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1 Introduction

Since the seminal papers by Granger (1987), Engle and Granger (1987) and
Johansen (1988), the growth of literature on cointegration has been impres-
sive. In the standard approach it is assumed that the cointegrating vectors
do not change over time. However, this assumption is quite restrictive.

The literature on structural change and cointegration has focused on de-
veloping procedures to detect structural breaks and/or to estimate their
dates. Papers addressing these issues in a single-equation framework in-
clude Hansen (1992), Quintos and Phillips (1993), Hao (1996), Andrews et
al. (1996), Bai et al. (1998), and Kuo (1998), among others (see Maddala
and Kim 1998 for a survey). Moreover, Liitkepohl et al. (2003), Inoue (1999)
and Johansen et al. (2000) analyze the effects of breaks in the deterministic
trend. In the context of a system of equations, which is the focus of our
analysis, the main contributions are those by Seo (1998), who extends the
tests of Hansen (1992). Hansen and Johansen (1999) and Quintos (1997)
propose fluctuation tests (based on recursive sequences of eigenvalues and
cointegrating vectors) for parameter constancy in cointegrated VAR’s, but
they do not parameterize the shifts. Regarding time-varying error correction
models, Hansen (2003) generalizes reduced-rank methods to cointegration
under sudden regime shifts with a known number of break points. Andrade
et al. (2005) study a similar model as Hansen (2003) and develop tests on the
cointegration rank and on the cointegration space under known and unknown
break points.

Also, the Markov-switching approach of Hall et al. (1997), and the
smooth transition model of Saikkonen and Choi (2004) provide an inter-
esting way of modeling shifts in the cointegrating vectors. The first authors
considering sudden shifts between two states, whereas the latter authors per-
mit a gradual shift between regimes. Liitkepohl et al. (1999) and Terasvirta
and Eliasson (2001) propose money demand functions modeled by single-
equation error correction models in which a smooth transition stationary
term is added. The transition function is driven by one of the processes of
the long-run relationship.

Park and Hahn (1999) propose a cointegrating regression in the spirit of
Engle and Granger (1987) with parameters that vary with time. They model
the elements of a (single) cointegrating vector as smooth functions of time,
via Fourier series expansions. They derive the asymptotic properties of the
semi-nonparametric sieve estimators involved and propose several residual-



based specification tests.

The latter approach is part of the growing literature on modeling non-
linear long run relationships. See for example Blake and Fomby (1997), de
Jong (2001), Granger and Yoon (2002), Harris et al. (2002) and Juhl and
Xiao (2005), among others.

In this paper we propose a likelihood ratio test for time varying cointe-
gration, with time invariant cointegration as the null hypothesis, by allowing
the cointegrating vectors in a vector error correction model (VECM) to be
smooth functions of time, similar to Park and Hahn (1999). In particular,
we propose to model these time varying cointegrating vectors via expansions
in terms of Chebyshev time polynomials. The resulting extended VECM can
be estimated similar to Johansen’s (1988, 1991, 1995) ML approach. The
null hypothesis of standard cointegration then corresponds to the hypothesis
that the parameters in the VECM that are related to Chebyshev time poly-
nomials are jointly zero. The latter hypothesis can be tested via a likelihood
ratio test.

The remainder of the paper is organized as follows. In Section 2 we intro-
duce the time varying (TV) VECM using Chebyshev time polynomials. In
Section 3 we propose a likelihood ratio test to distinguish Johansen’s stan-
dard cointegration from our time-varying alternative, for the case without
drift, and show that the asymptotic null distribution is chi-square. In Sec-
tion 4 the asymptotic power of the test is derived analytically and via Monte
Carlo simulations. In Section 5 we show that our results carry over to the
drift case. In Section 6 we illustrate the merits of our approach by testing
for TV cointegration of international prices and nominal exchange rates. In
Section 7 we make some concluding remarks. The proofs of the lemmas and
theorems can be found in either the Appendix at the end of this paper or in
Bierens and Martins (2009).

. d
As to some notations, ”=" denotes weak convergence, ”—" denotes con-
vergence in distribution, and 1 (.) is the indicator function.

2 Definitions and Representations

For the k x 1 vector time series Y;, we assume that for some ¢ there are fixed
r < k linearly independent columns of the time-varying k£ x r matrix g; =
(B1t, Baty -+, Bre) of cointegrating vector. Thus, these columns form the basis of
the time-varying space of cointegrating vectors, S¢ = span(Siy, By, .-, Brt) C



R¥ t = 1,2,... The remaining & — r orthogonal vectors, expressed by a
k x (k —r) matrix (3, , are such that ﬁ;LY}_l does not represent a cointe-
grating relationship. The matrices 3; will be modeled using Chebyshev time
polynomials.

2.1 Time Varying VECM Representation

Consider the time-varying VECM(p) with Gaussian errors, without inter-
cepts and time trends,

p—1

AY, =LY, + > T AYj+e, t=1,..T, (1)

j=1

where Y; € R* g, ~ i.i.d. N;[0,9Q] and T is the number of observations. Our
objective is to test the null hypothesis of time-invariant (TI) cointegration,
IT, =II' = o, where o and 3 are fixed k x r matrices with rank r, against
TV cointegration of the type

! /
II, = ap,,

where « is the same as before but now the 3;’s are time-varying k x r matrices
with constant rank r. In both cases (2 and the I';’s are fixed £ x k matrices,
and 1 <r < k.

Admittedly, this form of TV cointegration is quite restrictive, as only
the (;’s are assumed to be time dependent. A more general form of TV
cointegration is the case Y; = C;Z;, where C} is a sequence of nonsingular
k x k matrices and Z; € R* is a time-invariant cointegrated I(1) process
with a VECM(p) representation. Then Y; has a VECM(p) representation,
but where all the parameters are functions of ¢.

2.2 Chebyshev Time Polynomials
Chebyshev time polynomials P, r (¢) are defined by

Por(t) = 1, Pip(t)=+/2cos (im (t — 0.5) /T),
t = 1,2,.,T, i=1,2,3,..

See for example Hamming (1973). Bierens (1997) uses them in his unit root
test against nonlinear trend stationarity. Chebyshev time polynomials are
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orthonormal, in the sense that for all integers ¢, j, %ZtT:l Pr(t)Pir(t) =
1(i = 7). Due to this orthonormality property, any function g (t) of discrete
time, t =1, ..., T, can be represented by

T-1
t) = Zfi,TPi,T (t), where {7 = : Zg (t) Pir ().
i=0

In this expression, ¢ (¢) is decomposed linearly in components & 7 P; 1 (t) of
decreasing smoothness. Therefore, if g (¢) is smooth (to be made more precise
in Lemma 1 below), it can be approximated quite well by

gm,T (1) = Zfi,TPi,T (t)
i=0

for some fixed natural number m < 1T — 1.

Lemma 1. Let g(t) = ¢ (t/T), where p(x) is a square integrable real
function on [0,1]. Then

T

lim lim % Z (9 (t) = gmr (1)* = 0.

m—o0 T'—o00
t=1

Moreover, if p(x) is ¢ > 2 times differentiable, where q is even, with
09 (1) = dip(x)/ (dx)? satisfying fol (@ (x))zdx < 00, then for m > 1,

lim ! Z(g(t)—gm < fo ( ) dz.

724 (m + 1)

Proof. See Bierens and Martins (2009).

Consequently, we may without loss of generality write 3, fort =1, ..., T as
8, = Z?:_Ol &rPir(t), where &1 = %ZL GePir(t),i=0,..,T —1, are
unknown k£ x r matrices. Then the null hypothesis of TI cointegration cor-
responds to &7 = Opx, for @ = 1,...,7T — 1, and the alternative of TV
cointegration corresponds to limyp_,o &1 # Ogx, for some i > 1. To make
the latter operational, we will confine our analysis to TV alternatives for
which limp .o &7 # Ogxr for some i = 1,...,m, and & = Oy, for all



1 > m, where m is chosen in advance. Effectively this means that under the
alternative (3; is specified as

m

Br =B (t/T) = Z SirPir (t) (2)

=0

for some fixed m. Because low-order Chebyshev polynomials are rather
smooth functions of ¢, we allow 3; to change gradually over time under the
alternative of TV cointegration, contrary to Hansen’s (2003) sudden change
assumption.

