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Abstract

In Chapter 7 in Bierens (2004) the Wold decomposition was motivated
by claiming that every zero-mean covariance stationary process X; can
be written as X; = Z;’il BiXi—j + Us, where E[U;. Xy ;] = 0 for all
j>1,and Z;‘;l BjX;—; is the projection of X; on its past. However,
in general this claim is incorrect. In this note I will give a more general
(and hopefully correct) proof of the Wold decomposition.

1 Projections on spaces spanned by a sequence

The fundamental projection theorem states that:

Theorem 1. Given a sub-Hilbert space S of a Hilbert space 'H and an
element y € H, there exists a unique element y € S such that ||y — y|| =
inf,cs ||y — z||. Moreover the residual uw =y — ¥y is orthogonal to any z € S:
(u, z) = 0.

Proof: See for example Bierens (2004, Th. 7.A.3, p. 202).
This result is the basis for the famous Wold (1938) decomposition for

covariance stationary time series, which in its turn is the basis for time series
analysis.

*Thanks to Peter Boswijk (University of Amsterdam) for pointing out an error in a
previous version of this note. Moreover, the queries of the students in my graduate time
series courses have led to substantial improvements of the proof of the Wold decomposition.



The proof of the Wold decomposition in Anderson (1994) is more trans-
parent than the original proof by Wold (1938). However, rather than follow-
ing Anderson’s proof, I will in this note derive first a general Wold decompo-
sition for a regular sequence! in a general Hilbert space, and then specialize
this result to the Wold decomposition for covariance stationary time series.

First, we need to define sub-Hilbert spaces spanned by a sequence in a
Hilbert space, as follows.

Let {zx}72, be a sequence of elements of a Hilbert space H, and let

M = span({z;}72;)

be the space spanned by x1, ..., x,, i.e., M,, consists of all linear combinations
of x1,...,x,,. Then

Lemma 1. M,, is a Hilbert space.

Proof: Without loss of generality we may assume that the m x m matrix
¥.,n with elements <xz,x]) i,7 = 1,...,m, is non-singular, as otherwise we can
remove one or more z;’s from the hst {x]} * , and still span the same space.

For example, suppose that rank(%,,) = m — 1, and let ¢ = (¢4, ..., ¢)" be
2
the eigenvector corresponding to the zero eigenvalue. Then Hzgnzl C;x;j

¢'Spe =0, hence » 7" | ¢jz; = 0 (the latter being the zero element of M,,).
Since at least one component of ¢ is non-zero, for example ¢;, we can write

- Z] o(cj/er)z; if i=1,
Ti = - ZT 11(CJ/Cm)37g if ©+=m,
- Z; 11<Cj/ci>xj — Z;-n:m(cj/ci)mj if 1<i<m,

so that
span({mj}J 2) if i= 17
My, = ¢ span({z; }75") if i=m,
SPAN(T, ooy Tim1, Tit 1, oy L) if 1 <7 < m.
Now let z, = Z;’;l Bjnz; be a Cauchy sequence in M,,, and denote
Bn = (Bin, s Bmn) - Then for each j, §;,, is a Cauchy sequence in R because

Z ﬁj ni 6] ng

2

0 = lim |20, — 2Zny||* = lim
min(ni,ng)—o0 min(ni,n2)—00

1See Definition 4 below.



= lim (ﬁnl - ﬁng)l Zm (/3711 - ﬁn2>

min(ny,ng)—oco

Z Amin(zm)~ lim o ||ﬁn1 - ﬂn2||27

min(nl,ng)—>

where Apin(X.,) > 0 is the smallest eigenvalue of ¥,,,. Consequently, lim,, .,
||z — 2n|| = 0, where 2 = " | B;x; € M, with 3; = lim,, oo Bjn- Q.E.D.

Definition 1. The space My, = U2 M, (which is the closure of U2, M,,)
is called the space spanned by {x;}32,, and is also denoted by span({z;}52,).

Lemma 2. M, is a Hilbert space.

Proof: Let z, be a Cauchy sequence in M, with limit Z € H. If Z ¢
M, then, because M, is closed, there exists an € > 0 such that the set
{z€H:||z—Z|| <e} is completely outside My: {z € H : ||z —Z|| <
e} N My = ©. But then there exists an m such that z,, ¢ M. Since this
is impossible, Z € M. Q.E.D.

Next, let us focus on projections on a space spanned by a sequence in a
Hilbert space.

Lemma 3. For z € My, let 7z, be the projection of z on M,. Then
lim,, o ||z — Z,|| = 0.

