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Abstract

How does income inequality affect social welfare? This paper characterizes a nor-
mative criterion for ranking income distributions. We consider two axioms: Pareto and
Income Anonymity. Pareto requires that, if everyone supports a simultaneous change
in the distribution of income and in prices, then that change is socially desirable. In-
come Anonymity requires that social welfare can be evaluated based on the anonymized
distribution of income. When individuals have heterogeneous preferences, there exists
at most one social preference relation that satisfies both axioms.
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Economic analysis often aims to identify the optimal policy in various contexts, such as
determining the best trade agreements or designing a fair taxation system. The success of
this analysis depends on a clear understanding of the social objective. The overarching goal
of welfare economics is to narrow down the set of plausible social welfare criteria based on
ethical principles.

One such principle is the Pareto principle, which states that a change in policy is socially
desirable if it benefits at least one person without harming anyone else. However, the Pareto
principle does not get us very far, as too many social preference relations satisfy it. For
instance, it is satisfied by a dictatorial social preference relation which elevates the preferences
of one individual over everybody else.

This suggests that we can further narrow down the set of plausible welfare criteria by
imposing some kind of fairness requirement. The question, then, is which. The standard
approach postulates that each individual’s “utility” should matter equally for social welfare.
A well-known shortcoming of this approach is that it is not clear what is the appropriate
notion of utility to use for interpersonal comparisons, or how to measure it. Even setting these
issues aside, it is not clear that evaluating fairness based on utilities is the right approach.

To illustrate, consider a simple example in which there are two people and one divis-
ible consumption good. Utility is defined as some interpersonally-comparable measure of
pleasure that is derived from consumption. The two people differ in how much they enjoy
consumption. If person 1 consumes ¢ units of consumption, then his utility is A;c® (where
a € (0,1)). If person 2 consumes ¢ units of consumption, then is utility is Ayc®. According to
the utilitarian criterion, an equitable allocation is optimal only if A; = A,. Otherwise, it is
better to allocate more consumption to the person who is more “productive” at transforming
consumption into “utils”. When the difference between A; and As is large, then the optimal
decision rule approximates the dictatorial one, and allocates most of the consumption good
to one person.

Dworkin proposes an alternative approach, according to which an equitable allocation
is always optimal, regardless of the productivity parameters, A; and A,. According to
Dworkin, what matters for social welfare is the distribution of incomes, and not the utilities
that individuals derive from those incomes. This captures an idea of fairness that is based
on the quantity of resources that is devoted to the life of each individual.

This paper studies the broader implications of this approach for social welfare analysis.
We introduce a new axiom, Income Anonymity, which states that each person’s income
should matter equally for social welfare. Although we are the first to formally study this
axiom (to the best of our knowledge), it is implicit in any welfare criterion that is based on

the income distribution. An obvious advantage of this approach is that it does not rely on



the existence or measurement of an interpersonally-comparable utility; the only things that
matter are the distribution of income and the prices that people face.

Our main result is that, combined with the Pareto condition, Income Anonymity im-
plies concrete guidelines on how to do social welfare analysis. Whenever preferences are
heterogeneous, then there exists at most one social preference relation that satisfies Pareto
and Income Anonymity. This result is powerful as it means that if we agree on Pareto and
on Income Anonymity, then we should also agree on everything else, from optimal trade
agreements to optimal redistributive policy.

We obtain analytical characterizations of the social welfare function for three classes
of individual preferences: homothetic preferences, Stone-Geary preferences, and Gorman
form preferences with a common slope. However, for certain individual preference profiles,
there can be no social preference relation that satisfies both Pareto and Income Anonymity.
Loosely speaking, existence requires that non-homotheticities are common to all individuals.
The possibility that the two axioms are inconsistent reveals a tension between the Pareto
condition and the idea that fairness should be judged based on the distribution of incomes.

This paper contributes to a rich literature on the axiomatic characterization of social
preferences. The approach here is closely related to the money-metric utility approach
(Deaton and Muellbauer| [1980], [Fleurbaey and Maniquet| [2011], Fleurbaey and Maniquet
[2018]). The money-metric utility approach proposes a social preference relation that is an
aggregation of individuals’ equivalent incomes at common reference prices (“money-metric
utilities”). There are many social welfare functions that satisfy anonymity with respect to
the distribution of money-metric utilities. The anonymity condition that we consider is more
restrictive, as it requires anonymity with respect to the distribution of income at any prices
— not just at the reference price. The social preferences must therefore be symmetric in
money-metric utilities for any reference price.

This paper is also related to the literature on price-independent welfare prescriptions
(Roberts| [1980], Slesnick| [1991], Blackorby et al. [1993] and [Fleurbaey and Blanchet| [2013]).
Roberts [1980] studies the conditions under which income distributions can be ranked irre-
spective of prices, and finds that they are “highly restrictive” E] This sparked a debate about
whether it is appropriate to require welfare prescriptions to be independent of prevailing
prices (Fleurbaey and Blanchet| [2013]). The analysis here suggests that it is not. The so-
cial preference relation that we derive generates price-independent welfare prescriptions only
in special cases. This leaves open the possibility that income inequality is more tolerable

when necessities are cheaper, consistent with the intuition that one person’s necessities take

'He finds that, unless the welfare criterion is dictatorial, both individual and social preferences must be
homothetic.



precedent over another person’s luxuries.

Finally, this paper is related to the literature on the inconsistency of Pareto and other
normative principles. [Sen [1970a] and Kaplow and Shavell [2001] show that the Pareto prin-
ciple implies a social ranking that is welfarist. This leaves limited room for expressing a
concern for non-welfarist normative principles such as freedom, justice or procedural fairness
(see also Sher| [2021]). In the context of resource allocation problems, Sen| [1970b], Suzumura
[1981a], |Suzumura| [1981b], Suzumura [1983], [Tadenuma [2002] and Fleurbaey and Tran-
noy| [2003] uncover tensions between Pareto and various egalitarian principles pertaining to
the fair allocation of resources. [Fleurbaey and Trannoy [2003] show that, whenever pref-
erences are heterogeneous, Pareto is inconsistent with a social preference for redistributing
resources from rich to poor (the Pigou-Dalton principle)E] We add to these impossibility
results by showing that, for some preference profiles, Pareto is also inconsistent with Income
Anonymity, which is a procedural fairness requirement. However, in light of the negative
results in this literature, our positive results are perhaps more surprising: we show that,
for various preference profiles (including profiles of heterogeneous preferences), there is no

conflict between Income Anonymity and Pareto.

1 Preliminaries

There are 2 < I < oo individuals indexed ¢ = 1,...,I, and 2 < J < oo goods. Individual
i’s indirect preferences over combinations of income, m € R, ;, and prices p = (p',...,p”) €
Ri ., are represented by v;(m, p), where v; is homogeneous of degree 0, strictly increasing in
m and strictly decreasing in each p’. Let <; denote the binary preference relation represented
by v;:

(m,p) =i (m',p") & vi(m,p) < vi(m',p')

Throughout, we use bold letters to denote vectors of length I (the number of individuals).
The social preference ranking, < (with no subscript), is defined over elements of the form
(m, p), where m = (myq,...,m;) € RL_ is the distribution of income and p = (p1,...,p1) €
RY, are individual price vectors (individual ¢ faces the prices p; = (p;, ..., p})). For a price
vector p, the notation (m, p) is used as a shorthand for the allocation (m, (p,...,p)).

We consider two axioms on the social preference relation. Like all axioms, their normative
appeal is not universal; it is always possible to come up with examples in which the axioms

contradict basic moral intuitions. The axioms below are not meant to apply to all possible

2More precisely, the Pigou-Dalton principle states that if one person has more of every good than another
person, then any transfer of goods that maintains this ordering but reduces inequality is a socially-desirable
transfer.



situations; instead, they characterize the environments in which the social preference relation
that we derive is applicable.