This specification of the matrix of time varying cointegrating vectors is
related to the approach of Park and Hahn (1999). They consider a TV
cointegrating relationship of the form Z; = o} X;+ Uy, where Z; € R, X, is a k-
variate I(1) process and U, is a stationary process. Thus, with Y; = (Z;, X})’
and 3 = (1, —«})’, BY; = U, is stationary. Park and Hahn (1999) assume
that the elements of «; are of the form ¢ (¢/T), where ¢ () has a Fourier
flexible functional form.

2.3 Modeling TV Cointegration via Chebyshev Time
Polynomials

Substituting IT, = a8, = a (31", &Pir (t)), in (1) yields

!

m p—1
AY, =« (Z &P (t)> Y1+ Z LAY, +e
i=0 Jj=1

for some k x r matrices &;, which can be written more conveniently as
AY, = af YV +TX, + ¢, (3)

where £ = (£, ...&,) is an r x (m+ 1)k matrix of rank r, Y;(ﬁ) is defined
by
VO = (Vi P (Y0 Por (DY, Par (OYLL) (4)

and ,
X, = (Aytgl,...,m;’%) .

The null hypothesis of TI cointegration corresponds to ¢ = (43, Orkm) s
where 3 is the k x r matrix of TT cointegrating vectors, so that then & 'Yt(_"i) =
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o Y;(_Oi, with Y;(_O% = Y;_1. This suggests to test the null hypothesis via a
likelihood ratio test

LR = =2 [ly (1,0) = I (r,m)] .

where I7 (r,0) is the log-likelihood of the VECM(p) (3) in the case m = 0, so
that Y;(_"i) =Y, 1, and Iy (r,m) is the log-likelihood of the VECM(p) (3) in

the case where Yt(_"}) is given by (4), where in both cases r is the cointegration
rank.

3 Testing TI Cointegration Against TV Coin-
tegration

3.1 ML Estimation and the LR Test
Denote

T
1 PN a1 a
Swr = 7 AV AY] = Sy Xk Sxay

t=1
sm. = 125/ N 5 NP S 5
11,7 — T t—1 t 1 Xy(m)~“xXx~XY(m)

m 1 m)’ S S-1 S
Sél,c)r = T Z AYth(—l) - ZZXAYZX:}XEXY(’”)
t=1

!/
Sgo,%“ = (Sél,%“)a

where Sxx = £30, XeX;, Sxay = £ 50, % AY), and Syyen =

LT XV and let Apt > Ama = oo > Amr > oo > Ap(mink be
the ordered solutions of the generalized eigenvalue problem

det [ ST} — ST SsalrSSTE] = 0. (5)
Note that kaﬂ = A (m+1)k = 0, because the rank of S%TSOOTS01 T is

k. Then similar to Johansen (1988) the log-likelihood Iy (r,m), given r and



m, takes the form
Ir (r,m) = —057. ) In (1 - Xm,j) — 0.5T.In (det (Soo.r))
=1

plus a constant. Therefore, given m and r, the LR test of the null hypothesis
of standard (TT) cointegration against the alternative of TV cointegration
takes the form

LR@?C:—2[TT(T,0) zTrm} TZ]( A‘”). (6)

m]

3.2 Data-Generating Process under the Null Hypoth-
esis

For m = 0 we have the standard cointegration case:

Assumption 1. AY; is a strictly stationary zero-mean k-variate Gaussian
process with Wold decomposition AY, = C(L)U; = Z;io C;Ui_j, where
U ~ i.d.d. Ng[0,I}]. The elements of the k x k matrices C; decrease expo-
nentially to zero as j — oo.

We can write AY; as
AY, =C(1)U; + (1 — L)D(L)Uy,
where
C(L)-C@)
1-L

This is the well-known Beveridge-Nelson (1981) decomposition, which implies
that

D(L) =

t
i=C(1)Y Uj+Vi+Yo— W, (7)
j=1

where V; = D(L)Uy; is a zero-mean stationary Gaussian process.

Assumption 2. The matriz C (1) is singular, with rank 1 < r < k: There
exists a k x r matriz § with rank r such that 8'C (1) = O, . Moreover, the
r X k matriz 3'D(1) has rank r.



For the time being we will also assume that
Assumption 3. U, =0 for t < 1,

so that Yo = Vo =0 in (7).

Admittedly, Assumption 3 is too restrictive, but is made to focus on the
main issues. For the same reason we do not yet consider the more realistic
case of drift in Y;. Once we have completed the asymptotic analysis for the
case under review, we will show what happens if there is drift in Y; and
Assumption 3 is dropped.

Under some further regularity conditions it follows from Assumptions 1
and 2 and the Granger representation theorem (see Engle and Granger 1987)
that Y; has a VECM representation. Rather than listing these standard
regularity conditions we assume that the Granger representation theorem
holds:

Assumption 4. Under Assumptions 1-3, Y; has the VECM (p) representa-

tion
p—1

AY,=ofY, 1+ TjAY j+e, t>1, (8)

j=1
where g; ~ i.i.d. Ni[0,Q], with Q non-singular.
Due to Assumption 3, there is no vector of constants in this model. Moreover,

note that e, = CyUy, so that Q = CyCy.
Similar to (3), model (8) can be written more conveniently as

AY, = af'Y, 1 +TX, + CoUy, t > 1,
and replacing e; by CoU; in (3), the time-varying VECM(p) model becomes
AY; = af' Y™ + T X, + CoU,,

where under the null hypothesis,

(o ) )



Finally, to exclude the case that 3'Y;_; and X; are multicollinear we need

to assume that

Assumption 5. Va,r[(Y;L lﬁ,Xl{)/} is nonsingular.

3.3 Asymptotic Null Distribution

The asymptotic results in the standard cointegration case hinge on the fol-
lowing well-known convergence results. Under Assumptions 1-2,

e/ (W) W'C(1).

N =

“MH IIMH

(AY, )Y S o) (/01 (W) W/) CY + My, €30,

N~

% éy;y;_l < o) </01 W(x)W’(x)dx) (1),

where W is a k-variate standard Wiener process, and the M,’s are non-
random k X k matrices. See Phillips and Durlauf (1986) and Phillips (1988).
We need to generalize these results to the case where Y;_; is replaced by

v,
Lemma 2. Under Assumptions 1-2,

T

1 o\ 1 —
P () = [ @ Wy e nw).
t=1

1 i (AY,) (yt@;)) < 0(1) /01 (dW) W}, (C(1) @ Ipnir)

+ My, £>0, (10)



where W is a k-variate standard Wiener process,

!/
W, (z) = (W’ (), V2 cos(mx)W' (), ..., V/2 cos(mmx) W' (93)) :
and the M}’s are k x k(m + 1) non-random matrices.

Proof. See the Appendix.
/
The result (10) implies that (1/7) 3, (AY;_) (Yt(ﬁ)) = O,(1). The
latter is what is needed for our analysis. Therefore, the question of how the

matrices M, look like is not relevant.
Note that

[ i = ([ @y wie. va [ s im av@w @)

0

V2 /0 o (2rz) AW (2)W' (2), ..., V2 /0 " cos (mmz) dW (z)W' @)) .

In Bierens and Martins (2009) we define the proper meaning of the random
matrices fol cos (brx) dW (x)W'(z) for £ = 1,2,3, .... In particular, if W (z) is
univariate then

(—1)* (m

5 W2(1)—|—7/0 sin ((rz) W2 (z)dz.

/0 cos (brrx) W (z)dW (z) =

Using Lemma 2 (together with rather long list of auxiliary lemmas), the
following results can be shown.

