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1 INTRODUCTION

Given a continuous distribution function G(x) with support = C R, any
distribution function F'(x) with support contained in = can be written as
F(z) = H(G(z)), where H(u) = F(G™'(u)) is a distribution function on
[0, 1]. Moreover, if F' and G are absolutely continuous with densities f and g,
respectively, then H is absolutely continuous with density h(u), and f(z) =
h(G(z))g(x). Therefore, f(z) can be estimated semi-nonparametrically by
estimating h(u) semi-nonparametrically. The role of G is twofold. First,
G determines the support of f. Second, G acts as an initial guess of the
unknown distribution function F'. Obviously, in the latter case the initial
guess is right if H is the c.d.f. of the uniform distribution on [0, 1].

Any density h on the unit interval can be written as h(u) = ¢(u)?, where
¢ is a Borel measurable real function on [0, 1]. It will be shown that square-
integrable Borel measurable functions on the unit interval have an infinite
series expansion in terms of orthonormal Legendre polynomials. Therefore,
the density h(u) and its c.d.f. H(u) can be modeled semi-nonparametrically
in a similar way as proposed by Gallant and Nychka (1987), except that
instead of Hermite polynomials the Legendre polynomials are used.

This approach will be applied to the mixed proportional hazard (MPH)
model, which was proposed by Lancaster (1979), where the duration involved
is only observed in the form of intervals. The interval-censored mixed pro-
portional hazard (ICMPH) model involved is motivated by the data used in
Bierens and Carvalho (2007b), where the durations involved, job search and
recidivism, are only observed in the form of intervals.!

Bierens and Carvalho (2007a) have applied the results in this paper to
model semi-nonparametrically the common unobserved heterogeneity in a
bivariate mixed proportional hazard model of misdemeanor and felony re-
cidivism, where the two durations involved are right-censored only.

The survival function of the MPH model takes the form H(S(t)), where
S(t) is the survival function of the proportional hazard model without unob-
served heterogeneity, and H is an absolutely continuous distribution function
on the unit interval corresponding to the unobserved heterogeneity distrib-
ution. The density A of this distribution function H will be modeled semi-
nonparametrically. I will set forth conditions under which the parameters

!However, it appears that only a few discrete covariates affect the two durations. There-
fore, the presence of unobserved heterogeneity could not be detected.



of the systematic and baseline hazards are nonparametrically identified, and
the sieve maximum likelihood estimators involved are consistent.

The plan of the paper is the following. In Section 2 the Legendre polyno-
mials will be introduced and their use be motivated. In Section 3 I will show
how density and distribution functions on the unit interval can be represented
by linear combinations of Legendre polynomials. In Section 4 I will discuss
the interval-censored MPH model and in Section 5 I will derive conditions
for nonparametric identification under interval-censoring. Due to the lat-
ter, the identification conditions and their derivations in Elbers and Ridder
(1982) and Heckman and Singer (1984) are not directly applicable, and have
to be re-derived for the interval-censored case. Heckman and Singer (1984)
derive identification conditions by verifying the more general conditions in
Kiefer and Wolfowitz (1956). As shown by Meyer (1995), the results in the
latter paper can also be used to prove identification and consistency in the
case of interval-censoring, provided that the systematic hazard has support
(0,00), which is the case if at least one covariate has as support the whole
real line and has a non-zero coefficient. However, I will in this case derive the
identification and consistency conditions directly without using the results
of Kiefer and Wolfowitz (1956), for two related reasons. First, as is apparent
from Meyer (1995), it is very complicated to link the conditions in Kiefer and
Wolfowitz (1956) to the ICMPH model. Second, it is actually much easier
and more transparent to derive these conditions directly.

In Section 6 I will sketch the requirements for consistency of the SNP
maximum likelihood sieve estimators. One of the requirements is that the
space of density functions h involved is compact. Therefore, in Section 7 I will
show how to construct compact metric spaces of densities and distribution
functions on the unit interval. In Section 8 I will prove general consistency
results for M estimators of (partly) non-Euclidean parameters under weak
and easy-to-verify conditions, and specialize these results to ICMPH models.

One of the key conditions for nonparametric identification? in the interval-
censored case is that at least one covariate has the whole real line R as support
and has a nonzero coefficient, so that the systematic hazard has support
(0,00). However, in practice this condition is often not satisfied. Therefore,
in Section 9 I will discuss the case that the covariates have finite support. In
Section 10 the main contribution of this paper are summarized, and avenues

2In the sense that the parameters as well as the unobserved heterogeneity distribution
are identified.



for future research are indicated. Finally, proofs are only presented in the
main text if they are essential for the flow of the argument. All other proofs
are given in the Appendix.

2 ORTHONORMAL POLYNOMIALS

2.1 Hermite Polynomials

Gallant and Nychka (1987) consider SNP estimation of Heckman’s (1979)
sample selection model, where the bivariate error distribution of the latent
variable equations is modeled semi-nonparametrically using an Hermite ex-
pansion of the error density. In the case of a density f(z) on R this Hermite
expansion takes the form

/(@) = o(a) (Z ka) , (1)

with Y77 ;72 = 1, where ¢(x) is the standard normal density and the py(x)’s
are Hermite polynomials, satisfying [ ju(@)pn(2)¢(z)dz = I(k=m),
where I(.) is the indicator function. These polynomials can easily be gener-
ated via the recursive relation /n,(z) = z.p,—1(x) — vV/n — Lp,_o(x), start-
ing from po(z) = 1, py(x) = . See for example Hamming (1973, p. 457).
The densities (1) can be approximated arbitrarily close by SNP densities of
the type

fulx) = ¢(x) (Z %nﬂk(@) : (2)

where Yo vi, = 1.
Because fy(z) = ¢(x), the Hermite expansion is particularly suitable for
generalizations of the normal density. For example, a natural generalization

of the Probit model is P[Y = 1|X] = F,, (' X) , where

k=0 m=0

which yields the standard Probit model as a special case, corresponding to
the null hypothesis vy, = 0 for k£ = 1, ..., n. If the actual distribution function



F(z) in the general binary response model P[Y = 1|X] = F (#'X) does not
deviate too much from the Probit function, a low value of n may suffice
to give a good approximation. The same applies to generalizations of the
ordered probit model based on Hermite polynomials.

Of course, the SNP density f,(x) can be transformed to a density h,,(u)
on the unit interval such that ho(u) = 1, namely

hn(u) = fn (Fo_l(u)) /o (Fo_l(u)) )
with corresponding distribution function
Hn(u) = Fn (Fo_l(u)) ) (4)

where f,, is the SNP density (2), F,, is the corresponding c.d.f. (3), and
Fy ' (u) is the inverse of the Probit function Fy(z) = [*__ ¢(z)dz. However,
the Probit function does not have a closed form, and neither does its inverse.
One of the advantages of the Hermite polynomials is that the integrals in
(3) can easily be computed recursively. However, SNP distribution functions
on the unit interval based on ordinary polynomials are even more easier to
compute, as
_ Mg (u)n
1o 1(1)n

where I1,,,1(u) is an (n 4+ 1) X (n 4+ 1) matrix with typical element fol u™ du:

H,(u) , neRM! (5)

ittt

IT u)=|———;1,75=0,1,....n|. 6
This SNP distribution function is a reparametrization of an equivalent one
based on orthonormal Legendre polynomials, similar to (3). The Legen-
dre polynomials play mainly a theoretical role, namely to show that for an
arbitrary absolutely continuous distribution function H(u) on [0, 1] there
exists a sequence of SNP distribution functions of the type (5) such that
limy, o0 SUP<y<; [Hn(u) — H(u)| = 0, and to derive a compact metric space
of such distribution functions H(u), endowed with the ”sup” metric.

2.2 Legendre Polynomials

A convenient way to construct orthonormal polynomials on [0, 1] is to base
them on Legendre polynomials P,(z) on [—1, 1]. For n > 2 these polynomials

5



can be constructed recursively by

(2n —1)zP, 1(2) — (n —1)P,_2(2)

Po(2) = 7
(2 . @
starting from Py(z) = 1, Pi(z) = z. They are orthogonal, but not orthonor-
mal: .
] 0 if n#m,
/_1 P (2) Pa(2)dz = { 2/2n+1) if n=m. (8)

See for example Hamming (1973, p. 455).
Now define for u € [0,1], pn(u) = v2n + 1P,(2u — 1). Then it follows
from (8) that the polynomials p,(u) are orthonormal:

1 .
|0 if k#m,
[ mtwpan={ {4 E7 )
and from (7) that for n > 2 they can be computed recursively by
in? — 1 (n—1)v2n+1
() = ——(2u — 1)p,_ — n—2(1), 10
starting from
po(u) = 1, pu(u) = V3 (2u—1). (1)

3 DENSITY AND DISTRIBUTION FUNC-
TIONS ON THE UNIT INTERVAL

3.1 Polynomial Representation

Every density function h(u) on [0, 1] can be written as h(u) = f(u)?, where
fol f(u)?du = 1. In Theorem 1 below I will focus on the characterization of
square-integrable functions on [0, 1] in terms of the Legendre polynomials
pr(u), and then specialize the result involved to densities on [0, 1].

THEOREM 1. Let f(u) be a Borel measurable function on [0,1] such
that fol flu)?du < 00, and let vy, = fol pr(w) f(w)du. Then > 27 ve < 00,
and the set {u € [0,1]: f(u) # > 2eqVkpr(u)} has Lebesgue measure zero.

3Note that this integral is the Lebegue integral.

6



In other words, the Legendre polynomials px(u) on [0,1] form an complete
orthonormal basis for the Hilbert space L%(0,1) of Borel measurable square-
integrable real functions on [0, 1].

Recall? that, more generally, the real Hilbert space L?(0,1) is the space
of square-integrable Lebesgue measurable real functions on [0, 1], i.e., f €
L?(0,1) implies fol f(u)?du < oo, endowed with the inner product (f,g) =

fol f(u)g(u)du and associated metric

1 =gl = \/ / (f(w) - g())* du (12)

and norm || f||, . Moreover, recall that Borel measurable functions are Lebesgue
measurable because Borel sets are Lebesgue measurable sets.” Therefore, the
subspace L%(0, 1) of Borel measurable real functions in L?(0, 1) is a Hilbert
space itself.

