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1. The uniform weak law of large numbers
In econometrics we often have to deal with sample means of random functions. A random
function is afunction that is arandom variable for each fixed value of its argument. In cross-
section econometrics random functions usually take the form of afunction g(Z,0) of arandom
vector Z and a non-random vector 0. For example, consider a Logit model:
y + (1 - y)exp(-a - B'X)

P[Yj = leJ] = T 1 y = 011!
1+ exp(-a - BXJ‘)

where Y, € {0,1} isthe dependent variable and X € R¥ isavector of explanatory variables.

Denoting Z = (Yj ,XJ-T)T, and given arandom sample {Z,,Z,,...,Z }, thelog-likelihood function

n

involved takes the form Zj ,9(Z.,6), where

9(Z,.0) = In(Y, + @ - Y)exp(-a - BX)) - In1 + exp(-a - BTX))
1)

Yo + BX) - In1 + exp(a + BTX)), where 6 = (o, BT)".

For such functions we can extend the weak law of large numbersfor i.i.d. random variablesto a
Uniform Weak Law of Large Numbers (UWLLN):

Theorem 1: Let Z, j = 1,..,n, be arandom sample from a k-variate distribution. Let g(z,0) be a
Borel measurable functionon Z x ©, where Z < R¥ isa Borel set such that PlZ, € Z] =1,
and © isacompact subset of R™, such that for each z € Z, g(z,0) isa continuous function

on ®. Furthermore, let



E[Supee(a ‘ g(zj 16) ‘] < . (2)

Then plim___sup, o (U)X ,9(Z,6) - E[9(Z,.0)]| = 0.

Note that subsets of Euclidean spaces are compact if and only if they are closed and bounded.
See, for example, Bierens (2004), Appendix Il, Theorem 11.2.
The original proof of the stronger result
SUpy. | (UMX19(Z,,6) - E[9(Z,,0)]| - 0 as,
was given in the seminal paper of Jennrich (1969). This proof is explained in detail in Bierens
(2004, Appendix to Chapter 6).
The condition that the random vectorsZ, arei.i.d. can be relaxed, because the result in

Theorem 1 also holds for strictly stationary time series processes with a vanishing memory:
Definition 1: A (vector) time series process X, € R¥ isstrictly stationary if for arbitrary
time index t.

Definition 2: A (vector) time series process X, € R¥ has a vanishing memory if all the setsin

the remote o-algebra .7 _ = Nol{ X _}. ) have either probability zero or one.
t i11=0

Note that if the X, ‘s are independent then by Kolmogorov’s zero-one law the time series X, hasa
vanishing memory.

It has been shown in Bierens (2004, Theorem 7.4) that

Theorem 2:If X € R¥ isa strictly stationary time series process with vanishing memory, and
E[IXI] < «, then plim_ _(Un)X,X = E[X].

| will use thisresult to prove the following more general version of Theorem 1. To be ableto

generalize the UWLLN to the time series case where the random functions involved depend on



the entire past of the time series rather than on afinite dimensional vector of variables, | will

reformulate and prove Theorem 1 under slightly different moment conditions.

Theorem 3: Let Z, € R¥ be a strictly stationary vector time series process with a vanishing
memory,* defined on a common probability space {Q,.7,P}. Let g(z0) be a Borel measurable
real functionon Z x ®,, where Z c R¥isaBorel setsuchthat P[Z, € Z] = 1, and @, is
an open subset of R™, such that for each z € Z, g(z,0) isa continuous function on ©,.
Furthermore, let ® be a compact subset of ®,. Finally, assumethat for each 6, ¢ © there

exists an arbitrary small d > 0, possibly depending on 6, such that

Elstpy g . 59(Z;,0)| <, E[infy o, 50(Z,0)] > —=. -

Then plim,__sup,.|(Un)X,9(Z,,0) - E[9(Z.0)]| = O.

Proof: Observe from condition (3) that for each 6 ¢ ®, E[g(Z,,0)] iswell-defined.
Actually, due to the compactness of ®, (3) implies (2) [Exercise: Why?], so that the latter isa
weaker condition than (3). Moreover, it follows from condition (3), the continuity of g(z,0) in 0,

and the dominated convergence theorem, that

”maloE{SUpnefe*n c59(Z,0) —inflg oyl 9(21’6)] =0, 4
pointwisein 6, € ®. Therefore, for an arbitrary € >0and each 6, € ® we can choose a
positive number (6, ,¢e) such that, with

N, le) = {6 € Oy 6 -6 <30.,¢)}, (5)
we have

0<E

SUBy ¢ ne. 1o 9(Z,,0) - infy N(O. [e) 9(21,9)] <e. (6)

Next, observe that the sets (5) are open, so that U, _,N(0, |€) is an open covering of @.