Lemma 3. Under Assumptions 1-5 the r largest ordered solutions )\ml >
)\m’g > > )\ m, Of the generalized eigenvalue problem (5) converge in prob-

ability to constants 1 > N> >N > 0, which do not depend on m. Thus,
these probability limits are the same as in the standard TI cointegration case.

Proof. See the Appendix.

As is well-known (see Johansen, 1988), in the standard TT cointegration

~ ~ ~ /
case m = 0 and under Assumptions 1-5, T’ ()\07”1, A0,r42) ooy )\07;6) converges
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in distribution to the vector of ordered solutions pg1 > po2 > .... > pok—r Of
1
det [p/ Wi (2)W]_ (2)dz
0

1 1
- / Wi dW/,_, / (dWi_,) W,gr] — 0, (11)
0 0

where
Wir(z) = (o/, Qar ) ? o/ CoW ()

is a k — r variate standard Wiener process.! This result is based on the fact
that one can choose an orthogonal complement 3, of § such that

1 / ! !/
70808 b [ W@ ()da,
0

1
(@' Q1) 2l G812 / (dWi—y) Wi_,.
0

One would therefore expect that this result can be generalized to the TV
cointegration case simply by replacing Wj_,.(x) in (11) with

Wierm () = (W,g_r (), V2 cos(mz)W}_, () ..., V2 cos(mmz)Wj_, (a:))/

_ ((O/LQOQ)—W & Co® fmﬂ) Wa(z) (12)
while leaving dW)_, as is. However, that is not the case!

Lemma 4. Under Assumptions 1-5,

/

!/
~ ~ ~ d
T ()\m,r—l—l; )\m,r+2; ceey )\m,k) - (pm,la ceey pm,k—r) )

> > Pmik—r are the k — r largest solutions of the
generalized eigenvalue problem

1~ —~
0 = det |:,0< fO Wk—ﬁm(l’)wl::fr,m(x)dx O(kfr)(erl),r.m )
r.m,(k—r)(m+1) I m

B ( é} WeymdWL_, ) ( /0 1 (de_r)Wé,«,m,V’ﬂ, (13)

"Because o/, CoChary = o/, Qo .

where pm1 > pma2 > ...

12



with V_an r.mx (k—r) random matriz with i.i.d. N[0, 1] elements. Moreover,
V is independent of Wi_, and Wi_, .

Proof. See the Appendix.

The reason for this unexpected result is the following. Under the null
hypothesis (9), any orthogonal complement of the (m + 1)k X r matrix & of
TV cointegrating vectors is an (m+ 1)k x (k (m + 1) — r) matrix of the form

§1L= (/BJ_ ® Iy, ( gk@émfzn )) X R,

where the k£ x (k —r) matrix 3, is an orthogonal complements of 3 and R is
a nonsingular (k (m + 1) —r) X (k(m + 1) — r) matrix, possibly depending
on T'. We need to choose R such that %fiS_{rlrff)pﬁ | converges in distribution
to a nonsingular matrix.2 A suitable version of £, that delivers this result is

O m.rT
§ir = (5¢ ® Iyt1, ( \/]% (5255/2 ® Im) )) , (14)

where

T
1
Vs =p lim = > BYiaY B

t=1

Then %fl’TSffc)pf 1 converges in distribution to the first matrix in (13). The
matrix V' involved is now due to

(o Q) ol CoSSTY Otms 1/2 Ly
1ay 1bocour | /T (/Bﬁgﬁ/ 2 Im) .

Under standard cointegration, the ML estimator B of 3, normalized as

ﬁ = 3 (5’@) - G5, satisfies

T (E _ 5) <5, ( /0 1 Wk_rW,;,) B ( /0 1 Wk_rdw’a> (/') ™V,

230 that Lemma 2 in Andersson et al. (1983) can be applied.
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where W, is an r-variate standard Wiener process which is independent of
Wi_,. See Johansen (1988). In our case, however, the corresponding result
is again quite different:

~ SO |
Lemma 5 Let ¢ be the ML estimator of €2 and denote & = ¢ (f’f) €E.

Let &, 1 be the orthogonal complement of & defined by (14). We can always
write § — & = &1 7Up 1, where

Unir = (Eurr) " (£108) (€8) (€.
Under Assumptions 1-5,

155 —~ -1~

T'Um,T i) (fo Wk—r,m(x)W]é,nm(l')dl’) fo Wk—nmdwla
vV,

X (O/Q_la)flﬂa (15)

where W, is an r-variate standard Wiener process, V , is a k.m X r matrix

with independent N|0,1] distributed elements, and V., W, and Wk,r,m are
independent. Consequently,

T.I, Orkm ~
( Okmi VTIim ) <§ a 6)
—~ —~ -1 —~
o (B Onim) (Jy W@ Wi, (@)d) [y Wiy md V.,
(89557 @ In) V.,
X (0/(2_104)71/2 )

Proof. See the Appendix.

The test for standard cointegration is based on a simple hypothesis, £ =
(/B', Ok,m,,«). The chi-square asymptotic distribution of the likelihood ratio
statistic, derived in the Appendix, follows from the previous four lemmas and
the Taylor expansion around the MLE of a function of the type

det (' (S = SI6TSooir ST ) =)

fmr(z) =T.1In
det (x'Sﬁn)Tx)

3Recall that under the null hypothesis, & = (8, Oy k.m) -
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Then we simply apply the Taylor expansion, derived in Johansen (1988), to
the decomposition of the LR statistic

Funr(€) = for(B) = (fm,T(g) - fo,cr(ﬁ)) — (fO,T(B) - fo,T(ﬁ)> ;

~ ~ o~/ -1,
where similar to ¢ defined in Lemma 5, § = 3 (ﬁ ﬁ) G (. It follows then
from Lemma 5 that under the null hypothesis,

Fur(€) = for(8) 2 trace (VL,V.,)

1 N 1 N -1
+ trace [(/ dﬂaWér,m> (/ Wkrm(x)W]iTm(iB)diB>
0 0

1
X (/0 Wkr,mdw/a>:| ~ X%mr + X?(m+1)(kfr)7

where the two chi-square distributions are independent, whereas it has been
shown by Johansen (1988) that

r (7 (3) - 5 )

1 1
4 trace [(/ dmaW,;_T) </ Wk_r(a:)W,;_r(a:)d:B)
0 0
1
() e

It follows now straightforwardly that:

-1

Theorem 1 Given m > 1 and r > 1, under the null hypothesis of stan-
dard cointegration the LR statistic LRY® defined in (6) is asymptotically
X2 distributed.

3.4 Empirical Size

To check how close the asymptotic critical values based on the y? distribution
are to the ones based on the small sample null distribution, we have applied
our test to 10,000 replications of the bivariate cointegrated vector time series
process Y; = (Y14,Ya:), where Y1, = Yo, + Uy, Yo, = Yo, 1 + Uz, with
Ui = (U1, Usy) drawn independently from the bivariate standard normal

15



distribution, for various values of T" and m. The numerical results are given
in Bierens and Martins (2009).

For large T" and small m the right tail of the distribution is very well
approximated by the asymptotic one. For smaller 7" the test suffers from size
distortion. For example, for " = 100 and 5% asymptotic size the nominal
size is 3% for m = 1, 2% for m = 3 and 1.3% for m = 5. Thus, by using
the asymptotic critical values the test tends to over-reject the correct null
hypothesis of standard cointegration. As expected, for T' = 500 the empirical
and the asymptotic distributions almost coincide.