The proof of Theorem 1 is based on the following straightforward corollary
of Theorem 2 in Bierens (1982):

LEMMA 1. Let fi(u) and fo(u) be Borel measurable real functions on
[0,1] such that

/0 (0| du < oo, / |folw)] du < 0. (13)

Then the set {u € [0,1]: fi(u) # fo(u)} has Lebesgue measure zero if and
only if for all nonnegative integers k,

/1 u f1 (u)du = /1 u fo(u)du. (14)

0 0

Each u* can be written as a linear combination of pg(u), p1(u), ..., pr(w)
with Fourier coefficients fol uFpp(u)du, m = 0,1, .., k, hence condition (14)
is equivalent to fol pr(w) fi(u)du = fol pr(u) fa(u)du for k=0,1,2, .....

4See for example Young (1988, pp. 24-25).
5See for example Royden (1968, pp. 59 and 66)



Now let in Lemma 1, filu) = f(u) and fo(u) = > 7, Ykpr(uw), where
fo pr(w) f(u)du. Then

> i <oo (15)
k=0

because [ (f(u) — o vhow(w))? du is minimal for v, = [ py(u) f(u)du,
so that for all natural numbers n, Y y_ 72 < fo u)?du < oco. The existence
of fo(u) follows from the fact that, due to (15), fQ,n( ) = > o epk(u) is
a Cauchy sequence in the Hilbert space L%(0,1) and therefore has a limit
f2 € L%(0,1): lim, .. fol (fom(u) — fo(u))>du = 0. Hence, we can write
fa(w) = > 0o mepr(w) + ro(u), were lim, o fol 7 (u)?du = 0. Next, choose
a subsequence 7, such that 300 ['r, (u)’du < oco. Then it follows
from the Borel-Cantelli lemma® and Chebishev’s inequality that fo(u) =

lim, oo Yo VePk(w) a.e. on (0,1).
Moreover, it follows from Liapounov’s inequality and the orthonormal-

ity of the pi(u)’s that fo | fo(u)|du < \/f01f2 Pdu = />0 < <.

Similarly, it follows from the condition fo u)?du < oo in Theorem 1 that

fo | fi(u)|du < oo. Therefore, all the conditions of Lemma 1 are satisfied,
which proves Theorem 1.

Every density function h(u) on [0, 1] is Borel measurable because, with
H the corresponding distribution function, h(u) = limg o k (H(u + k=1)—
H(u)), which is a pointwise limit of a sequence of continuous (hence Borel
measurable) functions and therefore Borel measurable itself. Consequently,
every density function h on [0, 1] can be written as h(u) = f (u)?, where f(u)
is a Borel measurable real function on [0, 1] satisfying fo u)?du = 1.

Of course, this representation is not unique, as we may replace f(u) by
f(u)pp(u), where for arbitrary Borel subsets B of [0,1] with complement
B =10,1\B, N

¢p(u) =I(u € B) — I(u € B). (16)

This is a simple function, hence f(u)pg(u) is Borel measurable. Therefore,
any Borel measurable function f on [0, 1] for which h(u) = f(u)? is a density

on [0, 1] can be written as f(u) = ¢p(u)y/h(u), with ¢p(u) a simple function
of the type (16). Consequently, any density h(u) on [0, 1] can be represented

6See for example, Chung (1974, Section 4.2).



oo 2 1
hu) = (Z Wk(@) , with y, = / (1) d5(w)/h(w)du. (17)
k=0 0
We can always choose B such that

fyo:/olqbg(u)\/Wdu:/BMdu—/é\/wdu>0. (18)

This is useful, because it allows us to get rid of the restriction > > 72 =1
by reparametrizing the v;’s as:

5
Y i k=1,2,3,.., (19)

ViED YT

1
Yo = = )
VIt 6

where > 62 < oo. However, because there are uncountable many Borel
subsets B of [0, 1] for which (18) holds, there are also uncountable many of
such reparametrizations. Thus,

THEOREM 2. For every density function h(u) on [0, 1] there exist un-
countable many infinite sequences {6} satisfying > pe 67 < 0o such that

(L ()’
hlu) =" +k22‘i gi

a.e. on [0,1]. (20)

3.2 SNP Density Functions on the Unit Interval

For a density h(u) with one of the associated sequences {6}, let

h (1) = P (u6) = (”Ekgg_’“fgé“)) 6= (61,06, . (21)

It is straightforward to verify that



THEOREM 3. For each density h(u) on [0,1] there exists a sequence of
densities hyp(u) of the type (21) such that lim,_ fol |h(u) — hp(u)|du = 0.
Consequently, for every absolutely continuous distribution function H(u) on
[0,1] there exists a sequence of absolutely continuous distribution functions

Hp(u) =[5 ha(v)dv such that limy, . Supg<,<; [Hn(uw) — H(u)| = 0.

Following Gallant and Nychka (1987), the density functions of the type
(21) with a finite n will be called SNP density functions, and the correspond-
ing distribution functions H,(u) = [ h,(v)dv will be called SNP distribution
functions.

As we have seen in Theorem 2, the densities (20) have uncountable many
equivalent series representations. This is no longer the case for SNP densities:

THEOREM 4. The parametrization of the SNP densities is unique, in
the sense that if for a pair 61,062 € R, h,(u|d1) = h,(u|d2) a.e. on a subset
of [0, 1] with positive Lebesque measure, then 61 = bs.

This result follows easily from the fact the number of roots of a polynomial of
order n cannot exceed n, hence if two polynomials on [0, 1] are equal a.e. on
a subset with positive Lebesgue measure, then they are equal a.e. on [0, 1].

3.3 Computation of SNP Distribution Functions on
the Unit Interval

The distribution function H,(uld) = [; hn(v|6)dv, with h, given by (21),
can be written as

Hls) = 18 g ntn ) B L) S b, ()

u € [0,1], 6=(61,...,6n),

where A,11(u) is the (n + 1) x (n + 1) matrix

An+1(u> = (/ Pz(U)PJ(U>dU ) Za] = 07 17 an> . (23)
0
Let pm(u) = Y1 bmxu”. Then it follows from (10) and (11) that
EO,D = 1a 61,0 = _\/ga 61,1 = 2\/57 (24)
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and for m > 2,

- 2\/4m2 VAmZ — 182
;fm,kuk = ng 1,k— 1U, - m % fm—l,kuk

m—1) \/Qm

Hence, letting £, = 0 for £ > m and k£ < 0, the coefficients ¢,, ; can be
computed recursively by

4m? — 1 (m—1)v2m+1
gm,k - (2£m—1,k—1 - gm—l,k’) - gm—2,ka
m my/2m — 3
starting from (24). For 0 < m < n, 0 < k < n the coefficients ¢, ; can be
arranged as the elements of a lower triangular (n+1) X (n+ 1) matrix L,1,
with m-th row (€0, ..., bmn) -
Next, observe that

u gm,O
/pkw)pm(v)dv:<ek,o,...,fk,n>nn+l<u> -
0

gm,n

where I1,,,1(u) is the (n + 1) x (n + 1) matrix (6). Therefore,

(1,(5/) Ln IHn 1<U)L;L L
Ha(ulo) — el )

u < [0, 1], 6= ((517 ---;671)/-

In practice, the lower triangular matrix L,,; can only be computed with
sufficient accuracy’ up to about n = 15.
However, rather than computing L, 1, let

o1
n= (M0, M1, s ) = Ln+1<5> (26)

"Note that Ly11L, 1 (1) L), = Inga. With n = 15, the computed elements of the
matrix Ly 4111,41(1)L;, 1 —In41 are smaller in absolute value than 0.000000001. Moreover,
for n > 20 some of the elements ¢,, , become too big (more than 29 digits, including the
decimal point) to be stored in the memory of a PC.
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so that the reparametrized SNP distribution function (25) takes the form (5).
The equality (26) imposes a linear restriction on 7, so that we cannot
choose 7 freely. To determine this restriction, link 6 to n via the equalities

/0 (1 - Z 6mpm(u)> pr(w)du = /0 <770 + Z nmum> pr(u)du,

k= 0,1,...,n,
which yields
n = 1—Zlnm , (27)
m=1 + m
n—=k
(Sk = an+muk (m), k: 1,...,n, (28)
m=0
where )
o () = [ ()i (29)

Due to (27), (5) can now be written as

() (L =1, 1) g (w) ( 717_ " ; 0= () (30)

1—7
(1 — TN, 77/) Hn+1<1) < n n!l

where m, = (1/2,1/3,..,1/(n+1))".

4 THE INTERVAL-CENSORED MIXED
PROPORTIONAL HAZARD MODEL

4.1 The Mixed Proportional Hazard Model

Let T be a duration, and let X be a vector of covariates. As is well-known?,
the conditional hazard function is defined as \(¢|X) = f(¢|X)/(1 — F(t| X)),

8See for example van den Berg (2001) and the references therein.
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where F(t|X) = P[T < t|X], f(t|X) is the corresponding conditional density
function, and [;° A(7|X)dr = co. Then the conditional survival function is

S(HX) = 1— F(t[X) = exp (— /Ot )\(7-|X)d7) |

The mixed proportional hazard (MPH) model assumes that the condi-
tional survival function takes the form

S(t|X, o, B) = S(t|X) (31)
- E {exp (- exp (BX +U) /OtA<T|a)dT) ‘ X] |

where U represents unobserved heterogeneity, which is independent of X,
A(t|a) is the baseline hazard function depending on a parameter (vector) «,
and exp(('X) is the systematic hazard function. See Lancaster (1979). De-

noting the distribution function of V' = exp(U) by G(v), and the integrated
baseline hazard by A(t|a) = fot A(T|a)dr, we have

St X,a,0,H) = /Oooexp(—v.exp(ﬁ’X)A(t\a))dG(v) (32)

N /D‘” (exp (—exp(B'X)A(t]a)))” dG(v)
= H (exp (—exp(8'X)A(t|))),

where

Hu) = /0 TG W), ue 0,1, (33)

is a distribution function on [0, 1].
If the unobserved heterogeneity variable V' satisfies E[V] < oo then for
u € (0,1],

T ldG) <ut [ vdG) < oo, (34)
| |

so that by the mean value and dominated convergence theorems, H(u) is
differentiable on (0, 1), with density function

h(u) = /000 vu’ G (v). (35)
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Moreover, (34) implies that h(u) is finite and continuous® on (0, 1]. Further-
more, note that absence of unobserved heterogeneity, i.e., P[V = 1] = 1, is
equivalent to the case h(u) = 1.