The first axiom is the standard Pareto condition, which is stated as follows.

Axiom (Pareto). For each m,m’, p,p’, (a) if (mi,p;) =i (m},p}) for all i, then (m,p) =
(m’,p’); and (b) if, in addition, (m;,p;) <; (M}, pl) for some i, then (m,p) < (m’,p’).

This axiom is sometimes referred to as “unanimity”. It states that, if all individuals sup-
port a certain change in prices and incomes, then it should be considered socially desirable.
This axiom rules out situations in which people’s decisions are not in their best interests,
such as drug addiction. But it is broadly thought to be an appealing condition in most
circumstances.

The second axiom is Income Anonymity:

Axiom (Income Anonymity). For every common price vector p € R, and income distri-

bution m € R{H, it holds that

(m,p) ~ ((ma(1)7 ~-~ama(1))>p)
for any permutation o : {1,...,1} — {1,....I}.

Income Anonymity states that the normative ranking of income distributions should not
depend on which person receives which income. Instead, income distributions can be ranked
anonymously.

This anonymity condition is in the spirit of Dworkin| [1981) ] [Dworkin| [1981] argues
that fairness should be judged based on the distribution of income, regardless of individuals’
preferences, and regardless of prevailing pricesf_f] According to Dworkin, what matters is the
value of the resources devoted to each person’s life — and not how that individual chooses to
use those resources, or the utility that he derives from their use.

Dworkin writes, “the true measure of the social resources devoted to the life of one

7

person is fixed by asking how important, in fact, that resource is for others.” This implies
a measure of value that is based on common equilibrium prices. To reflect this, Income
Anonymity requires anonymity with respect to income only when all people face the same
price vectors. In this case, the value of each person’s consumption bundle is given by that

person’s income.

3Varian| [1976] also considers the question of how to define a fair allocation when people have heteroge-
neous preferences. He discusses the sense in which an equal distribution of income results in a better market
allocation than an unequal distribution of income.

1See [Keller| [2002] for a discussion. A similar notion of equality is also reflected in the Laisser-Faire axiom
in [Fleurbaey and Maniquet| [2006], which postulates that there is no scope for redistribution between two
people who face the same earning opportunities, even when they choose to work different amounts.



As with all axioms, the appeal of this axiom is not universal. As |Sen| [1980] illustrates,
Income Anonymity is particularly controversial when people have heterogeneous needs. [Sen
[1980] considers an example of two people, a disabled person and an able-bodied person.
The disabled person needs to spend a certain amount on accessibility in order to achieve a
level of mobility that the able-bodied person obtains for free. Because of this, at a given
income level, he will have less money to spend on other things, and more limited consumption
possibilities[]

Dworkin himself concedes that “certain kinds of preferences, which people wish they did
not have, may call for compensation as handicaps” ﬁ However, Dworkin contends that in
many circumstances, resource equality is the appropriate criterion for evaluating fairness.

We return to the question of heterogeneous needs in section

2 Uniqueness

On their own, both Pareto and Income Anonymity are consistent with various degrees of
inequality aversion. For example, the Pareto condition is consistent with any social welfare

function of the form ;

W(m,p) = Z ¢i(vi(mi, pi))

i=1
where ¢; is strictly increasing. In this class of social welfare functions, the concavities of
the functions {¢;}._, determine aversion to inequalities in utilities, and hence, indirectly,
aversion to income inequality.

Similarly, Income Anonymity it is consistent with any social welfare function of the form

my
i=1

here, n determines the degree of inequality aversion. This functional form is often identified
as the Atkinson index (Atkinson [1970]). In this class of social welfare functions, Income
Anonymity is satisfied because the social ranking is symmetric with respect to all incomes.

When all individuals have the same preferences, there are many social preference relations

that are consistent with both axioms. For example, when v; = v for all 7, then both axioms

°In light of this concern, Roemer| [2009], Fleurbaey and Maniquet| [2012] and [Piacquadio| [2017] argue for
fairness conditions based on consumption opportunity sets, rather than income.
SDworkin| [1981], Page 288, footnote 4.



are satisfied when the social preference relation is represented by

I

W(m,p) = Z ¢(v(ms, pi))
i=1
here, the concavity of ¢ determines the amount of inequality aversion.
The following theorem establishes that, when preferences are heterogeneous, the combi-
nation of Pareto and Income Anonymity uniquely characterizes the entire social preference

relation. In particular, only one level of inequality aversion is consistent with both axioms.

Theorem 1. Assume that individual preferences are heterogeneous. If there exists a social

preference relation that satisfies Pareto and Income Anonymity, then it is unique.

The complete proof is in the appendix, together with other omitted proofs. Below we
sketch its key steps. Consider a simple case in which there are two individuals and two goods
(I = J = 2). Normalize the price of good 1 to be p' = 1, so that both individuals face the
price vector p = (1,p?).

Figure 1| presents the two individuals’ indifference curves over combinations of income
and prices. Their indifference curves are upward sloping, because higher prices can be com-
pensated with higher incomes. In this figure, the two individuals have different preferences
over the two goods, so their indifference curves are not the same.

Let p' = (1,p'*) be such that p’* < p?, as in Figure Assume that individual 1 is
indifferent between (m,p) and (m),p’), and individual 2 is indifferent between (m,p) and
(mb, p'). Pareto requires that, when all individuals are indifferent, then the social preference

relation is indifferent as well. Consequently, Pareto implies

((m, m),p) ~ ((my,mj), p') (1)

Income Anonymity requires that, at any given prices, income distributions can be ranked
anonymously. In particular, social preferences must be indifferent with respect to switching

the incomes of the two individuals at the prices p':
((mf, m3), p) ~ ((my, mi), p') (2)
Let m; and msy be such that the following indifference conditions are satisfied:
(M4, p') ~2 (ma, p) and (mj,p') ~1 (m1,p) (3)
Figure (1] illustrates this construction. By Pareto, it follows that
((mg, mi), p) ~ ((m1, ma), p) (4)
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Figure 1: Sketch of the proof of uniqueness
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Consequently, given a price level of p, any social preferences that satisfy Pareto and
Income Anonymity must be indifferent between the equal allocation of income, (m,m),
and the unequal allocation, (mj,ms). This is a restriction on the amount of inequality
aversion. A sufficiently inequality-averse social preference relation would strictly prefer the
equal allocation over the unequal one; a sufficiently inequality-tolerant relation would prefer
the unequal allocation instead. Neither of these preferences would be consistent with the
combination of Pareto and Income Anonymity. The uniqueness of the social preference

relation follows from the uniqueness of the level of inequality aversion.

3 Existence

To characterize the conditions under which the two axioms are consistent, it is useful to
introduce the following definitions. Let H : R{, — R, be a strictly increasing function,

and let d : Ry x RY 4+ — Ry, be a function that is strictly increasing in the first argument



and homogeneous of degree 1. Define the function V (-,-|H,d) as
J
V(m,p|H,d) = max H(x) s.t. Zp%f < d(m,p) (6)
j=1

This optimization problem can be interpreted as a consumer optimization problem in
which the consumer’s preferences are represented by the utility function H, and his budget
constraint allows him to allocate d(m,p) dollars towards the objective of maximizing his
utility. The function d can be interpreted as a “disposable income function”, as it specifies

how much the consumer can spend given gross income m when faced with prices p.

Definition. The pair (H,d) is an interpretation of the preferences <; if V(-,-|H,d) is a

representation of the indirect preference relation =;.

