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Abstract
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1. Introduction

Since the seminal paper by Nelson and Plosser (1982), who conducted tests for unit rootsin
fourteen macroeconomic time series, econometricians have become increasingly aware that quite afew
macroeconomic time series of interest have a unit root (also referred to as being integrated of order 1,
and denoted by (1)), or at least behave like having a unit root. The presence of aunit root may render
standard asymptotic distribution theory inapplicable. See Fuller (1976), Dickey and Fuller (1979,
1981), Evans and Savin (1981, 1984), Said and Dickey (1984), Dickey, Hasza and Fuller (1984),
Phillips (1987), Phillips and Perron (1988), Hylleberg and Mizon (1989), Kahn and Ogaki (1990),
Bierens (1993), and Hadrup and Hylleberg (1995), among others, for various unit root tests and
Schwert (1989) for a Monte Carlo analysis of the power of some of these tests. Also, see the specia
1991 issue of the Journal of Applied Econometrics (vol. 6) and the references therein on the
Bayesian approach to unit root testing.

If atime seriesistrend sationary rather than (1), and if the unit root hypothesisis tested
againg the gationarity hypothesis rather than the trend stationarity hypothesis, the unit root hypothesis
may prevail because trend stationary processes and unit root processes may look quite smilar.
Recently, tests have been developed to test the unit root hypothesis againgt the linear trend stationarity
hypothesis. See Phillips and Perron (1988), Perron (1988), Said (1991), Bierens (1993), and Hadrup
(1995), among others. Moreover, Perron (1989, 1990), Perron and Vogelsang (1992) and Zivot and
Andrews (1992) have shown that also structural breaks in the mean of atime series process may
render the outcomes of unit root tests mideading: before taking structura breaks into account the unit
root hypothesisis often accepted, wheressiit is rgjected when possible structural breaks are accounted
for.

In this paper we consder avery generd trend stationarity hypothes's as an dternative to the
unit root hypothess, namely thet the time seriesis Sationary about an amost arbitrary deterministic
function of time. The tests we propose are further eaborations of the unit root tests of Dickey and
Fuller (1979, 1981), usng Chebishev polynomids to approximate a nonlinear determinigtic time trend.
Thus, our tests are (somewhat) in the spirit of the unit root test of Ouliaris, Park and Phillips (1989), but



differ in that we use Chebishev time polynomids rather than regular time polynomias, a parametric
specification of the dynamics rather than using a Newey-West (1987) type long-run variance estimetor,
and our null hypothesisis the unit root with constant drift hypothesis rather than the unit root with
nonlinear trended drift hypothesis. The Chebishev polynomids have substantia advantages over regular
time polynomials because they are orthogond (with a closed form) and bounded. In the Ouliaris, Park
and Phillips (1989) approach the highest order time polynomia will dominate, which affects the power
of their test if this order is specified too high or too low. Also, we propose a modd-free test.

We gpply these test to the series for the GNP deflator, the consumer price index (CH!), and the
interest rate, taken from the Nelson-Plosser (1982) data set, extended by Schotman and Van Dijk
(1991) to 1988. The reason for choosing the two price seriesis that Perron (1989) found that, after
correcting for trend breaks, the unit root hypothesis was reected for the log of the GNP deflator but
not for the log of CPI. Since the plots of these serieslook very much alike over the last 100 years, why
would their data generating processes be so different? The empirica application amsto solve this
puzzle. Perron (1989) could also not reject the unit root hypothesis for the interest rate. Therefore we
andyzethis seriesaswell.

Most of the proofs of our results are given in the appendix.

2. Detrended Chebishev Time Polynomials
Orthogona Chebishev polynomias P, () are defined asfollows. For ¢t = 1,...n, k = 1,..,n- 1,

Py, () = 1, P, (1) = (f2)coskn(t-0.5)/n]. (1)
Then [cf. Hamming (1973)]

Lemma 1. For k,m =0,1,....n-1, (]Jn)E:':lPk’n(t)Pm’n(t) = I(k=m), where I(.) is the indicator
function.

Note that P, ,(¢) isapolynomid of order & in cognt(z-0.5)/n], for
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(k2]

cos(ka) = 33 {j'c)(—w'(l—cosZ(a)y‘(cos(a»kZf,

j=0
where here and in the sequel [x] denotesthe largest integer < x.
Owing to the orthogonality property, and because of the fact that Chebishev polynomias have a

closed form, these polynomids are particularly suitable for gpproximating highly nonlinear trend
functions. Any function g(¢) of timez = 1,...,n can be written as

n-1 n
gt) = Z Ek’nPk’n(t) for t = 1,...,n, where ﬁk’n = (l/n)z g(t)Pk’n(t).
k=0 =1

If the trend function g is reasonably smooth we can approximate g(¢) quite well by alinear combination

of amodest number m+1, say, of Chebishev polynomids:

gm,n(t) - igk,npk’n(t) = g(t), t =1,.n.

Note thet thisis a special case of aFourier approximation. However, dso alinear trend can be
goproximated quite well by (1) for relatively smal vaues of m. Therefore, in order to distinguish linear
and nonlinear time trends, we shdl now transform the Chebishev polynomids such that they become
orthogonal to ¢. For even k > 2 they dready are:

Lemma 2. For k =1,2,...,[n/2]- 1, E?:ltPZk,n(t) = 0.

However, for odd £ > 1 the Chebishev polynomids are corrdlated with ¢:



Lemma 3. For k =1,2,...,[n/2],

cog0.5(2k-1)n/n] -2
n%f2srP[0.5(2k - 1) m/n] (2k - 1)%n?

(1/n)zn: tIn)P,, _, (1) = -
=1

asn-— o,

These results suggest the following transformations:

Py (1) = 1,

t - (n+1)/2

J(n2-1)/12

k-1
P2k*l,n(t)_ak,n_zl Bk‘/',nPZJfl,n(t)_Yk,n(t/n)
=

PZJ;c,n(t) - . c '
k

Plfn ([) =

@
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P2jc+1,n(t) = P2k,n(t)'

fork =1,2,...[n/2], where o, ,, B, ., @d vy, , are the least squares coefficients of the regression of
Py 1,(t)on1, Py_q,(2),j =1,...k- 1, and t/n, respectively, and the ¢, ,'s are norming constant such that
L)Xy [Py, (0 = 1.

Of course, thisis not the only way to orthogonaize the Chebishev time polynomias and thetime
trend. Alternatively, one could also orthogondize the time trend ¢ w.r.t. the P, ,(¢)'s, but the above
gpproach has the advantage that we now can digtinguish linear trend stationarity from nonlinear trend
dationarity.



3. Asymptotic OLS distribution theory of an ADF-type auxiliary regression under
the unit root with drift hypothesis
Let z, be aunivariate time series. Consder the null hypothesis

H

o0 & T %Mty

where . isacongtant drift parameter and u, isagtaionary AR(p) process:

Assumption 1. u, - Zf:ld)jut—l = ®(L)u, = ¢, whereg, isi.id. with zero mean, variance o2

and finite fourth moment, and ¢O(L) is a p-order lag polynomial with roots all outside the unit

circle.

We shd| propose tests of this null hypothesis againg the dternative of nonlinear trend Sationarity:

Hpi: z = g(t) + u,

where g(¢) isapossibly nonlinear trend function. Following Dickey and Fuller (1979, 1981), Said and
Dickey (1984) and Said (1991), these tests will be based on an Augmented Dickey-Fuller (ADF) type

auxiliary regresson modd

t

p
Az = oz, | + .Xid)/AZf*f + GTPt(;") + e, 3)
a

where

P = (P (0), P (@), P (D).

