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Abstract

In Chapter 7 in Bierens (2004) the Wold decomposition was motivated
by claiming that every zero-mean covariance stationary processXt can
be written as Xt =

P∞
j=1 βjXt−j + Ut, where E[Ut.Xt−j ] = 0 for all

j ≥ 1, and P∞
j=1 βjXt−j is the projection of Xt on its past. However,

in general this claim is incorrect. In this note I will give a more general
(and hopefully correct) proof of the Wold decomposition.

1 Projections on spaces spanned by a sequence

The fundamental projection theorem states that:

Theorem 1. Given a sub-Hilbert space S of a Hilbert space H and an
element y ∈ H, there exists a unique element by ∈ S such that ||y − by|| =
infz∈S ||y − z||. Moreover the residual u = y − by is orthogonal to any z ∈ S:
hu, zi = 0.

Proof : See for example Bierens (2004, Th. 7.A.3, p. 202).

This result is the basis for the famous Wold (1938) decomposition for
covariance stationary time series, which in its turn is the basis for time series
analysis.

∗Thanks to Peter Boswijk (University of Amsterdam) for pointing out an error in a
previous version of this note. Moreover, the queries of the students in my graduate time
series courses have led to substantial improvements of the proof of the Wold decomposition.
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The proof of the Wold decomposition in Anderson (1994) is more trans-
parent than the original proof by Wold (1938). However, rather than follow-
ing Anderson’s proof, I will in this note derive first a general Wold decompo-
sition for a regular sequence1 in a general Hilbert space, and then specialize
this result to the Wold decomposition for covariance stationary time series.
First, we need to define sub-Hilbert spaces spanned by a sequence in a

Hilbert space, as follows.
Let {xk}∞k=1 be a sequence of elements of a Hilbert space H, and let

Mm = span({xj}mj=1)
be the space spanned by x1, ..., xm, i.e.,Mm consists of all linear combinations
of x1, ..., xm. Then

Lemma 1. Mm is a Hilbert space.

Proof : Without loss of generality we may assume that the m×m matrix
Σm with elements hxi, xji , i, j = 1, ...,m, is non-singular, as otherwise we can
remove one or more xj’s from the list {xj}mj=1 and still span the same space.
For example, suppose that rank(Σm) = m − 1, and let c = (c1, ..., cm)

0 be

the eigenvector corresponding to the zero eigenvalue. Then
°°°Pm

j=1 cjxj

°°°2 =
c0Σmc = 0, hence

Pm
j=1 cjxj = 0 (the latter being the zero element ofMm).

Since at least one component of c is non-zero, for example ci, we can write

xi =

⎧⎨⎩
−Pm

j=2(cj/c1)xj if i = 1,
−Pm−1

j=1 (cj/cm)xj if i = m,
−Pi−1

j=1(cj/ci)xj −
Pm

j=i+1(cj/ci)xj if 1 < i < m,

so that

Mm =

⎧⎨⎩ span({xj}mj=2) if i = 1,
span({xj}m−1j=1 ) if i = m,
span(x1, ..., xi−1, xi+1, ..., xm) if 1 < i < m.

Now let zn =
Pm

j=1 βj,nxj be a Cauchy sequence in Mm, and denote
βn = (β1,n, ...,βm,n)

0. Then for each j, βj,n is a Cauchy sequence in R because

0 = lim
min(n1,n2)→∞

||zn1 − zn2 ||2 = lim
min(n1,n2)→∞

°°°°°
mX
j=1

(βj,n1 − βj,n2)xj

°°°°°
2

1See Definition 4 below.
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= lim
min(n1,n2)→∞

(βn1 − βn2)
0Σm (βn1 − βn2)

≥ λmin(Σm). lim
min(n1,n2)→∞

||βn1 − βn2||2,

where λmin(Σm) > 0 is the smallest eigenvalue of Σm. Consequently, limn→∞
||z − zn|| = 0, where z =

Pm
j=1 βjxj ∈Mm with βj = limn→∞ βj,n. Q.E.D.

Definition 1. The spaceM∞ = ∪∞n=1Mn (which is the closure of ∪∞n=1Mn)
is called the space spanned by {xj}∞j=1, and is also denoted by span({xj}∞j=1).

Lemma 2. M∞ is a Hilbert space.

Proof : Let zm be a Cauchy sequence in M∞, with limit z ∈ H. If z /∈
M∞ then, because M∞ is closed, there exists an ε > 0 such that the set
{z ∈ H : ||z − z|| < ε} is completely outside M∞: {z ∈ H : ||z − z|| <
ε} ∩M∞ = ®. But then there exists an m such that zm /∈M∞. Since this
is impossible, z ∈M∞. Q.E.D.

Next, let us focus on projections on a space spanned by a sequence in a
Hilbert space.

Lemma 3. For z ∈ M∞ let bzn be the projection of z on Mn. Then
limn→∞ ||z − bzn|| = 0.
Proof : If z ∈ ∪∞n=1Mn then there exists an n0 such that z ∈ Mn0,

hence for n ≥ n0, bzn = z and thus limn→∞ ||z − bzn|| = 0. Now let z ∈
M∞\(∪∞n=1Mn). SinceM∞ = ∪∞n=1Mn is closed andMn ⊂Mn+1, for each
n there exists an zn ∈Mn such that limn→∞ ||z−zn||2 = 0, hence for n→∞,
||z − bzn||2 ≤ ||z − zn||2 → 0. Q.E.D.