The pair (H,d) is an interpretation of individual i’s preferences if, based on his indirect
preference ranking, we cannot reject the hypothesis that the optimization problems that he

faces are the ones in expression [6]

Figure 2: Constructing an interpretation
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Every preference relation has many interpretations. To see this, consider the construc-
tion in Figure 2] In this figure, the solid curves are indifference curves of the preference

relation of individual ¢, which is represented by some utility function, u;. The dashed curves



are indifference curves of another preference relation represented by H. The gray arrows
represent a monotone bijection, f : u;(R],) — H(R],).
Given H and the mapping f, the disposable income, d(m, p), is implicitly defined based

on the condition

f(ui(z(m,p))) = manH(x) s.t. Zp%ﬂ < d(m,p)

=1
where

J
x(m,p) = arg max u;(x) s.t. Zpixj <m
X
j=1

Note that u;(z(-,-)) represents the indirect preference relation, <;. Because f is strictly
monotone, the indirect preferences represented by f(u;(x(:,-))) are the same as the prefer-
ences represented by =;. Notice that there are infinitely many possibilities for specifying
f, and that each of them implies a different d. It follows that, for each H, there are in-
finitely many options for specifying d such that V (-, -|H, d) is a representation of the indirect
preferences =<;.

The theorem below uses this construction to lay out a necessary and sufficient condition

for the consistency of Pareto and Income Anonymity.

Theorem 2. There exists a social preference relation that is consistent with Pareto and In-
come Anonymity if and only if there exists a disposable income function, d, and homogeneous

utility functions, {H;}_,, such that, for every i, (H;,d) is an interpretation of =;.

This theorem provides a necessary and sufficient condition for the existence of a social
preference relation that satisfies Pareto and Income Anonymity. Combined with the unique-

ness result, it also implies the following corollary.

Corollary 1. Assume that preferences are heterogeneous, and let d and {H;}!1_, be functions
that are homogeneous of degree 1 such that V (-, -|H;, d) represents the preferences =;. Then,
there exists a unique social preference relation that satisfies Pareto and Income Anonymity,

and it can be represented by

W(m,p) = Zln(v(miapi|Hia d))

=1

This corollary implies the following special cases.

Homothetic preferences. Assume that {H;}/_, are representations of individual prefer-

ences that are homogeneous of degree 1, and let d(m,p) = m. Trivially, (H;,d) is an inter-
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pretation of <;. It follows that the unique social preference relation that satisfies Pareto and

Income Anonymity is represented by

Zln .Q?Z ml,pl Zln mz + Zln xz 1 pz)))

where

Z;(m,p) = argmaXH ) s.t. ijxj <m (7)

This social welfare criterion has two interesting propertles, which have been pointed out
elsewhere in the literature. First, as noted by [Roberts |[1980], this social welfare criterion
generates price-independent welfare prescriptions: the ranking of income distributions does
not depend on the prices, even when different people face different prices.

Second, as noted by Milleron| |[1970], this welfare criterion implies that, in an exchange
economy, it is welfare-maximizing to divide the aggregate endowment equally between indi-
viduals. According to this welfare criterion, resource equality is always welfare-maximizing,

provided that people can freely trade.

Stone-Geary preferences. The most common specification of non-homothetic prefer-
ences are Stone-Geary preferences. Assume that individual ¢’s preferences are represented
by

Hi(x — )

where, for each j, Z7 > 0 and H; is homogeneous of degree 1 (and, for any z such that 27 < 0
for some j, H(x) = 0). One technical problem with considering these preferences is that
they are not strictly monotone. However, it is possible to approximate these preferences
arbitrarily-well with a strictly monotone function.ﬂ

The bundle 7 is typically interpreted as a “subsistence requirement”. This interpretation
implies a model in which, unless a person consumes at least 77 of good j, he will die. Accord-
ing to this interpretation, any non-homotheticities are due to the presence of expenditures
that are necessary in order to avoid unacceptable harm.

Define d(m, p) as income net of the cost of the subsistence bundle,

J
d(m,p) =m— Zp];i‘j
j=1

"For example, let Hy,(z) = H(gi(z?),...,g](z”)), where g/ (27) = min{(27/27)" ,1}27. Note that
H,(2) 2n—oo H(z — ), and that H, is strictly monotone.

11



To see that (H;, d) is an interpretation of <;, note that, given these preferences, consuming
at least z7 of each good j always takes precedent over consuming good k in excess of z*. It
follows that the objective of maximizing H,;(x—Z) is equivalent to the objective of maximizing

H;(Z) (where £ = x — T), subject to the constraint that
J J
S P S m- 3 pE = dimp
j=1 j=1

Hence, in this setting, (H;,d) is an interpretation of individual i’s indirect preferences.
By Corollary , if {H;}_, are heterogeneous, then there exists a unique social preference

relation that satisfies Pareto and Income Anonymity, which can be represented by

I I I I I
W(m,p) = Zln(Hi(i’i(mi —Zpﬁj,pi))) = Zln (mZ — ZM@J) +ZIH(H¢(@(1,]D¢)))
i=1 i=1 i=1 i=1 i=1
(where #; is defined in expression [7)).

Gorman form preferences. Another common assumption is that indirect preferences are

represented by the Gorman form,

vi(p,m) = a;(p) + b(p)m

where the terms {a;(p)}._, may vary across individuals, but the term b(p) is common across
individuals. This assumption is usually evoked for the purpose of generating aggregate
demand curves that depend only on aggregate income (and not on how income is distributed
across individuals).

One example of such preferences are quasilinear preferences over goods, in which indi-

vidual preferences are represented by
wlz) = 7'+ Gi(a?, . 27)

where g; is a strictly increasing, strictly concave function that satisfies the Inada conditions,
and x! is a “numeraire” good (note that these preferences are defined for every z' € R — that
is, the individual may consume negative quantities of ). The Gorman form representation

for these quasilinear preferences is

B Z;fzz png (p)
1

ai(p) = D

- G0, ! () and () =

12



Consider the social preference relation represented by

I
W(m,p) =Y (a:(p:) + b(pi)m:)
i=1
This social preference relation satisfies Pareto because it is represented by the sum of
individual indirect utility functions. It also satisfies Income Anonymity because, when p; =
pi for every i, k, then b(p;) = b(py) for every i, k, and hence it is symmetric in my, ..., my.
By Theorem , if {a;}1_, are heterogeneous, then this social preference relation is the
unique one that satisfies both Pareto and Income Anonymity. A surprising implication is
that, under these assumptions, these two axioms are inconsistent with aversion to income
inequality. According to this welfare criterion, when everyone faces the same prices, then
income distributions should be ranked according to the sum of individual income levels. Only

the mean of the income distribution matters, and income inequality does not.

4 A model of non-homotheticities

How reasonable is the condition in Theorem |27 This section presents a behavioral model of
non-homotheticies, in which all non-homotheticities reflect the need to spend some money
in order to prevent unacceptable harm. In this model, Pareto and Income Anonymity are
consistent whenever people have the same necessities.

Consider a model in which each indirect preference relation, =<;, has a correct interpreta-
tion, (H},d}). In this model, individual i’s true objective is to maximize the utility function

H}(x). However, the income that he is able to allocate towards this goal is only df(m, p).

The optimization problem that individual ¢ actually faces is

J
max H!(z) s.t. ijx] < d;(m,p)

j=1
Here, the disposable income, d}(m,p), is interpreted broadly as income net of expen-
ditures that are necessary for preventing unacceptable harm. This extends the standard
definition of disposable income, which is income net of taxes. The rationale for excluding
taxes is that people do not really choose how much taxes to pay. If a person does not pay
his required taxes, he will go to prison. This unacceptable harm means that he has no real
choice: how much taxes he pays tells us nothing about his “preference” for taxes or even

about his “preferences” for staying out of prison.

A similar logic suggests the deduction of other expenditures that are necessary in order

to prevent unacceptable harm. For example, if people do not eat, they die. If a disabled

13



person does not have a wheelchair, she is immobile. Here, we interpret d*(m, p) as the income
available for unnecessary expenditures.