Note that under H,, o« = 0 and the last m components of O are zero.
In order to describe the limiting distribution of the OLS estimates of the parameters in moddl
(3), we need the following notation:



1
X, = M1, X, =3 - 2 f W(x)dx} ,
0

1
Xyq = VAW(Q) + 2km f Sn(2kmx) W(x)dx}
0

1
X, = ¢ {~/2M1) + y2(2k-1)n f Sn((2k - 1)) W(x )dx
0

1
-, (1) - y W1 + yka(x)dx
0

1
BN2IW(D) ~ (27D [Sn(Z-Dmx) )]}
0

k-1
+
=1

~

1 1
Y, = f Wx)dx, Y, =3 f (2x - D)W(x)dx,
0 0

1
Yy = ﬁfCOS(Zchx)W(x)dx,
0

1 1 1
Y, = c,;l{ﬁ'f cos((2k - V)mx) W(x)dx — f Wx)dx - vy, fo(x)dx
0 0

0
1

k-1
VI By, [Cos((Zi- Dma) W (x)e}
7= 0

fork =1,2,...,[n/2], where o, By, Y1 @d ¢, aethelimitsof o ,, By, . Y., @ ¢ ., respectively, and

W() is a standard Wiener process. Moreover, denote

m) _ T m) _ T
X = (X, X, X ), Y = (v, YY)



Theorem 1. Let d, ¢ and 0 be the OLS estimators of o, ¢ and 0, respectively, in model (3), let
€, be the OLS residual, and let {(m) be the t-statistic of . Moreover, let  and O be the OLS
estimators of § and 0, respectively, in model (3) with o. = O (thus the regression (3) without the
term z, 1) , and let €, , be the OLS residual. Under H, the following convergence results hold
Jjointly:

ne. 1 W()? - 1 - 2y Tx(m) _ 4

o) 2t "
fW(x)zdx — y(m) Ty(m)
0

say,

Jald - 9) = OS[E(UOUOT)]‘l’pr, where b~ N (0,1),
Vi@ - 0) = o, [x - g vy,

L ()2 -1 - 2y Txmy2

o) - e 3.
1
fW(x)zdx — X m) Ty (m)
0
2 2 27,2 T
€, ~ )& = 0.t +bb + X 0m) Txtmy
t=1 t=1
Vil - §) = o [EUU T Y2,
Vi@ - 0,) = o x™
2 ~ 2 2[, T
m) Ty (m
€, - g, —oslbpb + xm) Ty ( )]
t=1 t=1

("=" means"converges weekly to". Cf. Billingdey (1968). We shdl use this symbol to indicate wesk



convergence of random functions, as well as convergence in distribution of random variables and

vectors).

4. Unit root tests based on an ADF-type auxiliary regression
4.1 The tests and their asymptotic null distribution
Theorem 1 suggests to use ether the ¢-test 7(m) or the test Setistic

A(m) = —22 .,

no

V2N
1-) ¢

j=1

where the ¢,'s are the components of ¢ (or ), for testing H, aganst /.

Tables 1 and 2 contain the most important fractiles of the null didtribution of a,, and ¢,,, for m =
1,..,20. Theseresults are derived on the basis of 10,000 replications of a Gaussian random walk with
sample size 500.

<Insert Tables I and 2 about here>

A disadvantage of these two testsis that they do not take dl available information into account,
in particular the information that under H, the last m components of the parameter vector 6 in modd (3)
are zero. Therefore, we aso propose the usua F-test of the joint hypothesisinvolved:

~ { g(z)t - E érzn,t}/(erl)
F(m) _ t=1 [:; ’
S
where
s2- 1y
n-p-m-173
Denoting



it follows straightforwardly from Theorem 1 that

Theorem 2. Under Hy, F(m) = [t,f + X@m) Tx@m)fm+1) = F_, say.

Note that the limiting digribution F',, iSnot an F digribution.
Table 3 contains the most important fractiles of the digtribution of F,,, again based on 10,000
replications of a Gaussian random wak with sample size 500.
<Insert Table 3 about here>

An dterndive to the F-test isthe following ? test. Let

m

yem = (v, ¥, 0" = (éi,...,ém)T, PU™ = (P (0), P (O, i = 1,2,.,m.

and denote:
n ) . 11 n ) .
&éz ZfPt(t,m) + e(t,m) &éz ZfPt(t,m) + e(t,m)
~ ny-1 " U] "
T(m) = n :
2

Then:
Theorem 3. Under Hy, fl(m) = X (m) Ty (im) an—i+1’ i=1,2,....m.

Although thistest is not based on conventiond testing principles, we mention it becausg, first, it hasa
standard null distribution, and second, since we are dedling with unit root processes, these conventional
testing principles may no longer be optima, so we should not confine oursel ves to the conventiond

framework.
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4.2.  Linear trend stationarity

The linear trend gationarity hypothesisis:

L. _ _
Hl-Zt‘)”o+)“1t +u,

where we assume again that u, obeys Assumption 1. Under this linear trend Sationarity hypothes's
auxiliary regression (3) reads as

L)z, =[1- @+ )L - fj b/ L/(1-L)z, = 6P + ¢, @)
J=1

where o = pim &, ¢; = p|irqw<i>j, j=1,.p, ad ¢Q) = -a*. Then

Theorem 4. Under Hj, dimquA(m)/n = -1, plimqu(m)/ﬁ <0, rjimnmﬁ(m)/n >0,
pim __7,(m) = 0, pim _T,(m) =0 if A, = 0, and

. . A+ )
pim, . Ty(m)/n® = ———if &, # 0.

120

€

Theorem 4 suggests that both the 7-test and the 2 test T,(m) may be conducted left-sided. However,

aswewill argue below, thisis only the case for the dternative of linear trend Setionarity.

4.3 Nonlinear trend stationarity
We have seen that under the unit root with drift hypothesis as well as under linear trend
dationarity the OLS estimators of the coefficients of the lag polynomia ¢(L) are consstent. However,

thisisno longer the case under nonlinear trend Sationarity, i.e., the hypothesis

H'z o= glt) +u, = Ay + At + flt) + u, ®)

11



say, where we assume that £{¢) is a noncongtant deterministic function of time such that

|imw(1/n)§nj ) = 0; Iimnm(lln)zn: tft) = 0. (6)
t=1 t=1

To seethis, congider the lag polynomid ¢(L) in equation (4), which under nonlinear trend stationarity

now becomes;

W) =1 - @+ QL - X OLIAL) 5 dU) = WLla',$°) ™
j1

Denoting 6, («,d) = (ﬂn)Z;’:lPkfn(t)[lp(Lm,c]))g(t)] and 0O = (60,61,...,6m)T , itfollows
that under the dternative hypothesis (5),

XY (b@le,0)z, ~ 0PF) = W)Y (Wit e d)e() - 07PY
t=1 t=1
- @)Y EwEled) - wle 0 Nuf + o,
= Y (6,-6,,(c, )
k=0

n-1 n
oY 0,02 + WY E[Wele.d) - wiEla o Nuf + of.
=1

k=m+1

Thisfunctionisminima a o = o and ¢ = ¢” only if Zz;iﬂekyn(oc* , )% = 0, which, however, is
in generd not the caseif g(¢) is nonlinear. Consequently, for fixed m the probability limit of & may be
positive, and then the probability limit of the #-gtatistic of & will be plusinfinity rather than minusinfinity.
However, thereis no guarantee that thiswill happen. Therefore, in testing the unit root with drift
hypothesis againgt nonlinear trend Sationarity the z-test should be conducted two-sided. If the -vdue

of & turns out the be greater than the right-side critica vaue then we have an indication that nonlinear

12



trend stationarity is the dternative, but |eft-sded rejection does not provide information about the nature
of the dterndive.

Next, we consder the limiting behavior of the x? test under nonlinear trend stationarity .
Observe from (5) and (7) that

6@ = @WImY w(L|&, d)zp™
t=1

(2,m) (2,m)

= (1/n)§1 Y(L|&, PP, + (1/n); W(L|&, P)uP,

a1/m)y 2P = a1in)y. )PP + &1in)y up P
=1 t=1 t=1

& + YLla,d) = @ - L){l ‘- fj&;/u}.

j=1
Moreover, it follows from Theorem A.1 in the gppendix and (7) that

Y (& + e)a,dhplm - o,
-1

Thus we have:

a(Ln)y zp2m + 6@
t=1

= (1/n)i{1 - fj&;; -f)(f(t) - f(zl))}Ptfj’”) + 0, (L1yfn)
t=1 j=1

13



Therefore, the test statistic 7,(m) convergesin probability to infinity if

2
plimnmni {(1/;1)2": {1 + & - Ep: ci)jL f} (1t) - f(tl))!P,:n(t)} = o,
k=2 =1 j=1

By a dmilar argument we can derive the condition for 7';(m) to converge in probability to infinity.
However, if m istoo smal it may not. Thusthe x? tests involved are not consistent againgt al forms of
nonlinear trend stationarity, but thisinconsistency is common to al tests for modd misspecification
basaed on afinite number of sample moments. For example, if we test the null hypothesis o = 1 againgt
the dternative o < 1 inthe modd y, = ay,_, + U, where u, isi.i.d. N(0,6?), using the Dickey-Fuller test
n(e- 1) with & the OLS etimator of «, whilethe actud dternaiveisy, = ¢ + u,, then plim,..n(a-1) =
3/2, hence the test will have no power againg this dternative. Another example is the case where the
nonlinear time trend is a cumulative sum of a chaotic determinigtic process (like a pseudo-random
number generator). It will be virtudly impossible to distinguish it from arandom process with a unit
root. Anyhow, our argument shows that aso the y? tests should be conducted two-sided, but now the
regection of the null provides information about the aternative: in the case of test T,(m) |eft-sided
reglection indicates linear trend stationarity and right-sided rejection indicates nonlinear trend stationarity,
whereasin the case of test T,(m) left-Sded rejection indicates Sationarity about a constant and right-
sded rgjection indicates linear or nonlinear trend Stationarity.