Proof: If z € U2, M, then there exists an ny such that z € M,,,
hence for n > ng, z, = 2z and thus lim, .. ||z — 2,|| = 0. Now let z €
M\ (U2, M,,). Since M, = U, M,, is closed and M,, C M,, 11, for each
n there exists an z, € M,, such that lim,, ... ||z —2,||* = 0, hence for n — oo,
|z = Za||* < ||z — za])* — 0. Q.E.D.

More generally we have:
Theorem 2. For z € H, let Z be the projection of z on My, = span({x;}32,)
and let z, be the projection of z on My, = span({x;}7_,). Then lim, . [|Z—

2./ = 0.

Proof: We may without loss of generality assume that z € M\ (U2 M,,),
as otherwise the result of Theorem 2 holds trivially. Since M., is closed this
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assumption implies that for each n we can select a z, € M,, such that
lim ||z — z,|| = 0. (1)
Let ||z — z]| = 6 and ||z — Z,|| = 6,, and note that 6, > 6. Since
& = e =2l <llz =zl =2 = 2+ 2 - 2|
= [z =ZP+]IZ -zl +2(x = 2,2 — z3)
= & +|2— 2l

it follows from (1) that
lim 6, = 6. (2)

n—oo

Recall that z = Z 4 u, where (u,z) = 0 for all z € M. Hence

1E=Zull* = llz=Z —ull* =]z = Za|* + [[ul]® — 2 (2 = 2, )
= lz = Zall* + llul]® = 2{z,u) = 8, — 8 (3)

where the last equality follows from

(z,u) = (u,u) = (Z,u) = 0 (4)

and (u,u) = [|u||?> = §2. The theorem now follows from (2) and (3). Q.E.D.

Remark 1. Although each projection z, is a linear combination of 1, ..., x,,
in general the result of Theorem 2 does not imply that there exists a sequence
{0132, such that z =" 0;z;.

As a counter example, consider the Hilbert space R of zero-mean ran-
dom variables with finite second moments, endowed with the inner product
(X,Y) = E[X.Y] and associated norm and metric. Let

Xy =V = Vi1,

where the V;’s are independent N(0,1) distributed. This is clearly a zero-
mean covariance stationary process, with covariance function y(0) = 2, (1) =
—1, y(m) =0 for m > 2. Hence X; € R for all t.

For given t, let

ML = span ({ X, }°_,), MiZL =span (X, 1, ..., X;_n) .



The projection )A(m of X; on Mﬁ:}l takes the form

n
Xt,n: E Hn,thfj
Jj=1

where the coefficients 6,, ; are the solutions of the normal equations

y(m) = ny(|k: —m\)bpr, m=1,..,n.
k=1

hence for n > 3,

—1 = 2'0n,1 - 6’”2
0 = —0p1+20,5— 0,3
- _en,Q + 2071,3 - ‘9n,4

0 = _Qn,n—2 + 20n,n—1 - Hn,n
0 = _Hn,nfl + 29n,n

The solutions of these normal equations are

J

0, =————1,5j=1,....,n,

| J "

hence "
> J
Xy = —1) X, 5
. Zj_l(nﬂ )X o)

Next, let )?t be the projection of X; on M* !, and suppose that there

exists a sequence {¢;}%2, such that X, = > =10 X j. Note that the latter
is merely a short-hand notation for

n n 2
Xi=Y ;X = lm E (X’t - Zejxtj) =0 (6
j=1

j=1
If so, it follows from Theorem 2 and (5) that

0 = limE (Z DS (nil - 1) Xt_j)
j=1

=1

2

lim

n—oo
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j=1
But
S (1) x -—zn: ]9, (Vi = Vi)
n+1 J t—j — n+1 J t—j t—j—1
j=1 j=1
n i 1
+ (TL+1 +8n> V;ﬁ—n—l
hence

This equality implies that for arbitrary integers m > 1,

. J
| f B E —— —1-0;) X;_;
im inf < 1 <n+1 J> t J)

=

n 2 1 2
> lim inf ( + 91) + lim inf (9m+1 -0, — )

= (01 + 1) + Onr1 — )"

Therefore, a necessary condition for (7) is that 6, = —1 for m = 1,2,3, .....
But then it follows from (8) that

2
n . 1 2
N (Z(nil_l_ej)XtJ) :Jlﬁlo(wrl_l) =1

j=1

which contradicts (7). Thus, in this case there does not exist a sequence
{03332, such that (6) holds.