More generally we have:

Theorem 2. For z ∈ H, let bz be the projection of z onM∞ = span({xj}∞j=1)
and let bzn be the projection of z onMn = span({xj}nj=1). Then limn→∞ ||bz−bzn|| = 0.
Proof: Wemay without loss of generality assume that bz ∈M∞\(∪∞n=1Mn),

as otherwise the result of Theorem 2 holds trivially. SinceM∞ is closed this
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assumption implies that for each n we can select a zn ∈Mn such that

lim
n→∞

||bz − zn|| = 0. (1)

Let ||z − bz|| = δ and ||z − bzn|| = δn, and note that δn ≥ δ. Since

δ2n = ||z − bzn||2 ≤ ||z − zn||2 = ||z − bz + bz − zn||2
= ||z − bz||2 + ||bz − zn||2 + 2 hz − bz, bz − zni
= δ2 + ||bz − zn||2

it follows from (1) that
lim
n→∞

δn = δ. (2)

Recall that z = bz + u, where hu, xi = 0 for all x ∈M∞. Hence

||bz − bzn||2 = ||z − bzn − u||2 = ||z − bzn||2 + ||u||2 − 2 hz − bzn, ui
= ||z − bzn||2 + ||u||2 − 2 hz, ui = δ2n − δ2 (3)

where the last equality follows from

hz, ui− hu, ui = hbz, ui = 0 (4)

and hu, ui = ||u||2 = δ2. The theorem now follows from (2) and (3). Q.E.D.

Remark 1. Although each projection bzn is a linear combination of x1, ..., xn,
in general the result of Theorem 2 does not imply that there exists a sequence
{θj}∞j=1 such that bz =P∞

j=1 θjxj.
As a counter example, consider the Hilbert space R0 of zero-mean ran-

dom variables with finite second moments, endowed with the inner product
hX,Y i = E[X.Y ] and associated norm and metric. Let

Xt = Vt − Vt−1,

where the Vt’s are independent N(0, 1) distributed. This is clearly a zero-
mean covariance stationary process, with covariance function γ(0) = 2, γ(1) =
−1, γ(m) = 0 for m ≥ 2. Hence Xt ∈ R0 for all t.
For given t, let

Mt−1
−∞ = span ({Xt−m}∞m=1) , Mt−1

t−n = span (Xt−1, ....,Xt−n) .
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The projection bXt,n of Xt onMt−1
t−n takes the form

bXt,n = nX
j=1

θn,jXt−j

where the coefficients θn,j are the solutions of the normal equations

γ(m) =
nX
k=1

γ(|k −m|)θn,k, m = 1, ..., n.

hence for n ≥ 3,
−1 = 2.θn,1 − θn,2

0 = −θn,1 + 2θn,2 − θn,3

0 = −θn,2 + 2θn,3 − θn,4
...

0 = −θn,n−2 + 2θn,n−1 − θn,n

0 = −θn,n−1 + 2θn,n
The solutions of these normal equations are

θn,j =
j

n+ 1
− 1, j = 1, ...., n,

hence bXt,n = nX
j=1

µ
j

n+ 1
− 1
¶
Xt−j (5)

Next, let bXt be the projection of Xt on Mt−1
−∞, and suppose that there

exists a sequence {θj}∞j=1 such that bXt =P∞
j=1 θjXt−j. Note that the latter

is merely a short-hand notation for

lim
n→∞

°°°°° bXt −
nX
j=1

θjXt−j

°°°°°
2

= lim
n→∞

E

⎡⎣Ã bXt − nX
j=1

θjXt−j

!2⎤⎦ = 0 (6)

If so, it follows from Theorem 2 and (5) that

0 = lim
n→∞

E

⎡⎣Ã nX
j=1

θjXt−j −
nX
j=1

µ
j

n+ 1
− 1
¶
Xt−j

!2⎤⎦
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= lim
n→∞

E

⎡⎣Ã nX
j=1

µ
j

n+ 1
− 1− θj

¶
Xt−j

!2⎤⎦ (7)

But
nX
j=1

µ
j

n+ 1
− 1− θj

¶
Xt−j =

nX
j=1

µ
j

n+ 1
− 1− θj

¶
(Vt−j − Vt−j−1)

= −
µ

n

n+ 1
+ θ1

¶
Vt−1 −

n−1X
j=1

µ
θj+1 − θj − 1

n+ 1

¶
Vt−j−1

+

µ
1

n+ 1
+ θn

¶
Vt−n−1

hence

E

⎡⎣Ã nX
j=1

µ
j

n+ 1
− 1− θj

¶
Xt−j

!2⎤⎦ = µ n

n+ 1
+ θ1

¶2

+
n−1X
j=1

µ
θj+1 − θj − 1

n+ 1

¶2
+

µ
1

n+ 1
+ θn

¶2
(8)

This equality implies that for arbitrary integers m ≥ 1,

lim inf
n→∞

E

⎡⎣Ã nX
j=1

µ
j

n+ 1
− 1− θj

¶
Xt−j

!2⎤⎦
≥ lim inf

n→∞

µ
n

n+ 1
+ θ1

¶2
+ lim inf

n→∞

µ
θm+1 − θm − 1

n+ 1

¶2
= (θ1 + 1)

2 + (θm+1 − θm)
2 .