Given this interpretation, the utility function H; represents the individual’s preferences
over unnecessary expenditures. After the individual pays all of his “taxes” — both to the
government and to himself — then he is free to choose how to spend the remainder of his
income. The key assumption is that these preferences are homothetic: in other words, all
non-homotheticities are due to genuine needs, in the sense that they are expenditures that

are meant to prevent unacceptable harm.
Assumption 1. For every i, H} is homogeneous of degree 1.

The plausibility of this assumption depends on which harms are considered “unaccept-
able”. If the only unacceptable harm is death, then this assumption is implausible, because
many goods are necessity goods in the consumer-theory sense but are not strictly necessary
for survival. For example, the expenditure share on cell phones is decreasing in income,
so they are classified as necessity goodsﬁ However, humanity has survived for many years
without them, so they are clearly not necessary for survival.

The assumption that preferences over unnecessary expenditures are homothetic is more
plausible if we consider a broader range of harms unacceptable. If social isolation is unac-
ceptable, then expenditure on telecommunications may be a genuine necessity. Evaluating
the plausibility of this model requires both a normative assessment of which harms are un-
acceptable, and an empirical evaluation of whether, after deducting expenditures that are
necessary in order to prevent such harms, people’s preferences over the remaining expendi-

tures are homothetic.

Corollary 2. Assume that di = d;. for all i,k. Under Assumption |1, there exists a social

preference relation that satisfies Pareto and Income Anonymity, which can be represented by

I I I
W(m, p) = > In(H; (&:(d; (mi, pi), p:))) = > In(d; (mi, pi)) + > In(H (2:(1,p:)))  (8)
i=1 i=1 i=1

This Corollary is immediate given Corollary [I Under the assumption that preferences
over unnecessary expenditures are homothetic, Pareto and Income Anonymity are consistent
with one another whenever individuals have the same genuine necessities.

Sen| [1980] points out that, when this isn’t the case, Income Anonymity is ethically prob-
lematic. According to Sen, two people who have the same income but different expenditures
on necessities should not be considered equal, because they have different consumption pos-

sibilities.

8See, for example, Breunig and McCarthy| [2020].
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Sen’s critique suggests that we should reject Income Anonymity in situations in which
{df} are heterogeneous across individuals. Notably, in this model, Income Anonymity is

consistent with Pareto whenever it is immune to Sen’s critique.

5 Extension: heterogeneous necessities

Sen’s critique suggests a natural modification of Income Anonymity. In this framework,
heterogeneity in needs corresponds to heterogeneity in {d:}._,. In the presence of such
heterogeneity, Income Anonymity is ethically unappealing, and it makes sense to modify

Income Anonymity as follows.

Axiom (Income Anonymity with Respect to Disposable Income (Income Anonymity-D)).

For every common price vector p € ]RJH and income distributions m, m’ € RfrJr such that
d;k(mhp) = d:;(z) (mla(z)ap)
for some permutation o : {1,...,1} — {1,..., 1}, it holds that
(m,p) ~ (m’,p)

Income Anonymity-D is equivalent to Income Anonymity whenever individuals have the
same disposable income functions. More generally, Income Anonymity-D states that, when
everyone faces the same prices, income distributions can be evaluated based on the distri-
bution of disposable income, from which expenditures on genuine necessities are deducted.
Under this axiom, two people who have the same disposable income should be considered
equal, even if they have different preferences, different cardinal utilities, or different needs.
As long as they both have the same amount of money to devote to unnecessary expenditures,
the social preference relation should treat them equally.

This criterion is immune to Sen’s critique, because expenditures that compensate for
disabilities can be considered necessary. At the same time, it maintains Dworkin’s emphasis
on resource equality, and does not rely on interpersonal comparisons of utilities. For example,
starvation is considered equally unacceptable for everyone - both for people who enjoy life
(and derive a lot of “utility” from it) and for people whose experiences are more mixed.

While satisfying Income Anonymity-D does not require cardinal information on utility,
it does require information on the disposable income functions, {d:}._,. As commented
earlier, the true disposable income function cannot be inferred from the individual’s ordinal
preference ranking, because each ranking has infinitely many interpretations. To satisfy

Income Anonymity-D, the social ranking requires independent information about individuals’
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circumstances. Specifically, it is necessary to know which expenditures are necessary for them
to avoid unacceptable harm (and which harms are unacceptable).

The analysis above implies that the combination of Pareto and Income Anonymity-D
uniquely characterizes the social preference relation in environments in which people have
heterogeneous necessities and heterogeneous homothetic preferences over unnecessary expen-

ditures.

Corollary 3. Assume that individuals have heterogeneous preferences over unnecessary ex-
penditure that are represented by {H;}._ . Assume further that, for each i, H} is homoge-
neous of degree 1. Let {d:}!_, denote individuals’ true disposable income functions. Then
there exists a unique social preference relation that satisfies Pareto and Income Anonymity-D,

which can be represented by equation [8

This welfare criterion suggests that, when people have heterogeneous necessities, the
social objective should be to maximize the logarithmic sum of disposable incomes — regardless

of prices, and even if people face different prices.

6 Conclusion

While there is some disagreement about the appropriate amount of inequality aversion, there
is broad agreement on two principles. The first is the Pareto principle, which says that if
a certain policy improves everyone’s well-being, then it should be adopted. The second is
an equal-treatment condition, which states that, unless people have different necessities, two
people with the same incomes should be treated equally.

On their own, neither of these principles provide complete guidelines about how to rank
income distributions. However, their combination has surprisingly strong implications. For
example, when preferences are homothetic, it implies that the social preference relation must
rank income distributions according to the sum of log incomes. More generally, there is at
most one social preference relation that is consistent with these two principles, and, when it
exists, its level of inequality aversion depends on the preference domain.

The equal-treatment condition is more controversial when people have heterogeneous
needs. If necessities are more important than luxuries, then it may make sense to allocate
more resources towards people who have more necessary expenditures. This suggests an
alternative fairness criterion that is based on the amount of income that is available towards
unnecessary purchases, after necessities are covered. This modified fairness criterion is con-

sistent with the Pareto condition, provided that preferences over unnecessary expenditures
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are homothetic. In this case, the two conditions characterize a unique social preference re-
lation, which ranks income distributions according to the logarithmic sum of incomes net of

expenditures on necessities.
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A  Proofs

The proofs rely on the following theorem.

Theorem 3. There exist social preferences that satisfy Pareto and Income Anonymity if
and only if there exists a function v : Riy x R], +— R and functions {v; : R, — R},
such that, for every i, v(m,p) + vi(p) is a representation of the indirect preferences <;, and

7 =0.

A.1 Proof of Theorem [3

Assume that such a representation exists. Then, it is straightforward to verify that the social

welfare function
I

W(m,p) =Y v(mi,p;) +7(p:) 9)

i=1
satisfies both Pareto and Income Anonymity.

Conversely, assume that there exists a social preference relation that satisfies Pareto and
Income Anonymity. If all individuals have the same ordinal preferences, then any common
representation of their indirect preferences satisfies the theorem’s condition (with the choice
v = 0 for all 7).

Otherwise, assume that individual preferences are heterogeneous. Define the equivalent

incomes {e; : Ry x R, x R{, — Ry, }/_, based on the indifference conditions

(m,p) ~; (e;(m,p,p"),p) (10)

To see that e; exists and is uniquely defined, note that, for m’ sufficiently small, p” 27 (m, p) >

m’ for all 7, and hence (m,p) =; (m’,p’). At the same time, for m’ sufficiently large, the
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bundle z(m,p) is affordable at the prices p’, and hence (m,p) =; (m/,p’). As individual
preferences are strictly increasing and continuous, an intermediate value argument implies
that there exists a unique m’ = e;(m,p,p’) for which the above indifference condition is
satisfied.