2 Projections on the span of an orthonormal
sequence

On the other hand,

Theorem 3. If a sequence {x;}32, in a Hilbert space H is orthonormal, i.e.,

= {4 151 ‘

then any projection z of z € H on span({w;}32,) takes the form z =
> e Oz (m the sense that limy, . [|2—=) "7, 0;7;|| = 0), where 0; = (2, ;)
and Y 7, 62 <

Jj=1"J

~—

Proof: Let %, be the projection of z on span({z;}}7_,). Then

2

|z = %] = min

.....

~~~~~

hence,

Zy = Zej:z:j, where §; = (z,z;) . (10)

j=1

Moreover, denoting u,, = z — Z,, it follows from (9) and (10) that

Z—ZQ% —|]z||2—220 2, ; +ZZ@9 T, T;)

7j=1 =1

= \IZ!IQ—Z9?20 (11)
j=1

[lunl* =




so that 7, 67 < |[|z||* for all n and thus ) °°, 62 < oo. Finally, it follows
from Theorem 2 that

n
zZ — E gjl‘j

J=1

lim

n—oo

= lim || = 3,|| = 0.
Q.E.D.

3 The general Wold decomposition

3.1 Preliminary definitions and results

Let 81,8 be a pair of subspaces of a Hilbert space H. We say that:

Definition 2. S&; and S are orthogonal, denoted by S118s, if for each
x1 € 81 and each xo € Sy, (x1,22) = 0.

Lemma 4. Let §; and Sy be sub-Hilbert spaces satisfying 81 LSs. Then
span(S1, o) = {y =x1 + 2 : 11 € Sp, T2 € So}

1s a Hilbert space.

Proof: Let y, be a Cauchy sequence in span(Sy, S2) . Then y,, = 1 p+22p,
where z;, € S§; and x4, € S,. Since 21, — 21, € S1 and 23, — T2, € S it
follows from the orthogonality condition S; 1S, that

n = ymll? = |[(@10 — T1m) + (20 — To2m)|”
= |[z1n — xl,mHQ + [|z2m — x2,m|’2
+2 <$1,n — T1i,m,T2n — x2,m>

= ||lz1n — xl,m||2 + ||xon — $2,m||2,

hence limumin(n,m)—o0 | |Yn —Ym|| = 0 implies that limupinn,m)—oo ||T1,n = T1,m|| =
0 and liMmin(n,m)—oo ||T2,n — T2,m|| = 0. Because S; and S, are Hilbert spaces
there exist an x; € S; and an x9 € Sy such that lim, . |1, — 21|| = 0 and
lim,, o0 ||T2,n — @2|| = 0, hence lim,,_, ||y, — y|| = 0, where y = 1 + 25 €

Span(Sl, 82) . QED



We also need the definitions of orthogonal complement and regularity:

Definition 3. The orthogonal complement of a subspace S of a Hilbert space
H, denoted by S+, is the subset of H defined by

St={yeH:{(r,y) =0 forall z € S}.

Lemma 5. Orthogonal complements are Hilbert spaces.

Proof: Let x € S be arbitrary and let y, be a Cauchy sequence in
St. Then there exists an y € H such that lim, .. ||y — ya|| = 0. Since
(z,y,) = 0 we have (z,y) = (x,y — yn) . It follows now from the Cauchy-
Schwarz inequality that | (z,y) | = | {(x,y — yn) | < ||z||-||ly — yn|| — 0. Hence
y € St. Q.E.D.

Note that the result of Lemma 5 does not require that S is a Hilbert space,
although in the application below it is.

Definition 4. Let {x;}3°, be a sequence in a Hilbert space H. Let Ty be
the projection of xj on span({Tm}toe_;. 1), and denote uy = xp — Zy. The
sequence {xy}e2, is called reqular if ||ug|| > 0 for all k > 1.

Note that the regularity concept is related to the concept of linear indepen-
dence in Euclidean spaces.

3.2 The Wold decomposition for regular sequences in
a Hilbert space

We can now formulate the following general version of the Wold decomposi-
tion:

Theorem 4. Given a reqular sequence {zy}32, in a Hilbert space, every
T € My = span({z}2,) can be written as

xr = Z ager + w, (12)
k=1



in the sense that lim, . ||z —w — Y ;_, agex|| = 0, where {ex}72, is an
orthonormal sequence in Moo, a = (T, €1), Y oy 0 < 00, and

w € Soo NUL, (13)

with So = N span({x;,}2.,) and UL the orthogonal complement of Uy, =
span({ex}72 ). Note that (13) implies that w is orthogonal to all the ey ’s:
(e, w) =0 for k=1,2,3, ...

