposition (12), we have

A T o1& L I ,
T Zutyt_l =7 Z Uy ZujC(l) +7 Zutvt_l +7 Zut (Yo — vo)
t=1 t=1  j=1 =1 =1
(14)
Since u; and v, are independent, it follows that ST uw) =0, (1 JNT )
and ST u =0, (1 JNT ) It follows therefore from Theorem 1 and (14)
that
Theorem 2. Under Assumption 1, %Zthl WYy 4 fol (dB) B'C(1).
Next, consider the case % Zthl xy;_,. Note that by Assumption 1,

20 CiChim if M 20

EXX;,L - E[:Etmg—km] = { Z OCJ C Zf m < 0 (15)
j= —-m

is finite, and that

Lemma 1. For |m| — oo, Xxx ~— Oy exponentially, and for fized m,
plim A5 g, =%

T—oo T 2ut=1Yt"t4m XX,
The latter result is not hard to prove. See for example Bierens (2004, Ch.

7).
Since Xy X = Oy, exponentially it follows that

T—o0

T
1
Exy/ = lim T ZE Ty yt 1 yO)] (16)
T

t—1 T t-1

= i 3 Bla ) = Jim 7303 Sy

t=1 j=1 t=1 j=1



[o¢]
!/
§ : EXX;
j=1

exists and is finite. This matrix will play a role in the generalization of
Theorem 2.
Similar to Lemma 1 it follows that

%E%:vam = Sy, (1)
pTll_ILlo_ZutUter = v, (18)

where

Sy DDy, if m>0
S 2o DjmD} if m <0

D if m>0
EUV,QL = E[utvz—km]:{okk ’Lf m < 0

We can now write

Yvvi, = Elvw,,]

t—1

T
=C(1) <? Zut ué) C(1) +Byy, — Zyyy — Zpyy +0p(1) (19)

=1 j=1

The last 0,(1) term follows from (17), (18) and
L I t—1
LD IR ot
t:1 j=1

10



j=1 t=1 t=1
= _E,UVO’ + 0p(1)

Moreover, it follows similar to (19) that

T
.1
Sxyr = lim =Y B [ (g1 = v0)'] = Svvr, = Bvig = Sy

t=1
Thus by Theorem 1,

1
0

%ixtyg_l < o) ( / (dB) B’) C(1) + Sxy (20)

Note that
C(1)B(.) ~ (C(1)C(1))? B,(.),

where B, is also a k-variate standard Brownian motion. Moreover, the matrix
C(1)C(1) is known as the long-run variance matrix of x;:

1 o 1 &Y
(3] ()]

Y =C(1)C(1) = lim E

T—o0

Thus, (20) also reads as
1 o !
=D T 4 512 ( / (dB.) B;) SV 4 Sxy (22)
t=1 0

2.5 A further generalization

In cointegration analysis we will encounter stochastic matrices of the type
% Zthl T—;Y,_q, where j > 0. We have already considered the case j = 0, so
let us focus on the case 7 > 1.

11



The limit distribution involved can easily be derived from the equality

1 I
?th—jy{‘—l =
t=1

~
<.

/
TtYp—1+;
—J

0 T
/ + 1 / l /
LtYt—145 T TtYt—145 — T LtYp—14;
1 t=1—j t=T—j+1
T

1
Ty g + T Z Ty (Y145 — Ye—1) + Op(1/T)
t=1

N| =

-
I
—

I
N =
B

t

I
N =
]~

t=1

+0,(1/VT)
1 j—1 1 T
= 7 > myia+ ) T > mty + op(1) (23)
t=1 =0 t=1

where the O, terms follow from

NS

0
thy£—1+j = Op(1),
t=1—

J

1 < 1 «
T Z xty£—1+j < T Z el - Ny—145]]
t=T—j+1 t=T—j+1
1 T
< max y[mﬂ/ﬁ” —= 3
oso=t VT t=T—j+1
where for a matrix ||.|| denotes the maximum of the absolute values of its

elements, and the fact! yj7/vT = C(1)B(z) implies that

max
0<z<1

]ym/ﬁH <% max ||B(2)] = O,(1).

0<z<l
Moreover, it follows from Lemma 1 that
j—1 T

j—1
p lim > % D wyy = ZO YxX]
i

=0 t=1

'Tn the sequel, ”=" denotes weak convergence.

12



Finally, note that

j—1 T
1
Exyr+ ZO: Yxx; = Jim o Z; E [zt (461 = w0)']
- t=

hence the general result is:

Theorem 3. Under Assumption 1 and for m > 0,

m—1

T 1
1 ’ d / !
= ;xt_myt_l < 0(1) ( /0 (dB) B) C(1) + Sxyr + ; Sxx:(24)
1 m—1
~ 12 (/ (dB.) B;> SV2 4 Sxy 4+ ) Sxxs
0 i=0
where B and B, are k-variate standard Brownian motions and
Sxx; = Elwal,
1 T o)
Yxy = Th_ILlo T tzlE [z (-1 — w0)'] = Zl Elxx;.a
fmnd J:
T
R —1/2
by :,11_1)1010 Var |T t_zlxt] .

3 Cointegration

3.1 Vector error correction model (VECM) represen-
tation

If the time series process y; defined by (8) in Assumption 1 is cointegrated,
there exist a k x r matrix # with rank r < k such that

Fo(1) = 0. (25)

Note that (25) implies that the matrix C(1) is singular, with rank k& — r.
Then it follows from (12) that

By = B'vg + B'yo — B'vo. (26)

13



Engle and Granger (1987) have set forth conditions such that then y; can
be written as an vector error correction model of order p, shortly VECM(p):
p—1
Ay =m0+ af'yi—1 + Z I; Ay, + ey, (27)
j=1
where e; ~ iid. Ni[0,9Q], A is the difference operator 1 — L, and the
lag polynomial matrix II(L) = I — Zi’;i II;L7 is invertible: det (II(z)) =
0 implies |z| > 1. Note that (27) is actually a VAR(p) model in y;, but with
unit roots in the determinant of the VAR lag polynomial involved.
The error term e, in (27) is of course related to u; in (9). To see how,
substitute Ay, = C(L)u; and

t
w = C(1) Zuj + D(L)us — vo + %o
=1

= C(1) (Z Lj_l) uy + D(L)uy — vo + Yo

j=1
in (27). Then

C(L)Ut = Cout + Z C’jut_l = Cout + (C(L) — Co) Ut

j=1
t
= mo—af (v —yo) +af'C(1)L (Z Lj_l) Uy
j=1
p—1
+aB'L.D(L)u, + Y T L/C(L)u; + ey,
j=1

Since the only terms in this equation that relate to time t are e; and the
leading term Cyu; of C'(L)us, we must have

e, = Couy, (28)
hence
Q = CyC}, (29)
Thus, with x; = Ay, we can write the VECM(p) as
p—1
Ty = 7o + afBy_q + Z Iz, ; 4+ Couy. (30)
j=1

14



3.2 Granger’s representation theorem

To see how (30) is related to (9), let ¢ be a k x (k — r) matrix with rank
k — r such that the matrix polynomial

P = (e )

is invertible, and the matrix

is nonsingular. Then

(I)I’t =

hence

(1 © B

Applying the lag operator 1 + 23:1 L7 to both sided of this equation yields

(I O
P (6 0, ) w0 = -
hence
(I O
P(L) ( O (1-L), )q)yt
I. O
u—m@4)¢%_w

15



Thus, denoting

A(L) = P(L)™ ( DI )CD,

@]
(1
g)q)yo—uO:P(l)_l(g)yO—uo.