Therefore, a necessary condition for (7) is that θm = −1 for m = 1, 2, 3, .....
But then it follows from (8) that

lim
n→∞

E

⎡⎣Ã nX
j=1

µ
j

n+ 1
− 1− θj

¶
Xt−j

!2⎤⎦ = lim
n→∞

µ
1

n+ 1
− 1
¶2
= 1

which contradicts (7). Thus, in this case there does not exist a sequence
{θj}∞j=1 such that (6) holds.
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2 Projections on the span of an orthonormal
sequence

On the other hand,

Theorem 3. If a sequence {xj}∞j=1 in a Hilbert space H is orthonormal, i.e.,

hxi, xji =
½
1 if i = j,
0 if i 6= j, (9)

then any projection bz of z ∈ H on span({xj}∞j=1) takes the form bz =P∞
j=1 θjxj (in the sense that limn→∞ ||bz−Pn

j=1 θjxj|| = 0), where θj = hz, xji
and

P∞
j=1 θ

2
j <∞.

Proof : Let bzn be the projection of z on span({xj}nj=1). Then
||z − bzn||2 = min

c1,...,cn

°°°°°z −
nX
j=1

cjxj

°°°°°
2

= min
c1,...,cn

(
||z||2 − 2

nX
j=1

cj hz, xji+
nX
i=1

nX
j=1

cicj hxi, xji
)

= min
c1,...,cn

(
||z||2 − 2

nX
j=1

cj hz, xji+
nX
j=1

c2j

)
,

hence,

bzn = nX
j=1

θjxj, where θj = hz, xji . (10)

Moreover, denoting un = z − bzn, it follows from (9) and (10) that

||un||2 =

°°°°°z −
nX
j=1

θjxj

°°°°°
2

= ||z||2 − 2
nX
j=1

θj hz, xji+
nX
j=1

nX
i=1

θjθi hxj, xii

= ||z||2 −
nX
j=1

θ2j ≥ 0 (11)
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so that
Pn

j=1 θ
2
j ≤ ||z||2 for all n and thus

P∞
j=1 θ

2
j < ∞. Finally, it follows

from Theorem 2 that

lim
n→∞

°°°°°bz −
nX
j=1

θjxj

°°°°° = lim
n→∞

||bz − bzn|| = 0.
Q.E.D.

3 The general Wold decomposition

3.1 Preliminary definitions and results

Let S1,S2 be a pair of subspaces of a Hilbert space H. We say that:

Definition 2. S1 and S2 are orthogonal, denoted by S1⊥S2, if for each
x1 ∈ S1 and each x2 ∈ S2, hx1, x2i = 0.

Lemma 4. Let S1 and S2 be sub-Hilbert spaces satisfying S1⊥S2. Then
span(S1,S2) = {y = x1 + x2 : x1 ∈ S1, x2 ∈ S2}

is a Hilbert space.

Proof : Let yn be a Cauchy sequence in span(S1,S2) .Then yn = x1,n+x2,n,
where x1,n ∈ S1 and x2,n ∈ S2. Since x1,n − x1,m ∈ S1 and x2,n − x2,m ∈ S2 it
follows from the orthogonality condition S1⊥S2 that

||yn − ym||2 = ||(x1,n − x1,m) + (x2,n − x2,m)||2
= ||x1,n − x1,m||2 + ||x2,n − x2,m||2

+2 hx1,n − x1,m, x2,n − x2,mi
= ||x1,n − x1,m||2 + ||x2,n − x2,m||2,

hence limmin(n,m)→∞ ||yn−ym|| = 0 implies that limmin(n,m)→∞ ||x1,n−x1,m|| =
0 and limmin(n,m)→∞ ||x2,n− x2,m|| = 0. Because S1 and S2 are Hilbert spaces
there exist an x1 ∈ S1 and an x2 ∈ S2 such that limn→∞ ||x1,n− x1|| = 0 and
limn→∞ ||x2,n − x2|| = 0, hence limn→∞ ||yn − y|| = 0, where y = x1 + x2 ∈
span(S1,S2). Q.E.D.
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We also need the definitions of orthogonal complement and regularity:

Definition 3. The orthogonal complement of a subspace S of a Hilbert space
H, denoted by S⊥, is the subset of H defined by

S⊥ = {y ∈ H : hx, yi = 0 for all x ∈ S} .

Lemma 5. Orthogonal complements are Hilbert spaces.

Proof : Let x ∈ S be arbitrary and let yn be a Cauchy sequence in
S⊥. Then there exists an y ∈ H such that limn→∞ ||y − yn|| = 0. Since
hx, yni = 0 we have hx, yi = hx, y − yni . It follows now from the Cauchy-
Schwarz inequality that | hx, yi | = | hx, y − yni | ≤ ||x||.||y − yn||→ 0. Hence
y ∈ S⊥. Q.E.D.

Note that the result of Lemma 5 does not require that S is a Hilbert space,
although in the application below it is.

Definition 4. Let {xk}∞k=1 be a sequence in a Hilbert space H. Let bxk be
the projection of xk on span({xm}∞m=k+1), and denote uk = xk − bxk. The
sequence {xk}∞k=1 is called regular if ||uk|| > 0 for all k ≥ 1.

Note that the regularity concept is related to the concept of linear indepen-
dence in Euclidean spaces.

3.2 The Wold decomposition for regular sequences in
a Hilbert space

We can now formulate the following general version of the Wold decomposi-
tion:

Theorem 4. Given a regular sequence {xk}∞k=1 in a Hilbert space, every
x ∈M∞ = span({xk}∞k=1) can be written as

x =
∞X
k=1

αkek + w, (12)
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in the sense that limn→∞ kx− w −
Pn

k=1 αkekk = 0, where {ek}∞k=1 is an
orthonormal sequence in M∞, αk = hx, eki ,

P∞
k=1 α

2
k <∞, and

w ∈ S∞ ∩ U⊥∞, (13)

with S∞ = ∩∞n=1span({xk}∞k=n) and U⊥∞ the orthogonal complement of U∞ =
span({ek}∞k=1). Note that (13) implies that w is orthogonal to all the ek’s:
hek, wi = 0 for k = 1, 2, 3, ....