Note that the continuity of individual preferences implies that e; is continuous. In ad-
dition, it is useful to note that e;(-,p,p') = e;'(-,p,p), because, if i is indifferent between
(m,p) and (m/,p’), then e;(m,p,p’) = m’ and e;(m’,p’,p) = e;i(e;(m,p,p'), v, p) = m.

Given two individuals, 4,7 € {1,..., '}, define the partial social ranking =<; ; on allocations

of the form ((m;, my ), p) as follows. The partial ranking =<; ; is defined based on the condition

((miwmi’)ap) ji,i’ ((m;,m;,),p') And ((mlv ""mf)?p) = (m/h ""mllvp/)7

where mj, = ex(my, p,p’) for all k # i,7'.

To interpret this condition, consider a price change from p to p’, which is accompanied by
a change in the income distribution that leaves all individuals indifferent, with the exception
of individuals ¢ and ¢ (who see their incomes change to m/ and m),, respectively). If this
change is socially desirable regardless of the income levels of individuals k& # 4,4, then it
holds that ((m;, my),p) <iv (M), ml),p).

For each pair 7,7 € {1, ..., I}, define a function z;; : Ryy X R7, x R, — R, as

Zi,i’(mapap/) = ei’(ei(mapvp/>ap/ap) (11)

Figure [3|illustrates this definition, in a setting with two individuals and two goods where the
price of good 1 is normalized to oneﬂ This figure also illustrates the proofs of the following

claims.

Claim 1. For every i,7 € {1,...,1}, m € Ryy and p,p’ € RL,, it holds that if y =
zio(m,p, p') then m =z ;(y, p, p').

Proof. Let y = z;#(m,p,p’). Given the definition of z; ;, individual 4’ is indifferent between

(y,p) and (e;(m,p,p’),p"). Hence, ey (y,p,p') = e;(m,p,p’). Note that
z2v,i(y,p, 1) = eiler(y, p,p), ', p) = eilei(m,p, p'), 0, p) (12)

Note that, as e;(-,p,p’) = e; * (-, 9, p), it follows that e;(e;(m,p, p'),p’, p) = m, thus conclud-
ing the proof. m

Claim 2. Let there be i,i' € {1,...,1} such that (m',p") =<; (m,p) and (m,p) < (M, ).
Then, zyi(m,p,p') <m < zjy(m,p,p').
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Figure 3: The definitions of e and z, and the proof of Claims and
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Proof. Note that (m/,p") =; (m,p) ~; (e;(m,p,p'),p'). Hence, m" < e;(m,p,p’). It follows
that

(m',p) Zir (ei(m, p,p), 1) ~u (ex(ei(m, p,p), ', p),p) = (25 (m,p. '), p)
Given the assumption that (m,p) <; (m/,p’), it follows that m < z; +(m, p,p’).

Similar steps can be used to show that zy;(m,p,p) < m.
]

Claim 3. Assume that Pareto and Income Anonymity hold. Then, for any m,m’,p,p’ and
i,i" € {1,...,1}, it holds that

((m,m"),p) ~iir ((ziwr(m, p,p'), 2i0i(M, p,p')),s p)
Proof. Consider the permutation o(i) = ¢, o(i') =i and o(k) = k for k # i,7. By Income
Anonymity,

((m,m’),p) il ((mlvm)7p> (13>

By Pareto indifference,

((m',m),p) ~ii ((es(m', p,p'), e (m,p,p')), D) (14)

9All the other figures in this proof use this same setting.
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By Income Anonymity, using the same permutation as above,

((es(m,p,p'), eir(m, p,p'), 1) ~iw ((eir(m, p,p'), ei(m’, p, p')), p') (15)

By Pareto indifference,
((exr(m,p, '), ei(m', p,p"), p') ~iwr ((eiles(m,p, '), 0, p), ex(e;(m',p, '), 0. 1)), p)

- ((zi,i’ (map7p/)7 Zi’,i(m/7p7p,))7p)

The proof follows from the transitivity of the indifference relation. m

Claim 4. Assume that Pareto and Income Anonymity hold. Then, for any m,m’,p,p’ and
i,i' k, k" € {1,....1}, it holds that

((ma m/)ap) ~k,k! (Zi,i’ (mvpﬂp/)a Zi’,i(m/7p7p/>’p)

Proof. By Claim , it holds that ((m,m’),p) ~» (zis(m,p,p'), zv:(m',p,p'),p). Let m
be such that m; = m and my; = m/. Note that, for every k € {1,...,I}, it holds that
ex(mg, p,p) = my. Consequently, by the definition of the partial ranking =<; , it holds that

<m7p) ~ (<m17 ey My—q, Zi,i’(mvpup/)u Myy1, .00 Myr—1, Zi,’i'<m/7p7pl)7 My 41y ey m1)7p>

Define a permutation o such that o(i) = k and o(i') = k’. By Income Anonymity, the social
preference relation is indifferent with respect to applying this permutation to the income
distribution on both sides of the above expression. Because this indifference holds for every

m, the claim follows. O

As preferences are heterogeneous, there exists two people who have different preferences.
It is straightforward to establish that this implies different indirect preferences over prices
and incomes. Without loss of generality, assume that these people are 1 and 2, and that
mo, M, po, p1 are such that (mg,po) =1 (M, p1) but (mo, po) =2 (M, p1).

Starting from my, define a sequence {my}32 ___ as follows: for k > 0, let my = 221 (mi—1, po, P1),
and, for k < 0, let my = 21 2(Mg41, po, p1). Figure {4 illustrates this construction.

Note that, by Claim |1}, for every k (both positive and negative), it holds that

my = 21,2(Mikt1, Po, P1) = 22,1(Mk—1, Po, P1) (16)
Claim 5. For every k, my < mp.1.

Proof. For k = 0, this follows from Claim 2, Now, suppose that the claim holds for k, that
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Figure 4: Construction of {my}72
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is, my < my41. Thus, es(mg, po, p1) < ea(mg11, po, p1). Let m be such that

ea(mg, po, p1) < m < ea(Myi1, Po, P1) (17)

By construction,

(mk+17p0) - (ZQ,I(mk7p07p1)7p0) - <€1(62(mk7p07p1)7p17p0>7p0> ~1 (€2<mk7p07p1)7p1) <1 (mvpl)
and
(m,p1) <2 (e2(Mit1,P0,P1),P1) ~2 (Mig1, Do)
Hence, by Claim [2], it follows that

Mit1 < 22,1 (M1, Do, P1) = Mit2 (18)

Thus completing the induction.

Claim 6. Assume that Pareto and Income Anonymity hold. Then, for every y > 0, there
evist k € 7 such that my <y < myy1.

Proof. Assume by way of contradiction that the claim is false. It follows that there exists
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y > 0 for which either m; < y for every k, or my > y for every k, otherwise the set
{k € Z;my < y} is non-empty and bounded from above, and so max{k € Z;m; < y}
satisfies the claim. Consider the case where my, < y for all £ (the proof for the case in which

my, > y for every m is similar and hence omitted ). This implies that {m;}?2__ is bounded

—00
from above. As {m}?2, is an increasing and bounded sequence, it converges - let m* be its

limit. By continuity of z, it follows that

m* = lim my = lim 22,1(mk—17p07]91) = 22,1(11m mk—lapmpl) = 22,1(m ,po,]h)
k—oo k—o0 k—oco

By Claim [4],
((m07m*)ap0) ~1,2 ((21,2(7”0;]90;]?1);22,1(771*71707]91))7]90) = ((m—lam*)mo)

Given Claim [}, it holds that m_; < my, and hence (m_1,pg) <1 (mo, po). Thus, the Pareto
principle requires that ((mg,m*),po) =12 ((m_1,m*),po), which is a contradiction to the
above indifference condition.