Let the true conditional survival function be

S(t|X, ao, Bo, Hy) = /Oooexp(—U-exp(ﬁ(l)X)A(ﬂO‘O))dGO(U) (36)
= Hy (exp (—exp(B,X)A(t|)))

where

Ho(u) = /0 " ho(v)dv = /0 T WtdGo(v). (37)

In the expressions (32) and (36), H and H, should be interpreted as un-
known parameters contained in a parameter space H(0, 1), say, of absolutely
continuous distribution functions on [0, 1].

Elbers and Ridder (1982) have shown that if X does not contain a con-
stant, A(tla) = A(t|ag) for all ¢ > 0 implies & = ap, and [ vdGo(v) =
Jo vdG(v) = 1 (which by (35) is equivalent to confining the parameter
space H(0,1) to a space of distribution functions H on [0, 1] with density
h satisfying h(1) = 1), then the MPH model is nonparametrically identi-
fied, in the sense that S(T|X,«,5,H) = S(T|X, ao, o, Hy) a.s. implies
a =y, = and G = Gy, hence H = Hy. Heckman and Singer (1984)
provide an alternative identification proof based on the results of Kiefer and
Wolfowitz (1956), and propose to parametrize Gq as a discrete distribution:
Go(v) = >, I(v<86;)p;, with I(.) the indicator function, where 6; > 0,
p; > 0,and >.7 | p; = 1. Thus, they implicitly specify ho(u) = D7, f;u®'p;.

Magder and Zeger (1996) propose to model mixing distributions in models
with unobserved heterogeneity as mixtures of normal distributions. They also
use the results of Kiefer and Wolfowitz (1956). Although these authors do
not explicitly consider mixed proportional hazard models, their approach is
applicable to MPH models as well.

The nonparametric identification of the MPH model hinges on the as-
sumption that 7" is observed directly if 7" is not right-censored. In this paper
I will consider the case that T is only observed in the form of intervals, so
that the identification results in Elbers and Ridder (1982) and Heckman and
Singer (1984) are not directly applicable.

9The continuity also follows from the dominated convergence theorem.
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Recall that the interval-censored case has been considered before by Meyer
(1995), who derived identification and consistency conditions based on the
results of Kiefer and Wolfowitz (1956). However, in this paper I will derive
these conditions directly without using the Kiefer and Wolfowitz (1956) re-
sults, because that is much easier and more transparent, as comparison of
the results below with Meyer (1995) will reveal.

4.2 Interval-Censoring

Let {1},C;, X; }jvzl be a random sample of possibly censored durations 77,
with corresponding censoring dummy variable C; and vector X of covariates.
The actual duration is a latent variable 7} > 0 with conditional survival
function

PIT} > t{X;) = S(HX;, a0, o, Ho), (38)

where S(t| X, «, 3, H) is defined by (36), ag and [y are the true parameter
vectors and Hy is the true c.d.f. (37). If Cj = 0 then T} is observed: T; = T7,
and if C; = 1 then T is censored: T; = T; < T}, where [1,T}] is the time
interval over which individual j has been, or would have been, monitored. It
will be assumed that Tj is entirely determined by the setup of the survey,
and may therefore be considered exogenous, and that 7' = inf;>, T; > 0.

In practice the observed durations T; are always measured in discrete
units (days, weeks, months, etc.), so that we should not treat them as con-
tinuous random variables. Therefore, pick M positive numbers b; < by <
... < by <T, and create the dummy variables

Dy = I(T; <b) (39)
DQJ‘ = ](bl < 7"] < bQ)

Dyj = I(by-1<T; <bnm)

where I(.) is the indicator function. See Meyer (1995). Also, in some cases
the durations T} are only observed in the form of intervals. See for example
Bierens and Carvalho (2007b). Given that the unobserved durations 7} are
distributed according to a MPH model, the resulting model for (39) will be

called an Interval-Censored MPH (ICMPH) model.
For notational convenience, let by = 0 and denote for ¢ =0, 1, ..., M,

pi (a, 3'X;) = exp (— exp(8'X;)A (bilar)) . (40)
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Note that 0 (o, 3’ X;) = 1. Then
P[Dz‘,j = 1|Xj] = S(bi—1|Xj7a07607 HO) - S(bi|Xj7a076ﬂu Ho) (41)
= Ho (pti1 (Oéo,ﬁcl)Xj)) — Ho (p (aﬂvﬁll)Xj»? i=1,2,...,M,

M
Z D@j - 0
i=1

The c.d.f. Hy will be treated as a parameter.
The conditional log-likelihood function of the ICMPH model takes the
form

P

Xj] = S(bm|Xj, o, Bo, Ho) = Ho (par (oo, ﬁ(/)Xj)) :

In (Ly(e, 3, H)) (42)

= ZZ Di,j In (H (/fﬂi—l (a, 6/Xj)) - H (/fﬂb (Oé,ﬂ/Xj)))

j=1 i=1

+y (1 -3 D) In (H (sas (0, 9'X,))).

4.3 Baseline Hazard Specification

Note that we do not need to specify the integrated baseline hazard A(t|«)
completely for all ¢ > 0. It suffices to specify A(t|a) only for ¢t = by, ..., by.
Therefore we may without loss of generality parametrize A(t|«) as a piecewise
linear function:

A(t]a) = A(bi_l\a) + oy (t - bi—l) (43)
i—1
= Z (073 (bk — bk—l) —+ a; (t — bi—l) fOI‘ t - (bi—lu bz],
k=1

am > O0form=1,..,.M, a=(ay..ay) R,

There are of course equivalent other ways to specify A(b;|«). For example,
let

A(bj|la) = Z Oy 0y >0 form=1,..., M, (44)
m=1
or
Albila) = exp(ay), a1 < ag < ... < ay, (45)

Albola) = A(0]a) = 0.
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The advantage of the specification (43) is that the null hypothesis a; =
... = ayy corresponds to the constant hazard A(t|a) = «y. In that case
exp (' X) A(tla) = exp (In(ay) + ' X)t, so that In(ay) acts as a constant
term in the systematic hazard.

However, the specification (44) is useful for deriving identification condi-
tions, as will be shown in the next subsection. The same applies to (45).

Note that under specification (45) the probability model (41) takes the
form of a generalized ordered probability model, similarly to an ordered pro-
bit or logit model:

P[Engi’j =1 ’ XJ] = FO (ﬁ(/)X] + Oéo7m), m = ].,2, ...,M, (46)

where
Fy(x) =1— Hp (exp (—exp(x))), (47)
with density
fo(x) = ho (exp (— exp(x))) exp (— exp(z)) exp(x). (48)

This case makes clear that we cannot allow a constant in the vector Xj,
because the constant can be absorbed by the ay;’s in (46). Moreover, for the
identification of oy and fy in (46) it is necessary to normalize the location
and scale of the distribution Fy (z) .

5 NONPARAMETRIC IDENTIFICATION
OF THE ICMPH MODEL WITH CON-
TINUOUSLY DISTRIBUTED COVARIA-
TES

5.1 Introduction

Let us assume that A(b;|«) is specified as (44). It follows easily from the
inequality In(z) < x — 1 if x > 0 and = # 1, and the equality

E [LN (Oé,ﬁ, H) /LN(Oéo,ﬁo,Ho)’Xl, ...,XN] =1 a.s.

that
E [N_l In (LN (a7ﬁ7 H) /LN (a07507H0))|X17"'aXN] <0

17



if and only if for some i € {1,..., M},

H (exp (_exp 7, <2m>)>
:m«m(%m% <Z%Q>M]<L

This implies that

E[N"'In(Ly (o, 8, H) /Ly (a0, Bo, Ho))| =0 (49)

)
ﬂﬂm@m%(zm»)

a.s. fori=1,.... M,

P

if and only if

where X = Xj.

Now the question arises: Under what conditions does (50) imply that
a=aqay, B=0yand H= Hy? Obviously, the ICMPH model involved is not
identified if By = 0 or if one of the components of X is a constant. Thus:

Assumption 1(a). None of the covariates is constant, and at least one
covariate has a nonzero coefficient.

For i = 1, (50) reads

H (exp (—exp (0'X) 1)) = Hy (exp (—exp (54X ) ap1)) a.s.  (51)

To derive further conditions such that (51) implies 8 = fy and a; = a1 we
need to distinguish two cases.

The first case is that there is only one covariate: X € R. Without loss of
generality we may assume that 3 = c.f3y, so that (51) now reads

H (exp (—exp (c.00X) a1)) = Ho (exp (—exp (6o X) ap1)) a.s.
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or equivalently,
H (exp (—onog§ (In(1/u)))) = Ho (u) (52)

for all u in the support S; of U = exp (—exp (6pX) a,1) . Note that, due to
the monotonicity of H and Hy, (52) implies that ¢ > 0.
Next, consider the case that X € R* with & > 2, and assume that

Assumption 1(b). The kxk matrix Xy = E [(X — E[X|8)X]) (X — E[X|6)X])']
has rank k£ — 1.

Note that GyX — E[B;X|5,X] = 0, so that X8y = 0. Thus [, is the eigen-
vector corresponding to the zero eigenvalue of X.

Referring to Assumptions 1(a)-(b) together as Assumption 1, the follow-
ing result holds.

LEMMA 2. Suppose that

P[T > 0|X] = Ho(exp(—exp(8;X)apna)) (53)
= H(exp(—exp(F'X)ay)) a.s.

Under Assumption 1, (53) implies that there exists a constant ¢ > 0 such that
B = c.Bo, so that for all w in the support Sy of U = exp (—exp (GyX) ao1) ,

H (exp (—arag (In(1/u)))) = Ho (u). (54)

Proof: Appendix.

Given 3y, for every g1 > 0 there exists a distribution function Hy such
that the first equality in (53) is true. Moreover, given 3y, ag1 and Hy, for
every ¢ > 0 there exists an a; > 0 and a distribution function H such that
(54) holds. Therefore, to establish first that ¢ = 1 (so that 5 = ), and then
that H (ual/o‘ovl) = Hy (u) on Sy implies a; = a1, we need to normalize H,
and H in some way. How to do that depends on the support of G, X. If

Assumption 2. The support of 3,X is the whole real line R,

then there are various options for normalizing Hy and H, as follows.