Proof : Denote
Sn = span({xk}∞k=n).

Note that M∞ = S1. Project each xk on Sk+1, so that xk = bxk + uk with
projection bxk ∈ Sk+1 and residual uk. Recall that by the regularity condition,
||uk|| > 0, hence ek = uk/||uk|| is well defined. It is not hard to verify that
the residuals uk are orthogonal, so that the ek’s are orthonormal, and that
U∞ ⊂M∞. It follows now from Theorem 3 that (12) holds with αk = hx, eki ,P∞

k=1 α
2
k < ∞, and w ∈ U⊥∞, where the latter follows from the fact that w

the residual of the projection of x on U∞. Therefore, the actual contents of
Theorem 4 is that w ∈ S∞.
The theorem under review will be proved in six steps:

Step 1. As before, letMn = span({xk}nk=1). I will show first that
Mn ⊂ span

¡Un,U⊥n ∩ S2¢ (14)

[c.f. Lemma 4], where Un = span(e1, ..., en) = span(u1, ..., un) and U⊥n is the
orthogonal complement of Un.

Proof. Let z ∈ Mn be arbitrary. Recall that z takes the form z =Pn
k=1 ckxk. Substituting xk = bxk + uk = bxk + ||uk||ek we can write z as

z =
nX
k=1

ck (bxk + uk) = nX
k=1

ckuk +
nX
k=1

ckbxk
=

nX
k=1

ck||uk||ek +
nX
k=1

ckbxk
=

nX
k=1

ck||uk||ek + z2
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where

z2 =
nX
k=1

ckbxk
Note that

z2 =
nX
k=1

ckbxk ∈ S2 (15)

because bxk ∈ Sk+1 ⊂ S2 for k = 1, 2, ..., n.
Next, project z2 on Un. This projection takes the form

bpn = nX
k=1

dkek, where dk = hz2, eki ,

with residual
wn+1 ∈ U⊥n . (16)

However, e1 is orthogonal to any element of S2, and z2 ∈ S2. Therefore,
d1 = hz2, e1i = 0 and thus

bpn = nX
k=2

dkek ∈ span ({ek}nk=2) ⊂ S2,

where the latter follows from ek ∈ Sk ⊂ S2 for k = 2, 3, ..., n. Because
wn+1 = z2 − bpn where both terms are elements of S2, it follows that

wn+1 ∈ S2. (17)

Combining (16) and (17) now yields

wn+1 ∈ U⊥n ∩ S2.
Thus, denoting α1 = c1||u1||, αk = ck||uk||+ dk for k = 2, 3, ..., n, we can

write

z =
nX
k=1

αkek + wn+1, where wn+1 ∈ U⊥n ∩ S2,

hence z ∈ span(Un,U⊥n ∩ S2). This proves (14).

Step 2. Next, it will be shown that

span
¡Un,U⊥n ∩ S2¢ = span

¡Un,U⊥n ∩ Sn+1¢ , (18)
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so that by (14),
Mn ⊂ span

¡Un,U⊥n ∩ Sn+1¢ . (19)

Proof. Denote for k < m,

Sk,m = span({xj}mj=k).
I will show first that for m > n,

U⊥n ∩ S2,m ⊂ U⊥n ∩ Sn+1,m, (20)

as follows. Let z ∈ U⊥n ∩ S2,m be arbitrary. Since z ∈ S2,m there exists
constants ck such that

z =
mX
k=2

ckxk =
nX
k=2

ck (bxk + uk) + mX
k=n+1

ckxk

=
nX
k=2

ck kukk ek +
nX
k=2

ckbxk + mX
k=n+1

ckxk.

Moreover, since z ∈ U⊥n it follows that hz, eki = 0 for k = 1, ..., n. In
particular,

0 = hz, e2i = c2 ku2k+
nX
k=2

ck hbxk, e2i+ mX
k=n+1

ck hxk, e2i = c2 ku2k

because bxk ∈ Sk+1 ⊂ S3 for k = 2, ..., n, xk ∈ Sk ⊂ Sn+1 for k = n+ 1, ...,m,
and e2 is orthogonal to S3 and Sn+1. Hence c2 = 0 and thus

z =
nX
k=3

ck kukk ek +
nX
k=3

ckbxk + mX
k=n+1

ckxk.

It follows now similarly that ck = 0 for k = 3, ...., n, hence

z =
mX

k=n+1

ckxk ∈ Sn+1,m.

Because z ∈ U⊥n as well, it follows now that
z ∈ U⊥n ∩ Sn+1,m,
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which implies (20).
However, Sn+1,m ⊂ S2,m and therefore

U⊥n ∩ Sn+1,m ⊂ U⊥n ∩ S2,m. (21)

Combining (20) and (21) now yields

U⊥n ∩ S2,m = U⊥n ∩ Sn+1,m for m > n,
which in its turn implies that

U⊥n ∩
¡∪∞m=n+1S2,m¢ = U⊥n ∩ ¡∪∞m=n+1Sn+1,m¢ . (22)

Finally, note that S2 = ∪∞m=n+1S2,m and Sn+1 = ∪∞m=n+1Sn+1,m, hence it
follows from (22) that (18) holds.