Then by the compactness of ® there exists afinite sub-covering of ©:

1 Which includes the case that the Z, ‘s arei.i.d.

3



@ < USNG [e), ()

where K and the vectors 6, € ® depend once.
Using the easy inequality sup,[f(x)| < [sup, f(X)] + [inf f(X)|, itisnot hard to verify that
foreach 6, € O,

SupeeN(e”s)‘(:Un)zilg(ztye) N E[g(Zl,e)\
< 2|(1/n)2?:1311pe€N(9i|€)g(Zt,6) - E[wpeeN(ei|s)g(Zl’e)]|

)
+ 2|(1/n)E{’:1infeeN(eils)g(Zt,6) - E[infeeN(ei|8)g(Zl,e)]|

* Z(E[SupeeN(eils)g(Zl’e)] B E[infeeN(6i|s)g(Zl’e)])'
It follows from Theorem 2 that the first two terms at the right-hand side of (8) convergein

probability to zero, and from (6) that the last term isless than 2.e. Hence,
Sup, o (UNX,9(Z,,60) - E[9(Z,,0)]

< maxlgisK Sup@eN(eik:)‘(:Un)zpzlg(zt’e) B E[g(Zl,O)\ (9)

< R(e) + 2¢, where plim___R (e) = 0.

Theorem 3 follows now straightforwardly from (9). Q.E.D.

In time series econometrics there are quite afew cases where we need a UWLLN for
functions g(.,0) depending on Z for al j > 0. Inthat case g(.,0) takes a more general form as

arandom function:

Definition 3: Let {Q,.7,P} be the probability space. A random function f(0) on a subset © of a
Euclidean spaceis a mapping f(®,0): Qx® - R such that for each Borel set Bin R and each 6
€0, {o € Q: f(w,0) € B} €¢.7.



Definition 4: A random function f(6) on a subset ® of a Euclidean spaceis almost surely
continuouson ® if there exists a set A with probability one such that for each © € A, f(®,0) is

continuousin® € ©O.

For example, let Z, ¢ R be astationary Gaussian moving average process or order 1 [aliasan
MA(1) process]:

Z = U, - o, 4, logl < 1, U, ~ ii.d. NOoD). (10)
Then backwards substitution of U, = o U, , + Z, yields U, = E;ioa{)z[fj, hence

Z, = -X 007, + U, (12)

Thus, denoting .7, = o(U,,U, ,,U, ,,....), thedistribution of Z, conditional on .7, , isnormal
with conditional expectation fEJf’ilaonH and conditional variance o;.
If the Z,*swere observablefor al t < n, aversion of the log-likelihood would take the

n

form X_,9,(0), where

O RN I GO L AR TR (12)

is arandom function. In that case we need to reformulate Theorem 3 as follows.

Theorem 4: Let .7, = o(U,,U, ;,U, ,,....), where U, isatime series process with vanishing
memory. Let g,(0) be a sequence of a.s. continuous random function on an open subset ©, of a
Euclidean space, and let ® be a compact subset of @,. If for each 0, € © thereexistsan
arbitrarily small 6 > 0 such that

€)] 9,0.), SUPyg g s g,(0) and inf"efe*II£6 g,(0) are measurable .7, and strictly stationary,
(b)  Elsupy s GO <, Elinfy o) 0,00 > —,

then plim, _sup,.o[(1/MX;49(6) - Elg,®)]] = O.



2. Consistency of M-estimators

Theorems 3 and 4 are important tools for proving consistency of parameter estimators. A
large class of estimators are obtained by maximizing or minimizing an objective function of the
form (Un)Z?:lgt(G) , for example maximum likelihood estimators or nonlinear least squares
estimators. These estimators are called M-estimators (where the M indicates that the estimator is
obtained by Maximizing or Minimizing a Mean of random functions).

Suppose that the conditions of Theorem 4 are satisfied, and that the parameter vector of

interest is
60 = argmaxee(a E[gl(e)] (13)

Note that "argmax” is a short-hand notation for the argument for which the function involved is

maximal. Then it seems a natura choice to use
0 = argmax, o, (Un)Xy 10,(6) (14)

asan estimator of 0. Indeed, under some mild conditions the estimator involved is consistent:

Theorem 5: (Consistency of M-estimators) Let § = argmax,_,Q(0)and 8, = argmax,_,Q(6),
where Q(6) = (Un)X(,0,(6) and Q(8) = E[Q(0)] = E[g,(6)]. If 6, isuniquethen under the

conditions of Theorem4, plim__0 = 0,.

Proof: Since a continuous function on a compact set takes its maximum value in this set
[see, for example, Bierens (2004, Appendix 11 )], it follows that 0 € © and 0, € ©. Moreover,
by the same result it follows from the continuity of Q(8) and the uniqueness of 0, that for

every e > 0 for whichtheset {0 € O: [6-0|| > €} isnon-empty,
6(60) > wp@e@), [6-6y)>€ 6(6) (15)

[Exercise: Why?] Now by the definition of 6,



0 < QB - Q) = QB - A6y + QB - QAB)
_ . . . _ (16)
< Q(0y) - Q(By) + Q(0) - Q(6) < 2.sup, | Q6) - QO)],
and it follows from Theorem 4 that the right-hand side of (16) convergesin probability to zero.
Thus:

plim, . Q®) = Q). (17)

Moreover, (15) implies that for arbitrary & > O there exists ad > O such that Q(8,) - Q(6) > &
if |6 - 6,1 > ¢, hence

P18 - 61 > ¢) < P[QO,) - Q) = 3). (19)
Combining (17) and (18), the theorem under review follows. Q.E.D.

It is easy to verify that Theorem 5 carries over to the "argmin” case.
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