0The results in Meyer (1995) are based on this assumption.
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5.2 Nonparametric Identification via Extreme Values

Taking the derivative of (54) to u yields

ho(u) = h (eXp (—alaaj (In (1/u))c)) exp (—alagj (In (1/u))c) (55)
1
xoqagSe(In(1/u) =, Yue Sy .
: u
Now suppose that
Ve eR, P[3X <z| >0, (56)
which is a weaker condition than Assumption 2, and
ho(1) = h(1) = 1. (57)

Recall that (57) corresponds to the condition that E[V] = 1. Moreover,
using the easy equality pr(1) = v2k + 1, it follows straightforwardly from
(20) that condition (57) can be implemented by restricting o and h to density
functions of the type (20), with

2
1 oo (0.0}
b= 2(1+;6§>+(1+Z(5k\/%+1>

k=2

k=2

B (o o).

Condition (56) implies that S; contains a sequence u,, which converges to
1. Then

1 = lim hy(u,) = nh—{EOh (exp (—onag§ (In(1/uy)))) (58)

n—oo

x lim exp (—041046,(1: (In (1/un>>c)

n—oo

xapagie lim (In(1/u,))

0 if ¢>1,
= ajopSe lim (In(1/un)) =< aqfagq if c=1,
7 n—oo .

00 if e<l.

Thus ¢ = 1, hence 8 = By and a1 = 1.
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Because now (3, and ag; are identified, the next question is: Does

H (exp (—exp (G5 X) (a1 + a2))) (59)
= Hy (exp (—exp (5yX) (o1 + 02))) a.s.
imply ap = g 2? Let Sy be the support of U = exp (—exp (5,X) (0,1 + ap,2))
and let n = (g — apa) /(201 + ap2). Then (59) implies that H (u'™) =
Hy (u) for all uw € Sy. Under condition (56) there exists a sequence u,, in Sy
which converges to 1. Therefore, similarly to (58) we have

HO (1) — HO (Un>

n—oo 1—u,
H(1) - H (ult 1 — gl
= O ZH @)y gy I
n—0oo 1—Un n—oo — Up,

Hence, under the conditions (56) and (57) , » = 0 and thus as = op.
Repeating this argument for ¢ = 3, .., M, it follows that a = g and

Hy (exp (—exp (6pX) ao;1)) = H (exp (—exp (5,X) ao;i)) a-s.
fori=1,..., M.
Because (43) and (44) are equivalent for ¢ = b;, the following result holds:

THEOREM 5. Let the integrated baseline hazard be specified by (43).
Under Assumption 1 and the conditions (56) and (57) the equality

Efln (Ly (o, 3, H) /Ly (a0, Bo, H))] = 0 (60)
implies that o = oy, = By, and
H (exp (—exp (8,X;) A(bi|aw))) = Ho (exp (—exp (6,X;) A(bi|ag)))  (61)
a.s. for i =1,..., M. If in addition Assumption 2 holds, with X = X;, then
(61) implies that H = H,.

Note that this result and the corresponding results in Theorems 6 and 7
below are conditional on a common vector X; of covariates, because different
sets of covariates may yield observationally equivalent ICMPH models. For
example, let X7 # X;. Then there may exist a pair «, 3 and a c.d.f. H such
that H (exp (—exp (6/X}) A(bs]r))) = Ho (exp (—exp (35.X;) A(bs]aw))) as.tt

1 This was pointed out by a referee.
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Admittedly, Assumption 2 and even the weaker condition (56) are often
not satisfied in practice. In most applications the covariates are bounded and
discrete, and often quite a few of them are dummy variables. In unemploy-
ment duration studies one of the key covariates is the age of the respondent,
which is expected to have a negative coefficient. But even age is a bounded
variable, and is usually measured in discrete units (e.g., years). In that case
the ICMPH model may not be identified. Nevertheless, I will maintain As-
sumption 2 for the time being. In Section 9 below I will consider the more
realistic case that the covariates have finite support.

The condition (57) is only effective in pinning down «g and fy if U;; =
exp (—exp (85 X;) A(b;|ap)) can get close enough to 1. Thus, the identifica-
tion hinges on the extreme negative values of 5;X;. Under Assumption 2
it follows that plimy_,.o minj—;  n Gy X; = —o00, hence plimy_,o, max;j—1, n
Ui;; = 1, but in finite samples max;—; _n U;; may not get close enough to
1 for condition (57) to be effective. Therefore, I will now derive alternative
identification conditions.

5.3 Nonparametric Identification via Quantile Restric-
tions

Suppose that the distribution functions H and Hj are confined to distribu-
tions with two common quantiles: For a given pair uq, us of distinct points
in (0,1), let

Again, the latter equality facilitates the benchmark case of absence of un-
observed heterogeneity: V' = 1 a.s., which is equivalent to H(u) = Hy(u) =
u a.e. on [0, 1].

Under Assumption 2, uj,uy € S; = (0,1). Therefore, it follows straight-
forwardly from the quantile restrictions (62) and Lemma 2 that under As-
sumptions 1-2, (In(1/u))*" = (In(1/us))*" = af,/eq. Because u; # us,
the first equality is only possible if ¢ = 1, hence § = (3, and the second
equality then implies that a; = ap ;. Similar to Theorem 5 it follows now
that:

THEOREM 6. Under Assumption 1-2 and the quantile conditions (62)
the ICMPH model is nonparametrically identified.
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In other words, under Assumptions 1-2 the equality (60) implies that a = ay,
ﬂ = ﬂo, and H = H().

5.4 Nonparametric Identification via Moment Condi-
tions

Consider the ordered probability model form (46) of the ICMPH model. Let
F(z) be a distribution function of the type (47),

F(z) =1— H (exp (—exp(z))) (63)
with density

f(z) = h(exp (—exp(z))) exp (— exp(x)) exp(z), (64)

where H (u) is a distribution function on [0, 1] with density h(u), and suppose
that for some constants 0 > 0 and p € R,

F(ox 4 p) = Fo(x). (65)

I will set forth moment conditions such that (65) implies y = 0 and o = 1,
so that then model (46) is nonparametrically identified.
Taking the derivative of (65) it follows that (65) implies

fo(z) = ho(exp(—exp(x)))exp (—exp(z)) exp(x)
= oh(exp(—exp(ox + u))) exp (—exp(ox + p)) exp(ox + )
= of(ox+ p) ae.,

hence it follows from (48) and (64) that for any function ¢ on R for which
ffooo () fo(z)dzx is well-defined,

oo

/0 o (In (10 (1/u))) ho(u)du = / (@) fol2)dz (66)

—00

o [ et = [ ( - “) flw)ds

o0 —00

_ /190 (m (In (1/u)) —N) h () du.

g
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If we choose p(z) = = then (66) implies

/0 In (In (1/u)) h (1) du = 0/0 In (In (1/21)) ho ()t + p,

and if we choose ¢(r) = x? then (66) implies
02/0 (In (In (1/u)))? ho(u)du = /0 (In (In (1/u)))* B () du

_ 2M/0 In (In (1/u)) b (1) d + 422

Now assume that

1

/Dln(ln(l/u))h(u)du = In (In (1/w)) ho(u)du,

1

(In (In (1/u)))? ho (u) du.

S— S—

/O(IH(ln(l/u)))2h(u)du _

Then it follows from (67) and (69) that

p=(1 —0)/0 In (In (1/21)) ho () du
and from (68) through (71) that
(0 — 1) /0 (In (In (1 /u)))? ho(u)du

2

(0>~ 1) </01 In (ln(l/u))ho(u)du) .

The equality (72) implies 0 = 1 because

2

/01 (In (In (1/u)))* ho(u)du > (/01 In (1n(1/U))h0(u)du) 7

so that by (71), u = 0.

Note that the values of the integrals in (69) and (70) do not matter for
this result, provided that the integrals involved are finite. However, in order
to accommodate the benchmark case ho(u) = h (u) = 1, which corresponds
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to absence of unobserved heterogeneity, I will assume that the c.d.f. H in the
log-likelihood function (42) is confined to a space of distribution functions
satisfying the moment conditions

/0 In (In (1/u)) dH () — /0 In (In (1)) du, (73)
/0 (In (In (1/u)))? dH (u) = /0 (In (In (1/u)))? du. (74)

It is obvious from the easy equalities

/0 (In(In (1/w)))" du = /_00 xP. exp(x) exp (— exp(z)) dz

o0

for p = 1,2 that the right-hand side integrals in (73) and (74) are finite.
Their values are

1 1
/ In (In (1/)) du = —0.577189511, / (In (In (1/u)))? du — 1981063818,
0 0

which have been computed by Monte Carlo integration.'?

THEOREM 7. Let H and Hy be confined to distribution functions sat-
isfying the moment conditions (73) and (74). Then under Assumptions 1-2
the ICMPH model is nonparametrically identified.

5.5 Implementation of Moment and Quantile Condi-
tions

The moment conditions (73) and (74) can be implemented by penalizing
the log-likelihood function (42) for deviations from the moment conditions
involved by augmenting the log-likelihood function In (Ly («, 3, H)) with two
penalty terms:

In (L*N (04;67 H)) =In (LN (0[767 H)) (75)
—N</O ln(ln(l/u))dH(u)—/O ln(ln(l/u))du)

2/

N (/01 (In (In (1/u)))? dH () — /01 (In (1n<1/u>>>2du>

12Using one million random drawings from the uniform [0, 1] distribution.
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for some integer ¢ > 1.
Similarly, also the quantile restrictions (62) can be implemented by pe-
nalizing the log-likelihood function:

ln(L}kV (O[aﬁvH)) :ln(LN (avﬁvH)) (76)
— N (H(uy) — u1)* = N (H(ug) — ug)™

for some integer ¢ > 1.
For SNP density functions (21) the moment conditions (73) and (74) read

(HZ%)/ (In (In (1/u)))? hn (1) du

:/ (ln(ln(l/u)))pdu—i—QZék/ (In (In (1/2)))? pu(uw)du

0 0

#3000 ([ tnn 1)) pedpm)in)

k=1 m=1

(1+252>/ (In (In (1/w)))? du

for p =1 and p = 2, respectively. Hence, denoting

= ([ 000000 g, [ O () (1)

and
B,, - (/01 (In (In (1/2)))? pi, (w)pi, (w)dus : i1, i3 = 1,2,...,n)
_ /01 (In (In (1/u)))? du.I,,

the conditions (73) and (74) with h replaced by (21) are equivalent to 268'a,, 1+
§'Bp16 =0, 28'ay 2 + &' By 26 = 0, respectively, where § = (64, ...,6,)". There-
fore, if we replace H in (75) by H,(.|6) , the penalized log-likelihood can be
written as

In (L (e, 8, Hn(.]6))) = In (Ln (e, 8, Hn(.[6))) (77)
(20 + 8Busd o N (2802 + 6/ Bunb 2
1+ 66 1466
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for some integer ¢ > 1.