Proof: Denote
Sn = span({zy };2,,).
Note that M., = S;. Project each x; on Spy1, so that xp = ), + ug with
projection Ty € Sgy1 and residual ug. Recall that by the regularity condition,
|lug|| > 0, hence e = uy/||uk|| is well defined. It is not hard to verify that
the residuals u are orthogonal, so that the e;’s are orthonormal, and that
Us C M. It follows now from Theorem 3 that (12) holds with oy, = (x, ex) ,
S ore,af < oo, and w € UL, where the latter follows from the fact that w

o007
the residual of the projection of  on U,,. Therefore, the actual contents of

Theorem 4 is that w € S.
The theorem under review will be proved in six steps:

Step 1. As before, let M,, = span({zx}7_;). I will show first that
M,, C span (L{n,l/{nL NSs) (14)

[c.f. Lemma 4], where U,, = span(ey, ..., e,) = span(uy, ..., u,) and U;- is the
orthogonal complement of U,,.

Proof. Let z € M, be arbitrary. Recall that z takes the form z =
> h_i CkZk. Substituting zy = Ty + ux, = Ty, + ||ug||ex we can write z as

n n n
z = ch (fk +uk) = chuk + chfk
k=1 k=1 k=1
n n
= chHukHek + Zc;ﬁk
k=1 k=1
n
= ) ailluller + 2
k=1

10



where .
29 = Z Ck./llf\k
k=1
Note that .
n=) ol €S (15)
k=1

because Ty € Sp11 C Sy for k=1,2,... n.
Next, project zo on U,,. This projection takes the form

n
Dn = deek, where dj, = (22, €x) ,
=1

with residual
Wos1 € Uy, (16)

However, e; is orthogonal to any element of Sy, and 2z, € S,. Therefore,
dy = (29,€1) = 0 and thus

Pn =) _diex € span({ex}is,) C S,

k=2

where the latter follows from e, € S C Sy for £ = 2,3,...,n. Because
Wpi1 = 23 — Pp Where both terms are elements of Ss, it follows that

Wn+1 c 82. (17)
Combining (16) and (17) now yields
Wn+1 € U,JL‘ N 82.

Thus, denoting a; = c1||uq||, ax = cgl|uk|| + di for k = 2,3, ...,n, we can
write

n
1
z = E axer + Wyy1, where w1 € U, N So,
k=1

hence z € span(U,,U;- N S,). This proves (14).

Step 2. Next, it will be shown that

span (Z/In,?/l,nL N 32) = span (Z/In, Urn Sn+1) , (18)

11



so that by (14),
M, C span (Lln,l/{nL N Sn+1) ) (19)

Proof. Denote for k£ < m,
Sieym = span({xj};-”:k).
I will show first that for m > n,
UL N Sy CUT N Spiim, (20)

as follows. Let z € U+ N Sy, be arbitrary. Since z € S,,, there exists
constants ¢, such that

n m

CrTr — Z Cr (/x\k -+ uk) + Z CrTr

2 k=2 k=n+1

n m
= Y cllwllen+ ) adu+ Y
2 k=2 k=n+1

I
NE

k

3 |l

e
[|

Moreover, since z € U7 it follows that (z,e;) = 0 for k = 1,....,n. In
particular,

n m
0= (z,e2) = calluall + Y _cx (Brre2) + Y i (h,€2) = c2 ||ua]
k=2 k=n+1

because Ty € Spi1 C Sz for k=2,...,n, 2 € S, C Spp1 fork=n+1,...,m,
and ey is orthogonal to S3 and S,,,1. Hence c; = 0 and thus

n n m
z = ch ||uk|| er + chﬁc\k + Z CrT.
k=3 k=3 k=n+1
It follows now similarly that ¢, = 0 for £ = 3, ....,n, hence
m
z= Z ckTk € Sptim-
k=n+1

Because z € Ut as well, it follows now that

1
zZ € Z/{n N Sn+1,m7

12



which implies (20).
However, S, 41,m C Sa2,m and therefore

Ur N Sniim CUT N Som. (21)
Combining (20) and (21) now yields
Z/lnL NSy = Z/InL N Spt1,m for m >n,

which in its turn implies that

Uy N (U, 18om) = Uy N (U, 1 Snsim) - (22)

m=n+1

Finally, note that Sy = U3S_,  1Sam and Sy = Ue_, 1 Spt1,m, hence it
follows from (22) that (18) holds.

Step 3. Denote R,, = spaun(Z/ln,Z/lnL N Sn+1) . Then

Moo = U2 R0, (23)

Proof. It follows from (19) that M,, C R, hence

Mo = UM, CUXZ R, (24)
However, we also have R,, C M, as is not hard to verify, hence
U2 R,y C M. (25)
Thus, the result (23) follows from (24) and (25).