A(L)yy = p + wy.

This is the VAR representation of y;. Note however that A(L) is not invert-
ible.

Similar to (10) we van write

po= P(l)_l(

we have

AL) = AL+(1-1L)
— AL+ (1-L)W(L),

say, where

A1) = P

Thus
A(L)y: = ALy + U(L)Ay; (31)

!/

- P(1)—1 < g ) Y1+ V(L) Ay = 1+ uy
Multiplying (31) by ®*P(0) and denoting
(L) = @ ' P(0)¥(L)
it follows that

/

(L)Ay, — <1>—1P<o>\If<L>Ayt=—@—1P<0>P<1>-1(g)yt_l (32)

+ O 1P(0)p + &L P(0)uy.

16



Note that
B'Dy

®'P(0) =" ( 5C

) = o 'eC(0) = Gy

and

/
(I)_lp(O)M = C(]P(l)_l ( g ) Yo — C(]U()
Moreover, observe that the leading term in II(L) is

[0) = @ 'P0)¥(0) = > 'P(0)A(0)
= 7 'P0)P(0)'® = I.

Finally, assume that
p—1
(L) = I — Y 1L/,
j=1

denote
(,o,) = —@'P(0)P

(22

(1)~ =—=CoP(1)"!
)\
J)

where « is a k X r matrix and let

/

T = O 'P(0)u =3 ' P0)P(1)"" ( J ) vo — & P(0)uq

= —Oéﬁ/yo — Cohuyp.

Then the VECM(p) model (30) follows.
An interesting special case is where 1y takes the form

T = —a for a vector ¢ € R",

because then the (30) becomes

p—1

ze = af (Y1 — @) + Z Iz + Couy.

j=1

17
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This implies that (' (y;—1 — ¢) is zero-mean stationary, because E|[x;] = 0.
Hence, 'y, is stationary about a ”constant” vector (3'¢. The case (36) is
known as ”cointegrating restrictions on the intercept parameters.” If so, it
follows from (35) that ¢ = 8'yo + (/@) " &/ Coug, which is actually a random
vector.

A by-product of the above argument is:

Lemma 2. Let o) be an orthogonal complement® of a in VECM (p) model
(30). There exists an orthogonal complement B, of § such that B C(1) =

(o, Qa,) V2 Co.
Proof: Observe from (34) that

'D(1 , ,
(v, ) ( glc((l)) ) = af'D(1) + a.¢'C(1) = —Cy,
hence o a,.¢’C(1) = o/, .’ 3.6 = —a’, Cy. Thus, if we choose

Y == (@ Qa)) P g

then
~C(1) = (¢, Qa.) o Co.

Next, observe that for any orthogonal complement 3, of 3,
N 3
B.(FB.) BL+s(8 B =1
because the left-hand side matrix is idempotent with rank k, so that
N 3
v=B.(B.B.) Boy+838) " 8
Then
7 = =\ ’ -1/2
(7 5¢) (ﬂLﬂL) B.C(1) = (/ Qay) o’y Co.
Taking
— —— \ 1
=B, (BB.) Biv
Lemma 2 follows. Q.E.D.
This result will play a key-role in the next sections.

2Given a k x r matrix &, where 1 < r < k, an orthogonal complement &, of ¢ is
k x (k — r) matrix with rank k — r such that & & = Oy_,,. Note that £, is not unique,
because for any nonsingular (k — r) x (k — r) matrix Ry_,, £ Rx—, is also an orthogonal
complement of &.
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4 Likelihood-based cointegration analysis

4.1 The VECM(p) case without intercepts

To demonstrate the Johansen (1988) approach, assume in first instance that
u; = 0 for t < 1, so that yo = 0 and thus by (35), mp = 0, so that

p—1
Ty = Oéﬂ/yt_l + Z ijft—j + C(]Ut. (38)
j=1
where z; = Ay;. Next, denote
X = ()@} pyy) s T = (I, Iy, (39)
Then (38) can be written as
zy = o'y + X1 + Couy. (40)

Note that, given 3, the identification of a and II requires that
Assumption 2. Var[(yg_lﬂ,Xl{_l)/] is nonsingular.

The log-likelihood involved takes the form

In Ly(a, 5,11,92)
1 T+1
= —5 Z (l‘t - aﬂlyt—l - HXt—l)/ Q! (mt - Oéﬂlyt—l - HXt—l)
t=1

_ %Tm (det Q) — T'k. In (\/ﬁ) ,

where (2 is defined by (29).
Given a, 4, and €2, the matrix Il can be concentrated out by regressing
e — o'y, on Xy_y:

1 T

T -1
~ 1
(o, B) = T Z (tht/_1 - 045'%-1)(24) (T ZXt—1X£—1>
t=1 t=1
1 o 1 o B
= <T Z (L‘tXt,_1> <T Z Xt_1X£_1>
t=1 t=1
1 T 1 I -1
—af (T T Xé_l) (? ZXt_lxg_l) :
t=1 t=1

19



Hence, denoting

T T -1
1 1
Roy = i — (T Z%X}—1> (fZXj—lXé—l) Xor, (A1)
j=1 j=1
1 & 1< -
Riy = w1 — (? Zyj—IX],‘_1> (? ZX]'—IXJ/'—1> X1, (42)
j=1

j=1
the concentrated log-likelihood becomes

In Lr(a, 3,92) = ml_eltxln Lr(a, 5,11,Q) (43)

T
Z (Rog — af'R1y) Q7" (Roy — a8’ Ryy)

t=1

—%T. In (det ) — Tk In (V2r)

1
2

Next, given 3 and (2, o can be concentrated out by replacing Ry —a/3' Ry ¢
with the OLS residual of the regression of Ry on 'Ry, which yields

a(8) = 80,0 (#5.,0)

where
. 1 <& 1 &
So1 = 7 > RosRi, = T > wy, (44)
t=1 t=1
1 & 1 & T
(3 ) (3 (33w
t=1 t=1 t=1
. 1 <& 1 &
Sip = T Z Rl,tR/Lt -7 Zyt_1y£_1 (45)
t=1 t=1
1 & 1 & T
- (% Zyt—1X£_1> (f ZXt—1X£—1> (% ZXt—lyl,f—1> .
t=1 t=1 t=1
Hence

In Ly (5,9Q) = Hﬁaxln Ly(a, 5,11, Q)

20



T
Z ROt - a ﬁ Rl,t), Q! (Ro,t —a (5) ﬁ,Rl,t)

:ln (det Q) — T'k1In (\/ﬁ) .

As is well known the ML estimator of €2 given 8 now takes the form

. 1 &

Q(B) =D, (Ror = @(8) 8'Bay) (Roy — @ (8) F'Rue)

t=1

|,_. [\.’)IH

which can be further elaborated as follows:

where
~ 1 < 1 &
S()() = T Z RO,tRé],t = T Z(L‘tll‘t (46)
t=1 t=1
1z 1 -1 1
_ (T thX£_1> (T ZXt—lXt/—l) (T ZXt_llE:f) 3
t= t=1 t=1
§1 0o = :9'\671 (47)
Then
1 d ~ , 1 (A -1 ~ /
T Z (RO,t —a(p)p Rl,t) (Q (5)) (Ro,t —a(B)p R12,t)
t=1
~ -1
= trace <<Q (6)) Q (6)) = trace (I) = k,
hence

In Ly (8) = max In Ly(a, 5,11, Q)
1 -~ I~ v -1 o
= —§T In [ det S()’() — So’lﬂ (ﬂ Sl,lﬂ) ﬂ SI,O
—Tkln (\/%) _ kT
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Thus, the maximum likelihood estimator B of 3 can be obtained by minimiz-
ing
~ ~ ~ -1
det (So,o — S0 (5,51,15) 5/51,0)
to 3.