Note that for p = 1,2 the vectors a,, and matrices B, , can easily be
computed in advance by Monte Carlo integration.

If we would assume that for some fixed n, Ho(u) = H,(u|d), so that
H, (ulép) is treated as a parametric specification of the c.d.f. Hy(u), and if
we choose ¢ > 2, then

lim Var <

N—o0

1 Oln (Ly(oo, Bo, H, (’50»))
\/N (05()’6076/)

1 Oln(Ly(ao, Bo, Hul. ’50)»)
\/N (050760766)

= lim Var(

N—o0

and

lim F

< 192 1In (L (ag, Bo, H, (!60>>>>
N 8(040,50,6/> ( 0’6076/)
< 19 In (L (ao, o, H. (!60)>>>_
N 0 (o, B, 6)) O (i, Bh, 6))

Consequently, the penalized ML estimators of ag, 3y and 6y are then asymp-
totically efficient. Therefore, I advocate to choose ¢ = 2.
Similarly, if we replace H in (76) by H,(.|6), the penalized log-likelihood

becomes

= lim F

In (L (a, B, Ha(.]6))) = In (Ln(a, 8, Ha(.]6)))
-N (Hn(ulffs) —u)* =N (Hn(U2|5) —uz)*

with H,,(u|6) defined by (25). For the same reason as before I recommend to
choose ¢ = 2.

6 REQUIREMENTS FOR CONSISTENCY
OF SNP MAXIMUM LIKELIHOOD ES-
TIMATORS

We can write the (penalized) log-likelihood as
In(Ly (a qu a, 8, H
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where Y; = (D1, ..., DMJ,XJ’-)/. In the cases (75) and (76),
M
V(Yj,,0,H) = Y Dijln(H (i1 (e, 5'X;)) = H (i (a, 5'X;))) (78)
i=1

+ (1 - ZDi,j> In (H (par (o, 'X;))) — I(H),

where II(H) represents the two penalty terms.
The maximum likelihood estimators of ag, By and H, are

A,A,ﬁ): NI (L% (a, 8, H)) 79
(a s argaeA,ﬂeHB},EE(eH(O,l) n (Ly(e, 6, H)) (79)

where

Assumption 3. A and B are given compact parameter spaces for o and j3,
respectively, containing the true parameters: ag € A, fy € B, and the space
H(0,1) is a compact metric space of distribution functions on [0, 1] endowed
with the sup metric

|Hy — Hal| = sup |Hy(u) — Ha(u)]. (80)

0<u<1

The space H(0, 1) corresponds to a metric space D(0, 1) of densities on (0, 1)
endowed with the L; metric

1
I = hally = [ (@) ~ ha(u)| (31)
0
Let o
V(a,,H) =E ¥ (Y;,a,5,H). (82)
To prove the consistency of the ML estimators, we need to show first that
p]\}l_{nooﬁ(avﬁv ﬁ) = E(al)aﬁl)a[{l)>' (83)

Similar to the standard consistency proof for M estimators it can be shown
that if W is continuous and (o, 5o, Ho) is unique then (83) implies that
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In general it will be impossible to compute (79) because it requires to
maximize the log-likelihood function over a space of distribution functions.
However, it follows from Theorem 3 that for each subsequence n = ny there
exists a sequence of compact subspaces H,,(0,1) C H(0,1) of distribu-
tion functions of the type (5) or (25), containing a c.d.f. H,, such that
Iimy_ oo [[Hny — Hol|l = 0, so that

a.3 ff) _ N-'In(L* H 4
(a,ﬁ, TP S n(Ly (a, 8, H)) (84)

is feasible. This is known as sieve estimation. See Chen (2007) for a re-
view of sieve estimation. It will be shown that under suitable conditions,
plimy oo @ = ap, plimy_,o 8 = fo, and plimy_. ||H — Hy|| = 0.

The crux of the consistency problem is twofold, namely: (a) how to make
the metric space H(0, 1) compact; and (b) how to prove (83). These problems
will be addresses in the next sections.

7 COMPACTNESS OF THE DENSITY AND
DISTRIBUTION FUNCTION SPACES

Consider the space of density functions of the type (20), subject to the con-
dition Y7, 67 < oo. This condition can easily be imposed, for example by
restricting the 0;’s such that for some constant ¢ > 0,

[6k] < (85)

1+ \/Eln(k)’

because then 377, 62 < @ + 23 2, k1 (In(k)) 2 < &+ ¢*/In(2) < oo.
The conditions (85) also play a key-role in proving compactness:

THEOREM 8. Let D(0, 1) be the space of densities of the type (20) subject

to the restrictions (85) for some constant ¢ > 0, endowed with the metric
|h1 — he||, = fol |hi(u) — ho(u)| du. Then D(0,1) is compact. Consequently,
the space

H(0,1) = {H(u) _ /Duh(v)dv, h e D(0, 1)},

endowed with the "sup” metric (80), is compact as well.
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Proof: Appendix.
Of course, the result of Theorem 8 is only useful for our purpose if the
constant ¢ in (85) is chosen so large that

Assumption 4. The true c.d.f. Hy is contained in H(0,1).

Moreover, it follows now straightforwardly from Theorem 3 that the fol-
lowing results hold.

THEOREM 9. Let D,,(0,1) be the space of densities of the type (21) sub-
ject to the restrictions (85), with c the same as for D(0, 1), with corresponding
space of distribution functions

H,(0,1) = {H(@ - /Ouh(v)dv, h € D, (0, 1)}.

For each n, H,(0,1) is a compact subset of H(0,1), and for each H €
H(0,1) there exists a c.d.f. H, € H,(0,1) such that lim, . Supg<,<; |H(u) —
H,(u)| = 0.

Recall that the SNP distribution functions H,(u) take two equivalent
forms, namely the form H,, (u|6) defined by (25) and the reparametrized form
H,, (u|n) defined by (30), where the parameters 7 in the latter are linked to
6 via (28). Hence, the restrictions (85) imply the following restriction on the
parameter vector 7:

k=1,..,n, (86)

n—=k c
mie (Mm)| < ———m——ri,
n;)n“ pi )‘ 1+ vk In(k)

where i, (m) is defined by (29). Thus, H, (0, 1) is also the space of distribu-
tion functions of the type (30) subject to the restrictions (86).
It is not too hard to verify from (10) and (11) that the integrals p, (m) =

fol u™™pp(u)du for m = 0,1,2, ... can be computed recursively, namely

po(m) = 1/(m+1),
pn (M) = Knip—1 (m)+0.51 (m >1) .4, (m —1)
—wpl (m > 2) pip1 (m —2) forn>1,
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where

ny2n + 3 n+1

Rp = Wnp =

o0 /4(n+1)2—1v2n —1 2y/An+1) —1

The restrictions (85) or (86) can be implemented in practice by penalizing
the log-likelihood, in particular if the simplex iteration of Nelder and Mead
(1965) is used for maximizing the log-likelihood. If the bounds (86) or (85)
are exceeded, set the log-likelihood to a large negative value, for example
—10%°, so that the next simplex iteration will bounce away from the bounds.

8 CONSISTENCY OF M-ESTIMATORS IN
THE PRESENCE OF NON-EUCLIDEAN
PARAMETERS

I will now address the problem how to prove (83). To relate (83) to Theorem
10 below, denote © = {(a,5,h) :a€ A, € B, H € H(0,1)}, and define
a metric d(.,.) on © by combining the metrics on A, B and H(0,1). For
example, for 61 = (aq, 01, H1) € O, 03 = (g, B2, Ha) € O, let

d(6,,0) = max [\/ (o1 — ) (e — ), (87)

V3= 8 (B = B2). sup |Hi(u) — Ho(u)

0<u<l

THEOREM 10. LetYj,j =1,..., N, be a sequence of i.i.d. random vectors
in a Euclidean space, defined on a common probability space {2, F, P}, with
support contained in an open set Y. Let © be a compact metric space with
metric d (01,02) . Let g(y,0) be a continuous real function on Y X © such that
for each 6 € O,

Ellg(Y1,0)]] < oo, (88)

so that g(0) = E[g(Y1,0)] is defined and finite, and let for some constant
Ky >0,

E [max (zlelgg(Yl, 0), —Koﬂ < 0. (89)
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Denote 0 = arg maxgee N ! Zjvzl 9(Y;,0) and 6y = argmaxgeco G(0). Then

plimy_ oo 5(5) =(6o). If 6y is unique then the latter implies plimy_, d(/H\, o)
= 0.

Proof: Appendix.

In the penalized log-likelihood case, let g(Y;,0) = ¥(Yj, a, 5, H), where
the latter is defined by (78). Clearly, H (u;(c, f'x)) is continuous in a € A,
0 € B and all x, and H itself is uniformly continuous with respect to the
”sup” metric. Moreover, the penalty term —II(H) in (78) is continuous in H.
Therefore, ¥(y, «, 5, H) is continuous on Y x A x B x ‘H(0, 1), where ) is the
Euclidean space with dimension the dimension of Y; = (DLjv ey Darj, X ]’) .
Then ¥(a, 3, H) is also continuous on A x B x H(0,1).

It is easy to verify from (78) that (Y}, o, 3, H) < 0, hence condition (89)
holds, and condition (88) holds if

Assumption 5. For all (o, 3, H) € Ax BxH(0,1), E[In (L% («, 3, H))] >

—0OQ.

Thus, under Assumptions 1-5, the conditions of Theorem 10 hold, hence (83)
is true.

As said before, maximizing a function over a non-Euclidean metric space
O is usually not feasible, but it may be feasible to maximize such a function
over a subset Oy C O such that under some further conditions the resulting
feasible M estimator is consistent:

THEOREM 11. Let the conditions of Theorem 10 hold, and let O C O be
such that the computation of 6 = argmaxgeg, N ' Z;V:1 g(Y;,0) is feasible.
If each Oy ‘contains an element Oy such that limy_. d (6n,6p) =0, then
plimy o G(0) = g(6p). Consequently, Theorem 10 carries over to 6.