FHndly, if m issufficently large the F-test datistic will likely converge in probakility to infinity,
but also the F-test is not congstent againgt dl forms of nonlinear trend Sationarity.

5. A model-free unit root test

A disadvantage of the above tests isthat we have to specify the lag length p in the auxiliary
regression (3). Therefore we now propose a model-free dternative to the x? test, based on the
following specification of the data-generating process.

Az = -pz,_, + Ay + pAyt + flt) + u,, p € {0,1},

t
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where f{¢) satisfies the conditionsin (6), and «, is a zero-mean process that obeys the functional central

limit theorem:

Assumption 2. Let S (x) = 0 if x € [On 1), S (x) = Egﬂ]ut if x € [n"Y1]. Then S,Vn =

oW, where W is a standard Wiener process and o2 is the long-run variance of the process u,.

Now the unit root with drift hypothes's corresponds to the hypothesis

Hy: p =0, flr) =0,

and the dternatives of linear and non-linear trend stationarity correspond to

0, HiVL: p=1

Hl: p =1, f

respectively. Our am isto design atest that distinguishes these three hypotheses in asimilar way asthe
x? tests, but without assuming an AR structure for the u, process.
In order to motivate our new test, let usfirst assume that the processz, islinear trend Sationary.

Thenfork =1,..,m,

n

ZH:AZ[P;n(l) = Xn:Au,P,:n(t) -y u‘(Pan(t) - Pkfn(t+1)} + unP,:n(n+1) - uOPk*n(l) )
-1 -1

t=1

In order to get rid of the last two termsin (8), regress the left-hand side of (8) on P ,(n+1) and P, (1),

provided m > 2, with least squares coefficients &, and &,. Then it can be shown that under linear trend

dationarity and Assumption 2,

- 2,m 2 2,m Z 2,m
Do Azp," - LRI - BRI = O,NR). ©
Next, assume that the unit root with drift hypothesis holds. Then it can be shown that

15



(L1yn) ZAszl’”’ P - P = o, X,

where X, is an idempotent matrix, with rank m - 2.
Furthermore, denoting

0 = @y 2L,

and assuming

Assumption 3. pim___(Un)X 1u = 05 € (0,x),

it can be shown under the linear trend stationarity hypothesis and Assumptions 2-3,

plirnnm(]Jn)Zi(zt - g - 62,
t=

whereas under the unit root with drift hypothesis and Assumption 2,
1
(Un 2)2 ( HOL (m))Z 52 fW(x)zdx _ ymTym]
0

These results now suggest the following test satistic:

T(m)

(5002 ) {5 aen - 27

amy (s - 87'PLF
=1

16
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1)

12)
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Theorem 5. Let m > 2. Under Assumption 2 and the unit root with drift hypothesis,

. X(l,m) TE X(l,m)
T(m) = - u =T , say,

f Wx)2dx - ym Ty
0

whereas under Assumptions 2-3 and the linear trend stationarity hypothesis, T(m) = 0,(1/n).

Table 4 contains the most important fractiles of the digtribution of 7, for m = 3,..,20. These
results are again derived on the bass of 10,000 replications of a Gaussian random wak with sample
size 500.

<Insert Table 4 about here>

Findly, assume that the nonlinear trend stationarity hypothesis holds, and moreover, assume

thet

Assumption 4. Conditions (6) and limsup

n-oo

(]Jn)Z:lzlf(t)z < o hold.

Then it is not too hard to verify that, owing to the latter condition,

(L A Trm
(Zl./n); - 870F - 0.

Furthermore, denote for k£ > 0,

0,,(A) - (Un)Y (1) - fie-D)PL, (0,
t=1
and let

17



0"y = (8,,(A1), .8, ,(AN)".

Then it follows esdly thet
ZAZZPQm) EPET - P2 = nB2"(AN) + O (LIn).

Thusthe test Satigtic (13) convergesin probability to infinity if

i (2m), _
lim __[n0,""] = o

Again, this condition may not hold if m istoo smal. Whether this condition is reasonable or not depends
on how well the function

A0 = 36, (AP0
k=2

approximates Af{(¢) = f(t) - f(t-1). Since

n-1 n-1
A = Y Gk,n(Af)Pan(t) -y Gk,n(Af)Pk*’n(t) + o(1),
k=0 k=2

where the last concluson follows from Assumption 4, and

WY AN, O = 30,407 = (L)Y (A, OF,
-1 k=2

t=1
we have

WY (MO - A, OF = W)Y (AR - @Y (A, 0
t=1 t=1 t=1
- (1/n>Z(Aﬂt»2 103"12,

18



Therefore, if

|imnrw(1/n)§nj (AR > 0
t=1

WY (A7) - 47,0

im »n31 - = o,

(un)g (AR

then under nonlinear trend tationarity,
piim, . 7(m) = o.

Thus again, |eft rgection indicates linear trend stationarity, and right rgjection indicates nonlinear trend
dationarity.

6. Are the logs of GNP deflator and CPI unit root with drift processes?
6.1  Introduction

Thelog of the price leve is often considered to be a unit root with drift process, or even an I(2)
process. See Johansen and Jusdlius (1990) for the latter. On the other hand, Perron (1989) found for
the Nelson-Plosser (1982) datathat if one corrects for atrend bresk then the unit root hypothesisis
regjected for the log of the GNP deflator but not for the log of the consumer price index (CP1). Since a
trend breek is a specia case of anonlinear trend, it is therefore chdlenging to investigate whether or not
these variables are able to withstand our new tests. The source of the time seriesinvolved isthe
Nelson-Plosser (1982) data set of 14 macroeconomic annual time series of the US, extended by
Schotman and Van Dijk (1991) to 1988. The GNP deflator series has length » = 100, from ¢ = 1889
to + = 1988, and the CPI series haslength n = 129, from ¢ = 1860 to 1988. We shal denote the logs of
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these series by LNDEFR(100) and LNCPI1(129), respectively. Also, we shdl investigate the CPl series
over the same period as the GNP deflator, and we denote the log of it by LNCPI(100). The latter two
series are plotted together in Figure 1.

<Insert Figure I about here>*

Firgt, we have conducted various unit root and linear trend Stationarity tetsto the levels and
first differences of LNDEF(100), LNCPI(129) and LNCPI(100):

<Insert Table 5 about here>

The first set of three tests consigts of the Phillips (1987) and Phillips-Perron (1988) tests of the
unit root hypothesis againg the dternativesz, = u,, z, = p + u, and z, = B + y¢ + u,, respectively, where
u, ISazero mean stationary process. These tests employ a Newey-West (1987) type variance
edimator with truncation parameter k = [cn'], wherec > 0, 0 < < 1/3. We have used the values ¢ =
5r=.2

The next two tests are the augmented Dickey-Fuller -tets, including alinear time trend in the
auxiliary regresson. The first ADF test employs alag width that is the same as the truncation parameter
of the Newey-West variance estimator used in the Phillips and Phillips-Perron tests. Cf. Said (1991).
The second ADF test employs a pretested auxiliary regression, where the lag length is reduced to the
ggnificant lags only, at the 5% sgnificance levd, usng a series of Wad tedts. In the latter case,
however, we have not corrected the critical values for pretest bias[cf. Hall (1994)]. On the other hand,
the results of Ng and Perron (1995) indicate that thisis not a serious problem.

The next four tests are Bierens(1993) unit root tests on the basis of higher order sample
autocorreations. The firg two of them test the unit root againgt stationarity, and the last two have as
dternative linear trend stationarity. These four tests depend on parameters © >0, « > 0,and 0< 0 <
1, and thelag lengthis & = 1 + [an®/ 2], We have used thevaluespu =2, « =5and 6 = .5

Thelast Sx tegts are the Bierens-Guo (1994) Cauchy tests of the null hypothesis of (linear
trend) Stationarity againg the unit root (with drift) hypothess. The null distribution is thet of the absolute
vaue of astandard Cauchy variate. Cauchy test #4 aso employs a Newey-West type variance

®  Figure 1isnot included in this draft paper.

20



estimator. We have used the same truncation parameter as for the Phillips and Phillips-Perron tests.
We see from Table 5 that the test results for the firgt difference of the LNDEF(100) and
LNCPI(100) are consgtent in that dl the tests favor the (trend) stationarity hypothesis. Thisis not the
case for thefirgt difference of LNCPI(129); the (D)HOAC tests do not reject the unit root hypothes's,
while dl the other tests favor the trend Sationarity hypothesis. The results for the levels of
LNDEF(100). LNCPI(129) and LNCPI(100) are dightly inconsistent, because for all three seriesthe
test HOAC(1,1) rgects the unit root hypothesis a any significance level, and for LNDER(100) and
LNCPI(100) the test C(6) accepts the trend Stationarity hypothesis at the 10% significance leve, while
the other tests favor the unit root hypothess. An explanation for these conflicting results might be that
the time series involved are nonlinear trend stationary, with a more complicated nonlinear trend than the

broken linear trend considered by Perron (1989).