To simplify this problem, consider the easy matrix equalities
A B B A O I A'B
B C N B I O C—-BA'B
I B A—BC™'B" O
O C c-p I )’
where A and C' are nonsingular square matrices. These equalities imply that
det(A) det (C — B'’A™'B) = det (C) det (A— BC™'B').
Taking A = ﬂ’gl,lﬂ, B = B’§170, C = §070 it follows now that
A A PN -1
det <So,0 — 50,18 (ﬁ 51,15) B 51,0)
det (go,o) det (5'@,15 - ﬂ'§1,0§0_,5§0,1ﬂ)
det (551,1)

(48)

Thus, the ML estimator 8 of 3 minimizes (48). However, if 3 is a solution
then so is cﬁ for any ¢ # 0 in the case 7 = 1, and in the case 2 < r < k,
we may replace 6 by BCM with (), an arbitrary nonsmgular r X r matrix.
Thus, we need to normalize 6 somehow. How to normalize 6 will be explained
below. R

Let A\ > Ay > ... > A\ be the ordered solutions of the generalized eigen-
value problem

det ()\3\171 — 3\1703\&33\071) = 0, (49)

and let q1, @z, ..., & be the corresponding generalized eigenvectors. Then for
j - 17 i k? ~ ~ ~
S11GA; = 51050050135

Hence, denoting
K - dla‘g (3‘\17/)\\27 "'7Xk) ; Q\ = (21\17 Z]\27 SES) Z]\k) )
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we have L
S11QA = 51,05450,1Q- (50)

The eigenvalues Xl > /):2 > > Xk can be obtained by solving the standard
eigenvalue problem

det<AIk"SE%ﬂ3i355 SblS_lm) 0, (51)
with corresponding orthonormal eigenvector q7, g3, ..., g5 Thus, denoting @* =
(q5, G, -, qy) , we have

Comparing (51) and (52) we see that we may choose Q = S 12Q*, so that
by the orthogonality of Q*,

Q'511Q = L.
Next, let

where ¢ is normalized such that
§é=1.

Because B Qf S11 S/ 2@ ¢ and Q is orthogonal, this normalization implies
that

A~~~

Sl,lﬂ = Ir-
Then

det (#5116 — 7/51.053350.15)
det (ﬂ’glvlﬂ)

= det (IT — f’@\/gl,og\o_,égo,l@g)

—  det (J, _ 5'7\5) .

In the case r = 1, & = (&1,...,&)" € R* and det (Ir —f’/A\f) =1- f’/A\f

= 1—2;?:1 Xkﬁjz, which is minimal subject to Z?Zl ¢ =1for¢ =(1,0,...,0)".
In the case r > 1 it is not hard to shown that the solution is

=(6)
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Consequently,

~

6 = (21\176\27 721\7")

so that R A
AiS11Gi = 51,050_,0150,1@'7 1=1,2,..,r, (53)
and
In Lp(r) = nax, In Lr(a, 5,11,9) (54)

— L1 (ae (800)) - 2 21 (1-%) ~Tkn (V37) - kT,

4.2 Tests for the cointegrating rank

Consequently, the likelihood-ratio (LR) test of the null-hypothesis that the
cointegrating rank is r < k against the alternative hypothesis that the coin-
tegrating rank is r + 1 takes the form

o~

LRe(rlr +1) = —2(InLp(r) — Lo(r +1)) = —T.In (1 - /\T+1) (55)
= T +0y(1),

where the approximation is due to the Taylor expansion of In (1 — /)\\r—i-l) ,

provided that T.XH_I converges is distribution under the null hypothesis.
The latter will be shown below. Since A, is the largest of the k —r smallest
solutions of the generalized eigenvalue problem (49), the LR test (55) is called
by Johansen (1988) the lambda-mazx test.

Another test proposed by Johansen (1988) is the LR test

LR(rlk) = —2(nLle(r) = Le(k) = -T. Y In (1 —Xi) (56)

i=r+1
k ~
= ) Txi+o(D),
i=r+1

which has the same null hypothesis as before, but as alternative hypothesis
that the cointegrating rank is k. This alternative hypothesis implies that
is a nonsingular k£ X k matrix, which in its turn implies that ¥, is stationary,
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because if 'y, is stationary and (' is nonsingular then y; = (' )_1 By, is
stationary. This test is called by Johansen (1988) the trace test, because its
null distribution takes the form of the trace of a random matrix.

Although these test are designed on the basis of a specific alternative
hypothesis, they have power against the more general alternative that the
cointegrating rank is larger than 7.

4.3 Limiting distributions

Because the log-likelihood (54) is a function of the solutions of the generalized
eigenvalue problem (49), which in its turn depend on the matrices Sy, So 1

and S; 1, we need to derive the limiting distributions or probability limits of
these matrices.
First note that

Lemma 3. Under Assumption 1 the probability limits

T
1
Ve = pJim ;ﬁ’yt_lyi_lﬁ,

1

T
Sex = plim = ; By X; 1, Sxs = Ty,

T
. 1
Yxx = pTIEEOT t_ZlXt—le{_l

exist. Moreover, under Assumption 2, Xxx is non-singular, and the matrix
2hs = Bos — DexSxxZxp

s nonsingular

Proof: Only the last part is not obvious. To show this part, observe
that 355 is the variance matrix of the error in the projection of 3'y; 1 on
Xi1: Bys-1 = DXy + n, where T' = Sx N, and X5, = Var(n,). If 35,
is singular then there exist vectors w € R", v € RF such that w'By;_; =
v'T'X,_1, which however violates Assumption 2. Q.E.D.
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4.3.1 The matrix §0’0
Replacing z; in (46) by the right-hand side of (40) yields
T

§0’0 = Z (afB'y;—1 + 11X, 1 + Couy) (yg_lﬁa' + X, I + u;C’(’))

t=1

T T T
1 / ! 1 ! 1 !
(a7 ; By X, + HT ; XX+ COT ; w X!,

1 ZT -
!
: ?t 1Xt_1Xt_1>

1
T

X

T T T
1 1 1
T Z Xt_lyé_lﬁo/ + ? Z Xt—lXt,_lﬂl + T Z Xt_1u206>
t=1 t=1 t=1
1 T
t=1

= <? B’yt_lyg_lﬂ) O/ + C()C(/]

1< 1 & 1
(S ) () (S5 i)
t=1 t=1 t=1
+op(1)
= Q + Oézz;ﬂa/ + Op(1)7

where 2 = CyCjp, and Y5 is defined in Lemma 3.
Next, choose ¢ such that

o Qp = 0. (57)
Then
algo,oal = Qay +0,(1), (58)
algo,ogo =/ Qo +0,(1) = 0,(1), (59)
' So0p = ¢'Up + a0/ + 0p(1) (60)

Hence it follows from (58), (59) and (60) that

1 -1
. )\ a - im S o
i () Sntonn)” = oo (o 558) (%)

_ < (OO‘lQO‘L)_l go ) (61)
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where )
Uy = (¢'Qp + ¢'aXgza’e)
Finally, note that any k x r matrix ¢ with rank r satisfying (57) takes

the form
0 =Q"a.R, (62)

where R is a non-singular r X r matrix, hence
U, = (R’O/Q_la.R + R’O/Q_laEEﬁo/Q_la.R)_l
= (R’o/Q_la ((O/Q_la)_l = Egﬁ) a'Q_la.R) -
Summarizing, it has been shown that:
Lemma 4. Under VECM (38) and Assumptions 1-2,
Soo =+ X’ + 0p(1),
and
pTlgrolo §0_’é =a, (o, Qa) o)

1

+07 ' (O/Q_loz)_l ((O/Q_loz)_l + Z%) o (O/Q_IOé)_ o/t

where X5 is defined in Lemma 3.