4 The LR Test under the Alternative of TV
Cointegration

4.1 The Data Generating Process under TV Cointe-
gration

A time-varying cointegrated data-generating process Y; with VECM(p) rep-
resentation (1) can be constructed, for example, as follows. Let

Y, = AZ, = aZyy + v Zay,

where A = («,7) is a nonsingular k£ x k matrix, with « the matrix of the
first r columns of A and v the matrix of the remaining & — r columns of A.
In this expression Z;; € R" and Zy; € RF" are [ (1) processes generated by

P p—1
Zig = Z D;Zy,_j+ By (t/T) Zyp—1 + Z Ch2,AZs4—j + Uy, (16)
=1 j=1
p—1
Ay = Z Co jAZy s+ Usy,
j=1

respectively, where

Assumption 6. U; = (U], Uy ;) ~ i.i.d. Ni[0,V,]. The matriv valued lag
polynomials D(L) = I, — Y _, D;L7 and Co(L) = I — Z;’;i Coo ;L7 are
invertible, with inverses D(L)™" = Y 22 TI;L7 and Cy(L)™' = 72 T; L7
satisfying I1; — O, T'; — O exponentially as j — oo. The elements of By (T)

16



are continuously differentiable function on an open interval containing [0, 1]
with bounded derivatives, and

By (1) = B3 (0) for 1 <0,By (1) = By (1) for T > 1.

Note that the nonstationarity of Z;; is due to the dependence of Z; ; on
By (t/T) Zat—1.
As is well-known, we can rewrite model (16) as

AZyy = Bi1Zy4 1+ Ba(t)T) Zar

p—1 p—1
+ Z Ci;AZy -+ Z Ci2,;AZy—j + Upy, (17)
j=1 j=1

where By = Z§:1 D; — I, is nonsingular, * hence

p—1
AZt == ( Bl B2 <t/T) ) Zt_l + Z O]AZt_] + Ut

Ok:fnr Ok:fnkfr —
j=1
where c c
C. — 11,5 125 )
I < Ok:fnr C’22,]'
Thus,
AY, = AAZ
Bi  By(t)T —
= A ( O; Oi( {c ) ) AT+ Y ACATIAY, + AU
—r,r —rk—r =1
p—1
= aBY, 1+ Y TI;AY; + AU, (18)
j=1
for example, where
ﬁt/ - (BLBQ (t/T)) Ail, Fj - ACinl. (19)

‘Because the invertibility of D(L) implies that all the roots of the polynomial

det (I,« — 5.):1 Dz ) lie outside the complex unit circle.
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A more general TV model can be formulated by allowing B; to be a
function of t/T" as well, and by including lagged AZ;,’s in the equation for
AZjy ;. However, that will make the power analysis too complicated.

Under Assumption 6 the process Y; is TV cointegrated, in the sense that
with f; define in (19),

BYi 1 = Ri+0,(1),

where Ry is a strictly stationary zero-mean Gaussian process, and the O, (1)
term is uniform in ¢ = 1,2,...,7. This follows from the result (21) in the
following lemma.

Lemma 6. Under Assumption 6 we can write

AZy = YOI (Ba((t— )/T) ~ Ba(0) Mgy +Vi+ 0, (UVT) . (20)

J=0

uniformly int = 1,...,T, where Vy is a strictly stationary zero-mean Gaussian
process.  Moreover, denote Y 32 Q;L7 = D(L)"'Cii(L), where Cii(L) =
Ir - Zf;i Cll,ij- Then

BiZuist Ba(t/T) 2oy = 3. Qi (Ba(t = 3)/T) - Ba(0) AZas

+R,+0, (1/VT)

uniformly int = 1, ..., T, where R, is a strictly stationary zero-mean Gaussian
process. Consequently,

B1Zyy 1+ By (t)T) Zay—1 = Ry + O, (1) (21)
uniformly in t =1,...,T.

Proof. See the Appendix.

4.2 Power of the LR test

To study the power of our test, we will adopt the VECM(p) model (18)
with §; defined by (2) as the data generating process. Moreover, to keep the
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power analysis tractable we will focus on the case p =1, k=2, r=1, V, =
IQ, A= ]2. ThUS,
Yi = Zy = (Zvy, Zoy)

where Z;; € R and Z,; € R are assumed to be generated by

AZyy = b1 Z1g1+by(t)T) Zoy—1+ Ury,
AZQ,t - UQ,ta
Ut - (Ul,ta U27t)/ ~ lld N2 [0, IQ] .

Next, suppose that for some m > 0,
bIIbQ (t/T) = ZIOJ*P],T (t) ) p/ = (1007p17 ceeey pm) :
§=0

Then .
(b1, ba (t/T)) = b1 > /P (1),
j=0

where ¢y = (1, pg) and ¢} = (0, p;) for j > 1. Hence,

AZyy = b (Zl,tl + Z piPjr (t) ZQ,tl) + U

=0

= b Z §J/'Pj,T (t) Z1 +Ury = b1§/Zt(in1) + Uiy,
=0

AZQ,t = U2,t7
where
SJ: (17007070170702;---707,0m) (22)
and o
m A -
Z") = ( ! ) = Z4—1 @ Pm (t/T),
Z2,t71
with

(2 3

2 = (Z4 s Pur (8) Zhy s Porr () Zy 1y ooy P (8) Zign) s i = 1,2,

and
Pm (t/T) = (1, Pir(t), ... P (1))
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We can now write the model in VECM(1) form as
AZ, =667 + U,

= ().

In the sequel we will refer to this model, together with the applicable parts
: _ (m)  _
of Assumptions 1-2, as H; ' (p = 1).
Under H™ (p = 1) the matrices Spo.1, Sfrln%p and Sérl'?p become

where

T
1 /
Soo,r = TE JAVAWANYA

t=1

T
m 1 m m)’
Si&l,gl‘ - ?Zzt(fl)zt(fl)
t=1

T
m _ 1 (m)’
Soir = T tz:; ANZZ, "]
respectively. The maximum log-likelihood in the standard case with r =1 is

T 1 /S(O) S*l S(U)
Iy (L 0) = —ET. In (1 — max b 10,T ?SST 01,Tﬁ
o BSigf

—%T. In (det (Soo.r)) — T-k In (\/%) . %kyT

and in the TV case

~ 1 /S(m) S—l S(m)
Ir(1,m) = —=T.In|[1- maxg 10,7900,7901,78
’ TR

1 1
—5T.In (det (Soor) = Tk In (\/%) ~ Sk,

Thus,
p Jim 7! (TT (1,m) — Ir (1,0)) >0 (23)
e 1 ~(0) . ~(m)
if plimyp oo Aoy < Plimy_o0 Aay, Where
0 — 0 m — m
~0) ﬁlS%O?TSOOTTS(gl?Tﬁ ~(m) §/S£O,%"SOO%TSSL%“£
Amax = Max 0 s Amax = Max =) .
g B'S1ynf ¢ §'Sr
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Note that A is the maximal solution of (5). Because

b 3 i S St0r S0 S
pTHoo max ~ pTHoo /S(m)
$o11,TS

where ¢ is defined by (22), the consistency of our test against the alternative
H fm) (p = 1) follows from the following theorem.

Theorem 2. Under H™ (p = 1),

m — m 0 — 0
p lim C/Sio,%"SOOTTSéL%"g € (0,1), p lim /8/S§O?T5001,TS(gI?T/B —0
TS o @S

for all nonzero vectors 3 € R?, hence (23) holds.

The proof of Theorem 2 is not too difficult but tedious and lengthy. This
proof is therefore given in Bierens and Martins (2009). It is our conjecture
that Theorem 2 carries over to more general alternatives, but verifying this
analytically proved to be too tedious an exercise. The same applies to the
local power of the test. It is our conjecture that along the lines of the proof
of Theorem 2 it can be shown that the test has nontrivial local power.

The power of our test depends on the choice of the Chebyshev polynomial
order m. The optimal choice for m can be compared to the optimal choice of
the order of an autoregressive process. As to the latter, researchers usually
employ the Hannan-Quinn (1979) or Schwarz (1978) information criteria.
The results in this section suggest that these information criteria can also be
used to estimate m consistently if m is finite, but a formal proof is beyond
the scope of this paper.