Step 3. Denote Rn = span
¡Un,U⊥n ∩ Sn+1¢ . Then
M∞ = ∪∞n=1Rn. (23)

Proof. It follows from (19) thatMn ⊂ Rn, hence

M∞ = ∪∞n=1Mn ⊂ ∪∞n=1Rn. (24)

However, we also have Rn ⊂M∞, as is not hard to verify, hence

∪∞n=1Rn ⊂M∞. (25)

Thus, the result (23) follows from (24) and (25).

Step 4. For an x ∈M∞, let bxn be the projection of x on Rn. Then

bxn = nX
j=1

αjej + wn+1 (26)

where αj = hx, eji and wn+1 is the projection of x on U⊥n ∩ Sn+1. Moreover,
∞X
j=1

α2j <∞. (27)
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Furthermore,

lim
n→∞

°°°°°x−
nX
j=1

αjej − wn+1
°°°°° = 0. (28)

Proof. By the definition of Rn and Lemma 4, bxn =Pn
j=1 θjej +w for some

constants θj and a w ∈ U⊥n ∩ Sn+1. To determine the θj’s and w, note that°°°°°x−
nX
j=1

θjej − w
°°°°°
2

= ||x− w||2 − 2
nX
j=1

θj hej, xi+ 2
nX
j=1

θj hej, wi

+

°°°°°
nX
j=1

θjej

°°°°°
2

= ||x− w||2 − 2
nX
j=1

θj hej, xi+
nX
j=1

θ2j

because w ∈ U⊥n ∩ Sn+1 ⊂ U⊥n implies hej, wi = 0 and°°°°°
nX
j=1

θjej

°°°°°
2

=
nX
j=1

nX
i=1

θjθi hej, eii =
nX
j=1

θ2j hej, eji =
nX
j=1

θ2j .

Thus

||x− bxn||2 = inf
θ1,...,θn,w∈U⊥n ∩Sn+1

°°°°°x−
nX
j=1

θjej − w
°°°°°
2

= inf
θ1,...,θn,w∈U⊥n ∩Sn+1

Ã
||x− w||2 − 2

nX
j=1

θj hej, xi+
nX
j=1

θ2j

!

= inf
w∈U⊥n ∩Sn+1

||x− w||2 −
nX
j=1

α2j

= ||x− wn+1||2 −
nX
j=1

α2j (29)

where αj = hx, eji and wn+1 is the projection of x on U⊥n ∩ Sn+1.
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This result implies that for all n,
nX
j=1

α2j ≤ ||x− wn+1||2 ≤ ||x||2 (30)

so that (27) holds.
Finally, to prove (28), let bx be the projection of x on ∪∞n=1Rn. Then it

follows from Theorem 2 that limn→∞ ||bxn−bx|| = 0. But (23) implies bx ∈M∞,
hence x = bx, so that limn→∞ ||bxn − x|| = 0.
Step 5. Let zn =

Pn
j=1 αjej. Then

lim
n→∞

kz − znk = 0, where z ∈ U∞. (31)

Proof. This follows from the fact that zn is a Cauchy sequence in U∞ because

kzn − zmk2 =

°°°°°°
max(m,n)X

j=min(m,n)+1

αjej

°°°°°°
2

=

max(m,n)X
j=min(m,n)+1

α2j

≤
∞X

j=min(m,n)+1

α2j → 0

as min(m,n)→∞, where the latter is due toP∞
j=1 α

2
j <∞.

Step 6. There exists a w ∈ U⊥∞∩S∞ such that
lim
n→∞

||wn+1 − w|| = 0. (32)

Proof. Recall from Step 4 that wn+1 ∈ U⊥n ∩ Sn+1. Moreover, it is easy
to verify that U⊥n+1 ⊂ U⊥n whereas it is trivial that Sn+2 ⊂ Sn+1, hence
U⊥n+1 ∩ Sn+2 ⊂ U⊥n ∩ Sn+1. Thus for an arbitrary k ≥ 1 and all n ≥ k,

wn+1 ∈ U⊥k ∩ Sk+1
Furthermore for n ≥ k, wn+1 is a Cauchy sequence in U⊥k ∩ Sk+1 because

||wn+1 − wm+1|| = ||bxn − zn − bxm + zm||
≤ ||bxn − bxm||+ ||zn − zm||
≤ ||bxn − x||+ ||bxm − x||+ ||zn − zm||
→ 0

15



as min(m,n) → ∞. Therefore, there exists a w ∈ U⊥k ∩ Sk+1 such that
(32) holds. Since k was arbitrary we now have w ∈ ∩∞k=1U⊥k = U⊥∞ and
w ∈ ∩∞k=1Sk+1 = S∞, hence

w ∈ U⊥∞ ∩ S∞.

This completes the proof of Step 6.

The theorem now follows from (27), (31), (32) and the fact that w ∈
U⊥∞ ∩ S∞ ⊂ U⊥∞,which implies that hw, eki = 0 for k = 1, 2, 3, ........ Q.E.D.