6.2 The GNP deflator
We have conducted the nonlinear ADF test on the basis of auxiliary regression (3) with lag length p = 1
and the Chebishev time polynomid order m = 10. The choice of p isbased on the Akaike (1973)
criterion under the unit root with congtant drift hypothes's, starting from an AR(10) mode with intercept
for Az, . Inview of the results by Ng and Perron (1995) we probably could have determined p aso by
the Akaike criterion or by a sequence of ¢-tests on the basis of modd (3), but due to the presence of
the nonlinear trend in mode (3) that needs to be proved. Therefore we have based the choice of p on
the null model. Ng and Perron (1995) show that sequentia z-testing in order to determine p causes less
Sze digtortion than the Akaike criterion, but the latter is more convenient for smulation of the actud size
of the test. The test results are presented in Table 6.

<Insert Table 6 about here>
If we would bdieve that the asympitatic critica vaues are close to the actud critical values, then we
reject the unit root hypothesis, but it is not clear which dternative, linear or nonlinear trend Stationarity,
isfavored. The % tests T,(m) and T,(m) point in the direction of linear trend tationarity, but the lat,
model-free, test indicates nonlinear trend Stationarity. A possible cause of thisinconsstency issze
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digtortion. In order to check this, we have estimated the vaues of the null distribution functions, £, in
the redlized vaues of the tests, on the basis of 1000 replications of a Gaussan AR(10) processfor Az,
with parameters and error variance equd to the estimated AR(10) null model, where the order p of the
ADF regresson is determined by the Akaike (1973) criterion. Thus the smulation is conducted in the
same way as we have selected the ADF model, in order to check the effect of pre-testing. The results
are presented in Table 7.
<Insert Table 7 about here>

Theresultsin Table 7 show evidence of substantial size distortion. However, the F-test and the model -
free test il rgect the unit root hypothes's a the 10% significance level. Therefore, the previous
conclusions on the basis of asymptotic critica vaues dtill stand: LNDEF(100) is not a genuine unit root
process with constant drift. The contradictory results of the 2 tests 7,(m) and T,(m) may be dueto
the possible smoothness of the nonlinear trend £{¢) involved, by which £{¢) - f{(z- 1) isrdatively smdl.
See Section 4.3.

In order to check the smoothness of the nonlinear time trend, we have estimated the trend

moddl

z = 20,0 + (14)
k=0

for m = 10 by least squares, and plotted itsfit in Figure 2. We see that the nonlinear trend isindeed
quite smooth, which may be the cause of the low power of the tests 7 (m) and T,(m).

<Insert Figure 2 about here>*

6.3 The consumer price index from 1860 to 1988
We have conducted the tests in the same way as for LNDER(100), with m = 10 and p
determined by the Akaike criterion, starting from an AR(10) modd for the first differences. The Akaike

4 Fgure 2 isnot included in this draft paper.
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criterion now indicated p = 5. None of the tests rgjected the unit root hypothess. Thisresult isin tune
with those of Perron (1989). However, the graphs of the two series over the period 1889-1988 are
amost carbon copies (see Figure 1), so why would LNCPI(129) be a unit root process and
LNDEF(100) a nonlinear trend stationary process? A possible reason may be that in order to capture
the nonlinear trend in the CPI over the period 1860-1888 (which seemsto be due to the civil war and
its aftermath), we need a higher order of the Chebishev polynomia than 10. Therefore, we have
increased the order of the detrended Chebishev time polynomia to m = 20. The test resultsinvolved,
with asymptotic critical vaues, are presented in Table 8.
<Insert Table 8 about here>
All tests but the z-test now reject the unit root hypothesisin favor of the nonlinear trend stationarity
hypothes's. However, dso now there is substantial size distortion, asthe resultsin Table 9 show.
<Insert Table 9 about here>
Neverthdless, thetwo y? tests T,(m) and T(m) till rgject the unit root hypothesis at the 5%
sgnificance leve, which provides evidence againg the unit root hypothesis. In view of our previous
discussion, the nonlinear trend £{¢) probably now varies sufficiently. Therefore, we may conclude with
some reluctancy that LNCPI(129) looks more like a nonlinear trend stationary process than a unit root
with drift process.
Again, we have estimated amodd of the type (14) for m = 20 by least squares, in order to see
how much the nonlinear trend contributes to LNCPI(129). The results are presented in Figure 3.
<Insert Figure 3 about here>°
We see that the trend function has more variation than for LNDEF(100), due to the large bump in the
trend in the period 1860-1988.

> Figure 3isnot included in this draft paper.
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6.4  The consumer price index from 1888 to 1988

The mixed results for LNCPI(129), in particular the failure of the other tests to rgject the unit
root hypothes's, are ill puzzling, though, in comparison with the results for LNDER(100). Could it be
that the nonlinear trend in CPI over the period 1860-1988 is till not captured well enough by a 20-th
order Chebishev polynomid? Since increasing the order further is not feasible with the present tables of
criticd vaues, we shal now anadyze the shorter series LNCPI(100), in the same way as for
LNDER(100). Thus we specify m =10, and an initid lag length p = 10; the Akaike criterion indicates p
= 2. The asymptotic test resultsin Table 10 are now consstent with those for LNDEF(100). The same
gopliesto the smal sampletest resultsin Table 11

<Insert Tables 10 and 11 about here>

Also the plot of the trend model (14) for m = 10, in Figure 4, isvery smilar to the one for
LNDEF(100).

<Insert Figure 4 about here>®

7. Is the interest rate a unit root process?
Another time series for which Perron (1989) could not rgect the unit root hypothesisis the nomina
interest rate (NINT). However, NINT isapostive variable, and therefore cannot be a unit root
process without drift because these processes will take with positive probability negative values
regardless of theinitid vaues, dueto the fact that for a Wiener process 7 and arbitrary n,
P(infy.,...W(x) + 1 <0) > 0. Moreover, if it would be a unit root process with postive drift it would
converge to infinity, which is not redigtic. Again we suspect that the results of Perron (1989) are dueto
nonlinear trend Sationarity.

Firdt, we test the unit root hypothesis againg (trend) stationarity and vice versa, for NINT as
well asfor thered interest rate (RINT). See Table 12.

<Insert Table 12 about here>

The results for NINT are mixed; the tests HOAC(1,1), HOAC(2,2) and DHOAC(2,2) rgject the unit

®  Figure4isnot included in this draft paper.

24



root hypothesis at the 5% significance level and the tests C(3), C(4) and C(6) accept the stationarity
hypothesis a the 10% level, whereas dl the other tests point towards the unit root hypothesis. On the
other hand, dl the test results for RINT, except the ADF(1) test, indicate stationarity. But if RINT is
gationary and the CPI is nonlinear trend stationary, then NINT, being the sum of RINT and the
percentage change of CPl, must be nonlinear trend dtationary as well. As a double check, we have
therefore applied our new teststo z, = NINT, in the same way as for LNDER(100). Thus again we
have chosen m = 10. The Akaike criterion on the basis of an initid AR(10) mode for Az indicated p =
2. The asymptotic and smal sample test results are presented in Tables 13 and 14.

<Insert Tables 13 and 14 about here>
Thetests A(m), T,(m) and T,(m) reect the unit root hypothesis at the 5% level on the basis of the
asymptotic critica vaues, but the picture of the small sample tests is different; now only the ¢-test and
the model-free test rgject the null. Nevertheess, the conclusion isjudtified that NINT isanonlinear
trend gtationary process. Finaly, the fit of the nonlinear trend mode (14) with m = 10 isplotted in
Figure 5.

<Insert Figure 5 about here>'

8. Concluding remarks

The empirica gpplication, in particular the results based on asymptotic critical values compared
with those on the bases of smulated p-vaues, show substantia Sze digtortion of dl tests. Thissize
distortion does not only depend on the order m of the Chebishev time polynomid involved, but dso on
the AR polynomia of the stochastic part of the time series. Also, the power properties of thetests are
quite different, which suggests that each of them picks up different aspects of the dternetive.

Thus, for time series of modest size like the ones we have andyzed the asymptotic critica
vauesin Tables 1-4 appear of limited use. It is therefore advisable to base the final decision regarding
the presence of nonlinear trends on smulated p-values the way we did. Moreover, dthough the tests

are not independent, we recommend to conduct them al: don't bet on one horse only!

" Fgure5isnot included in this draft paper.
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In order to conduct the tests on the basis of the regression (3) one has to specify the lag length
p and the order m of the detrended Chebishev polynomid. Instead of specifying p one could also set p
=0 and adopt a Phillips-Perron (1988) approach by estimating the long-run variance o?
nonparametricaly, usng a Newey-West (1987) type variance estimator. But then the problem of
specifying p isreplaced by the problem of specifying the truncation width involved. Alternatively one
could adopt a similar approach asin Said and Dickey (1984) and Ng and Perron (1995) by specifying
p adaptively as afunction of the sample Sze n. These extensions seem pretty straightforward.