]

In what follows, we define a sequence of functions {¢, : R, — R}> | and a sequence of

sequences {{my ;}7>_ . }o°, for which the following properties hold.

Property 1. There exists p, € R], such that, for every k, myx = 221(My k-1, Pos Pn)-
Property 2. For every N <n, myj = My on-ny.

Property 3. ¢, is strictly increasing and continuous.

Property 4. For every N <n, ¢,(mnyi) = dn(myy) = k/2N.

Property 5. For every k, my, < mp j41.

For n = 1, define {myx}72 . = {mx};2 ... For some r > 0, by Claim [} it holds that
there exists k for which my, <7 < mygyr. Let ¢1(r) = 2(k + (r — my.) /(megr — my)).

Claim 7. The sequence {my ;}3> _., and function ¢y satisfy Properties|1| to @

Proof. The first property holds for p; by definition of {m;}>_.. The second property
trivially holds, as there is no N < 1. The third and fourth properties hold by definition of
¢1. The fifth property holds by Claim [5] O

An induction in n is now used to show that these properties hold for n + 1.
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Claim 8. Assume that Properties |1| to @ hold for n. Then, there exists p,y1 € Ri+ such
that

Mp1 = 22,1(22,1(mn,07pOapn+1)>p07pn+1) (19)

Proof. This proof follows from an intermediate value argument. For p,.; = pg, the right
hand side takes the value m,, o, which is not a solution given that m,, o < m,, ;. Alternatively,
for pp41 = pn, it holds that 291 (1m0, Po, Prt1) = Mp1 and hence the right hand side takes
the value m,, »: for this choice of p,41, the right hand side is strictly greater than the left
hand side (by Property [p]). By the continuity of individual preferences, there exists € (0,1)
such that p,+1 = (1 —n)p + np, is a solution to the above equation. O]

Let pny1 satisfy equation . Define the sequence {m,1.}7° . as follows. Let
Mnt10 = Mo, and let {my,1 )52 to be consistent with Property : for k > 0, define

Mpt1k = 221 (Mpt1k—1,P0, Pn+1), and for k& < 0, define my,11 6 = 212(Mnt1 k415 P05 Prt1)-

Figure [f] illustrates this construction.

Figure 5: Construction of m,,1 1 and my112
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The following claim shows that Property [2| holds.

Claim 9. Assume that Properties|[1] to[J hold for n, and that Pareto and Income Anonymity
hold. Then,

Mpt+126 = My k (20)
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Proof. Note that this holds trivially for £ = 0. To see that this holds for £ = 1, note that

Myy1,2 1S given by

Mpy12 = Z2,1(Z2,1(mn+1,07pOupn—i-l)apOapn—l—l)

= ZQ,I(ZQ,I(mn,OypOapn+1)7p07pn+1) (21)

= My

where the last equality follows from expression

I use induction to show that this holds for every k > 1 (the proof that this holds for
every k < 0 is similar and hence omitted). Assume that equation 20| holds for £ — 1 and k.
To establish that this holds for k + 1, note that, by Claim [4,

((mn,k—l7mn,k+1)7p0) ~1,2 ((mn,kamn,k)ap())

and, similarly,

((mn+1,2(k—1)7mn+1,2(k+1))7p0) ~1,2 ((mn+1,2k—17mn+1,2k+1);p0) ~1,2 ((mn+1,2k7mn+1,2k)ap0)

as, by the induction hypothesis, equation holds for k, it holds that (M1 .9k, Mnt1.2k) =

(M gy M k), it follows that

((mn,mb mn,k+1)7p0) ~1,2 ((mn+1,2(k—1)7 mn+1,2(k+1))7p0)

As, by the induction hypothesis, equation holds for k — 1, it follows that m, ;1 =

Mpt1,2(k—1)- Lhe above indifference condition can therefore be rewritten as

((mn,k—b mn,k—i—l)a Po) ~1,2 ((mn,k—b mn+1,2(k+1))7p0)
The Pareto principle implies that m, p411 = M4 20641)- O

Define ¢, 1(mpy1) = k/2" and extrapolate ¢, to be an increasing and continuous
function (to maintain consistency with Property [3)). Property [4] then follows from Claim [J
by backward induction, as ¢, 1(myi19k) = 2k/2" = k/2" = ¢, (my ).

Claim 10. Assume that Properties[1] to[5 hold for n, and that Pareto and Income Anonymity
hold. Then, Property [ holds for n+ 1.

Proof. Using Claim [9] and the induction hypothesis that Property [5] holds for n, it follows
that

Mpt12k = Mpge < Mkl = My g1,2(k+1) (22)
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By Claim [4]

((mn+1,2k+17 mn+1,2k+1)7p0) ~1,2 ((mn+1,2k7 mn+1,2(k+1)>7p0> (23)

If mpq12k41 < My, by expression it follows that my12r+1 < Mpy120k+1). Thus, if
Mp+1 2641 < Myt12k, the above indifference condition would constitute a violation of the
Pareto condition. It follows that m,419r < M1 2641, concluding the proof that the first

property holds for n + 1. O
Note that Claims [5| and |§| apply to {m, x}3> . for all n > 1, following the same proofs.

Claim 11. Assume that, for all n > 1, the sequence {my;}r> . satisfies Claim @ Then,
any sequence of weakly increasing and continuous functions {¢,}22, that is consistent with

Property[4 converges to a weakly increasing and continuous limiting function, ¢ = lim,, o ¢n.

Proof. T establish that the sequence of function {¢,}°; is uniformly Cauchy, and there-
fore (as ¢, is continuous for each n) uniformly converges to a weakly-increasing continu-
ous function ¢ (note that the limit of weakly-increasing functions is weakly-increasing, and
that if a sequence of continuous function uniformly converges then the limit is continuous).
Let there be ¢ > 0. We show that, for each » > 0, there exists N such that for each
n,n’ > N, it holds that |¢,(r) — ¢(r)| < e. To see this, choose N such that 1/2V < e.
Given r > 0, let k£ be such that myr < 7 < mpygy1 (such a k exists for every N by
Claim @ and Property . Given the definition of ¢y as a weakly increasing function, it
holds that ¢n(r) € [pn(myr), dn(mak1)] = [k/2N, (k + 1)/2¥]. Given Property , it
holds that, for every n > N, [pn(mnk), (MmN g11)] = [Pn(MmN k), dn(myg+1)] and hence
bu(r) € [k/2Y, (k +1)/2V).

It follows that, if n,n’ > N, then ¢,(r), ¢, (r) € [m/2V, (m +1)/2"] and hence |$,(r) —
b (1)) < 1/2V < . This concludes the proof that {¢, }°, is uniformly Cauchy, and hence

the sequence converges to a weakly-increasing continuous function. O

Using the above claim, define ¢ = lim, .., ¢,, and observe that ¢ is continuous and
weakly increasing.

To establish that the limit function ¢ is strictly monotone, consider the following claim:

Claim 12. Assume that , for all n > 1, the sequence {m, i} _., satisfies Claim @ Let

there be v, > 0 such that r < r'. There exist n,k such that r < m,, <1’

—00

Proof. Assume by way of contradiction that there are no such n, k.
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By Claim |§|, there exist k& and k' such that m;, < r and " < my . Thus, the sets
{mpr|mpr <r,n>1,k € Z} and {m, x|’ < m,x,n > 1,k € Z} are non-empty, and there

exist m,m > 0 such that
m = sup{mp g|mpxr <r,n > 1,k € Z} and m = inf{m, x|r' < m,p,n> 1k € Z}

Note that m <r <7’ <m.