4.3.2 The matrix §0,1
Recall that

T
~ 1
50,1 = ? t_zl fty;,_1 (63)

1 1 & T
- <T thXt/—l) <T ZXt—1X£_1> (T ZXt—ly£—1) .
t=1 t=1

t=1
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Replacing z; in (63) by the right-hand side of (40) yields

T
~ 1
50,1 = « (? ; 6’yt—1y£_1>

1w 1w 1
_CO (? ZutXt/_]_) (? ZXt_lXt/_]_) (? ;Xt_lyé_]_) .
Due to (39) and Theorem 3, there exists a k(p — 1) x k random matrix M,
such that
1 o J
? Z Xt—lyg_l - M*> (64)
t=

1
hence %Zthl Xi1y,_1 = Opy(1). Moreover, it is easy to verify that under
Assumption 1,

T
.1
pTlggo T ; wX; 1= 0. (65)

Hence,

T T
~ 1 _ 1
Sop = «a (f ;5/%—1%_1) — a¥pxTxx (f ;Xt—lyfe_l)
1 T
+C) (f ;uty£_1> + 0,(1)

and therefore

T
~ 1
o) S = o) Co (% > uty£_1> +0p(1), (66)

T
N 1
a1 S8 = o\ Cy <? Zutyg_lﬂ) + 0p(1) = 0,(1) (67)
t=1
So1 = aSis+o,(1) (68)



where the latter follows from Lemma 3.
Let ¢ be given by (62) and let 3, be the k x (k —r) matrix in Lemma 2.
It follows now from (66), (67), (68), Theorem 2 and Lemma 2 that

o\ g algo 181 O/L§0,15
r)Soa (BB =\ = 69
< © ) 0,1 (6J_ 6) ( QO/SO,lﬁJ_ 90/50,16 ( )
i) a,J_NCb f(]l (dB) B,BL Ok—r,r
©'So1B1 Yo (Sas — SexSxxExs)

where Sy ; is a random matrix such that
~ 4
50,1 - 50,1-

The latter follows from Theorem 3.
To make the right-hand side matrix in (69) block-diagonal, post-multiply

(69) by
_ Ik—r Ok—r,r
0= ( @21 Ir ) (70)
where
Oy = — (80,04225)_1 @/§0,15L
= — (Ra'Q o) Ra'Q'aS,8.
= (Shs) "S0aB1. (71)

Note that the second equality follows from (62). Then
/ A~
(& )Sueme

’ 1 / /
i(g%ku&Banmczy ) (72
¥ Xpp
Combining (72) and (61) it follows now that
Lemma 5. Under VECM (38) and Assumptions 1-2,
/ PN 1 / 1 /
Q' ﬁlL 10553501 (B, 8)0 & Jo Bi—rdBj_. [y (dBy—r) By, O
g ) Themee 0 v
3
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where By is the k x (k — r) matriz in Lemma 2, © is defined by (70) and
(71),
By = (o, Qa) o/, CyB (74)

18 a k — r variate standard Brownian motion, and
* '—1 -1 * -1 *
W, = S5, ((0/070) T +35) T, (75)

with 5 defined in Lemma 3. Moreover, S0 = aXs + op(1).°

4.3.3 The matrix §1,1

Since by Theorem 3, % Zle X-1y;_, converges in distribution and therefore
is of order O,(1), it follows from (45) and Lemma 3 that

T
~ 1
51,1 = T Zyt_lyi_l (76)
t=1
1 < 1 <
- (f Zyt—1X£_1> Txx (f ZXt—1y£_1> + 0p(1)
j=1 j=1

T
1
= 52 b+ 0p(1)

t=1

Moreover,

= tz:yt_ly;_l 4 o) < /O 1 B(m)B(m)’dm) cay

due to the functional central limit theorem, i.e.,
Yer)/VT = C(1)B(x),

and the continuous mapping theorem. Hence

%gu < 0(1) ( /0 1 B(m)B(m)’dm) (). (77)

3This is result (66), which is included in Lemma 5 for later reference.
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Thus, with 3, defined in Lemma 2
1 R d 1 1
=888, % pLe) ( / BB’) C(1Yp, = / Be B, . (18)
0 0

where By_, is defined in (74) and fol By_.Bj,_, is a short-hand notation for
fol By—(x) B—(z)'dx. Moreover, it follows from Lemma 3 that

p lim §'S1,6 = £
Furthermore, it follows from (30) than
By = (o) oy — (o) oTIX,_, — ()" o/ Couy,

hence by Theorems 2-3 and Lemma 3,

T T
5 1 _ 1
S = T Zﬂ’yt—ly£—1 — DpxZxx (f thyiq) +op(1)  (79)
j=1

t=1

T
1 / /
= T Z 15 Ye—1Yp—1 T+ Op(l)

= thyt L — (da) aHTZXt 1911

_ 1
t=1
= Op(l)

Thus, for the & x (k — r) matrix §, in Lemma 2,

T—1/2 / - 3 lB —rB/ 19)
( 3 gt )51,1 (T 1/25L>ﬁ) Lt < Cf)o ko Pher > ) (80)

To make this result comparable with Lemma 5, observe from (70) that
) T_1/2Ik—r Ok—r,r _ Ik—r Ok—r,r T_1/2Ik—r Ok—r,r
Or,k—r Ir @21 I’I‘ Or,k—r Ir
_ T_1/2]k—r Ok—r,r
- T_1/2@21 I,
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hence it follows from (80) that

Lemma 6. Under VECM (38) and Assumptions 1-2,

T_1/2Ik—r Ok—r,r I ﬂj_ T_l/QIk—r Ok—r,r
( Ork r Ir ) © ( ﬂ/ Sl ! (ﬁL7ﬂ) Or,k—r Ir

—1/2 1 -1/20y! @/

( g] ﬂ +T @215 ) 11 (T_1/2BL +T—1/2B@217ﬂ)

a ( | By.B,, O )

— 0 k—r . . (81)
( 0 258

where By is the k x (k — r) matriz in Lemma 2, © is defined by (70) and
(71), and Y34 is defined in Lemma 3.