A more difficult problem isto provide generd guiddines for specifying the order m of the
detrended Chebishev polynomids. Although the specification of m seemsless criticd than the
specification of the order of the polynomia trend in the Ouliaris, Park and Phillips (1989) approach, it is
clear that the power as well asthe actua sze of our tests depend on m. The Size problem can be solved
by smulation, aswe did in the empirica applications, but given m the power of our tests depends on
the unknown nonlinear trend under the dternative. If this nonlinear trend is more nonlinear than the
Chebishev polynomid gpproximation with a fixed order m can handle, the power of our test might be
low. One could think of determining m adaptively by (say) conducting a sequence of Wald tests, but a
problem (athough not unsurmountable) is that under the null hypothesis the limiting didtribution of the
OLS estimate 6 is nonstandard. Cf. Theorem 1. Another approach isto let m converge to infinity with

the sample size n at some controled rate, like the truncation width of the Newey-West (1987)
estimator. The keys for this generdization are the Lemmas A.3 and A.5 in the gppendix, which need to
be generdized to

1

(1/‘/7)2; utijOS(mnTc(t—O.5)/n) - o{(-1)"" W) + mnnfsin(mnnx)W(x)dx} =0
= 0

n 1
L3 cos(m, n(t - 05)1n)s,((t~j)In) - o [costm, m)(x)ax - 0,
nynt=1 0
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respectively, for fixed j and a sequence m,, of naturd numbers converging to infinity with », where S,,(x)

= ¥y ifx € [n°3,1], S,(x) = 0if x € [0,n%). Whether such asequence m,, exists, and if so how it

dependson 7, is an open question.

Finally, some words of warning. If our tests rgject the unit root hypothesis this should not be
automaticaly interpreted as evidence in favor of the nonlinear trend Sationarity hypothess. As shown
by Hasder and Wolters (1995) and others, the ADF and Phillips-Perron (1988) tests of the unit root
with drift hypothesi's may aso have some power againg other aternatives than linear trend Stationarity,
for example the dternative that the processis fractiondly integrated. The same may apply to our tests.
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Appendix: Proofs

Proof of Lemma 1. See, eg., Hamming (1973).

Proof of Lemma 2: \We can write

2)  tcos(2kn(t-05)/n) = g (2kn/n) + g (-2kmn/n),
t=1

where
g (X) — e*O.SixZ text = iefO.SixiZ (eix)t _ 16*0.51')6 d eixl_e
" -1 i dx’i i dx 1-ei*
) 1- inx 70.5ix(1_ 1 inx)
— eO.5lx € +€ (I’l+ )e
(e -05ix_, 0.5ix)2 e 05ix_,05ix
_ cog(0.5x) + i(2n+1)sn(0.5x)e "™
~45r?(0.5x) ’
hence,

(2n+1)9n(0.5x)gn(nx) - cos(0.5x)(1 - cos(nx))
28r?(0.5x) '

g,(x) + g,(-x) =

Fuggingin x = 2km, the lemmafollows. Q.E.D.

Proof of Lemma 3: Again we can write

2§nj t cod[(2k-1) 7 (t-0.5)/n]
t=1

g, (@k-D)m/n) + g (~(2k-1)n/n)

__ €o90.5(2k-1)mt/n] _
Sre[0.5(2k - 1)/ n]
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QED.
Proof of Theorem 1: Under H, aswell asunder linear trend Stationarity modd (3) is equivaent

to

u, = oS ((t-D/n) + $TU _, + 7P + ¢, (A.1)

where
Uy = @y gt ) = (o),
[xn]
S)=0ifxe[0n b, S (x) = Zut if x € [n11],
t=1

and the parameters are the same asin modd (3), except the first two components of 6. The same
appliesto the OLS egtimators of these parameters.

In order to derive the limiting distribution of the OLS estimators of the parameters of model
(A.1) under H,, we shdl firg derive the limiting distribution of weighted means of «, and their partia
ums S, (¢/n), where the weights are the detrended Chebishev time polynomias:

Theorem A.l. Let Xkd.’n = (1/mzf:1ut7jpkfn(t), X](Z’) - (XO’]_’n,XlJ’n yoen X J_’n)T. Then for
fixed m >1andj, )(;(nm) = oX ~ Nm+1(0,02]m+1), where 0 = o (1).
Theorem A.2. Let Y, = (Umym)E, S, (t-1)ImP;,(6), Yo = (Y Yy oees ¥y .

. m) m
Then for fixed m >0 and j, );(n = oY,
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Proof of Theorem A.1: Note that we can write

u = b)Y, = p(1)te, » O - ODF

1-1L

= 0M) e, + YI)E, - g q) = dD) e, + v, - vy,

say, where v, = Y(L)e,. Denoting

W(x)=0ifxe€ [0,n7Y)

[xn]
- (1/‘/Z)Z (e,/o,) if x € [n 1.1,
t=1
it follows now that

\% -V
S (Wi = oW (x) +L 2
n

where 62 = o2/¢(1)? isthelong-run variance of u;:

n 2
0 = lim E{ Un)Y u,} :
t=1

n-oo

Moreover, under Assumption 1, W, = W, and consequently S,/vVn = oW, where W is a standard

Wiener process. [Cf. Billingdey (1968)]. Furthermore, we have:

Lemma A.1. Let F be a differentiable real function on [0,1] with derivative f. Then

n 1
X; F(tln)u, = F(1)S, (1) - ff(x)Sn(x)dx.
= 0

Proof of Lemma A.1: Bierens (1994, Lemma 9.6.3, p.200).
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n 1
Lemma A.2. For fixed j, (1/‘/17)2 u,fj(t/n) = o{ W) - fW(x)dx} .
t=1 0

Proof of Lemma A.2: Apply LemmaA.1 with F(x) = x and u, replaced by u, ;. Since

(] (]

0
Zut_j =5 (x) + Z u, - Z u, =8 (x) + OP(f)a

t=1 t=-j+1 t=[nx] -j+1

where by stationarity of u, the O,(j) partisuniform in x, the lemma follows from the continuous
mapping theorem.

Lemma A.3. For fixed k and j,

n 1
(1/\/7)2 utfjcos(kn(t—O.S)/n) = of{(-)'WQ) + kn f sin(kmx)W(x)dx} .
t=1 0

Proof of Lemma A.3: Smilaly to LemmaA .2, with F(x) = cos(k(x-0.5)/n).

Theorem A.1 follows easily from these lemmas. Q.E.D.

Proof of Theorem A.2: It follows straightforwardly from the weak convergenceresult S,/Vn = oW

and the continuous mapping theorem that

n 1

LS (eln)"s, (=) 1m) = o [x " Wee)ds.

=1
nynt 0

Lemma A.4. For fixed m > 0 and j,
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Lemma A.5. For fixed k > 0 and j,

n 1
LY costkn(t - 0.5)/n)S,((t~j)In) = o [costkmx) W)
0

mfnt=1

Using these lemmas, Theorem A.2 follows smilarly to Theorem A.1. Q.E.D.

In order to complete the proof of Theorem 1, we need the following lemmas:
Lemma A.6. The following weak convergence results hold jointly:

W)Y uS (-1)/n) [0 - E@)),
t=1

. 1
L/n)Y_ S, ((t-1n)? = o° f W(x)%dx .
t=1 0

Lemma A.7. (1/n)Y. &S ((¢-1)/n) - %oicb(l)’l[W(l)z - 1].
t=1
Lemma A.8. For fixedj > 1,

(1/n)§nj u, S ((t-1)in) = ji cov(u, ,u, ) + %[OZW(l)Z - E@p)].
=1 i=0

These lemmeas follow easily from resultsin Phillips (1987).
Now estimating modd (A.1) by OLS, with &, ¢ and 6 the OLS estimatorsof «, ¢ and O,
repectively, and subgtituting (A.1) into the norma equationsyied
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) eS ((t-1)ln) = né (Un 23" S ((t-1)in)?
=1 =1

* U/ S,((t-1im)U, Yl - ¢)
W)Y 5 (DL O - 0),
(1/\/7)22 eU | = n&(l/(n@)é Sn((t—l)/n)Ut_l
- W3 U, U/ D - 0)
. (un)é U, P u(® - 0),
WS el = na(OVA)Y. S (- DS
- W3 P WD - )+ D - 0).
Using the fact thet by LemmaA 8,
WY, ST, = O AN,
and that by Theorem A1,

@my u pMT - O (LI,
t=1

we can Smplify these norma eguationsto:
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Wiy eS ((t-1)n) = n&(Un 2y S ((¢-1)/ny?
=1 =1