Define a sequence of functions {¢, : R, — R}> ;| as follows:

o(y) fy<morm<y
On(y) = { Y1(y) if m <y < m and n is odd (24)

(
Po(y) if m <y < m and n is even.

where ¢; and 1)y are two different strictly-increasing functions for which ¢4 (m) = s(m) =
¢(m) and 1 (m) = ha(m) = ¢(m).

The sequence {¢, : Ry, — R}, satisfies the assumptions of Claim : cach ¢, is
continuous, because ¢ is continuous, ¥; and 1y are continuous, and the conditions ¥ (m) =
Yo(m) = ¢(m) and ¥y () = Yo(m) = ¢(m) are satisfied. Similarly, each ¢, is weakly-
increasing because ¢, 1; and 1, are weakly increasing (and ¢én is continuous for each n).

Finally, Propertyis satisfied because for each n, k, it holds that ¢(my, ;) = im,/_ o0 Gn (M) =
My oo On(Mp k) = limy o0 k/2" = k/2%; as, for each n,k, it holds that m,; < m or
m < My, it holds that, for every n/, D (Mmnk) = ¢(myx) = k/2". Hence, Property {4 holds.

By Claim the sequence {gz;n}flo:l converges to some function, ¢. However, this is a
contradiction because, for each n, gggn = QBO and gz~52n+1 = gz~51 #+ QEO; thus, the subsequences
{h2n )22, and {pons1 322, have different limits, which is a contradiction to the result that the
sequence {¢,}>° | converges.

It follows that there must exist some n, k such that r < m,,; < r'. ]

Claim 13. Assume that , for all n > 1, the sequence {m, }7>

—0o0

satisfies Claim . Then,

¢ 1is strictly increasing, and the inverse ¢~ : R — R, emists.

Proof. Let there be r < 7. By Claim , there exists NV and K such that r < my g < 7.
Further, there exists n,k such that r < m,, < myx. If n > N, then, by Property , it
holds that my x = my s for some k'; as m,, , < my x = My, it cannot be that k = k’. By
Property [B], it must hold that & < k', and hence k/2" < k'/2" = K /2" (where the equality
follows from Property . Similarly, if n < N, there exists some K’ such that m,, ; = my k/;
it follows that K’ < K and hence k/2" = K'/2V < K/2V.
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Hence, as ¢ is weakly monotone,
k K
o(r) < ¢mnp) = 55 < 55 = d(muk) < 6(r)
Thereby establishing that if » < 7/, then ¢(r) < ¢(r'). Thus, ¢ is strictly increasing. Since
it also holds that ¢(R, ;) =R, it follows that ¢ is invertible. O
Claim 14. Assume that Pareto and Income Anonymity hold. Then, for each r,v',r" > 0
such that ((mo,7),p0) ~12 (7", 7"),po), it holds that ¢(r) = ¢(r') + o(r").

Proof. Let r,r’', 7" > 0 be such that ((mo,7),p0) ~1.2 ((*',7"), po).

Let {k(n)}°, C Z be a sequence of integers such that lim, . k(n)/2" = ¢(r), and let
{l(n)}2, C Z be a sequence of integers such that lim,, ., £(n)/2" = ¢(r').

I establish that, for every n,

(o (B2)) ) o (6 (422) oo (25 00)) ) o

I show this by induction on L = £(n). Without loss of generality, assume that ¢(n) > 0 (the

proof for the case £(n) < 0 is analogous). For L = 0, this follows trivially from the reflexivity

of the indifference relation (note that, as m,, = mg for all n, it holds that ¢,(mg) = 0 for
all n, and hence ¢(mg) = 0 and ¢~1(0) = mg). Assume that, for some L > 0,

((moo (52)) ) =iz (o () 0 (7)) m) 0

Note that, by Property [

(o (5) o (F95)) ) = (oo, "

Using Claim [4] it follows that

(M, Mo (n)—1), P0) ~1,2 (22,1 (M1, D0s D), 21,2(Mey k(n)—L> Po> Pr) )5 Do) (28)

Using Property [[] and Claim [T}

((ZZ,l (mn,Lavapn>7 Zl,2<mn,k(n)—L>p07pn>)7pO) == ((mn,L+17 mn,k(n)—(L+1))7p0) = (29)

(" (522 () o

Using the transitivity of the indifference relation, expressions establish that

(v (2)) ) o (0 (52) o (5252 ) oo
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Concluding the proof by induction, and thus establishing that, for each n, expression
holds.

As k(n)/2" =00 O(1) and £(n) /2" =, 00 (1), it follows that (k(n) —£(n))/2" —n—eo
B(r) — B('). Denote s = 67 (6(r) — H()).

Assume by way of contradiction that s # r”; in particular, without loss of generality,
assume that ¢(s) = o(r) — ¢(r') < ¢(r") (the proof for the opposite inequality is similar).

Recall that the sequences {k(n)}>2, and {f(n)}2, were specified as any sequences of
integers for which k(n)/2" —, o ¢(r) and £(n)/2" —, o ¢(r'). It is therefore possible to
choose {k(n),¢(n)}>°, such that k(n)/2" > ¢(r) and £(n)/2" < ¢(r’) for every n.

As ¢ is strictly monotone, the choice k(n)/2"™ > ¢(r) implies that r < gb‘l(%). Hence,
by the Pareto principle,

i o (o (52 ) e (o () (H25)) )

where the last indifference follows from expression [25] Similarly, as ¢ is strictly monotone,
the choice £(n)/2" < ¢(r’) implies that ¢~* <£(”) ) < 1’ and, hence, by the Pareto principle,

(o () o () om) o (0 (7)) o)

( (n) —£(n))/2" =00 O(s) < @(r"), for n sufficiently large, it holds that (k(n) —
/2n (r//)
( é(" ) < r”; thus, by the Pareto principle, for n sufficiently large it holds that

<(7J’¢1 (W)) ’p(]) <12 (7', 7"), po)

Combining, these indifference relations imply that

As ¢ is strictly increasing and continuous, so is its inverse, and hence

((mo,7),p0) <12 (", "), po)

in contradiction to the assumption that ((mo,7),p0) ~12 ((r',7"),po). This contradiction
establishes that s = 7, and hence ¢(r) — ¢(r') = ¢(s) = ¢(r"); rearranging, this implies that
o(r) = o(r') + ¢(r"), concluding the proof of the claim.

]

Define the functions v : Ryy x R, — R and {; : R{, — R}/, as follows.

U(mvp) = ¢(61(m,p,po)) (31)
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Yi(p) = &(21,:(mo, po, ) (32)

Note that v is continuous because ¢ and e;(+, -, pg) are continuous.

Claim 15. Assume that Pareto and Income Anonymity hold. Then, for each (m,p) and i,
it holds that U(map) + fYZ(p) = ¢(€i(map7p0))'

Proof. The proof relies on the following identity, which is illustrated in figure [6}

zi1(ei(m, p, po), po, p) = e1(m,p, po) (33)

Figure 6: The identity in equation

Price of
good 2% Indifference Indifference
curve of curve of
person / person 1
(ei(ﬁ;l’ﬁ’p)’p) //
p2 "e.. - - -
P g /(Zi,l(ei(m’ﬁ?p)7p’ﬁ)’p) = (el(m7ﬁ’p)vp)
) z";/
P e -
(1, p)
> |[ncome
Thus, by Claim [4] it holds that
((m07 €; (ma D, pO))a pO) ~1, ((Zl,i (m07 Do, p)v Zi71 (ei (ma D, p0)7 Do, p))v pO) = (34)

((Zl,i<m07 Po, p), €1 (m, b, Po)),po)

By Income Anonymity and the definition of the partial ranking < o, it follows that

((mo, es(m, p,po)), o) ~1,2 ((Zl,i(m07p07p)v e1(m,p,po)), Po) (35)
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By Claim [14] this implies that

¢(ei(m, p, o)) = ¢(21,:(mo, o, p)) + d(e1(m, p, o)) (36)
By the definitions of v(m, p) and 7;(p) (equations [31] and [32)), the claim follows. O

Note that, since ¢ is monotonic and e;(+, -, py) is a representation of the indirect pref-
erences of individual 7 over different combinations of incomes and prices, it holds that
d(ei(-,,po)) : Ry x RY, also represents individual ¢’s indirect preferences over income
and prices. Using the above claim, it follows that v(m, p) + 7;(p) is a representation of the

indirect preferences of individual ¢, concluding the proof of the theorem.