4 TheWold decomposition for covariance sta-
tionary time series

In the case of the Hilbert space R0 of zero-mean random variables with finite
second moments, with inner product hX,Y i = E[X.Y ] and associated norm
and metric, the results of Theorem 4 translate as follows:

Theorem 5. Let Xt be a regular univariate zero-mean covariance stationary
time series process. Then Xt can be written as

Xt =
∞X
j=0

αjUt−j +Wt a.s., (33)

where the Ut is a zero-mean uncorrelated process with variance 1,

αj = E[XtUt−j],
∞X
j=0

α2j <∞, (34)

and Wt is a zero-mean covariance stationary process satisfying

Wt ∈ U⊥t ∩ S−∞, (35)

where S−∞ = ∩nspan({Xn−k}∞k=1) and U⊥t is the orthogonal complement of
Ut = span({Ut−k}∞k=0) . The result (35) implies that

Wt ∈ span ({Wt−m}∞m=1) , (36)
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which in its turn implies that Wt is perfectly predictable from its past values
Wt−1,Wt−2,Wt−3, ..... In other words, Wt is a deterministic process. More-
over, (35) implies that

E[WtUt−m] = 0 (37)

for all leads and lags m.

Proof : Recall that Ut = eUt/rE heU2t i, where eUt = Xt − bXt with bXt the
projection ofXt on span({Xt−j}∞j=1). The uncorrelatedness of the eUt’s follows
from Theorem 4, but we still need to show that E[eUt] = 0 and E[eU2t ] = σ2

for all t.

Proof of E[eUt] = 0
Let bXt,n be the projection of Xt on span({Xt−j}nj=1). Then bXt,n takes the
form bXt,n = nX

j=1

βj,nXt−j,

where the βj,n’s do not depend on t. The latter follows from the fact that
the βj,n’s are the solutions of the normal equations

nX
j=1

βj,nγ(i− j) = γ(i), i = 1, 2, ..., n,

where γ(i) = E [XtXt−i] is the covariance function of Xt. Hence E[ bXt,n] = 0.
It follows from Theorem 2 that

lim
n→∞

°°° bXt,n − bXt°°°2 = lim
n→∞

E

∙³ bXt,n − bXt´2¸ = 0 (38)

so that by Liapounov’s inequality and E[ bXt,n] = 0,
lim
n→∞

¯̄̄
E[ bXt]¯̄̄ = lim

n→∞

¯̄̄
E[ bXt − bXt,n]¯̄̄ ≤ lim

n→∞
E
h¯̄̄ bXt − bXt,n ¯̄̄i

≤
s
lim
n→∞

E

∙³ bXt,n − bXt´2¸ = 0.
Thus E[ bXt] = 0 and therefore E[eUt] = E[Xt − bXt] = 0.
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Proof of E[eU2t ] = σ2

Let eUt,n = Xt − bXt,n. It follows from (38) that

lim
n→∞

E

∙³eUt − eUt,n´2¸ = lim
n→∞

E

∙³ bXt,n − bXt´2¸ = 0 (39)

Moreover,

E
heU2t,ni =

°°°Xt − bXt,n°°°2 = E
⎡⎣ÃXt − nX

j=1

βj,nXt−j

!2⎤⎦
= γ (0)− 2

nX
j=1

βj,nγ(j) +
nX
j=1

nX
i=1

βj,nβi,nγ(i− j)

= σ2n

say, which does not depend on t. Furthermore, note that σ2n is non-increasing
in n, so that

lim
n→∞

σ2n = σ2

exists, and that

E

∙³eUt − eUt,n´2¸ =
°°° bXt,n − bXt°°°2 = °°° bXt,n −Xt + eUt°°°2

=
°°° bXt,n −Xt°°°2 + 2D bXt,n −Xt, eUtE+ ||eUt||2

=
°°°eUt,n°°°2 − 2DXt, eUtE+ ||eUt||2

=
°°°eUt,n°°°2 − 2D bXt + eUt, eUtE+ ||eUt||2

=
°°°eUt,n°°°2 − 2DeUt, eUtE+ ||eUt||2

=
°°°eUt,n°°°2 − ||eUt||2

= E
heU2t,ni−E heU2t i .

Thus,

E
heU2t i = σ2n −E

∙³eUt − eUt,n´2¸→ σ2.
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Proof of (34), (35) and (37)
The result of Theorem 4 can now be translated as

lim
n→∞

°°°°°Xt −
nX
j=0

αjUt−j −Wt

°°°°° = 0, (40)

where Ut is a zero-mean uncorrelated covariance stationary process with unit
variance, and αk = hXt, Ut−ki = E [XtUt−k] with

P∞
k=0 α

2
k <∞.

We still need to prove that the αk’s do not depend on t, as follows. Recall
from the proof of E[eU2t ] = σ2 that eUt,n = Xt −Pn

j=1 βj,nXt−j, so that

E
h
Xt+k eUt,ni = γ (k)−

nX
j=1

βj,nγ(k + j),

which does not depend on t. Moreover, by the Cauchy-Schwarz inequality
and (39),

lim
n→∞

¯̄̄
E
h
Xt+k

³eUt,n − eUt´i¯̄̄2 ≤ γ (0) lim
n→∞

E

∙³eUt,n − eUt´2¸ = 0.
Thus E

h
Xt+k eUti = limn→∞E hXt+k eUt,ni . Since the latter does not depend

on t, neither does αk = E [Xt+kUt] = E
h
Xt+k eUt/||eUt||i .

The results (35) and (37) follow straightforwardly from Theorem 4.