Proof: Appendix.
We can now formulate the consistency results for the sieve ML estimators

of the parameters of the SNP-ICMPH model:

THEOREM 12. Let «g, 3y, Hy be the true parameters of the ICMPH
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model. Let L («, 3, H) be the penalized likelihood function, and let

a0, H) = In (Ly(a, B, H
(a B are aeA,ﬁeBr{?é(HnN(D,l) n(Ly(e, 3, H))

where H,, (0,1) is the space of distribution functions defined in Theorem 9.
Then under Assumptions 1-5, plimy_ .., & = ag, plimy_. 8 = [y and

H(u) — Ho(u)| = 0.

p lim sup
N—o00 g<u<l

Note that the speed of convergence ny of Hy, € H,,(0,1) to Hy € H(0,1)
does not matter for this result. Therefore, as far as consistency is concerned
the space H,, (0,1) may be selected adaptively, by using for example the
well-known Hannan-Quinn (1979) or Schwarz (1978) information criteria.

9 THE ICMPH MODEL WITH FINITE-
VALUED COVARIATES

As said before, Assumption 2 if often not satisfied in practice. In this section
I will therefore consider the more realistic case that the covariates are finite-
valued:

Assumption 1*. None of the components of the vector X; € R* of co-
variates is a constant. The support S of X; is finite: S = {z1,z2,...., 2k},
P[XJ < S] =1.

9.1 Lack of Identification

In this case the ICMPH model is no longer identified. Instead of a single
true parameter vector 6, = (ag,ﬂé)/ there now exists a set Oy of "true”
parameters (henceforth called admissible rather than true), in the sense that
for each (ag, ﬁé)/ € O there exist uncountable many distribution function
Hy on [0, 1] for which the model is correct. I will show this for the ICMPH
model (46) in the form

Py = PELD;; =0 X; =1 (90)
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= H, (exp (— exp (66I[ + a{)wm>)) ,
m = 1,.. M, {=1,.. K,

where w,, is column m of the M x M upper-triangular matrix Q = (w;, ;,) with

. . . ! . .
typical element w;, ;, = I(i1 < 42), and g = (ap1, ¥ 2, ..., ¥ p) satisfying
apm > 0 for m =2,3, ..., M. As part of the model specification I will choose
closed hypercubes for the parameter spaces of o and 3:

A=xM (o, @], a;>0fori=2 ..M B=xk, [@B} . (91)

where the intervals involved are wide enough such that A x B contains at
least one admissible parameter vector (ay, B{))/. Moreover, note that the log-
likelihood In (Ly («, 8, H)) involved is the same as in (42), except that now
i (o, 0 X;) = exp(—exp('X; + dw;)) fori =1,..., M.

If K is small relative to the sample size N, then we can treat the proba-
bilities p?m[ as parameters, with corresponding log-likelihood

In(Ly (P)) = Z Dy Y (X =) In(1—py) (92)

o ];1 =1
— Z Z D;; Z I(X; =20)In(pi_1e — pig)
—1 i—2 =
JN Mz 1 )
+Z<1 ZDU>ZI i = 0)In (pary) -
j=1 i=1

where P = (pig; i =1,..,M, £=1,....K) is an M x K parameter matrix.
It is easy to verify that the ML estimator of

Po=(p)y;i=1,...M, (=1,..,K) (93)
is an M x K matrix P with elements

N
Y (=2 D)X=
ﬁmvz:ZJ_l( - 1 J) ( J 5)' (94)

Zj:l I(X; =)

Thus, in this case there is no need for a model. However, I will assume that
K is too large for this approach.
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The size of the set ©¢ of admissible parameter vectors in A X B is maximal
(in term of Lebesgue measure) if we make the following assumption.

Assumption 2*. The probabilities p), , = P [¥72,D; ; = 0 | X; = x|, m =
1,...M,¢=1,.., K, are all different.'?

Then ©g is the simplex:

O = My, o, (0= (o/,8) € Ax B: (95)

mg,ly

6, (Ifl - Ifz) + o (wml - wmz) > 0} )

where (1,0, = 1,...,K and m;,my = 1,...,M. Any point § = (o/,3)" €
Oy is an admissible parameter vector because there exist uncountable many
continuous distributions function H on [0,1] that fit through the M x K
points (eXp (— exp (6':135 + o/wm)) ,pm,g) , so that then

Pme = PELDi;=0]X; =] (96)
= H (exp (— exp (6/:135 + a’wm>>> .

as well.
On the other hand, the distribution functions H and H, can be confined
to SNP distribution functions:

LEMMA 3. Given K points (u;,v;) € (0,1) x (0,1) satisfying u1 < ug <
e < U, V1 < Vg < ... < vk, there exists an SNP distribution function
H,(u|é) defined by (25)** such that H,(u;|8) = v; for i = 1,..., K. However,
0 may not be unique, even for the minimal value of n.

Proof: Appendix.
Therefore, the space H(0, 1) of distribution functions H can be restricted
to H(0,1) = US°H,,(0,1), where H,(0, 1) is defined in Theorem 9. Thus, for

13Note that this assumption is stronger a condition than Assumption 1(a), as it implies
that the elements of S can be ordered such that lx; < Giz2 < ... < Bixk, which may
not be possible if some of the components of 3y are zero. Moreover, Assumption 1(b) is
no longer applicable, because )z is now a one-to-one mapping on S, which implies that
E[X;|6yX;] = E[X;|X;] = X;. Therefore, ¥y in Assumption 1(b) is now a zero matrix!
YOr H,(u|n) defined by (30).
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each (o, 3") € ©p there exists a minimal polynomial order n(a, 3) and one
or more distribution functions Hy a8y € Hu(a,3) (0, 1) such that (96) holds for
H(u) = Hy(a,p)(u).

Neither the quantile conditions (62) nor the moment condition (73) and
(74) are sufficient to solve this identification problem. The only way we can
solve this problem is to design a procedure for selecting a unique point in the
simplex ©y. I will propose to do that via quasi maximum likelihood (QML).

9.2 Quasi Maximum Likelihood

The idea is to approximate p), , using for h a low-order SNP density hq(u]6).
Suppose that

Assumption 3*. The polynomial order ¢ is chosen such that

_ —1
(o, By, Hy) = arg (a,ﬁ,H)er/Illfngq(O,l)E [N"'InLy(a,3,H)] (97)

is unique.
If in addition,

Assumption 4*. E[N~'In Ly(a, 3, H)] > —oc for all (o, 8, H) € AX B x
(UM (0,1)),

then it follows from Theorem 11 that

a,. B ff) - InL H
(aq,ﬁq, 0) TAL A e ~(a, B, H) (98)

converges in probability to (ay, B,, Hy) -
Note that the QML estimation problem (98) is fully parametric. Denoting
Ay ={6=(61,....,6,) s.t. (85)}, (98) is equivalent to

(80:5p000) =ars | max - In(Ly (o, 5, Hy(18)))

and (97) is equivalent to

(0tgs Bg» ) = arg g A E[N~'In(Ly (o, 8, Hy(.]6)))] -
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Therefore, the standard QML asymptotics applies [c.f. White (1982)]. In
particular, if

Assumption 5*. (oz;, B;, (5{1)/ is an interior point of ©g x A,

then
gq — Qq
VN By= B8y | = Narsreq [0, 0051
5q - 5q

in distribution, where

. Oln Ly (O‘qvﬂm Hq(-|5q)) /\/N
0 = Var< a(al,. 1, 51) >,

@ Yq
9°In Ly (athﬂq: Hq(-|6q)) /N
8(0/q ’5’)’8(04& o)

17g g

—_—

1Pqr g
Next, suppose that:

Assumption 6*. The ranking of p,,, /(q) = H, (exp (— exp (ﬁ;I[ + a;wm)))
is the same as the ranking of p), , = P [Y2,D;; =0 | X; = 2] .

K3

Then the ranking of the QML estimates
Pme(q) = PNIq (exp (— exp (quz + &;wm)» (99)

of the ppms(q)’s will be equal to the ranking of the p?n/s with probability
converging to one.

Note that a sufficient condition for Assumption 6* to hold is that it is
possible to choose ¢ such that

1
(0] . 0 0
Hv}fl;( |pm’£ B pm,Z(Q)l < 5 (m1,€11)22?m2,82) ‘pml’zl a me,le . (100)

Then it follows from (95) that (a, B,

q)/ € Oy, hence we may interpret o, and
B, as the "true” parameters,

Qg = Oy, 50 = ﬁqa (046, 6(/)>/ € @Oa (101)
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with corresponding QML estimators a = ay, B = Eq, satisfying
~N\/
lim P [(a’,ﬁ) c @0] —1
N—o0
(due to Assumption 5*), and

&

~

Q- a
5 o

in distribution, where ¥ = (1745, O) Q5 "0 Q5 (Inrgr, O)'.

) — Narax [0, 5] (102)

9.3 Consistent Estimation of the Minimal Polynomial
Order

Given the reparametrization (101) it follows now from Lemma 3 that there
exists a smallest polynomial order ng and a c.d.f. H,, € H,,(0,1) such that

P [E?ilDi,j =0 ‘ Xj = 33'[] = Hno (eXp <_ €xp <6éxf + a()wm>>> )
m o= 1,..M (=1,.. K (103)

I will show that ng can be estimated consistently by using an information
criterion similar to the Hannan-Quinn (1979) and Schwarz (1978) information
criteria:

—2 ~ 7 p(N)
=— In(L H M+k ——=(104
Cnln) =57 sw n (L (@8, H) ) + (M +k+n). 2= (104)
where A}im ©(N)/N =0, A}im ©(N) = 0. (105)

Recall that the Hannan-Quinn (1979) criterion corresponds to the case ¢(N)
= 2In(In (IV)) and the Schwarz (1978) criterion to the case ¢(N) = In (N),
but any ¢(N) > 0 satisfying (105) will do.