4.3 Empirical Power

The assumption that the time varying cointegrating vector can be exactly
represented by a fixed number of Chebyshev polynomials is quite restrictive.
Therefore, in this subsection we check via a limited Monte Carlo study how
the test performs if this assumption is not true.

The data generating process we have used is

Zl t = 0.5 (Zl,tfl — (1 —w+ Wf (t/T)) Zg,tfl) + 0.25AZ1¢71 + Ul,t;

)

AZQJ - U27t,t: 1,...,T,
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where Z;; € R, Zy; € R, the error vectors (U, Ust)' are independently
N [0, I] distributed, and w € [0, 1]. The number of replications is 10, 000.
For the function f we have chosen the following S-shaped function on [0, 1]:

f(a:):12/ y(1—y)dy —1=62>—42° — 1.
0

Note that f (t/T) cannot be represented by a fixed number m of Chebyshev
polynomials.

The results are presented in Table 1, for m = 1,5 and T" = 100, 200.
The number of replications is 10,000. In order to check the size and to
mimic local alternatives we have conducted the power simulations for w &€
{0,0.01,0.05,0.1,0.2,0.5,1} . The case w = 0 corresponds to TI cointegra-
tion, with cointegrating vector § = (1, —1)’, whereas for w > 0 we have time-
varying cointegration with cointegrating vector (; moving smoothly from
Bo=(1,2w—1) to fr = (1,—1)".

In Table 1, o, indicates the asymptotic size, so that the rejection rates
involved are with respect to the asymptotic critical values, whereas ea is
the empirical size, so that rejection rates involved are with respect to the
empirical critical values. See Bierens and Martins (2009) for the latter.

As expected, our test suffers from size distortion in small samples if the
asymptotic critical values are used. This size distortion increases with m. On
the other hand, the size distortion is modest if the empirical critical values
are used. In view of the results for w = 0.01 and w = 0.05 our test seems
to have non-trivial local power. Moreover, note that in general the power is
not affected much by the choice of m, despite the fact that f (¢/7") cannot
be represented by a fixed number of Chebyshev polynomials.

Finally, we have also analyzed the size and power properties of the two
tests proposed by Park and Hahn (1999), for the same cases as in Table 1.
The results are presented in Bierens and Martins (2009). Surprisingly, both
Park-Hahn tests suffer from extreme size distortion. Therefore, it is difficult
to compare the actual power of these tests with the power of our test.
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Table 1: Power of the LR test

T=100,m =1 Oy =010 (ggy = 0.05 (gey = 0.01 tyeas = 0.05

w=0 0.163 0.093 0.026 0.063
w=0.01 0.164 0.095 0.027 0.065
w = 0.05 0.236 0.152 0.052 0.110
w=0.1 0.396 0.290 0.141 0.227
w =102 0.692 0.600 0.402 0.532
w =05 0.976 0.958 0.896 0.941
w=1 0.999 0.999 0.997 0.998
T=200,m =1 Oagy =010 Oggy =0.05 ey = 0.01 year — 0.05
w=0 0.127 0.071 0.015 0.057
w=0.01 0.140 0.079 0.019 0.067
w = 0.05 0.374 0.278 0.133 0.253
w=0.1 0.693 0.603 0.430 0.577
w =02 0.947 0.920 0.829 0.909
w =05 0.999 0.999 0.998 0.999
w=1 1.000 1.000 1.000 1.000

T=100,m =5 Qasy = 0.10 Qusy = 0.05 (gey = 0.01 Crrem = 0.05

w=20 0.366 0.251 0.092 0.105
w=0.01 0.369 0.252 0.093 0.106
w = 0.05 0.405 0.284 0.112 0.127
w=0.1 0.491 0.373 0.178 0.196
w=0.2 0.683 0.574 0.360 0.382
w=0.5 0.950 0.914 0.800 0.818
w=1 0.998 0.997 0.985 0.988
T =200,m =95 qusy =010 sy =0.05 gy =0.01 yea = 0.05
w=20 0.202 0.126 0.036 0.076
w = 0.01 0.208 0.130 0.038 0.079
w=0.05 0.347 0.237 0.096 0.162
w=0.1 0.594 0.487 0.299 0.403
w=0.2 0.884 0.825 0.688 0.772
w=0.5 0.998 0.996 0.991 0.995
w=1 1.000 1.000 1.000 1.000
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5 The Drift Case

Assumptions 1-2 imply that AY; and ('Y; are zero-mean stationary processes.
However, for most cointegrated macroeconomic time series, AY; and ['Y;
are nonzero-mean stationary processes, which correspond to the following
modification of Assumption 1:

Assumption 1*. Assume AY; = C(L)(U;+p) = 372, C5 (Ui + ),
where p # 0 is a vector of imbedded drift parameters, and U, and C (L)
are the same as in Assumption 1.

Then similar to (7) we can write

t
Y =C(1)) Ui+ C)ut+V,+ Yo - V.

j=1
Under Assumption 2,
BY, =0Vi+ 6 (Yo — Vo).

Thus, Assumption 2 can be adopted without modifications, but Assumption
3 needs to be dropped as otherwise 3’ (Yy — Vi) = 0. However, due to the drift
we now need to include a vector of intercepts in VECM (8), as in Johansen
(1991):

Assumption 4*. Assume AY; has the VECM (p) representation

p—1
AY, =0+ aBYia+ Y T AY,;+ Cols.

j=1
Moreover, with X; = (AY;_1, ..., AY; ,.1)", Assumption 5 still applies. These

modified Assumptions 1-5 will be referred to as ”the drift case”.
The corresponding time-varying VECM(p) is now

p—1
AY, =0+ o€V, + Y T3 AYi i+ Gyl

J=1
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To re-derive our previous results for this drift case, we need some addi-
tional notation. First, let

— / / =1 4 —1/2 / —1/2 4 v
H= (NCOOCL (a/ Qay) OCLCON> (o Qo) oy Col,

which is a vector in R*~". Note that 77'7z = 1 by normalization. Let 7z, be an
orthogonal complement of 7z, normalized such that @', i, = Ix_,—;. Then

Lemma 7. In the drift case,
_ L (m
(L ® ) (L ® Int) Z=Yy7) = p@) @ Wy, (@)

_ L (m
(7 ® Ini1) (B @ L) =Y = plo)®2

T
for x € (0,1], where p(z) = (1, v2cos(mz), ...., \/Qcos(mmn))/ and
Wi =7y (o Qan) ol CW (24)

is a (k —r — 1)-variate standard Wiener process.

Next, let
My = (T7°m,7,) .
Redefine the orthogonal complement &, 1 of £ in (14) as

O m.r
fJ_,T = ((BJ_ X Im+1) (MT & Im—l—l) ) ( \/]% (/Bz/gﬁl/Q ® Im) )) (25)

and redefine Wk,nm in (12) as

Wi rml@) = pla)® ( Wi (@) )
- /0 1p(y) ® ( ymf—’"—1<y) ) dy, (26)

where W, ., is defined by (24). Then

Theorem 3. With &, r in (14) replaced by (25) and Wk_nm in (12) replaced
by (26) the results of Lemmas 3-5 and Theorem 1 carry over.

The proofs of Lemma 7 and Theorem 3 are not too difficult but rather
lengthy. These proofs are therefore given in Bierens and Martins (2009).
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6 An Empirical Application

The validity of the purchasing power parity (PPP) hypothesis has generated
a great deal of controversy, intimately related to the type of method applied.
Recently, Falk and Wang (2003) found that the PPP hypothesis holds for
some economies but not for all. Their work is based on Caner’s (1998)
concept of cointegration where the VECM errors follow a stable distribution.

A reason why linear VECM models may be unable to detect long run PPP
is the presence of transaction costs in equilibrium models of real exchange
rate determination, which imply a nonlinear adjustment process in the PPP
relationship. Michael et al. (1997) successfully fit an exponential smooth
transition autoregressive model, thus capturing the implied nonlinearities.