4.3.4 Limiting distributions of the general eigenvalues and the LR
test statistics

Let 2 = (8.,0)O. Since E is non—smgular the generahzed eigenvalue prob-

lem (49) is equivalent to finding A > Ao > ... > A such that for i = 1,.... k,
N T_l/QIk—r Ok—r,r —a = T_1/2Ik—r Ok—rr
0 = det ()\z ( Onk_r L« = 5171._, 19 Ir (82)

T2 Okrr \=a g =( T7VLr Ok
— ( Or,k—rk Irk ’ ):/51,050,550,1: ( Or,k—'rk Irk ’

or equivalently,
0 = det (TXiT_lE@LlE - E’§1,O§g3§0,15> , (83)

It follows from Anderson, Brons and Jensen (1983, Lemma 2)* that the

solutions A; of (82) converge in distribution to the corresponding solutions of
the generalized eigenvalue problem

B [\By.B,, O \ (0 O
0 = det (A(é) v O .

4See Lemma A.1 in the Appendix.
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1
= det <)\ / Bk_TB;_T) det (AXj; — 0,)
0

= A" det <Azgﬁ — X5 ((o/Q—la)‘1 + z;;ﬁ) - zgﬁ)

1
x det </ Bk_TBllﬂ_r)
0

-1
Note that det (/\Egﬂ — Y5 ((o/Q_loz)_l + wa) Egﬂ) = 0 is equivalent
to . )
det (A, = (T+1,) 1) =0 (84)

Where @ * _1/2 'O—1 * _1/2
= (Z55) (@) (S5) (85)

Consequently, the solutions of (84) are all between 0 and 1. Thus, the r
largest ordered solutions of (82) converge in distribution to the correspond-

ingly ordered solutions of (84). Since the latter are non-random, and conver-
gence in distribution to a constant implies convergence in probability to that

~ ~ \'/ — —
constant, it follows that plimy_. ()\1, o )\k) = (/\1, s A, 0,0, .., O)/, where

1> A >..> )\ > 0 are the ordered solutions of (84).
In the case of (83) it follows from Lemmas 5 and 6 that

1 / 1 /
5,51,05()_7(}50715 KR < é) By—rdBy_, fo (dBy—r) By, g ) (86)

1
_1:.//\ — d fO Bk—TB],g—r O
T H5171_.—> ( 0O 0 ) (87)

Because the right-hand side matrix in (87) is singular, we cannot conclude di-

o~ o~ !/
rectly from Anderson, Brons and Jensen (1983, Lemma 2) that <T>\r+1, A )\k)
converges in distribution to the corresponding solutions of

— fOl Bk_TBl,c—r O
0 = det [)\ ( o 0
_ fol Bk—TdBllc—r fol (dBk—T) Bllc—r O (88)
O v,

1 1 1
— det ()\ / By.B,_, — / By_.dB,_, / (dBk_T)B,g_T) det (—,) .
0 0 0
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However, generalized eigenvalue problem (83) is equivalent to
o~ ~ a4 1
0 = det (T_lElsl’lE — pE/Sl,OS()_,(}SO,lE) y where p = T_)\ (89)

In this form the result of Anderson, Brons and Jensen (1983, Lemma 2) is
applicable, because the right-hand side matrix in (86) is non-singular. Thus,
the ordered solutions p; < py, < ... < ;. of (89) converge in distribution to
the ordered solutions of

_ Jo BevBiew O\ _ ( Jo Bi-rdBi, [y (dBy-y) By, O
0 = det (( o, 0 PLo . .

~ o~ /
It is now easy to verify that (T Arity e T )\k) converges in distribution to

~ ~ / ~ ~ ~
()\1, o )\k_r) , where Ay > Ay > ... > A\, are the solutions of (88).
Summarizing, the following result has been shown:

Theorem 4. Under Assumptions 1-2 and VECM (38), the ordered solutions
A1 > Ao > ... > N\ of the generalized eigenvalue problem (49) satisfy

p lim (Xl,..,Xk)' = (*y s 2, 0,0,...,0),

T—oo

where 1> X\ > ... >\, > 0 are constants®, and

!/

(TXTH, TXk>/ LN (Xl, Xk_r> , (90)

where A; > ... > A\p_r are the ordered solutions of the generalized eigenvalue
problem

1 1 1
det ()\/ Bk}—’r’B]/g—'r' — / Bk_rdB];_r/ (dBk_,n) Bllg_r) = 0. (91)
0 0 0

Consequently, under the null hypothesis Hy(r) that the cointegrating rank
is r < k the LR statistic LRy (r|r + 1) [see (55)] converges in distribution
to Xl, whereas under the alternative hypothesis Hy(ry > r) that the actual
cointegrating rank ry 1s larger than r,

pTlim LRy(rlr+1)/T = —In (1= X41) > 0.

Recall that Ay, ..., A, are the solutions of eigenvalue problem (84).
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Moreover, under Hy(r) the trace test statistic LRr(r|k) [see (56)] converges

in distribution to
1
| Bewasi, ).
0

(92)

k—r —1

Z \; = trace / (dBy—,) By,_, (/ Bk—TB’/f—T)
i—1 0 0
whereas under Hy(ry > 1),

p lim LRr(rlk)/T =~ In(1-X)>0.

i=r+1

Remark: The proof of (90) in this lecture note is different from the original
proof by Johansen. Johansen (1995, page 159) uses the fact that

det [(8,81) S(p) (8,51)] = det < gf;éz)ﬁﬁ g:ﬁé@)ﬁﬁi )

= det (#'S(p)B) det (0 (S(p) = S(p)B(B'S(0)8) " B'S(p)) 5.
= det (-ﬂlé\l’og&égo’lﬂ + 0p(1)) det (p.ﬂLT_lngﬂl - ﬂl§17oﬁ§0,1ﬂL)

where

S(p) = pT_1§171 — §170§&é§071, P = TN = Op(l),

and
~ ~ S o Nl
N = 55— 5505010 <5'51,05&350,15> 351,050,
= o () Qay) o +0,(1)

Since by Lemmas 5 and 6,
A58, [ BB,
L . ° 1
B1S10NS018L — / Bk—rdBl/c—r/ (dBk—r) By,
0 0

the result (90) follows.
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4.4 The VECM(p) case with intercepts due to initial
values

The assumption 7wy = 0 is crucial for the results in Theorem 4. In the cases
(30) and (37) the results of Theorem 4 change. I will only demonstrate this
for the case (30). For the case (37), see Johansen (1995, Theorem 11.1).
Recall from (35) that in VECM (30) the vector of intercept m is due to
initial values. Therefore, Ay, is still a zero-mean stationary process. The
only assumption that has to be dropped is the assumption that u;, = 0 for
t <1

To demonstrate how the results in Theorem 4 change in the case (30)
with my # 0, write this model as

1
Ty = Oéﬂ,yt—l + (7T07 H) < X ) + Cout
t—1
= af'y1+ H*)Zt—1 + Couy

where
iy /
IL, = (7T07H) ) Xi1 = (17X£—1) )

with X; ; and II defined by (39).
The main changes occur in the limiting distributions of the matrices Sy 1
and §171.

4.4.1 The matrix §0,1

The matrix (44) now becomes
. Lo
Sop = a(f;ﬂi%—ﬂ%-l) (93)
I, =, e o ) [(1&e
—a (T ;5yt—1Xt_1) <T;Xt—lXt—1> (T ;Xt—lyt—l)
1~
+Co (? ;Utyt—1>
1 & - 1S o) (14
—Cy (T ;utXt/—l) (T ;Xt—1X£_1) (T ;Xt—lyl/f—l)
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The problem is that (64) does no longer hold if we replace X;_; by )?t_l, SO
that the last term in (93) is no longer of order o,(1). Instead, we now have
that

Lemma 7. Under Assumption 1-2 and VECM (30),

1N = 1 I o\ (1S
<? Z UtX£—1> <f Z Xt—1X£—1> <f Z Xt—ly£—1>
t=1 t=1 t=1
1 1 , d L /
= Z“tf S i +op(1) S B(1) 0 B(z)'dzC(1).