(A.22)
= U)Y S, (- )P Wu(® - 0) + 0,11y,
=1
(umznj eU | = (]./n)i U U - ) + 0, (L), (A.23)
t=1 t=1
(Jjﬁbi eP" = n &(u(nm)gnj S, (t-Dn)P”
-1 =1 (A.24)
+ @ - 0) + O (L1yfn).
Substituting (A.6) in (A.4) yidlds
(1/n)§nj eS ((t-1in) - [(1/(nﬁ))§nj Sn((t—l)/n)Ptff)]T[(ll\/ﬁ)zn: e L]
=1 =1 =1
- naUn DY S, — W)Y S, (-1 T2 (4.25)
t=1 =1
+ Op(l/m.
Since smilarly to Theorem A 1,
(1/¢7)z"j eP" - g X, (A.26)
t=1

it follows from (A.7), Theorems A.1-2 and Lemmeas A.7-8 that



%cl)(l)’log[W(l)z - 1] - oo Y Txtm

no =

1
OZPW(X)de - ym TY(’")a
0

Hence, subdtituting o = o,/ $(1) in (A.9), thefirst part of Theorem 1 follows. Moreover, the second

part of Theorem 1 follows from (A.5). Furthermore, the third part of Theorem 1 follows from (A.6),
(A.8), Theorem A.2 and thefirst part of Theorem 1.
Finally, observe from mode (A.1) that

2, - et - 23 5 (- Wik, - G-V NDY U,
—zﬁ(é—e)f(l/‘/ﬁ)g ep Zn&(ll(n\ﬁ))g U,_,S,((t-1)in)
* 20800 WY 5, (- DimPY
" 2ﬁ(&>—¢)T(1/n)tﬁ£ U_ P a(6-0) + n?a3(Un Z)i S, ((t-1)n)?
V-6V WNY U, U h-0) + VO-0)Y(B-0).
It follows from the proof of the second part of Theorem 1 that
ﬁ@—w(l/n)g U, U Wi(d-9) - 2/n(-0) (e U,

= V-9 Wy U, U Wn(-9) + 0,(1) = -0;b,b,.

Using (A.2), (A.3), (A.8), Theorem A.2, Lemma A.8 and thefirst three parts of Theorem 1, part 5 of
Theorem 1 follows. Part 4 follows easily from the other parts of Theorem 1, and the fact thet the #-test
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isequivaent to the F-test of the null hypothess « =0, i.e,

g2 - Y ¢
m,t m,t
- _ t=1 t=1
ln-p-m-1 — \ .
€, I(n-p-m-1)
t=1

The rest of Theorem 1 follows easily by setting «,, = ¢,, = 0. Q.E.D.

Proof of Theorem 2. Follows straightforwardly from Theorem 1. Q.E.D.

Proof of Theorem 3: Since under H, the last m components of 0 in modd (3) are zero, it
follows from Theorem 1 that

Y = o X G — g yOm) =12, m. (A.9)

and from Theorem A.2 that

1 v~ pem
L §2p@n gy,

mynt=1

Hence, using Theorem 1 and (A.9), it follows that under H,,

m-i+

o=y z, P v i = o X6~ N 0,00, )0 = 1,2, m
t=1

QED.
Proof of Theorem 4: It follows from (2) that under /5 ,

o7 = (Ao+xl(n+1)/2, AY(n?-1)/12, 0, o,...,o).

Note that, Snce by the stationarity assumption al the roots of ¢(L) lie outsde the unit cirdle, ¢(1) is
aways positive, hence o < 0. Denoting
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6im = (@ ,....,8 )

it is now easy to verify from these results and Theorem A.1 that under /5,

(@ - o) = 0,(1), where & < 0,

ﬁ(é(i,m) - glmy S OSX(L’”), i=01,...,m,

n ) . o ‘
VAU zp 5" - 86m] = - —x G,
t=1 o

pim__ 6" m = (A /112, 0,0,....,0),

pim s = o’.

QE.D.

Proof of Theorem 5: This theorem follows straightforwardly from (9) through (12), which will
be proved below:
Proof of (9): Since

nlcogkn(t + 1 - 0.5)/n) - cos((kn(r - 0.5)/n)|

_ coglkm/n) - 1
1/n

cogkn(r - 0.5)/n)

- SUEI M) §rtkn(e - 5)in)
1/n

~ —knsr(kn(c - 05)/n) + o(1),

uniformly inz = 1,...,n, it follows smilarly to Theorem A.1 that
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n

Y. ufcogkm(t -0.5)/n) - codkm(t + 1 - 0.5)/n))

t=1

= kn(l/ﬁ)fj udr(kn(t - 0.5)/n) + 0,(1)
=1
1
= -o(km)? f cos(kmx) W(x)dx

0
hence
anulp,jn(t) - P+ 1)) = O (11yw).

t=1

It follows now from

1

. fj P, (n+1)? fj P, (n+1)P, (1) _
E‘El} i1 e "
K Dy ARCRE AT UG
k=1 k=1
Y Py DY AzP,0)
k=1 =1

X

E Pkfn(l)z AZfPl:n(t)
k=1 t=1

thet

T —
Ul T
N =

S ——rrrrr——

Il
T —
|
< ::
(=]
N—rrrr—
+
QO
—~
[ER
~~
5

hence (9) follows.

Proof of (10): It follows from Theorem A.1 that
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AWM Az PG = oxm.
t=1

Moreover, it follows from (2) that
lim __P/.(1) = -lim_ P (n+1) = -23,

lim, P, D) = lim, . P, La(n+1) = V2, (k > 1),

1-o -3 B -
lim,_. Py (1) = -lim__ P, (n+1) = 2 =
Cr
(k> 1)
Thus, denating
@, = IlmnmPﬁflg, ®,, = IimnmPl(i'm),
we have
” -1
£ PP, PLaPonl b1
1 1 . 1,m¥Y1lm m ,m ,m O‘X(l‘m)
\/7 é T T T
2 (PZ,m(pl,m q)Z,m(PZ,m (p2,m
hence (10) follows, with
T T = BN
» (pl,m(pl,m (pl,m(p2,m (pl,m
m - ]m - ((pl,m’(p2,m T T T

(pZ,m(pl,m (p2,m (pZ,m (pZ,m

Note that the matrix ,, isidempotent, with rank m - 2.
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Proof of (11) and (12): These results follow easily from Theorems A.1-2. Q.E.D.
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Table 1: Fractiles of ay: P(am <a)=p

p: ] 0.01 0.025 | 0.05 0.1 0.25 0.5 0.75 0.9 0.95 0.975 | 0.99
m a

1 -29.7 | -254 | -220 | -183 | -13.5 -9.0 -5.9 -3.8 | -2.7 -1.8 -1.0
2 -370 | -316 | -27.2 | -2830 | -170 | -116 | -7.1 -41 | -2.6 -14 -0.0
3 -46.2 | -404 | -356 | -30.9 | -245 | -183 |-136 |-10.2| -85 -7.3 -6.1
4 -52.2 | -465 | 416 | -36.3 | -288 | -21.8 |-16.2 |-11.7| -93 -1.4 -5.4
5 -61.1 | -538 | -48.7 | 434 | -356 | -281 |-219 |-175] -151 -135 | -11.8
6 -66.9 | -60.1 | -54.7 | -49.1 | -404 | -323 |-249 |-195] -16.8 -14.4 | -12.0
7 -748 | -675 | -61.8 | -55.8 | -46.9 | -38.0 [-30.8 |-25.1|-22.3 -200 | -17.3
8 -80.6 | -735 | -679 | -61.7 | -52.0 | -424 |-344 |-27.9|-245 -21.9 | -18.7
9 -889 | -80.2 | -744 | -67.7 | -58.2 | -483 |-399 |-33.1]-298 -27.0 | -24.0
10 | -942 | -870 | -80.3 | -73.7 | -63.3 | -52.8 | -43.8 | -36.6 | -32.6 -29.6 | -25.7
11 | -101.8 | -939 | -87.1 | -80.0 | -69.3 | -58.7 |-48.9 |-41.6| -37.6 -344 | -30.9
12 | -109.9 |-100.5 | -93.7 | -85.7 | -744 | -63.2 |-53.2 |-45.0| -40.7 -37.3 | -33.0
13 | -117.0 |-107.3 | -100.0 | -92.1 | -80.3 | -68.7 |-58.4 | -50.1 | -45.6 -42.0 |-38.1
14 | -1242 |-113.8 | -106.0 | -98.0 | -85.9 | -73.5 | -624 | -53.7 | -48.7 -44.8 | -40.7
15 | -130.2 | -120.3 | -112.4 | -104.0 | -91.8 | -79.3 | -67.6 | -58.5| -53.8 -495 | -454
16 | -136.9 |-127.2 | -1189 | -109.7 | -97.2 | -83.8 |-71.9 |-62.2| -57.1 -524 | -47.6
17 | -1449 |-1345 | -1255 | -116.3 | -1026 | -89.3 | -77.2 | -67.4 | -61.8 -57.4 | -51.8
18 | -151.2 |-140.9 | -132.2 | -122.8 | -108.2 | -945 |-815 | -71.1 | -65.4 -60.5 | -54.5
19 | -157.5 | -148.2 | -139.9 | -129.6 | -114.3 | -100.1 | -87.1 | -76.3 | -70.5 -65.3 | -59.8
20 | -164.1 | -153.9 | -145.7 | -135.6 | -120.0 | -105.0 | -91.4 | -80.5 | -74.2 -69.0 | -62.6