THEOREM 13. Given the Assumptions 1*-6* and the reparametrization
(101), let ng be the smallest polynomial order for which there exists an SNP
distribution function H,, such that (103) is true. Let Cn(n) be defined by
(104). Then

plimy_ o Cy(n+1) < plimy_o Cn(n) if n < ng, (106)
plimy—oo {5 (Cn(n) = Cn(n—1)) =1 if n>ne.  (107)
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Consequently, 1 = MaX . ¢y (n)<Cn(n—1), n>2 N i a consistent estimator of no:

lim P[n=ng|=1. (108)

N—oo

Proof: Appendix.

9.4 Consistency of the SNP Probability Estimators

The partial optimization problem supep_ (g 1y 1n (LN (a, B, h)) yields SNP
estimates

P = H (exp (= exp (B e+ @) ) (109)

of the probabilities p?w in (90). Although H (u) may not be unique on [0, 1],
we nevertheless have that

THEOREM 14. Under the conditions of Theorem 13 the SNP probability

estimators (109) are consistent: plimy .o Py, , = P[22, Dij = 0| X;j = 2] .

Proof: Appendix.

It is clear that Assumption 6* is the crux of the results in this section.
Although designing a test for the validity of Assumption 6* is beyond the
scope of this paper, in the absence of such a test one should at least check
whether the ranking of the py, ,’s matches the ranking of the estimates p, ¢(q)
in (99) based on the QML results. If not, increase ¢ and redo the estimation
until the rankings match.

10 CONCLUDING REMARKS

Because the ICMPH model under review is equivalent to an ordered proba-
bility model of the form (46), the results in this paper are straightforwardly
applicable to more general ordered probability models as well, simply by
replacing (47) with Fy (z) = 1 — Hy (1 — G(z)), where G(x) is a given dis-
tribution function. For example, let G(z) = 1/ (1 + exp(—z)). Then (46)
becomes a semi-nonparametric ordered logit model. The only difference
with the ICMPH model is that moment conditions (73) and (74) need to
be adjusted, because these moment conditions correspond to the special case

G(z) =1 —exp(—exp(z)).
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Moreover, it seems that the results in this paper can easily be adapted to
ordered probability models based on Hermite polynomials.

The idea to model SNP densities and distribution functions using Legen-
dre polynomials on the unit interval is the most straightforward part of this
paper. The main contributions in this paper are (a) the application of this
idea to interval-censored mixed proportional hazard models; (b) the deriva-
tion of the conditions under which these models are nonparametrically iden-
tified; (¢) the construction of the compact metric space of density and dis-
tribution functions on the unit interval; (d) the weak consistency results for
sieve M-estimators under weak and verifiable conditions, and (e) the two-step
approach to get around the lack of identification problem in the case where
the support of the covariates is finite.

Although there is a fair amount of literature on asymptotic normality of
semi-nonparametric parameter estimators [see for example Chen (2007) and
the references therein|, this literature is not directly applicable to the cases
considered in this paper. For deriving asymptotic normality, however, we
need to work with the scores of the log-likelihood, which involved ratios of
densities and distribution functions on the unit interval and their derivatives.
In view of the asymptotic normality conditions in Chen (2007, Section 4.2.1)
the L' metric on D(0, 1) will not be sufficient to derive asymptotic normality
results for the models under review. The asymptotic normality problem will
be left for future research.

The current topology of the space D(0, 1) is also not sufficient for consis-
tent sieve estimation of mixed proportional hazard models with right censor-
ing only, because then the log-likelihood function involves the log of a density
h(u) on [0, 1], for which the L' metric is too weak to prove consistency along
the lines in this paper. Also this problem will be left for future research.
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APPENDIX: Proofs

Proof of Lemma 2. Denote Y(u) = In(—In(H! (Hy(u)))), and ob-
serve that T (u) is monotonic decreasing on (0,1). Then it follows from (51)
that

B'X =7 (exp(—exp (5 X) a1)) —Inag = ¢ (G X),

for example, where ¢ is a monotonic increasing function on R. Hence E[3'X|
Gy X] = ¢ (ByX) = f'X and thus 3% = 0. The latter implies that [ is an
eigenvector of ¥y corresponding to its (only) zero eigenvalue. But so is [y,
hence § = ¢f for some constant ¢ # 0. Because now c¢3)X = ¢ (3)X) and ¢
is monotonic increasing, ¢ cannot be negative. Finally, the result (54) follows
straightforwardly from (3 = c,.

Proof of Theorem 8. The theorem involved follows from the following
lemmas:

LEMMA A.1. Let § = {&}rey be a given sequence of positive numbers
satisfying
&>1, ) & <o, (110)
k=1
and let Fe be the set of functions f(u) =Y po o kpr(u) in LE(0,1) for which

Y € [=&k, &), k = 0,1,2, ..., endowed with the metric (12). Then F¢ is
compact.
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Proof: 1t suffices to prove that F; is complete and totally bounded. See
Royden (1968, Proposition 15, p.164).

To prove completeness, let f,(u) = > 7o, YnrPr(w) be an arbitrary Cauchy
sequence in F,. Because f,(u) is a Cauchy sequence in the Hilbert space
L%(0,1) it converges to a function f(u) = > p ;Ykpr(u) in LE(0,1). Now F¢
is complete if f € F¢. Thus, we need to show that v, € [—&, & for all k and
> o =1

To prove vy, € [—&k, &), note that || f, — fl|, = \/ZZO:O (ke — ) — 0
implies that for each k, v, — 7% Because v, € [—&k, &k it follows that
Vi € [—Eks k] -

To prove Y ° (v = 1, let € € (0,1) be arbitrary. Because Y " (72, =
L=y i Var > 1 =322 . & we can choose m so large that uniformly
inn,0<1-3 " 72, <e. Because for k =0,1,...,m, Yo — Yk, it follows
that 0 <1-3"7" (72 < e. Thus lim,, 00 Y V2 = 1. Hence F¢ is complete.

To prove total boundedness, let € > 0 be arbitrary and let F¢, be the
space of functions f,,(u) = Y ;_,vepr(u) such that Y7 _ 72 < 1 and 4 €
[k, &kl B =0,1,2,....,n. Choose n so large that » 2 £2 < e. Then for
each f € F, there exists an f,, € F¢,, such that ||f — f.|, < €. The set of
vectors ¥ = (Y0, V1, ---, Vo) satisfying v € x7_y [—&k. k), 7'y < lisaclosed an
bounded subset of R™*! and is therefore compact, and consequently, F , is
compact. Therefore, there exists a finite number of functions fi, ..., far € Fer
such that

Fen C UL {f € Fe(0,1) :If = fill, <}
This implies that

F. C Uj]\il {f € Fe(0,1) : |If = fill, < 25}
C UM {Fe200): 1f — fll, <2,

hence F, is totally bounded. Q.E.D.

LEMMA A.2. Under condition (110) the space

_ 1+ 2211 Orpr(u) 52 <

endowed with the metric (12) is compact.
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Proof: It follows from (19) and (110) that

ok

2 - k< 2,k>1,
LR ES v A
1
2 - <1< 2
EEES v
1

R
N ED v A .
hence .7:: C Fe.

For a metric space the notions of compactness and sequential compact-
ness are equivalent. See Royden (1968, Corollary 14, p. 163). Sequential
compactness means that any infinite sequence in the metric space has a con-
vergent subsequence which converges to an element in this space. Therefore,
any infinite sequence f, € .7-;* C F¢ has a convergent subsequence

_ 1D Bk i (w)

fr (0) =
NEED

with limit -
fu) = Zykpk(u) € F¢(0,1).
k=0

It is easy to verify that

. 1 1
Yo = lim

> —— >0,
S ES SRR RVAED Yt

)
Y = lim kin = lim Opm,, k> 1.
SN

Denoting 6 = vx/v0 we can write f(u) as

L4 epn(u)

V1t 6f

where &7 = limy .o 03, < &, so that f € Fi. Thus F; is sequentially
compact and hence compact. Q.E.D.

f(u)
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LEMMA A.3. The space D¢(0,1) = {h:h=f? fe F¢} of density

functions on [0,1] endowed with the metric (81) is compact.

Proof: It follows from Schwarz inequality that for each pair of functions
f9€Fe,

/\f — g(u)?| du (112)
/\f() sl -+ [ 15) - o) (e

\// g(u))? du \//0 F(u)2du + \//01g<u)2du
- 2\/ [ = gt

Let h,, = f7 be an infinite sequence in D¢ (0, 1). Because F} is compact, there
exists a subsequence f,, which converges to a limit f in .7-' *, hence it follows
from (112) that h,,, = f2 converges to h = f?. Thus Dg(O 1) is sequentially
compact and therefore compact. Q.E.D.

We can choose & such that D(0,1) C D,(0,1). It is now easy to verify
that D(0, 1) is sequentially compact and therefore compact, and that this
implies that H(0, 1) is compact.

Proof of Theorem 10. It follows from Jennrich’s (1969) uniform strong
law of large numbers, in the version in Bierens (1994, Section 2.7) or Bierens
(2004, Appendix to Chapter 6) that under the conditions of Theorem 10,
with the conditions (88) and (89) replaced by

B {sup \g(}fl,e)@ < oo (13)
9cO
we have
| XN
lim sup |— Y. 0)—3(0)| =0 a.s. 114
Jim_ sup N;g( ; ) (114)
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However, the condition (113) is too difficult to verify in the log-likelihood
case. Therefore I will use the weaker conditions (88) and (89).

Originally the uniform strong law (114) was derived by Jennrich (1969)
for the case that © is a compact subset of a Euclidean space, but it is easy to
verify from the more detailed proofs in Bierens (1994, Section 2.7) or Bierens
(2004, Appendix to Chapter 6) that this law carries over to random functions
on compact metric spaces.