Proof of (33)
The result (40) implies, by Chebyshev’s inequality, that

Xt = p lim
n→∞

nX
j=0

αjUt−j +Wt. (41)

Recall that convergence in probability for n → ∞ is equivalent to a.s.
convergence along a further subsequence km of an arbitrary subsequence of
n. See for example Bierens (2004, Theorem 6.B.3, p. 168). Thus for such a
subsequence km,

kmX
j=0

αjUt−j → Xt −Wt a.s. (42)
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as m→∞, and the same holds for any further subsequence of km.
Without loss of generality we may choose k0 = 0. Then for each n > 0 we

can find an mn such that

kmn−1 < n ≤ kmn . (43)

Moreover, (42) implies that

kmnX
j=0

αjUt−j → Xt −Wt a.s. as n→∞. (44)

Due to (43),

∞X
n=1

E

⎡⎣ÃkmnX
j=0

αjUt−j −
nX
j=0

αjUt−j

!2⎤⎦ = ∞X
n=1

E

⎡⎣Ã kmnX
j=n+1

αjUt−j

!2⎤⎦
≤

∞X
n=1

kmnX
j=kmn−1+1

α2j ≤
∞X
j=0

α2j <∞,

so that by Chebyshev’s inequality, for arbitrary ε > 0,

∞X
n=0

P

"¯̄̄̄
¯
kmnX
j=0

αjUt−j −
nX
j=0

αjUt−j

¯̄̄̄
¯ > ε

#
<∞.

This result implies, by the Borel-Cantelli lemma,2 that

kmnX
j=0

αjUt−j −
nX
j=0

αjUt−j → 0 a.s. as n→∞. (45)

Combining (44) and (45) it follow now that

nX
j=0

αjUt−j → Xt −Wt a.s. as n→∞. (46)

Since
P∞

j=0 αjUt−j is defined as limn→∞
Pn

j=0 αjUt−j, (33) is equivalent to
(46).

2See for example Bierens (2004, Theorem 6.B.2, p. 168).
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The zero-mean covariance stationarity of Wt

It follows now trivially from (33) that E [Wt] = 0.Moreover,Wt is covariance
stationary because for m ≥ 0,

E [WtWt−m] = E

"Ã
Xt −

∞X
j=0

αjUt−j

!Ã
Xt−m −

∞X
j=0

αjUt−m−j

!#

= E [XtXt−m]−
∞X
j=m

αjE [Ut−jXt−m]

−
∞X
j=0

αjE [Ut−m−jXt] +
∞X
j=0

αj+mαj

= γ (m)−
∞X
j=0

αj+mαj.

Proof of (36)
Finally, Wt ∈ ∩nspan({Xn−j}∞j=0) implies that Wt ∈ span({Xt−j}∞j=1), hence
the projection of Wt on span({Xt−j}∞j=1) is Wt itself. Since by (33),

span({Xt−j}∞j=1) = span
¡
span({Ut−j}∞j=1), span({Wt−j}∞j=1)

¢
and the projection of Wt on span({Ut−j}∞j=1) is zero, it follows that the pro-
jection of Wt on span({Wt−j}∞j=1) is Wt itself, which proves (36). Q.E.D.

Remark 2. The condition var(Ut) = 1 is not essential as long as Xt is
regular. Without loss of generality we may then replace Ut with eUt = σUt,
σ > 0, and αk with eαk/σ, where σ can be pinned down by normalizing eα0 = 1.
5 Further analysis of the deterministic term

5.1 An example

The conclusion that the termWt in (33) is deterministic does not imply that
Wt is non-random. For example, consider the following sequence of random
variables:

Wt = U cos(t) + V sin(t),
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where U and V are independent standard normal random variables which do
not depend on t. Suppose that for a given t, Wt−1 and Wt−2 are observed.
Then µ

Wt−1
Wt−2

¶
=

µ
cos(t− 1) sin(t− 1)
cos(t− 2) sin(t− 2)

¶µ
U
V

¶
hence µ

U
V

¶
=

1

sin(t− 2) cos(t− 1)− cos(t− 2) sin(t− 1)
×
µ
sin(t− 2) − sin(t− 1)
− cos(t− 2) cos(t− 1)

¶µ
Wt−1
Wt−2

¶
=

−1
sin(1)

µ
sin(t− 2) − sin(t− 1)
− cos(t− 2) cos(t− 1)

¶µ
Wt−1
Wt−2

¶
,

so that

Wt =
−1
sin(1)

(cos(t), sin(t))

µ
sin(t− 2) − sin(t− 1)
− cos(t− 2) cos(t− 1)

¶µ
Wt−1
Wt−2

¶
=

−1
sin(1)

(sin(t− 2) cos(t)− cos(t− 2) sin(t))Wt−1

− 1

sin(1)
(sin(t) cos(t− 1)− cos(t) sin(t− 1))Wt−2

=
sin(2)

sin(1)
.Wt−1 −Wt−2.

Moreover, it is trivial that E[Wt] = 0 and

E[WtWt−m] = cos(t) cos(t−m) + sin(t). sin(t−m) = cos(m),
hence Wt is a zero-mean covariance stationary process.

5.2 Measurability

Again, the crux of Theorem 5 is that

Wt ∈ S−∞ = ∩nspan({Xn−j}∞j=0), (47)

as the other conclusions of Theorem 5 follow straightforwardly from Theorem
3. The question I will now address is how (47) translates in terms of σ-
algebras generated by sequences of the type {Xn−j}∞j=0.
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Denote for natural numbers n and m,

F t−nt−n−m = σ (Xt−n,Xt−n−1, ..., Xt−n−m) ,
St−nt−n−m = span (Xt−n, Xt−n−1, ..., Xt−n−m)

where F t−nt−n−m is the σ-algebra generated by Xt−n,Xt−n−1, ...,Xt−n−m. Recall
that

F t−n−∞ = σ
¡∪∞m=1F t−nt−n−m

¢
is the smallest σ-algebra containing ∪∞m=1F t−nt−n−m, which is the σ-algebra
generated by the sequence {Xt−n−j}∞j=0, and that

F−∞ = ∩∞n=1F t−n−∞ = ∩tF t−∞
is the remote σ-algebra of the sequence Xt, whereas

St−n−∞ = ∪∞m=1St−nt−n−m = span
¡{Xt−n−j}∞j=0¢ ,

S−∞ = ∩nSt−n−∞ .