Step 4. For an x € M, let T,, be the projection of x on R,,. Then
Zli'\n = Z ;€4 + Wn+1 (26)
j=1
where a; = (z,¢;) and w, is the projection of x on Uy N S,,;1. Moreover,
Za? < 00. (27)
j=1

13



Furthermore,

—0. (28)

n
xr — E ;€5 — Wp41

j=1

lim
n—oo

Proof. By the definition of R,, and Lemma 4, Z,, = Z?Zl f;e; +w for some
constants 0; and a w € U N S, 41. To determine the ,’s and w, note that

n
T — E 0ie; —w
=1

2 n n
= Jlz—wl>=2) 6 {ej,x) +2> 0 (ej,w)
j=1 j=1

2

_I_

n
§ Bje;
=1
n

= e —wlP =230 (ej, ) + > 62
j=1

7j=1
because w € Uy NS, 11 C U;- implies (e;, w) = 0 and

n
E 0;e;
=1

n

2 n n n
— ZZ@'& (ej,e;) = 2032 (ej,e5) = Zef
Jj=1 j=1

j=1 i=1
Thus
n 2
llz —Z|]? = inf x — g fie; —w
01,..., Hn,weuﬁﬂSnH j_l

n n
0, en,z};relu#msnﬂ <||x wl| ; i (ej, x) Z p

77777

7j=1
n
= inf ||m—w||2—2a]2-
wEUL NS 11 -
7j=1
n
= |z —wana|P =) o] (29)
j=1

where a; = (z,¢;) and wy, is the projection of x on Uy N Sy 1.
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This result implies that for all n,
Yok <z —waa|* < 2] (30)

j=1
so that (27) holds.

Finally, to prove (28), let  be the projection of z on U2 R,,. Then it
follows from Theorem 2 that lim,, . ||Z,—Z|| = 0. But (23) implies T € M,
hence z = 7, so that lim,,_, ||Z, — z|| = 0.

Step 5. Let z, = )7, aje;. Then

lim ||z — z,|| =0, where z € Un.. (31)

Proof. This follows from the fact that z, is a Cauchy sequence in U, because

2
max(m,n) max(m,n)
2 _ 2
lzn = 2™ = ajejl| = aj
j=min(m,n)+1 j=min(m,n)+1

o

< Z 04]2-—>O

j=min(m,n)+1

as min(m, n) — oo, where the latter is due to ) °°, af < .

Step 6. There exists a w € ULNS. such that

lim ||wp41 —w|| = 0. (32)

Proof. Recall from Step 4 that w,. € Z/lnL N S,11. Moreover, it is easy
to verify that U=, C U, whereas it is trivial that S,i2 C S,11, hence
Z/lﬁrl NSpio C LlnL N Spy1. Thus for an arbitrary k£ > 1 and all n > k,

n
Wn+1 c U,ﬁ N Sk+1
Furthermore for n > k, w, 1 is a Cauchy sequence in Z/IkL N Sky1 because
||wn+1 - wm+1|| = H/x\n — 2 — T + zm,l
< N@n = Tl + |20 — 2ml|
< zn =2l + |Zm — 2| + {20 — 2m]|
0

!
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as min(m,n) — oo. Therefore, there exists a w € U N Sk11 such that
(32) holds. Since k was arbitrary we now have w € NP UL = UL and
w € N2 k41 = Seo, hence

w € UL N Seo.
This completes the proof of Step 6.

The theorem now follows from (27), (31), (32) and the fact that w €
UL N So C UL, which implies that (w,e;) =0 for k=1,2,3, ........ Q.E.D.

4 The Wold decomposition for covariance sta-
tionary time series

In the case of the Hilbert space Rq of zero-mean random variables with finite
second moments, with inner product (X,Y) = E[X.Y] and associated norm
and metric, the results of Theorem 4 translate as follows:

Theorem 5. Let X, be a reqular univariate zero-mean covariance stationary
time series process. Then X; can be written as

X, = Z ;Ui + Wy a.s., (33)
§=0
where the Uy is a zero-mean uncorrelated process with variance 1,
aj = E[XUp), Y af < o0, (34)
j=0
and Wy is a zero-mean covariance stationary process satisfying

W, elU NS o, (35)

where S_o = Npspan({X,,_«}22,) and U is the orthogonal complement of
U, = span({Ui—i }2,) - The result (35) implies that

Wi € span ({Wiom}pi), (36)
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which in its turn implies that W, is perfectly predictable from its past values
Wi, Wi_o, Wi_3, ..... In other words, Wy is a deterministic process. More-
over, (35) implies that

EWU;m] =0 (37)

for all leads and lags m.