Proof: It follows from the easy convergence result (see the Appendix)

1 & p 1
= 4 [ B (94)

t=1

and (64) that
T
(1/\/T 14 )lZXt 1y T\/_Ztlytl
0 Irp-1y ) T ! Zt VX1
d
N

(fo z)'dzC(1 ))

Moreover, it is easy to verify that under Assumption 1,

\/— o ) 1 T 1 T
— E UX/ - E u>_§ UX/—
TN — 1< Ik(p—l) /—T £ t T < t<de—1

d

= (B(1), Ok k@p-1y) -

Furthermore,

(8, ) asen) (378,,) @

- << é/ﬁ ?;(p—l ) %t_i)zt_l)a_l ( (\)/T %,c(p—l) ))1
>

>

T / -1
51:1 Xt—l )

/ 9
t=1 Xt—lXt 1

Mq

1
B < %Zthl Xt



Since under Assumption 1, plimp_ % Zthl Xi-1 = 0 and plimp_,o
%Zthl X1 X, | = Yxx, it follows from (95) that

T -1
: 1/NT O 1 S o ( VT O )
1 —Y XX
pTE,IOlO ( 0 Ik(p—l) ) (T ; t—1A¢ 1 0 Ik(p—l)

_<1 o )
0 Sy /-

Lemma 7 follows straightforwardly from these convergence results. Q.E.D.
The previous result (66) now becomes

T T !
O/J_S()’l = Oé,J_C() (i Zut (%-1 - ? Zyj—1> ) + Op(1)7
=1 =1

where

%gut <yt_1 -z in)/ 4, (/01 (dB) B' — B(1) /01 B(m)’dm) cy.

Note that, with S;_; = >*_} u; and S_y = (1/T) 321, Si_1,

J=1

%z (50-5.2) % [ @y -50) [ Baye o6

Since
(Sterr — 51) VT % B(a) - / By)dy = B(x), (97)

say, where B(z) is known as a demeaned k-variate standard Brownian mo-
tion, the right-hand side of (96) will be denoted by

/0 1 (dB)B = /0 1 (dB) B' — B(1) /0 1 B(x)dz. (98)

With this change of notation, (73) reads

o' ( g; ) 510504501 (B, 8)0 & (99)
( 8.C(1) [ BdB'Cha, (o, Qay) o/ Cy [ (dB)B'C(1)YB. O )
0 0,

where W, is a nonrandom r X r matrix, similar (but not equal) to (75), and
© defined similar to (70).
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4.4.2 The matrix §1,1

The matrix (45) now becomes

1 T
51,1 = Tt_zlyt—ly;_l

1 & - 1 X o\ (1 &
- (; Zyt_1X;_1> (; ZXt_1X;_1> (; ZXHy;_1> :
t=1 t=1 t=1

Again, the result (77) does no longer hold, because similar to Lemma 7 we
have that

Lemma 8. Under Assumption 1 and VECM (30),

1 & - AU W AT
Pt (R tn) (3o
4 o) / ' Bla)ds / ' B2)dzC(1).

0

N =

[en]

Hence, (77) now becomes,

4.4.3 Limiting distributions of the general eigenvalues and the LR
test statistics

It is now easy to verify that

Theorem 5. If we change (91) to

1 1 1
det (A/ Ek—TE;c—r - / Ek—TdB],g—fr/ (dBk—’l‘) E;c—r) =0
0 0 0
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and (92) to

k—r 1 _, 1 -1
D X = trace / (dBy_,) B,_, ( / Bk_er_T) / B_.dB,_, |,
i—1 0 0 0

where® )
Bis(2) = Byy(z) - / By, (y)dy,
0

then the results of Theorem 4 carry over to VECM (30).

5 Asymptotic properties of the ML estima-
tors of o, § and ()

The partially concentrated log-likelihood (43) can be written as

In Ly(a, 3,9Q2) = ml%xln Ly(a, 5,11, Q)

T
= —%T.trace (Q_l% t_zl (Roy — B Ruy) (Roy — aﬁ,RUy)
—%T. In (det ©) — Tk In (V27
= —%T.trace Q! (§0,0 - aﬁ'§1,o - §0,150/ + aﬁlgl,lﬁa,)) (100)
—%T. In (det ©) — Tk In (V2r)

with corresponding ML estimators

(@,E, ﬁ) = argmﬁaélnLT(a,ﬁ, Q) (101)

o~ ~/
Although @ and 3 themselves are not unique, @3 is unique, and therefore
) is unique. The same applies to a and 3, of course. Nevertheless, after
suitable normalization these ML estimators are consistent:

6 Again, fol Br_rB),_, is a short-hand notation for fol By (2)By_(x)'dx.
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Theorem 6. Let (&,B,@) be ML estimators of (a,3,8). Without loss of

generality we may assume that

PNZN

35 =0,0). (33) =0, #5=0,(1), (102)
and that the columns of E and 3 have been rescaled such that
det (E’B) — det (38) = 1. (103)

Then under Assumptions 1-2 and VECM (30),
A\ 2
(det (5'5)) —140,(T). (104)

~ o~y -1
Consequently, 0 = (B’ B) (0'B) exists with probability converging to 1.

The matrix B of normalized estimated cointegrating vectors is super consis-
tent:

3 — B = B,Up, with Up = O, (T7Y), (105)

Moreover, a =« (ﬂ’ﬂ)_l (ﬂ’ﬁ) is a consistent estimator of a and Qis a

consistent estimator of 2.

Proof: Appendix
Note that (&, 3, ﬁ) also maximizes the log-likelihood (100). The first-

order conditions involved are

O = @0 (§0,1 - aﬁ'&,l) (106)
O, = (§0,1 - &3,3\1,1) 3 (107)
O = Sy0—af 81— SoiBa +af S5 (108)

This is not too hard to verify for the case r = 1, but these conditions hold
for 1 <r < k as well.

The limiting distribution of T (E - 5) is given in Theorem 7:
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Theorem 7. Let B and (3, be the defined as in Theorem 6 and Lemma 2,
respectively, and let Assumptions 1-2 hold. Then in the case of VECM (38),

T(B-8) % BuBLe@Cysy)

1 -1 1
X ( / Bk_rB,;_T) < / Bk_rdB;) (@' 1)
0 0

whereas in the case of VECM (30),
T(3-8) % s BomC)8)

1 -1 1
. ( / Ek_rﬁ;_r) ( / Ek_rdB;) (@0 a)
0 0

where B, is an r-variate standard Brownian motion which is independent of

Bk—r and Ek—r .