The similarity between S−∞ and F−∞ suggests that, possibly, Wt is mea-
surable with respect to (w.r.t.) the remote σ-algebra F−∞. In Bierens (2004,
p. 182) I have stated the latter as a fact, but in hindsight this is not trivial.
To prove this proposition, we need the following lemma:

Lemma 6. Let {Zn}∞n=1 be a sequence of random variables [vectors] defined
on a common probability space {Ω,F , P} such that for a set A ∈ F with
P (A) = 1, limn→∞ Zn(ω) = Z(ω) pointwise in ω ∈ A. Then Z is a random
variable [vector ]3 defined on {Ω,F , P}, i.e., Z is measurable with respect to
F .

Proof : See for example Theorem 2.13 in Bierens (2004, p. 47).

Let cWt−n,m be the projection of Wt on St−nt−n−m, and let cWt−n be the
projection of Wt on St−n−∞ . Then it follows from Theorem 2 that

lim
m→∞

||cWt−n,m−cWt−n||2 = lim
m→∞

E

∙³cWt−n,m−cWt−n
´2¸

= 0,

3Possibly extended arbitrarily for ω ∈ Ω\A.
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hence by Chebyshev inequality, plimm→∞cWt−n,m= cWt−n. Recall4 that the
latter implies that along a subsequence mk,cWt−n,mk

a.s.→ cWt−n as k →∞. (48)

Moreover, recall that cWt−n,mk
∈ St−nt−n−mk

takes the form of a linear com-
bination of Xt−n, Xt−n−1, ...,Xt−n−mk

, hence cWt−n,mk
is measurable w.r.t.

F t−nt−n−mk
and therefore is also measurable w.r.t. F t−n−∞ . It follows now from

(48) and Lemma 6 that cWt−n is measurable w.r.t. F t−n−∞ .
Because Wt ∈ S−∞ ⊂ St−n−∞ and therefore cWt−n = Wt a.s., it follows now

that for arbitrary n, Wt is measurable w.r.t. F t−n−∞ and therefore Wt is also
measurable w.r.t. ∩∞n=1F t−n−∞ . Thus,

Theorem 6. The deterministic term Wt in the Wold decomposition (33) is
measurable with respect to the remote σ-algebra F−∞ of the time series Xt.

5.3 When is the deterministic term equal to zero?

Finally, I will address the question: under what condition(s) is Wt = 0 a.s..
For this we need the concept of vanishing memory introduced in Bierens
(2004, Definition 7.3, p.183):

Definition 5. A time series process Xt is said to have a vanishing memory
if all the sets in its remote σ-algebra F−∞ have either probability zero or one.

In this case any random variable W that is measurable w.r.t. to such a
σ-algebra F−∞ satisfies

E[W |F−∞] = E[W ] a.s.
To see this, let Z = E[W |F−∞] and A = {ω ∈ Ω : Z(ω)−E[W ] > 0}. Recall
from the definition of conditional expectation relative to a σ-algebra that Z
is measurable w.r.t. F−∞, so that A ∈ F−∞, and that

R
A
ZdP =

R
A
WdP.

Now suppose that P (A) = 1. ThenZ
A

E[W ]dP = E[W ].P (A) = E[W ] =

Z
WdP

=

Z
A

WdP +
Z
Ω\A

WdP =
Z
A

WdP

4See for example Bierens (2004, Theorem 6.B.3, p. 168).
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hence
R
A
(Z −E[W ])dP = 0. But this implies that P (A) = 0,5 so that

P (A) = 1 is not possible, and therefore the only alternative is that P (A) = 0.
The same applies to A = {ω ∈ Ω : Z(ω) − E[W ] < 0}. Hence, Z = E[W ]
a.s..
Moreover, because W is measurable w.r.t. to F−∞ we also have6

E[W |F−∞] =W a.s.

Because E[Wt] = 0 it follows now that

Theorem 7. If the time series Xt in Theorem 5 has a vanishing memory
then the deterministic term Wt in the Wold decomposition (33) is a.s. zero.

6 The multivariate Wold decomposition

To prove the multivariate version of the Wold decomposition for a k-variate
covariance stationary process Xt, consider the Hilbert space Rk of zero mean
random vectors in Rk with finite second moment matrices, endowed with the
inner product hX,Y i = E [X 0Y ] and associated norm and metric. Let bXt be
the projection of Xt on span({Xt−j}∞j=1), with residual vector Vt = Xt − bXt,
and let Σ = E [VtV 0t ] . In this case we need to extend the notion of regularity
by requiring that Σ is positive definite rather than only ||Vt||2 = E [V 0t Vt] >
0, so that we can define Ut = Σ−1/2Vt. Then the projection eXt of Xt on
span({Ut−j}nj=0) takes the form eXt =Pn

j=1AjUt−j, where Aj = E
£
XtU

0
t−j
¤
.

It follows now straightforwardly from the proofs of Theorems 4 and 5 that

Xt =
∞X
j=1

AjUt−j +Wt a.s.,

where the process Ut is uncorrelated with zero expectation vector and vari-
ance matrix Ik, and Wt ∈ U⊥t ∩ S−∞, with U⊥t and S−∞ defined in Theorem
5.
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