Proof: Recall that U, = ﬁt/ E [ﬁf], where IZ =X; — )A(t with )/(\'t the

projection of X; on span({X; ;}%2,). The uncorrelatedness of the Uy’s follows

from Theorem 4, but we still need to show that E[U,] = 0 and E[U?] = o2
for all ¢.

Proof of E[U,] =0
Let Xy, be the projection of X; on span({X; ;}}_,). Then X;, takes the
form

n
Xt,n: E ﬂj,nXt—]H
Jj=1

where the (;,’s do not depend on ¢t. The latter follows from the fact that
the 3;,’s are the solutions of the normal equations

Zﬁj,nf)/(i - j) - 7(”7 1= 172a w1,
j=1

where (i) = E'[X;X;_;] is the covariance function of X;. Hence E [)?t,n] =0.
It follows from Theorem 2 that

lim H)?t’n — )?t

n—oo

n—oo

" lim E [(X;n - )?tﬂ —0 (38)

so that by Liapounov’s inequality and F [)?m] =0,

lim ‘E[)A(t]

n—oo

S hm FE H)?t — )?t,n

n—oo

|

= hm ‘E[)?t — )?t,n]

n—oo

~ ~\ 2
< \/hm E [(Xt,n—Xt> } - 0.

Thus E[X,] = 0 and therefore E[U;] = E[X, — X,] = 0.
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Proof of E[UY) = o2
Let Uy, = Xy — Xi . It follows from (38) that

~ ~ 2 —~ ~\ 2
lim E l(Ut - Ut,n) ] — lim E [(Xt,n - Xt> } ~0 (39)
Moreover,
2 n 2
Bl02| - HXt — Xl =E (Xt -y ﬁj,nXt_j>
j=1

= v (O) -2 Z ﬁj’n’}/(]’) + Z Z ﬂj,nﬂi,n’)/(i - ])
j=1 j=1 i=1
2

= O'n

say, which does not depend on ¢. Furthermore, note that o2 is non-increasing
in n, so that

L2 2
lim o, =0

exists, and that
~ ~ 2 ~ ~ 112 ~ ~ |12
E {(Ut ~ Ui } = ||Rin = & = || Ken = X+ T
—~ 2 —~ ~ ~
~ |x. - x +2<Xt,n—Xt,Ut>+||Ut||2

~ 2 ~ ~ 9
= |G| - 2(x.T) + 1T
2 o~ ~ ~
= Ut,n _2<Xt+Ut7Ut>+||Ut||2

~ 2 ~ o~ ~
= ||o.., —2<Ut,Ut>+HUt|]2

S A TTsATE
- E [ﬁgn} - E [ﬁg] .
Thus,
B[02) =t - £ | (0~ On) | = o
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Proof of (34), (35) and (37)
The result of Theorem 4 can now be translated as

lim

n—oo

=0, (40)

Xt — ZO&jUt,J’ - Wt
j=0

where U, is a zero-mean uncorrelated covariance stationary process with unit
variance, and ay, = (X, Uy_y) = F [X3Up_g] with Y 72 a2 < oc.

We still need to prove that the a;’s do not depend on ¢, as follows. Recall
from the proof of E[U?] = o? that U,,, = X; — Z?:l BinXi—j, so that

E [Xt-l-kﬁt,n] = (k) - Enz Biny(k + ),

j=1

which does not depend on ¢t. Moreover, by the Cauchy-Schwarz inequality
and (39),

tim |5 [ (G = 80)][| <90 fim 2| (G- 5] =0

Thus F [XHkl}t} = lim,_.o F [Xt%ﬁt,n} . Since the latter does not depend

on t, neither does oy, = E [ X4 Uy) = E [Xt+kl7t/||l7t|]} )
The results (35) and (37) follow straightforwardly from Theorem 4.

Proof of (33)
The result (40) implies, by Chebyshev’s inequality, that

Xp=plim Y ;U + Wi (41)

3=0

Recall that convergence in probability for n — oo is equivalent to a.s.
convergence along a further subsequence k,, of an arbitrary subsequence of
n. See for example Bierens (2004, Theorem 6.B.3, p. 168). Thus for such a

subsequence k,,,
k

Z OéjUt_j — Xt - Wt a.s. (42)

=0
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as m — oo, and the same holds for any further subsequence of k,,.
Without loss of generality we may choose kg = 0. Then for each n > 0 we
can find an m,, such that

Em, , <n < kpy,. (43)
Moreover, (42) implies that
K,
Z%‘Ut—j — X; — Wy a.s. asn — oo. (44)
=0
Due to (43),
) km n 2 0o km 2
> | (St Yot ) | =Xk | 32w
n=1 7=0 7=0 n=1 Jj=n+1
00 kmn 00
SO ST S
n=1 j=kp, _,+1 =0

so that by Chebyshev’s inequality, for arbitrary € > 0,
kmn n

ZP ZajUt—j - ZajUt_j
n=0 j=0 j=0

This result implies, by the Borel-Cantelli lemma,? that

>€] < Q.

kmn n
ZajUt,j — ZajUt,j — 0 a.s. asn — 00. (45)
=0 =0