Table 2. Fractiles Oftii:hpﬁﬂ <t)=p

45

p: ]0.01 0.025 ] 0.05 |0.1 025 | 0.5 0.75 | 0.9 095 |]0.975 | 0.99
m t

1 |-420 |-3.80 |-352|-321 |-269|-219 |-169|-1.24 |-0.93|-0.67 | -0.32
2 |-461 |-428 |-397|-364 |-309]|-249 |-185|-1.20 |-0.82|-0.47 | -0.03
3 |-501 |-468 |-443|-409 |-360]-3.08 |-259|-218 |-194|-1.72 | -1.47
4 |-547 |-508 |-480|-449 |-395]|-338 |-281|-226 |-191|-159 |-1.25
5 |-582 |-543 |-516|-483 |-432]|-380 |-332|-288 |-263|-243 |-2.19
6 |-619 |-580 |-549|-516 |-464]-409 |-353|-3.03 |-2.69 |-242 |-2.02
7 |-647 |-6.09 |-578|-546 |-495]|-442 |-3.92|-348 |-321|-3.00 |-2.72
8 |-68 |-641 |-6.08|-574 |-524|-467 |-412|-3.65 |-333|-3.05 |-2.70
9 |-710 |-668 |-635]|-601 |-549]|-49 |-445]|-400 |-3.76|-3.54 |-3.20
10 |-742 |-698 |-6.67|-6.29 |-575]|-520 |-4.66|-4.17 |-3.86|-3.58 | -3.25
11 |-7.74 |-7.24 |-6.89 |-65 |-602|-546 |-495|-449 |-422|-3.98 | -3.65
12 |-800 |-751 |-715|-6.82 |-6.26|-570 |-515]|-464 |-435]|-405 |-3.70
13 |-824 |-781 |-742|-7.03 |-650|-594 |-5411-492 |-4.63|-440 | -4.09
14 |-848 |-808 |-771]|-7.30 |-6.75]|-6.16 |-558|-5.08 |-4.76|-450 | -4.13
15 |-875 |-828 |-789|-752 |-696|-639 |-583]|-533 |-503]-476 |-4.41
16 |-902 |-851 |-813|-7.74 |-718]|-658 |-6.01]-546 |-514|-484 | -4.43
17 |-927 |-871 |-835|-795 |-738]-680 |-6.25|-572 |-540|-509 |[-4.74
18 [-948 |-89 |-857]|-816 |-759|-7.00 |-6.43|-588 |-553]-521 |-4.74
19 [-970 |-918 |-877|-838 |-782|-722 |-6.64]|-6.10 |-578|-549 |-5.13
20 1-993 |-940 |-900|-860 |-801]|-741 |-6.82]-6.24 |-5.89 |-560 | -5.20



Table3: Fractiles of F,: P(F,,< F)=p

46

p: 0.01 [|0.025 |0.05 |01 0.25 |05 0.75 | 0.9 0.95 | 0.975 | 0.99
m F

1 0.70 | 0.89 108 |136 |195 |289 |409 |547 | 649 | 7.58 8.70
2 0.71 | 0.90 108 |136 |191 |273 |3.75 | 488 | 568 |6.51 7.37
3 1.13 | 1.35 156 | 185 | 237 |311 J401 |501 | 569 |6.36 7.22
4 1.17 | 1.39 160 | 186 | 237 |3.06 |]3838 |478 |538 |591 6.68
5 140 | 164 183 | 208 | 258 |322 ]398 |480 |534 |583 6.60
6 144 | 1.67 187 | 211 | 258 |319 |392 |469 |517 |5.68 6.40
7 156 |1.80 199 | 224 |269 |328 |396 |470 |517 |5.70 6.30
8 1.63 | 1.83 202 228 |270 [327 |394 |462 |512 |564 6.28
9 1.70 | 191 212 234 | 278 |335 |398 |466 |514 |561 6.28
10 1.73 | 1.95 215 | 236 | 280 [334 |397 |460 | 506 |5.53 6.16
11 1.78 | 2.03 221 (244 | 287 [340 |399 | 460 |505 |550 6.07
12 1.82 | 2.06 224 248 | 289 |[341 ]398 | 459 | 502 |545 5.96
13 1.86 | 2.09 228 | 252 | 293 |[343 401 | 463 |504 |544 6.02
14 190 | 211 231 | 255 |294 | 344 1400 | 460 | 502 |5.42 6.03
15 195 | 218 236 | 258 |299 |347 1403 |463 | 501 |541 5.95
16 1.97 | 220 239 | 261 | 300 |348 |4.03 | 460 | 500 |5.37 5.92
17 2.00 | 225 243 | 265 | 305 |351 405 |462 |501 |5.38 5.90
18 204 | 227 245 | 267 | 306 |352 406 |462 | 499 |535 5.90
19 2.09 | 232 249 271 | 310 |[355 |4.07 |460 | 497 |534 5.90
20 2.08 | 231 252 273 | 310 |[356 |4.07 |460 | 498 |534 5.84




Table4: Fractiltes of T,. P(T, < T)=p

p: [0.01 ]0.025 ]0.05 | 0.1 0.25 ] 0.5 0.75 0.9 0.95 0.975 0.99

m T
3 0.1 0.3 0.5 11 3.3 11.7 38.8 110.0 184.5 281.4 451.6

4 0.5 0.9 17 33 |101 | 332 111.8 | 2975 532.9 797.6 1245.1
5 0.9 1.6 2.6 44 1114 | 35.1 121.0 | 313.9 528.0 817.7 1262.1
6 15 2.7 4.3 7.2 18.8 | 58.9 203.3 532.2 9189 | 1420.7 2244.7
7 2.2 3.3 51 81 | 200 | 614 220.0 | 581.8 999.4 | 1473.1 2264.0
8 3.1 4.7 7.0 11.3 | 27.3 | 87.0 317.6 | 8433 14731 | 2261.4 3363.0
9 3.6 54 7.6 119 | 285 | 90.0 335.0 | 919.3 1535.9 | 2404.1 3729.5
10 | 44 6.7 9.5 15.0 | 35.7 | 115.2 438.4 |1208.7 | 21145 | 3204.3 4980.0
11 | 51 7.1 10.1 | 156 | 37.0 | 1173 454.4 | 1276.1 | 2243.4 | 3335.6 5508.1
12 | 59 8.6 12.2 | 189 | 444 | 1415 557.7 | 1609.4 | 2807.0 | 4276.0 6856.6
13 | 65 9.2 12.7 | 198 | 45.4 | 146.3 5795 | 1711.4 | 2980.1 | 4529.7 7479.6
14 | 74 | 106 15.0 | 23.0 | 53.0 | 168.5 688.9 | 2066.4 | 3621.5 | 5583.2 9048.4
15 | 7.7 11.0 153 | 236 | 54.1 | 1717 7119 | 2211.1 | 3861.7 | 5869.7 9632.4
16 | 8.6 12.7 176 | 269 | 61.3 | 196.9 823.0 | 2610.4 | 4522.0 | 7158.8 11615.9
17 | 9.3 13.0 179 | 275 | 62.7 | 197.7 837.4 | 27439 | 47265 | 7478.6 11846.1
18 | 10.2 | 14.6 20.0 | 305 | 70.3 | 223.9 948.1 | 3197.4 | 55289 | 8789.6 13822.1
19 | 104 | 149 204 | 310 | 70.8 | 225.3 970.4 | 3296.6 | 5665.5 | 8948.8 13879.7
20 |114 | 164 226 | 342 | 785 | 2495 | 1070.6 | 3761.2 | 6500.9 | 10150.1 15989.2

Remark: Table 4 is incorrect! See below for the correct version.
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Table 4: Corrected quantiles of the T-Tilde test: p = P(f <1
0. 010

©CONOUIAWIT

10

12
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14
15
16
17
18
19
20

0.
1.
6.
21.
39.
73.
110.
157.
218.
310.
382.
505.
615.
719.
854.
993.

1162
1321

01
07
08
56
11
70
93
62
67
71
70
88
53
69
40
78
. 85
.74

0. 025

0.

2.
11.
32.
57.
109.
149.
223.
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391.
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618.
743.
866.
1016.
1210.
1360.
1557.