We propose an alternative framework where the cointegrating vectors
fluctuate over time. We test the TI cointegration hypothesis against TV
cointegration for

Y, = (lnSf,lnE”,lnPtf) ,

where P and P/ are the price indices in the domestic and foreign economies,
respectively, and S{ is the nominal exchange rate in home currency per unit of
the foreign currency. Since the log-prices are unit root with drift processes the
tests will be conducted under the ”drift-case” assumptions. The time-varying
cointegrating relation is 3;Y; = e;, where the process e; represents the short
run deviations from the PPP due to disturbances in the economic system
(real or monetary shocks), and (3; is an unknown vector-valued function of
time. Using Chebyshev time polynomials P;r (¢), §; will be approximated
by Bi(m) =3 1", &Pir (t), where the s are the Fourier coefficients.

We use the same data as Falk and Wang (2003), downloaded from the
Journal of Applied Econometrics data archives web site. The domestic coun-
try is the US and the bilateral relationship of study is with Canada, France,
Germany, Italy, Japan, and the UK. The data are monthly and cover the
period from January 1973 to December 1999, so that the time series involved
have length 324. Falk and Wang (2003) find support for the presence of
unit roots in all series. By means of the standard Johansen’s approach, they
find support of the PPP hypothesis at the 5% level in eight of the 12 cases.
With one cointegrating vector, Belgium, Denmark, France, Japan, Nether-
lands, Norway, Spain, and UK are found to have PPP with the US. At the
10% level, Ttaly and Sweden were added to the list. Therefore, Canada and
Germany are the only countries for which the US has not had price parity
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according to the standard approach.

The asymptotic p-values of our test, for different combinations of the
order m of the Chebyshev polynomial expansion and the lag order p, are
presented in Bierens and Martins (2009). We find that, regardless of the
lag order, the p-values are zero for any m larger than four. Hence, for all
cases there is strong evidence of a time varying type of cointegration between
international prices and nominal exchange rates. Thus, our results refute Falk
and Wang’s (2003) findings of standard PPP for all countries except Canada
and Germany.

The plots of the time-varying coefficients (31, (32; and (33; in the cointegrat-
ing PPP relation ﬁth = [y In Stf + Pt In P + (B3 In Ptf are also presented
in Bierens and Martins (2009). The patterns of these parameters suggest
that, approximately, (2; + O3 = 6 for some constant 6. This is related to
the symmetry assumption in the standard PPP theory, where (5 + B2 = 0.
However, 6 seems to be positive for Canada and the UK, and negative for
the other countries. Moreover, the variation of 1; is minor compared with
the variation of (35; and (s, suggesting that 3;; may be constant.

It is unclear from these plots why Falk and Wang (2003) find standard
PPP for all countries except Canada and Germany because the patterns of
(o and fs; for Canada and Germany do not look distinct from those of the
other countries. On the other hand, Caner’s (1998) concept of cointegra-
tion employed by Falk and Wang (2003) is fundamentally different from our
time-varying cointegration concept, so that one should expect differences in
findings as well.

7 Conclusion

In Johansen’s standard approach it is assumed that the cointegrating vector
is constant over time. This assumption may be restrictive in practice due
to changes in taste, technology, or economic policies. We propose a general-
ization of the standard approach by allowing the cointegrating vectors to be
time-varying and we approximate them by using orthogonal Chebyshev time
polynomials.

We propose a cointegration model that captures smooth time transitions
of the cointegrating vectors - the time varying error correction model - and
estimate it by maximum likelihood. To distinguish our model from the time
invariant Johansen’s specification, we construct a likelihood ratio test for the
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null hypothesis of standard cointegration. The limiting law appears to be
chi-square. To illustrate the practical significance of our approach we apply
our test to international prices and nominal exchange rates. We find evidence
of time-varying cointegration between these series.

There are issues that merit further research. In particular, the analytical
study of the power of the test against local alternatives deserves attention.
Moreover, a natural extension of our approach is to include deterministic
components such time trends and/or seasonal dummy variables, and to allow
for other time varying parameters.
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Appendix: Proofs

The proofs of Lemmas 2-4 employ the following auxiliary results.

Lemma A.1. Under Assumptions 1-2,

= (Y)Y, ) ( / (@) W’) C(1) + My, £ >0,

[zT]

%; (A Y], % o) (/Ow (dw) W’) C(1) + z Mo,

T 1

1

?E AT i/ﬂ (dW) W'C(1),
t=1

where W is a k-variate standard Wiener process, and the M;’s are non-
random k X k matrices.

Proof. See Phillips and Durlauf (1986) and Phillips (1988).

Lemma A.2. Let 0, be an arbitrary sequence in R™, and let F(z) be an
arbitrary differentiable function on [0, 1], with derivative f(z). Then

(2T

S b /1) = nF) - [ ) | Yon | de

Proof. See Bierens (1994, Lemma 9.6.3, p. 200).

Lemma A.3. Under Assumptions 1-2 the following probability limits exist:

T
1 ,
Yo = PTlggofE BY, 1Y/ B,
t=1
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o1

Yxg = plim ?ZXtYy_lﬁ,
. 1

EXX = pqlgrolonXtXt

Moreover, under the additional Assumption 5, X xx is nonsingular and the
matric

Shs = Sgs — SxpSxx Bx8

s nonsingular. Furthermore, under Assumptions 1,2 and 5,

T
. 1 m m)’
2B0Ln 100y = P M o > (B ® Lnya) VY (8@ L)

=1
= 238 ® Iy,

T
. 1 / m i
Sppoten = plim =y AV Y (B® L)
t=1
= (Eﬁﬂ’ Or,r.m) )
L7
XX By = P HI T Z XY (8@ Lyga)
=1

= (EX,Ba Ok(pfl)m.m) .

Consequently,

71 *
Eﬂ,ﬁ®1m+1 - EﬁXEXXEXnB@Ierl = (Eﬂﬁv Omﬂm)

and
* / —1
Y80 1,801 = BOI1.BBLmi1 T HX @I 1 HXX O g1, X
— 233 Or,r.m
Or.m,T 2,8,8 & Im
The latter is a nonsingular matriz.

Proof. See Bierens and Martins (2009).
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Lemma A.4. Let o, be an orthogonal complement of «. Then under As-
sumptions 1-9,

B S B N
00,7 (O/Qfloz)ilo/ﬂfl OT,k*T ((O/Q_loz)i _'_Ezﬁ)

o Qo ) V2o
% ( Ea’LQ_lgz;_l o/QL_l > + 0p(1)-

Proof. This is a standard result. See for example Johansen (1995).
Lemma A.5. Let £ be given by (9). Under Assumptions 1-5,
Np = S+ — 81 g e (g5 g1 gm )™ grglm) g1
T 00,7~ 00,701,178 (& 510,700,701, 10,7200, T
_ 1 40 0 a-1 o 2\ ' 20 o
= Soor — SOO%TSél?Tﬁ (5,S]§0?T500%T551?Tﬁ> HS]SO?TSOO%T
= oy () Qa) a4 0,(1).
Proof. See Johansen (1995, Lemma 10.1).

Lemma A.6. There exists an orthogonal complement [, of [ such that

BL.01) = (o Qay) P a G

Proof. This is a standard result. See Johansen (1995).

Lemma A.7. Let 3, be the orthogonal complement of 3 defined in Lemma
A.6. Let Assumptions 1-5 hold. Then

1 o~
(0, Q)™ oSS (B ® Lsr) & / (AW ) WL,
0

and
VT (0! Qa)) & ST (B® Inir) % Z (27)
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jointly, where Z is a (k —r) x r(m + 1) random matriz. In particular, the
k —r columns of Z' are independent

7 O
B6 r,r.m
Nrtm {0’ < Orms S5 @ I, )} 28)

distributed. Moreover,
(a’Q’la)_l O/Q*IS(()TC)F (B @ Lyta) % M,
where M is a v X (k—7r)(m 4+ 1) random matriz, and

(@' ) " @SS (B @ Lust) = (65, Orm) + 0p(1).