Combining (44) and (45) it follow now that

ZajUt,j — X, — W, a.s. as n — oo. (46)

Jj=0

Since ) 7 a;U;; is defined as lim,, oo )7 a;Us—j, (33) is equivalent to
(46).

2See for example Bierens (2004, Theorem 6.B.2, p. 168).
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The zero-mean covariance stationarity of W,
It follows now trivially from (33) that E [W;] = 0. Moreover, W, is covariance
stationary because for m > 0,

Jj=0

EWW,n] = E

= K {Xtthm] — Z OéjE {Utijtfm]
j=m
— Z OéjE [Ut—m—th] + Z A ym
j=0 j=0
= v(m)— Zaj+maj.
j=0

Proof of (36)
Finally, W; € Npspan({X,_;}%2,) implies that W, € span({X;_;}%2,), hence
the projection of W; on span({X; ;}32,) is W; itself. Since by (33),

span({X,;}32,) = span (span({U—; 132, ). span({ Wi }32,))

and the projection of W; on span({U;_;}32,) is zero, it follows that the pro-
jection of W; on span({W;_;}52,) is W, itself, which proves (36). Q.E.D.

Remark 2. The condition var(U;) = 1 is not essential as long as X; is
regular. Without loss of generality we may then replace U; with U, = oU,,
o > 0, and oy with ay /o, where o can be pinned down by normalizing ag = 1.

5 Further analysis of the deterministic term

5.1 An example

The conclusion that the term W, in (33) is deterministic does not imply that
W, is non-random. For example, consider the following sequence of random
variables:

Wy = U cos(t) + V sin(t),
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where U and V' are independent standard normal random variables which do
not depend on t. Suppose that for a given ¢, W;_; and W, _, are observed.

Then _
(W)= (et e (V)
hence
( xli ) B sin(t‘— 2) cos(t — 1) :cos(t —2)sin(t — 1)
(oo ity ) (i)
- (Y, e ().
so that

sin(t — 2) —sin(t — 1)

W, — ) (cos(t),sin(t)) ( —cos(t —2) cos(t —1) ) ( %_; )

= = D) (sin(t — 2) cos(t) — cos(t — 2) sin(t)) Wi_1

1

(sin(t) cos(t — 1) — cos(t) sin(t — 1)) W;_»

sin(1)
_ sin(2)
= )V W

Moreover, it is trivial that E[W;] = 0 and
EWW,_p,] = cos(t) cos(t —m) + sin(t). sin(t —m) = cos(m),

hence W, is a zero-mean covariance stationary process.

5.2 Measurability
Again, the crux of Theorem 5 is that

Wi € S oo = Npspan({ Xn—;}72), (47)

as the other conclusions of Theorem 5 follow straightforwardly from Theorem
3. The question I will now address is how (47) translates in terms of o-
algebras generated by sequences of the type {X,,_; }?Ozo-
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Denote for natural numbers n and m,

f;tt—_g—m = 0 (Xt—na Xt—n—la ) Xt—n—m) 5

Sf:r?fm = Span (Xt*na thnfla 3] thnfm)
where ff:,’},m is the o-algebra generated by X; ,, X; n_1, ..., Xi—n_m- Recall
that

Fra =0 (UnaFiinm)
is the smallest o-algebra containing U%_,F;~" = which is the o-algebra

generated by the sequence {X; ;}52,, and that
Fro = ;L.O:lfi;g = mtﬁw
is the remote o-algebra of the sequence X;, whereas

St__o’.f = Uno {n-m = span ({Xt—n—j}?ozo)a
S o = NS

The similarity between S_, and F_, suggests that, possibly, W; is mea-
surable with respect to (w.r.t.) the remote o-algebra F_... In Bierens (2004,
p. 182) T have stated the latter as a fact, but in hindsight this is not trivial.

To prove this proposition, we need the following lemma:

Lemma 6. Let {Z,}5°, be a sequence of random variables [vectors] defined
on a common probability space {2, F, P} such that for a set A € F with
P(A) =1, lim, 00 Zp(w) = Z(w) pointwise in w € A. Then Z is a random
variable [vector]® defined on {Q,F, P}, i.e., Z is measurable with respect to

F.
Proof: See for example Theorem 2.13 in Bierens (2004, p. 47).