04
68
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04
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53
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0. 050

0.
5.
18.
47.
80.
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481.
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1021
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1399
1581
1789

15
36
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80
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69
59
57
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07
36
. 36
.48
.42
.29
.70

0.

0.
10.
30.
71.

114.
190.
256.
359.
455,
596.
725.
893.

1060
1221
1417
1638
1852
2111

100

58
80
15
16
81
79
55
51
50
44
89
25
.23
.82
.48
.15
. 69
.24

0. 250

3.
27.
65.

124.
192.
293.
388.
516.
658.
824.
995.

1201
1408
1595
1858
2106
2378
2694

T
62
53
07
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37
17
99
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00
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.48
. 50
.41
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. 25
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15.
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209.
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3123.
3495.

500

71
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31
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48

0.750

48.
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4020.
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32

0. 900
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4074.
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5012.
5485.
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56
44
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0. 950
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214.
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915.
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08
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. 69
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5219.
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93
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08
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0. 990
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390.
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7068.
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48
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04
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Table5: Unit root and trend stationarity test results for the price levels

Test Test statistics
LNDEF( 100) LNCPI (129) LNCPI (100) Critical regions Ho Hi
JAV A Zt JAV A Zt JAVA 5% 10%
P -50. 89 0. 69 -44.67 0. 65 -31.89 | < -8.00 < -5.70 UR ST
PP(1) Zt -52.76 2.29 -47. 17 1.75 -34.57 <-11.20 UR ST
PP(2) 0. 68 -52.76 -0.79 -40. 53 -3.88 -34.90 <-14.00 <-18.10 UR TS
ADF( 1) 1.43 -3.09 -0.93 -4.12 -0.84 -3.22 <-21.50 < -3.21 UR TS
ADF( 2) -5.12 -6.00 -1.01 -4.12 -1.73 -5.57 < -3.52 < -3.21 UR TS
HOAC( 1, 1) -1.23 -9801 -16641 -11. 06 -10000 -9801 < -3.52 <-11.20 UR ST
HOAC( 2, 2) -1.59 -9801 -6.15 12. 99 -4.44 -9801 <-14.00 <-13.10 UR ST
DHOAC( 1, 1) -10000 -9801 -1.68 -14. 80 -3.21 -9801 <-15.70 <-17.10 UR TS
DHOAC( 2, 2) -3.85 -9601 -8.49 -16. 11 -11.12 -9801 <-20. 60 <-18.90 UR TS
C(1) -3.24 0.08 51. 24 1.47 59. 80 0.21 <-22.40 > 6.31 ST UR
C(2) -9.71 0.08 71.10 1.47 79. 33 0.21 > 12.71 > 6.31 ST UR
C(3) 62. 54 0. 09 54. 85 1.55 107. 09 0. 25 > 12.71 > 6.31 ST UR
C(4) 89.62 0.09 25. 64 1.58 41. 46 0. 26 > 12.71 > 6.31 ST UR
C(5) 125. 46 0. 04 16. 69 0.42 47.92 0. 14 > 12.71 > 6.31 TS UR
C(6) 51.56 0. 26 20. 67 1.53 8.74 0. 66 > 12.71 > 6.31 TS UR
36. 05 > 12.71
7.46

P = Phillips test; PP(i) = Phillips-Perron test type i; ADF(i) = Augmented Dickey-Fuller test, type (i); (D)HOAC(i,i) =
Bierens(Detrended)Higher Order Autocorreation Test typei.i; C(i) = Bierens-Guo's Cauchy tests, typei. UR = Unit root; ST
= Stationarity; TS = Trend gationarity. The large negative values of the (D)HOAC tests are equal to - »°. Cf. Bierens (1993).
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Table 6. Tests of the unit root with drift hypothesis against nonlinear trend stationarity
for LNDEF(100):p =1, m = 10

Fractiles of the asymptotic null distribution
Test type Teststatictics 0.05 0.10 0.90 0.95
{(m) -6.48 -6.67 -6.29 -4.17 -3.86
A(m) -91.6 -80.30 -73.70 -36.60 -32.60
F(m) 6.25 2.15 2.36 4.60 5.06
f"l(m) 0.75 3.94 4.87 16.00 18.30
f"z(m) 0.75 3.33 4.17 14.70 16.90
T(m) 3364.2 9.5 15.0 1208.7 2114.5
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Table 7: Small sample pretest null distribution function F for LNDEF(100)

1(m): F(-648) = 0.118
A(m): F(-91.6) = 0.264
F(m): F6.25 = 0903
T,(m): F0.75 = 0141
T,(m): FO.75) = 0.160
T(m): F(3364.2) = 0.933

51



Table8: Tests of the unit root with drift hypothesis against nonlinear trend stationarity
for LNCPI(129):p = 5, m = 20

Fractiles of the asymptotic null distribution

Test type Test statistics 0.05 0.10 0.90 0.95
t(m) -8.58 -9.00 -8.60 -6.25 -5.89
A(m) 111.8 -145.70 -135.60 -80.50 -74.20
F(m) 9.20 2.52 2.73 4.60 4.98
f*l(m) 2151.87 10.90 12.40 20.40 31.40
f"z(m) 1322.48 10.10 11.70 22.20 30.10
T(m) 8724.1 22.6 34.2 3761.2 6500.9
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Table 9. Small sample pretest null distribution function F for LNCPI(129)

t(m): F(-858) = 0.380
A(m): F(111.83) = 0.648
F(m): F(9.20) = 0.883
T,(m): F(2151.87) = 0.968
T,(m) F(1322.48) = 0.953
T(m): F(8724.12) = 0.291
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Table 10: Tests of the unit root with drift hypothesis against nonlinear trend stationarity
for LNCPI(100):p =2, m = 10

Fractiles of the asymptotic null distribution

Test type Test statistics 0.05 0.10 0.90 0.95
1(m) -6.59 -6.67 -6.29 -4.17 -3.86
A(m) -125.8 -80.30 -73.70 -36.60 -32.60
F(m) 7.42 2.15 2.36 4.60 5.06
fl(m) 3.25 3.9 4.87 16.00 18.30
f"z(m) 2.77 3.33 4.17 14.70 16.90
T(m) 3954.2 9.5 15.0 1208.7 2114.5




Table 11: Small sample pretest null distribution function F for LNCPI(100)

55

t(m): F(-6.59) = 0.080
A(m): F(-125.82) = 0.240
F(m): F(7.42) = 0.945
T,(m): F(3.25) = 0524
T, (m): F(2.77) = 0510
T(m): F(3954.21) = 0.947




Table 12: Unit root and trend stationarity test results for the interest rates

Test Test datidics

NINT RINT Critica  regions H, H;

Z Z 5% 10%

P 0.7 -44.06 <-8.00 <-570 UR ST
PP(2) 9-1.52 -43.74 <-14.00 <-11.20 UR ST
PP(2) -4.39 -43.94 <-21.50 <-18.10 UR TS
ADF(1) -0.86 -2.72 <-3.52 <-3.21 UR TS
ADF(2) -0.86 -5.29 <-3.52 <-321 UR TS
HOAC(1,1) -7921 -7921 <-14.00 <-11.20 UR ST
HOAC(2,2) -16.32 -7921 <-15.70 <-13.10 UR ST
DHOAC(], -1.80 -7921 <-20.60 <-17.10 UR TS
1) -27.37 -7921 <-22.40 <-18.90 UR TS
DHOAC(2, 112.42 13.73 >12.71 > 6.31 ST UR
2) 86.44 13.73 >12.71 > 6.31 ST UR
C(D) 5.12 13.74 >12.71 > 6.31 ST UR
C(2 5.03 13.74 >12.71 > 6.31 ST UR
C(3) 24.49 0.36 >12.71 > 6.31 TS UR
C(4) 4.64 0.73 >12.71 > 6.31 TS UR
C(5)
C(6)
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Table 13: Tests of the unit root with drift hypothesis against nonlinear trend stationarity
for NINT: p =2, m =10

Fractiles of the asymptotic null distribution

Test type Teststatistics 0.05 0.10 0.90 0.95
t(m) -3.99 -6.67 -6.29 -4.17 -3.86
/f(m) -84.5 -80.30 -73.70 -36.60 -32.60
F(m) 2.87 2.15 2.36 4.60 5.06
f“l(m) 1.73 3.94 4.87 16.00 18.30
fz(m) 1.68 3.33 4.17 14.70 16.90
T(m) 703.4 9.5 15.0 1208.7 2114.5
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Table 14. Small sample pretest null distribution function F for NINT
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t(m): F(-3.99) = 0978
A(m): F(-84.54) = 0.232
F(m): F(2.87) = 0.118
T,(m): F(L73) = 0.794
T(m): F(1.68) = 0.802
T(m): F(703.41) = 0.996
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