Proof. See Bierens and Martins (2009).
Lemma A.8. Under Assumptions 1-5,
(8 @ L1, T8 ® Ins1) S50 So0 Sy (8@ Lngr, T3 @ Lni)

-1
* — 71 * *
i ( Eﬁﬂ ((O/Q 104) —+ 255) Eﬁg Or,kfv%k.m ) )
Ok—r—i—k.m,r Ok—r+k.m,k—r+k.m

Proof. This result follows straightforwardly from Lemmas A.4 and A.7.
Lemma A.9. Under Assumptions 1-5,
(Tﬁlﬂﬁl Q Imy1,0' ® Im+1) Sﬁn)T (T71/25/L ® Ipt1, B ® Im+1)

S _
o Jo Werm(@)Wi, o (2)dz - Ogpy(m1) r(m-+1)
ﬁ

Iy Or,r.m
Or(m—l—l),(k—r)(m"'l) Offn r Zﬂﬁ ® Im )

Proof. See Bierens and Martins (2009).

Combining the results of Lemmas A.8 and A.9 it follows from Lemma 2
in Andersson et al. (1983) that
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Lemma A.10. Under Assumptions 1-5 the ordered solutions \yp > Ao >
o 2 Amayke,r Of the generalized eigenvalue problem (5) converge in distrib-
ution to the ordered solutions Ay > Ao > ... > A1)k Of

Z* Or,r.m
det | A (Oflfnr Eﬁﬂ@Im) Or(m1),(b=r)(m+1)

1=

Ok—r)(m—1).r(m-+1) Jo Wierm(@)Wi_, (2)dz
s v )
Ok(m—l—l)—r,r Ok(m+1)—r,k(m+1)—r

Obviously, all but r solutions are zero, and the non-zero solutions are the
solutions of eigenvalue problem

* * — -1 * -1 *

This is the same result as in the standard TI cointegration case!
With these results at hand we are now able to prove our main results.

Proof of Lemma 2: As shown in Bierens and Martins (2009), Lemma 2
follows straightforwardly from Lemmas A.1 and A.2.

Proof of Lemma 3: Lemma 3 follows from Lemma A.10.

Proof of Lemma 4: To derive the limiting distribution of
T ()\T—‘rl,T) >\7’+2,Ta sy )\k,T)/ )
we follow a similar procedure as in Johansen (1995, p.159). Let

SO = ST — S S S
Ok,m.r

gJ_,T = <ﬁJ_ ® Im+17 < \/T (6255/2 ® Im) )) ) (29)
p = TX=0,1).

The reason for the factor VT in (29) is to prevent Tflﬁi,TSifgpf L from
converging to a singular matrix, because otherwise we cannot apply Lemma
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2 in Andersson et al. (1983). The reason for the normalization of 3 by ¥, 1/ ?

will become clear below. Then

(£, Jronees) o 85, £,
= det (€' () §)det (€10 (S (V) = SN EETMNOTES W) evr).

where ¢ is defined by (9).

It follows from Lemma A.9 that B’SS?TB = 0,(1) and ﬁiTSﬁc)pf = 0,(1),
whereas by assumption, p = O,(1). Therefore, similar to Johansen (1995,
p.159),

£'S (V) € = ~B'SiorSaor St + 0p(1)
and .
fi,TS (A) €= _fj_,TS%rz‘S&)%TS(gl?Tﬁ + 0p(1).
Combining these results it follows that
€ (S =SMEESMO T ESM) eur
1 ! m m
= pffL,Tsil,gl{J_,T €J_ TSZEO TNTS& TfL T+ 0p(1),

where Nr is defined in Lemma A.5. Since by Lemma A.7, SST)T@,T = 0,(1),
it follows now from Lemmas A.5-A.7 that

£ (SH=SMEESMOTESM) €ur
1 m
= pf&ﬁ.,TSh,%"gL,T
— & rSiyran (1 Qa1) ™ o ST EL + 0,(1).
Next, observe from Lemma A.9 that
1 Im+1 k—r Om+1 k—r),r.m m
f < O(T‘m()ffi+1))(k7‘) E§/2 (8)(1 ' gi’TS§1’%£J_7T

( Tim1) (k=) O(m+1)(k—r),r.m )
X 1 2
Or.m,(m—‘rl)(k—r) E ® I

1=
i ( fO kanm( )Wk—r,m< )d.?} Q(k*?)(erl),r.m )
Or.m,(k—r)(m—l—l) v
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where by Lemma A.9,

ST Ok,m.r / (m) Ok,m.r
v = p;}f&(ﬁ@]m)sﬂf B® 1,

Orr.m ' 3 m Orr.m
= (I,«.Jn )pTlggo(ﬁ’@Im+1)S§1,’T (ﬁ@lmﬂ)( i )
= Ypg ® Ip.

Hence

W r,m W,_ d Ok— m+1),r.m
§J_T‘S’11T€J_T—> (é) kern (2) Wi (2)d0 I(k L (mA1)r. ) (30)
r.m,(k—1)(m+1) r.m

Moreover, it follows from Lemma A.7 that

(0, Q0,) ™ ! S (B ® Lpyn) 5 / W) Wi (31)

and
(o' Qay) 2o SSTT ( glf}%@Im )
- ) S (5 ) (9 )
iZg, (32)
where
- ( g:.m ) (33)

with Z defined in Lemma A.7. Hence, the columns of Z) are independently
N.m (0,353 ® Ip,] distributed. Consequently, the columns of

vz(z 2% I, )Zg (34)

are independent N,.,, [0, I,.,,,] distributed, and it follows from (31) and (32)
that

Q TSm TOL (alQaL)_ O'/J_S(gl TfL T

4 ( ‘//6 Wi mdWi_, ) < /O 1 (deT)W,;_nm,V’) . (35)
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Lemma 4 now follows from (30), (35), Lemma 2 in Anderson et al. (1983),
and the next lemma:

Lemma A.11. Under Assumptions 1-5, V is independent of Wy_,. and
kar,m'

Proof. See Bierens and Martins (2009).

Proof of Lemma 5: Let Z = (El, ...,ET) be the ML estimator of £, where

1,...,r, are the eigenvectors associated with the r largest eigenvalues

A
SggiT 00 TS(gTT£ Sgn)TEm t=1,.,r
If we normalize f as
E=E(€) ¢t
then similar to Johansen (1988) we can write
E—€=E1rUny (36)

where £, 7 is defined by (29), and

. N /oL
Unr = (€Lrérr) ™ (6008) (€2) (€9,
Similar to Johansen (1988) we can expand T.Ur as
T Uy = (T 285060 7) €y (S — 800
-Um,T £J_,T 11,T§L,T §J_,T 10,7 11,T504
x Qo (O/Q_la)fl + 0,(1).
Moreover, similar to Johansen (1988) it can be shown that

T
alm) m 1 m
S£0T S§1T = T Z}/t(—l)Ut/C(/)

t=1
1 1 & AR
_ (? 3 Yt("i)Xt> (? ZXtXt> (? ZXtU{C(g) .
t=1 t=1

t=1

38



Thus,

T
(8L ® Inm+1) (S( Si&TT ) ( Z B ® Int1) t(j{)U{C()>
=1

+0p<1)7
and by Lemma A.3,
N 1 <&
\/T(6/®Im+1) (SZ&OT 11 TfOé) ﬁz 6 ®Im+1 t(_ni)Ut/C(l)

t=1

Hence,
£j_,T (§10 T SY{LT&-O( )
(B ® Iymy1) (Sﬁ;")T - §§T¢)p§a’)
(O VT (55370 @ 1) ) (855 — S5y

LS (8L ® Lnyy) VUG
O o) g Sl (30 © T ) ViEUIC
+ op(l).