Proof: Appendix

6 Drift

The two cases considered so far only differ regarding the treatment of initial
values; the assumption that Ay, is a zero-mean stationary process satisfying
the conditions in Assumption 1 has been maintained in both cases. Recall
from (26) that in this case the cointegrating relationship takes the form
By = ' (yo — vo) + vy, where 3'v; is a zero-mean stationary process. In the
bivariate case k = 2 the time series look like in Figure 1 below. In this case
the time series run parallel and approximately horizontal, where the distance
between the time series is due to the initial values ' (yo — vo).
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Figure 1. Cointegration when there is no drift

However, this pattern is rare for macro-economic time series. Most macro-
economic time series have a trending pattern, due to drift: E[Ay| = p # 0,
where 1 is the vector of drift parameters. Thus, suppose that instead of (8)
in Assumption 1,

Y — Y1 = o+ C(L)wy (109)
Then (12) becomes
t t
yt=§:u+%+% pt+ >z + 10
: J 1
= (yO_UO +,LLt+C ZU]+Ut (110)

Thus the expectation vector pu =

E [Ay;] now becomes a vector of trend

parameters! Moreover,

By = B (yo — vo) + B'ut + v, (111)

so that 'y, is now trend stationary. If so, in the bivariate case kK = 2 the
time series look like in Figure 2.
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Figure 2: Drift, with trend in the cointegrating relationship

In this case the two time series drift apart, due to the time trend in the
cointegrating relationship, and both are (upwards)” sloping due to the drift
parameters. However, a more common pattern is displayed in Figure 3:

Figure 3: Drift, with constant in the cointegrating relationship

In this case the two time series run approximately parallel, but still (upwards)
sloping due to the drift parameters. This pattern is only possible if in (111),

Bu=0 (112)

"Drift can also generate downwards sloping patterns, but that never happens for macro-
economic time series.
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so that the cointegrating relationship becomes
Bye = B (yo — vo) + By (113)

It is easy to verify that the Granger representation theorem carries over
if we replace y; in (27) with y; — p.t, which then gives rise to a VECM(p)
model of the form

p—1

Aye—p=mo+af (yer — (=) + > T (Ayj — p) + Cou,  (114)

j=1
or equivalently,

p—1
Ay, = oo + af (g1 — (£ — 1)p) + ZHjAyt_j + Couy, (115)

j=1

p—1
oo = 7o + (Ik — ZH]> M.

j=1

where

This VECM(p) corresponds to the case (109) as displayed in Figure 2.
In the case (112) the model becomes

p—1
Ay = moo + afye1 + Z LAy, j + Couy, (116)

j=1
which at first sight looks the same as (27). However, the crucial difference is
that now the vector mgg of intercepts depends on the drift parameters, which
generates the sloping patterns as in Figure 3, whereas in the case (27) the
vector of intercepts my depends only on initial values. These initial values

are not able to generate drift, as illustrated in Figure 1.

Due to the drift the results in Theorem 5 change, in different ways de-

pending on whether condition (112) is imposed or not. See Johansen (1995,
Theorem 11.1).

7 Appendix

7.1 Convergence of generalized eigenvalues

The following lemma is a corollary of Lemma 2 of Anderson, Brons and
Jensen (1983):
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Lemma A.1. Let Ar be a positive definite m X m matriz and let Br be a

symmetric m X m matriz, satisfying (Ar, Br) <, (A, B), where det(A) > 0.

Let /\LT Z /\2,T Z

> Am, be the ordered solutions of the generalized

eigenvalue problem det(AAr — Br) = 0, and let A\y > Ay > ... > A\, be the
ordered solutions of the generalized eigenvalue problem det(AA — B) = 0.

Then ()\17'1", )\2’T7 ceuy

A1) 2 (A A2y s Am) -

7.2 Derivation of (94)
Recall from (12) that y, = C(1) 22:1 u + v + Yo — Vo, so that

1 T
P—— Yt—1 =
VT ;

The latter follows from

t=1 j=1 t=1
+L (Yo — vo)
VT
1 T ( 1 i > ( 1/2)
C(1)= — u | + O, (T
1 T t 1 2] s
C(l)= / — u | dz+ O, (T~
( )T ; i1 \/T ; t p ( )



7.3 Proof of Theorem 6
7.3.1 Proof of (104)

Recall from (53) that the columns Bl, e ET of E are the eigenvectors cor-
responding to the r largest solutions of (49): \;Si10; = 5'1705'0_755'0,1@,

1 =1,2,..,r. Hence, denoting A, = diag (Xl, cey X,«) , it follows that
§1,1BK1" = §1,0§&3§0,1E (117)
Next, multiply equation (117) from the left side by (8,77'/28.), and use
the fact that .
—-1/2 -15 [ BB
Then (117) becomes
5/§1,15 R T_1/25L§1,15L Blg A
T231 8116 T7'6 S116. T3, 3 '
_ 5'§1,0§0_,(i§0,1f R T_1/25'A§1,0A§0_7(i§0,15L el .
T=23, 5105005018 T7'6)51050050,161 TV G, 8
which implies
ﬁ,‘/s\l,lﬁ (FB) A+ T_1/251§1,15¢T1/23l37\r
— T_1/25i§1,0§5,5§0,15 (F@) + T_1/25i§1,0§0_,5§0,15¢ (Blg)
and
T128,5,,8 (3B8) A, + 778,810,725, BA,
= T_1/25i§1,0§0_,3§0,15 (Fﬁ) + T_1/2ﬂj_§1,0§0_,é§0,1ﬂLBlg

The latter equality can be rewritten as

TBIJ_/B = (T_lﬁj_‘/s\l,lﬁj_) B (119)
X (5'¢§1,0§&3§0,15 (B/B) A+ 5’l§1,0§&3§0,1543l57\;1
- 3.8118 (BB))
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It follows now from Lemmas 5 and _6, and Theorem 4 that the right-hand side
of (119) is of order O,(1), hence T3, 3 = O,(1) and thus

B8 =0,(T7). (120)
We can always write B as
B=p@p) " (8B) +6. (380" (8.5). (121)

Hence

~1/2

L= (38)"" (F8) @t (98) (33) “rour. ()

where the O,(T!) term follows from (102) and (120). Now (104) follows
easily from (122) and the normalizations (103).

7.3.2 Proof of (105)

Recall that (ﬁig) B = (det (6’LB))_1 (ﬁiB) A where (ﬁiB) » is the
adjoint of ﬂ’l@, i.e., the matrix of cofactors of (ﬂ’lﬁ), Since ﬂ’lﬁ = 0,(1)

implies <BLB) e 0,(1), it follows from (104) that

~\ —1
(8.8) = o0,1).
It follows now from (120) and (121) that
~ -~ ~\ —1
G=B(8B) (88) =8+ B.Ur,

where

Ur = (0.0, (8.8) (98) " (98) = 0, ).

7.3.3 Consistency of a and O

Recall from (79) and Lemma 8 that 3'S;; = O,(1), and from the proofs of
Lemmas 5 and 7 that Sp; = O,(1). Hence it follows from Lemma 9 and (105)
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that in the case (38),

~ o~ o~

BS1.8 = (B40,(T1)) §1,1 (B+0,(T7))

= 5116+ 0, (T™Y) = 55 + 0,(1) (123)
3\0,15 = §0,1 (B+ 0, (T_I/Q)) = §0715 + 0, (T7)
= a¥y, +o0,(1) (124)

where the last equality in (123) follows from Lemma 6 and the last equality
in (124) follows from Lemma 5. It follows therefore from (107) that

~) o~

a = 3\0’15 (ﬂ 51715> - =a+ Op(l) (125)

This result carries over to the case of VECM (30).
It follows now from (108), (123), (124), (125) and Lemma 4 that

Q = Spo — aXiza’ +0,(1) = Q+0,(1) (126)
Again, this result carries over to the case of VECM (30).