Let K > K, and note that

E {max <Supg(Y1,0 , >} E [max <Supg Y1,0), KO)} < 00,
S 0ce

hence F [supyce |max (g(Y1,0), —K)|] < oo. Then it follows from (114) with

g(Y;, 0) replaced by max (g(Y;, ), —K) that

lim sup =0 a.s., (115)

N—oo gco

%Zmax (9(Y;,0), —K) — gk (0)

where g () = E [max (¢9(Y;,6), —K)].
As is well-known, (115) is equivalent to the statement that for all € > 0,

<€] =1

In its turn this is equivalent to the statement that for arbitrary natural

numbers k and m there exists a natural number N (K, k, m) such that for all
N > N(K,k,m),

hm P

N—o0

sup sup
n>N €O

anax —K) —gx(9)

sup sup
n>N €O

anax —K) =gk (0)

Let k < K < m. Then there exists a natural number N(K) such that for all
N > N(K),

sup sup |—
n>N €O

: Z max ( —K) ~ 5 (6)] < K

1 1
<—] >1——=

For given N, let Ky be the maximum K for which N > N(K). Then
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1

1
<—]>1—

Ky’

<€] =1,

— 0 a.s., (116)

P sup sup |—

o Z max KN) - QKN(Q) Kn

hence, for arbitrary € > 0,

lim P

su su
[t p Pl=

- Z max ( —KnN) — Gk, (0)

This result implies that along the subsequence ny = N(Ky),

Z max ( —KN) — Gk, (0)

sup |—
0cO

ny

and the same applies if we had replaced N first by an arbitrary subsequence.
Thus, every subsequence of N contains a further subsequence ny such that
(116) holds. As is well-known, a sequence of random variables converges in
probability if and only if every subsequence contains a further subsequence
along which the sequence involved converges a.s. Thus, (116) implies that
there exists a sequence Ky converging to infinity with /N such that

N
p lim sup |— = g max (g(Y;,0), —Kn) — gk, (0)| = 0. (117)
=1

N—oo gec@

Because the function max(z, —K) is convex, it follows from Jensen’s in-
equality that

gx(0) = Elmax(g(Y;,0), —K)|] > max (Eg(Y;,0)], —K)  (118)
= max (g(), —K) = g(0)

and similarly

%;max(g(i/}ﬁ),— (%; ) > %Zg(YJ,H)
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It follows from (89), (118) and the dominated convergence theorem that
limg o0 SUPgeg [Gx () —G(0)| = 0, hence (117) now becomes

p lim sup
N—00 gco

%me(gm,m,—m)—a(e) =0. (120)

Finally, observe from (119) that

=

3 2o max (4050, 80w) = 30) > 1 30050 -760) (20

=1 Jj=1

<.

>

> (% 00) — 9(606) + 5(00) — 70) = - > 9(%;,00) — 5(60).

Jj=1

2|

By Kolmogorov’s strong law of large numbers, the lower bound in (121)
converges a.s. to zero, and by (120) the upper bound in (121) converges

in probability to zero, hence plimy_, o (% Zjvzl g(Y},/@\) — §(§)> = 0, which
implies
p 1 50) = 5(60). (122)

N—oo
Because 6 is unique it follows from the continuity of g(#) and the com-
pactness of © that there exists a > 0 such that for all ¢ € (0, 2], supgee 4(0,00)>c
79(0) < g(bp). See, for example, Bierens (2004, Appendix II, Theorem I1.6).
It follows therefore from (122) that

P [d(@, B) > 5} <P

g0) <  sup aw)] — 0.
6€0,d(0,00)>¢

Proof of Theorem 11. Similar to (121) we have,

%;max< (Y;,0) KN> —g(@) > %;Q(YQ,GN) 9(0)
> =3 4(¥5,0x) ~ 9(600) + 7(6) ~ 70



It follows from (120) that
1 & ~ ~
=
and it follows from Kolmogorov’s strong law of large numbers that
~ Zg ,60) — G(6o) a. (123)

Moreover, it follows from the continuity of E [|g(Y1,0) — g(Y1,6p)|] in 6 and
th—»oo d (HN, 90) = 0 that

E % ; (9(Y;,0n) — g(Y;,60))

Hence by Chebishev’s inequality,

< Elg(Y1,0n) — g(Y1,60)] — 0.

(g(}/ﬁeN) - g<Y}7 90)) = 0. (124)

NNgE

i —
PN
7j=1

Thus, plimy_o (% SN g(Y5,08) —5(5)) — 0, which by (123) and (124)
implies that plimy_..0 g(8) = g(6,).

Proof of Lemma 3. First, consider the case K = 1. Let H(u) be a
distribution function on [0, 1] such that H(u;) > v, and let H(u) be a distri-
bution function on [0, 1] such that H(u;) < v1. Then it follows trivially from
Theorem 3 that there exists an n and a palr 6,6 € R™ such that H,(u1[6) > v
and H,,(u;|8) < v;. Because ¢, (A\) = H,(u1|(1—X)§+A6) —v; is a continuous
function of A € [0,1], with ¢,(0) < 0, ¢,(1) > 0, there exists a A € (0,1)
such that ¢, (\) = 0. For this A, let § = (1 — A\)§ + 6. Then H,,(uy|6) = v;.

This argument shows that n can be chosen so large that the sets A,
={6 e R": H,(u;]6) =v;},i=1,.., K, are non-empty. It remains to show
that there exists an n such that NX A, # 0.

Next, consider the case K = 2. Again, it follows straightforwardly from
Theorem 3 that there exists an n and a pair 8,8 € R” such that

Hy(u1|6) < w1, Hn(u]8) > vy,
Hn(UQ’Q) < Ug,Hn(UQ‘5>>U2.

49



For such a pair 6, §, consider the function
U (A M) = H,(ug|(1 — N)& + A6) — vy
+<Hn(u1|(1—>\)§+)\5)>M_< v >M
U1 H,(ui|(1=N)8+ X))
where M > 0 is a natural number and A € [0, 1]. For each M > 0, ¢, (A\|M) is
continuous in A € [0, 1], and for sufficient large M, v, (0|M) < 0, ¢, (1|M) >

0. Consequently, for such an M > 0 there exists a Ay; € (0,1) for which
Y (Ay|M) = 0, so that

Hn(u2|(1 — )\M)é + )\Mg) = V2

i <Hn(u1!(1 —Q;IM)Q + AEM)>M - <Hn<“1|(1 _le)é - AM5)>M

Now Ay is a sequence in the compact interval [0, 1], hence all the limit
points of Ay are contained in [0, 1], and for each limit point A, there exists
a subsequence M; such that lim; . Ays; = As. Thus

Hy(ug|(1 = A8+ Ab) = lim Hy(ur|(1 — Aag,)8 + Aag,6) = 1,
j—00
for instance. If n > vy then

<Hn(u1](1 )b+ AMj5)> M

U1

lim
Jj—o0

M]
lim il _ — 0
500 \ Hy(ur|(1— Ayr ) + Aas, 0

hence H,(uz|(1 — A\)d + 2\*5) = 00, which is impossible. Similarly, if n < v;
then H,(us|(1—A.)d+ A6) = —oo, which is again impossible. Consequently,
1N = vy, so that

This argument shows that for large enough n, A, N Ay, # 0. Also, this
result implies that we can choose an n and a pair §,6 € Ay, such that

Hn(UQ’é> < V2, Hn(U2‘5> > Vg.
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The latter will be the basis for the proof of the general case.

Finally, consider the case K > 2. Let m > 2, and suppose that for large
enough n there exists a pair 8,8 € ﬂ?i_llAm # () such that H,(t,|6) > v,
H,(um|d) < vp,. This assumption has been proved for m = 2. Next, consider
the function

n

+: ((Hn(ui‘(l ;A)é + A5))M + (Hn(ui!(l f"/\)é . ,\5))M>

% (Ho(ui] (1= N)g + 28) —v;)”

O™ (AIM) = Hy (| (1 = A)8 + A8) — v
1

where again M > 0 is a natural number and A € [0, 1]. Note that

®™ (0|M) = H,(upm|d) — vm <0,
O (1M) = Hp(um|d) — vm > 0,

so that by the continuity of ®™ (A\|[M) in A there exists a Ay € (0,1) such
that ®\™ (Am|M) = 0. Similar to the case K = 2 it follows that for all limit
points A, of Apr, Hy,(ui](1—AN)8+Mb) = v, i = 1,..,m, hence N2, A, # 0.
The general result follows now by induction.

To show that ¢ may not be unique, consider the case K = 1, with u; =
1/2 and v, < 1/2. It is easy to verify that

V(14 6v32u—1)"du 1 (126
“2 ()

v = Hi(1/2]8) = b 1+ 62 14 62

hence 6 = /1 — 2v1//2 (1 + v1).

Proof of Theorem 13. Part (106) of Theorem 13 follows from the
inequality

1 5 . 1 ~
p lim — sup In (LN (a,ﬁ, H)) <p lim — sup In (LN (a,ﬁ, H))
(0,1)

N—oo N gen,(0,1) N—oo N pem, .y

for n < ng, which in its turn follows trivially from Theorem 10. Part (107)
is true if for n > ny,

sup In (LN (&,B, H)) — sup In (LN (&,B, H)) =0,(1). (125)

HEH (0,1) HEHngy (0,1)
0
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To show that (125) holds, observe first that for all n,
s In Ly (@8,1)) < (Ly (P)),
HeHn(0,1)

where P is the M x K matrix with elements Pm,e defined by (94), and
In (Ly (P)) is defined by (92). Moreover, it follows from standard maximum
likelihood (ratio test) theory that

2 (ln (LN (13)) —In(Ly (Po))> — XK

in distribution, where Py is matrix (93), so that for all n,

sup In (LN (a,@, H)) <In(Ly (Py)) + Op(1). (126)
HeHn(0,1)

Furthermore, it is trivial that.

sup In (LN (a,@, H)) > In (LN (a,@, Hn>) . (127)

HeMHny (0,1)

Finally, it follows straightforwardly from (102) and the second-order Taylor
expansion of In (LN (a, 3, Hno)) around In (Ly (ag, Bo, Hpy)) = In (Ly (Py))
that

n (Ly (@5, Hy ) ) = 1n (L (Py) + Oy(1). (128)

Combining (126), (127) and (128) for n > ng, (125) follows.

Proof of Theorem 14. Let ¥(a, 3, H) = E[N~'In(Ly (o, 3, H))]. It
follows from Theorem 10 and (108) that

p lim U(&,8,H)= sup Ulag, fo, H) (129)
N—oo HEHn(0,1)

Next, denote P, = (@%z sm=1,...M, { =1, ...,K) and let

g(P) = E[N'In(Ly(P))] =Y (1—p0,) In(1—pe)

=1
M K K

= Z Z (p?—u - p?,z) In (pi—1,0 — pie) + Zp?w In (pase) -
=2 (=1 =1
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C.f. (92). Then W(a, 3, H) = g(P.) and supyes, (0,1 ¥(w, fo, H) = g (Po) .

Hence, it follows from (129) that plimy_.. g(P:) = g(Fp), which by the
continuity of g(P) in the elements of P implies that plimy_,., P. = .
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