Similar to Johansen (1988) it follows now that

T
1
2SS0 ) VUG 0 (@0 70) 1 [ Wt
1

t=

where
J— (O/Q’IOz) —i/2

67

O/QilC’oW

is an r-variate standard Wiener process, which is independent of Wk,nm.
Moreover, similar to parts (27) and (28) of Lemma A.7 it follows that

~1/2

(Omrr Ly Z (53478 © L ) VIDUICH0 0 (/)

d

—
Q)
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where V, is an r.m X r matrix with independent N0, 1] distributed elements,
which is also independent of Wj,_, ,,,. However, similar to Lemma A.11 it can

be shown that V., W and Wj_, ,, are independent. Therefore, it follows
from Lemma A.9 that (15) holds.

Denoting E = (E;,E:n) , where Eo is a k X r matrix and Em akmxr
matrix, it follows now from (15), (29) and (36) that jointly,

T (ZO _ g) (L, Opsom) ( /0 1 ’Wk_nm(z)m_m(x)do h

-1/2

1/-\_/
></ Wi—rmdW', (o/Q7 ') ,
0

~1/2

VTE, % (85507 @ 1) V., (/27 )

Proof of Theorem 1: Consider the likelihood-ratio statistic f,, r (E) —
Jor (B) , Where

E=2(c7) e 5=B(8B) o
and

det (8 (50 = S0 SicrSihr) 8)

Jor(B) = T.In » (ﬁ,Sﬁ?Tﬁ) |
PP G Gl G R
det (€'5177¢)

Recall from Lemma 5 that E =&+ &1 rUpr, where Uy = O, (T71) . Tt fol-
lows from Johansen (1988, Lemma 7, p. 249) ° that under the null hypothesis

6 = (6/7 Or,k.m)/ )
fur (8) = fm (€+€L7Ung)

®See also Johansen (1995), equation A.11 on page 224.
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-1

—  for (B) + T.trace { (8 (510 = S0 SairSir) 8)
X (Ur/n,ng_,T (Sﬁn%" - S%?)TS&)TTS(ST)T) §1,0Ur
~Upr€ i (S = S SadrSSY) €
< (6 (S%?’T ~SrSer S ) 8)

x& ( 11,7 ngiTSOO TS(gTT> §1,7Un T) }

—T trace { (ﬁ,SS?Tﬁ) (UT€J_ T’Sll TfJ_ TUm T

ng_ TSHT (5 SllT ) 5 511 TﬁL TUmT}
+O (T |éL2Unr|?)

where for a matrix the norm ||.|| denotes the maximum absolute value of its
elements. Since

Un = Op (T, E17Unr = Op (T71?),
& (ST — St Stz Sir) € = 0p(1),
€L TSH Tf Op(1),

and by Johansen (1995, Lemma 10.1),

’ -1 ’ _ -1 _
(8008) = (8 (880 - SOrSwirSir) B) = -/ a +0,(1),
it follows now from (30) and Lemma 5 that

Jm. (E) — for (B)
1

— trace | (@90a) (1000) €1 (104 ) 0 (T + 0400

4, trace (M'aza)

1 N 1__ —
+ trace [(/ dﬂaWéhm> (/ WkTm(x)W,érm(x)da:>
0 0
1 o~
X (/ WkT,mdw;>:|
0
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and similarly,

for (B) — for (B)
4 [(/01 dmaWé—r) </01 Wk_r(x)Wé_r(x)dx) -1
« ( /0 1 Wk_rdw’a)} :

Johansen (1995, page 192) has shown that, with V,, = (/)" o/Q~Y2W,
1 1 -1
(a7 'a) (/ dVaWéT) (/ Wkr(az)Wér(m)dm)
0 0
1 !
X (/ Wk?“dva>:| ~ X%(kfr)
0

(1) ? 'QICoW is a r-variate standard

Wiener process, which is distributed as (o Q_la)l/ >V, with V, as in Jo-
hansen(1995). Thus,

race [( /0 1 dEaW,QT) ( /0 1 WkT(x)W,é,,(a:)da:) -
x ( /O 1 Wkrdm)} ~ i

Similarly, it follows that

1 N 1 ~ -1
trace [(/ dﬂaW,;_nm) (/ Wk_r,m(x)W,g_rvm(:B)dz) (38)
0 0
t— 2
!/
X (/0 Wk—r,mdwa)] ~ Xr(m+1)(k—r)s

because W, and Wk_r,m are independent. Then the difference of (38) and
(37) is Xf.m'(k_r) distributed, which follows from the following easy result:

IfZ:<§)~ iq]0, 2], where Y € RP, X € R? and

$— (2 EYX ) qe(s) > 0, then 257 — X'k X ~ X
ny ZJXX ’

trace

In our notation, W, =

42



Moreover, since V, is a r.m X r matrix with independent N0, 1] distributed
elements, it follows that

trace (K/ozza) ~ X12".m.r' (39)

Furthermore, since V., and W, are independent, (39) is independent of
(37) and (38), conditional on Wj_, ,,. Hence, the likelihood-ratio statistic
T (fl (E) — fo (/B)) -T (fo (E) — fo (ﬁ)) converges in distribution to (39)

plus (38) minus (37), resulting in a 2, = distribution.

Proof of Lemma 6: To prove (20), let by, ;(7) be element (i, j) of By (t/T)

with derivative bt} ; ;(7) and let Zy ;; 1 be component j of Z5; ;. Then by the

mean value theorem,
A (boyij(t/T) Za,54-1)
= (b2,i i (t/T) = bo j((t = 1)/T)) Zaji—1+ baij((t = 1)/T)AZs 44
= by, ((t = Nigr) /T) Zo g1 )T + bo j(t = 1)/T)AZs 41

for some A ; jr € [0,1]. Denote by ¥, 7 be the matrix with elements U, ; ;7 =
b ((t — )\t,i,j,T)/T)- Then

A(By(t)T) Zoy—1) = WyrZoy1/T + Ba(t/T)AZyyy
= By(t/T)AZ 1+ 0, (1VT) (40)

where the latter follows from the fact that ¥, is uniformly bounded and
that Zg’tfl/ﬁ = Op<1)
Next, observe from (16) and (40) that

p p—1
AZl’t - Z DjAZlvt—j + A (BQ (t/T) Z2,t—1) + Z 0127_7‘A2Z2’t_j —+ AUl,t
Jj=1 j=1
t—1 0o
= Y IGA(Ba((t—4)/T) Zay-1-3) + Y ;B2 (0) AZyy 1
Jj=0 j=t

p—1 00 00
+ Z Cha, Z A Zo iy + Z ;AU 4
i=1 j=0 J=0

t—1

= 2 (B2 ((t =)/T) = B2 (0)) AZoy1-

<
Il
o
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V40, (1/@) ,

where
0 p—1
V= T1;B, (0) Aoy 1 +ZCIQZZH A Zos +ZH AU,
j =1 7=0 7=0
This proves (20).
Finally, it follows from (17) and (41) that
B1Zyy1+ By (t)T) Zg 4
p—1 p—1
=NZy =Y CugAZiyj— Y CijAZyj— Uy
j=1 j=1
t—1
=) (B2 ((t—4)/T) — B2(0)) AZoy -
7=0
p—1 t—1—1
Ciii Yy T (By((t = —4)/T) = B2 (0) AZoyij 1
=1 7=0

p—1 p—1
+ V- z; C1,iViei — z; Ci2,jAZ5-j = Uy + Oy (1/ﬁ>
1 J=

t—1
=3 Qi (Ba((t=)/T) = By (0)) AZoy 1+ R+ 0, (1VT)
j=0
where
p—1 p—1
Ro=Vi=>» CnuViii—» CiajAZy, j— Uy

=1 7j=1
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