Let Wt,n,m be the projection of W, on S~ " and let ﬁ/\t,n be the

t—n—m>
projection of W; on 8. Then it follows from Theorem 2 that

ET = — —~ 2
lim ||Vvt_n7m _I/Vlf—’nH2 = lim £ |:(Wt—mm _VVt—n> :| =0,

m—00 m—00

3Possibly extended arbitrarily for w € Q\A.
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hence by Chebyshev inequality, plimm_,oowt_n,m = /VIZ_H. Recall* that the
latter implies that along a subsequence my,

/I/Iz_n,mk pas Wt_n as k — oo. (48)

Moreover, recall that W\t_n,mk € Sf:;;_mk takes the form of a linear com-
bination of X;_,, X;_n_1,..., Xi—n—m,, hence Wt,n,mk is measurable w.r.t.
ff:ﬁ,mk and therefore is also measurable w.r.t. F*”. It follows now from
(48) and Lemma 6 that W,_,, is measurable w.r.t. Frr.

Because W, € S_o, C 8" and therefore /I/Iz_n = W, a.s., it follows now
that for arbitrary n, W, is measurable w.r.t. F*” and therefore W, is also

measurable w.r.t. N F* ", Thus,

Theorem 6. The deterministic term Wy in the Wold decomposition (33) is
measurable with respect to the remote o-algebra F_o, of the time series X;.

5.3 When is the deterministic term equal to zero?

Finally, I will address the question: under what condition(s) is W; = 0 a.s..

For this we need the concept of vanishing memory introduced in Bierens
(2004, Definition 7.3, p.183):

Definition 5. A time series process X; is said to have a vanishing memory
if all the sets in its remote o-algebra F_ o, have either probability zero or one.

In this case any random variable W that is measurable w.r.t. to such a
o-algebra F_, satisfies

EW|F_x] = E[W] as.
To see this, let Z = E[W|F_o] and A = {w € Q: Z(w) — E[W] > 0}. Recall
from the definition of conditional expectation relative to a o-algebra that Z

is measurable w.r.t. F_., so that A € F_, and that fA ZdP = fA WdP.
Now suppose that P(A) = 1. Then

/E[W]dP _ E[W].P(A):E[W]:/WdP

4See for example Bierens (2004, Theorem 6.B.3, p. 168).
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hence [, (Z — E[W])dP = 0. But this implies that P(A4) = 0,> so that
P(A) = 1isnot possible, and therefore the only alternative is that P(A) = 0.
The same applies to A = {w € Q : Z(w) — E[W] < 0}. Hence, Z = E[W]
a.s..

Moreover, because W is measurable w.r.t. to F_., we also have’

EW|F_x] =W as.
Because E[W;] = 0 it follows now that

Theorem 7. If the time series X; in Theorem 5 has a vanishing memory
then the deterministic term Wy in the Wold decomposition (33) is a.s. zero.

6 The multivariate Wold decomposition

To prove the multivariate version of the Wold decomposition for a k-variate
covariance stationary process X, consider the Hilbert space Ry, of zero mean
random vectors in R¥ with finite second moment matrices, endowed with the
inner product (X,Y) = E[X'Y] and associated norm and metric. Let X; be
the projection of X; on span({X; ;}%2,), with residual vector V; = X; — X,
and let ¥ = F [V;V/]. In this case we need to extend the notion of regularity
by requiring that X is positive definite rather than only [|V;||? = E [V/V}] >
0, so that we can define U; = 2*1/2‘/},. Then the projection X’t of X; on
span({U;;}7_,) takes the form X; = > | A;U; j, where A; = E (X.Ul_;] .
It follows now straightforwardly from the proofs of Theorems 4 and 5 that

Xt = ZAJUt*J + Wt a.s.,
j=1
where the process U, is uncorrelated with zero expectation vector and vari-
ance matrix Iy, and W; € U N S_., with U and S_, defined in Theorem
5.
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