7.4 Proof of Theorem 7
It follows from (106) that

Orj—r = aQ! <§0,1 —ap 51,1) B

~@0 (@ —a) S8 - @0 (B - 5)1 Si181
Substituting (105) in this equation and multiplying from the right side by
(&'ﬁ‘h) B yield
U, (5;&%) - (a’ﬁ—la)_l J0L (§O,1 - aﬁ'&,l) 3.
_ (afﬁ—la)_l &0 @ - o) TU; (T 6.5,,8.)
— (a07a) @0 @ - a) #8.6.
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Since by (79), ﬂ’glvlﬁl = 0,(1), it follows from Lemma 9 that the last
two terms are of order o,(1). Moreover, Sp15, — af'S1161. = O,(1) and

~ -1 <
(&'Q‘h) A = (/) Q7 + 0,(1). Thus
~ -1 ~ ~ _
TUr = (T78.88.) 81 (Si0—81160") 70 (@0 7"a) !
+o,(1)

If follows from Lemma 2, Lemma 6 and Lemma A.2 below that in the case
of VECM (38),

1 -1
T.Ur % ( / Bk_,B,g_r) / By_.dB,, (/2 'a)""?
0 0

where

B, = (O/Q_loz)_l/2 o'QCyB

is an r variate standard Brownian motion, which is independent of Bj_, =

(o Qay )% o/ Cy B, whereas in the case of VECM (30),

TUy 4 ( /0 IEk_TE;_T) h ( /0 By (2)dBu () — /0 1 Bk_r<x>dea(1>’)

X (0/9_104)_1/2
1
(/ Ek_rdB’a) (O/Q_la)_l/2
0

1
([
0

where Bj,_, is defined in Theorem 5 and the equality follows from

/olﬁk_rdB; = /01 (Bk—r@)_/olB’“‘T(y)dy) ele)

= [ Bty - [ Bty [ auey
- /0 1 By (2)dBo(z) — /0 1 By (y)dyBa(1)'

-1

Theorem 7 now follows from (105).
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Lemma A.2. Under Assumptions 1-2,
S0 — Suapa % (1) ( /O 1 BdB’) cr (127)
in the case of VECM (38), and
S0 — 81180 % (1) ( /0 ' Bap /O 1 B(m)de(l)’) o (128)
in the case of VECM (30).

Proof: First, consider the case of VECM (38): x; = af'y, 1 + 11X, 1 +
Cout. . .
Recall that Sp; = % Zthl RoRy; and Sy = %Zthl Ry Ry 4, so that

N . 1 &
51,0 - Sl,lﬂO/ = T Z Rl,t (Ré,t - R/l,tﬂO/) )
t=1

where R, is the residual of the regression of ¥, on X;_1: Ri; = y—1 —
AXt—l; Wlth

- 1 <& 1 <& o
A= (T ;yt—lXé_1) (T ;Xt—1X£_1> =0, (1)

and Ry, is the residual of the regression of z; on X; 1: Ro; = x4 — TXt_l,

with
- (1< 1 & -
T = (? ; xtXt,—1> (? ; Xt—lXt/_1> = Op (1)

Hence, Ry; — a3’ Ry, is the residual of the regression of z; — aff'y—1 =
I1X; 1+ Cyus on X; 1. But the latter regression has the same residual as the
regression of Cou; on X;_1:

RO,t - Oéﬂ/RLt = Couy — th—1

where

T T -1

-~ 1 / 1 / —

I'=GCo (; > utXt—l) <? > Xt_lXH) =0, (T7'?) (129)
t=1 t=1

o1



Thus

!

§1,0 - §1,150/ = % Z (yt—l - 3Xt—l) <Cout - th—l),

t=1

T
1 _1en 1
T Z Yye-1u,Co — T 2A (— ZXt—lu:5> Co
t=1 t=1

~

T T
1 ~
(T Z Y1 X7 1) I+ A (? ZXt—1X£—1> r
t=1 =1
T

_ %Z ytt,Ch + O, (T1/2)

where the O, (T/?) is due to (129), ﬁ ST X, 11, = O,(1), Theorem
3 and Lemma 3. It follows now from Theorem 2 that §170 — §17150/ 4,
1) ( I BdB’) o,
Next, consider the case of VECM (30) with m # 0.

Recall that this model can be written as z; = o'y, + Il, Xt 1+ Couy
where II, = (7o, IT), X, = (1 X{_ 1) Then Ry = yi—1 — AX, 1, where

N T 1 I -1
A ( Syl ) (izxt_lxgq)
t t=1

(tl

N =

T — -1
1 1 X
1, = X _ P
1yt I’T;yt 1 t_1> (X—1 EXX)

T T
_ 1 - 1 ,
Xa=x7 ;Xt_l, Sxx =7 ;Xt_lxt_l,

It is a standard linear algebra exercise to verify that

_ -1
X, Sxx oS X E;(})(Jr&Z;(g(Y_lY'_IE;&

where

N[ =
]~

where



hence
~ 1 & 1< ~
A = (3? Z Y1 — 3? Z Y1 X, Sy X1,

=1 =1

1 « 1 <
N — o =~ Sl o o
5= >y (X_lxx%x) = Xl (EX%X + UEX%XX_lx_lEX}X))
=1 =1

— VTA, + A, (130)

where
A= (g Xu ) (77X 53%)
1 T\/T . Yi—1 ) —14XX
1 T
_ e~ — o~ Sl S
R - <? Zyt_lxg_l) (ST 1, S5 + 95T X5k )

Moreover, Ry; — 'R, is now the residual of the regression of Cyu, on
Xi1: Rot — aff' Ry = Couy — I' X1, where similar to (130),

N 1 I 1 I -1
! !
r Co (? ; utXt_1> (? ; XHXH>

= T7°0, + 77T,

T
Zut> (5.-5X". 5%
T ~ ~
3 utXt'_1> (_az;gxx_l, Sih + N X X 12;5()
Note that by Assumption 1 and Lemma 3,
pThm Y_l = F [Xt—l] =0

p’lll—l}olo Sxx = E (X1 X[ ] =Zxx

limo = 1
p fim 7
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and recall that

so that

I, = G (% Zut> (1,04 (p13k) + 0,(1) 5 CoB(1)

T
~ 1 1 O1.k
I, = Cy| — X/ - Oy, I 1
: 0<ﬁ§:ut ) (6., S ) Ot a0
It follows from the previous part that
1 & J 1
T E yt_1u2—>0(1)/ BdB'
t=1 0

Moreover, it is not too hard to verify that

X 1 L - / ) d ! 1 v
A, <ﬁZXt_1ut> a4 on) /0 B(2)dzB(1)C),

t=1

1 d ! T~ d ' c
<T—\/T t_zlyt—lXt—1> I = C(l)/o B(z)dzB(1)'Cy



T
A 1 v v/ iRl
A, (T ZXHXH> I, = 0,(1)

t=1

T
1 ~ ~
(T—\/T ;yt—lXt/_1> Iy = 0,(1)

It follows therefore straightforwardly that

T
~ ~ 1 ~ -~
51,0 - 51,150/ = f Z (yt—l - T1/2A1Xt—1 - A2le—1)

t=1

x (Wl Ch— TR T = TR T )
1 1
< 0o(1) (/ BdB'C)) — / B(m)de(l)’) ch
0 0
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