A.2 Proof of Theorem [1]

By Theorem [3] if there exists a social preference relation that satisfies Pareto and Income
Anonymity, then there exist functions v : Ry x R7, + R and {y;}._; : R], — R such that
individual preferences are represented by {v(m,p) + vi(p)}_;.

The proof of uniqueness is methodologically related to Mueller| [1973], |DeGroot| |[1974],
Millner| [2020] and [Eden| [2020]: the idea is to use repeated, alternating applications of the
Pareto indifference condition and the Income Anonymity condition to pin down the equally-
distributed equivalent of the allocation. As equally-distributed equivalents are unanimously
ranked, this mapping characterizes the entire social preference relation.

Fix some p and define a function v, : Ryy — R as v,(m) = v(m,p). Note that v, is
strictly increasing because at any price level, indirect preferences are increasing in income.
Hence, v, is invertible; let v, I denote its inverse. In addition, because v is continuous, so is
Up.

Note that the continuity of individual preferences implies that e; is continuous. In ad-
dition, it is useful to note that e;(-, p,p’) = e; '(-,p', p), because, if 7 is indifferent between
(m,p) and (m/,p'), then e;(m, p,p") =m’ and e;(m/,p',p) = e;(e;(m, p,p’), P, p) = m.

For each pair 4,7 € {1,..., I}, define a function z;; : Ryy X R, x R, — X as

Zi,i’(mvpap/) - ei’(ei(mapvp/>ap/’p) (37)
Figure [3] illustrates this definition.

Claim 16. 1. For any m, p', i and ', it holds that

up(ziri(m, p, p)) — vp(m) = — (vp(zi0 (m, p, p')) — vp(m))
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2. For anym” and p', it holds that vy(z;,»(Mm",p,p")) —vy(Mm") = v,(2i0 (M, p,p')) —vp(m).

Proof. Note that (e;(m,p,p'),p’) ~i (m,p). Asv(-,-) +~(+) is a representation of individual

1’s indirect preferences, it follows that
v(m, p) +7i(p) = v(ei(m, p,p), p) + 7 ()
= v(ei(m, p,p),p) = v(m, p) +%(p) — u(p) (38)
Similarly, as (by definition of 2) (e;(m,p,p’),p") ~w (ziv(m,p,p’),p), it holds that
v(ziir(m, p, 1), p) + 70 (p) = vles(m, p,p), p') + 7 (V') (39)

Substituting in the previous equation yields

V(2 (m, p, ), p) + 7 (p) = (V(m, p) + %) — (D)) + 7 (D)

Rearranging yields

v(zi (m, p, p'),p) — v(m,p) = (7i(p) = %)) — (v (p) — 7 (1)) (40)

Similarly (switching ¢ and '),

v(zii(m, p,p'), p) — v(m, p) = (v (p) — v (@) — (v(p) — % (P)) (41)

The first part of the claim follows by equation @ and the definition of v,.
To prove the second part of the claim, note that, by equation 40| (replacing m with m”),

v(zi (M, p,p'), p) — v(m”, p) = (vi(p) — %) = (v (p) — 7 (1)) (42)
The second clause of the claim then follows from equation @ and the definition of v,. O

Given two individuals, 4,7 € {1,..., '}, define the partial social ranking =<; ; on allocations

of the form ((m;, m;),p) based on the condition

((miv mi’)ap) ji,i’ ((m;7 m;,),p') <~ ((mb ERXD) m[),p) j (m/h B3 mllap/)7
where mj, = ex(my, p,p’) for all k # i,7'.
To interpret this condition, consider a price change from p to p’, which is accompanied by
a change in the income distribution that leaves all individuals indifferent, with the exception
of individuals i and ¢ (who see their incomes change to m/ and m),, respectively). If this
change is socially desirable regardless of the income levels of individuals k& # 4,4, then it
holds that ((m;, my),p) <iv (M;,ml), ).
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Claim 17. For each m, it holds that

(m.) ~ (( (%va)) (%mei))) ,p>

Proof. Define N : R | — {0,..., I} so that N (m) is the number of elements in v,(my), ..., v,(m;)
which are different from %Zi[:l vp(m;). The claim trivially holds for all m € R% | for which
N(m) = 0. The value N(m) = 1 is not possible because there cannot be only one ele-
ment that is different from the average — thus, the claim trivially holds for all m for which
N(m) =1 (which is an empty set).

Assume that the claim holds for any m € R for which N(m) < k, where 1 < k < I.
Let there be m € Ri 4 for which N(m) = k + 1. Using Income Anonymity, we can assume
without loss of generality that v,(m;) < %Zi]:l vp(m;) < vy(mg).

In addition, given that preferences are heterogeneous, there exist individuals i and ¢' who
do not have the same preferences; let m and (m/,p’) be such that (m/,p’) <; (m,p) and
(m,p) <s (m/,p'). By Claim 2]

m < zi#(m,p,p’) (43)

As v, is strictly monotone, it follows that v,(m) < v,(z;+(m,p,p’)), and hence
Up(zi,i’ (mapap/)) - Up(m) >0 (44)

Note that z; (m,p,p) = m, and that z; »(m,p, (1 —n)p + np’) is a continuous function
of n € [0,1] (this follows from the assumption that preferences are continuous). As v, is

continuous, it follows that, for a sufficiently large integer K, there exists n € [0, 1] such that,

for p" = (1 —n)p + np',

% Zz‘lzl Up(mi) - Up(ml)

K

Up(zie (m, p, ")) = vp(m) = (45)

Define sequences {r, }X o, {s,}5_, C R, as follows: 79 = my, 89 = ma, and, for n > 0,

Tn4+1 = 24/ (Tnapap//) and sp41 = Zi',i(Smp,p”)'
The construction of r,,; and s, is illustrated in Figure .
By Claim [4] it holds that

((rn+17 Sn+1,M3, ..., m[)ap> ~ ((Tna Sn, M3, ..., m[)7p) (46)

Hence, by induction, it holds that

((rg, Sic, m3, ...,mp),p) ~ (m, p) (47)
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Further, note that, by the second clause of Claim
/!
Up(rn-i-l) - Up(rn) = Up(zi,i’ (T, 0,0")) — Up(rn) =
1 I
1 Zizl vp(m;) — vp(my)

Up(2i (m, p, p")) — vp(m) = K
where the last equality follows from equation [45]

Consequently,

up(rie) = vp(ro) = (Up(rK) = vp(ri—1)) + .o + (Vp(1r1) = vp(ro))

%zfﬂ Up(my) — vp(ma) 1 !
K K =7 ; Up(mi) — vp(ma)

As rg = my, it follows that
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and, similarly (using the first part of Claim

LS vp(my) — vp(my)
K

(51)

It thus follows inductively that v,(rx) + vy(sk) = vu(ro) + vp(so) = vp(m1) + vy(m2), and
hence

Up(1r) + vp(sK) + 2523 vp () o 21'1:1 vp (M)
7 = 7 (52)
Thus, by equations [49| and , N(rg, sg,ms,....,my) < N(m) — 1 < k. By the induction

hypothesis,

((ri, 8K, M3, .oy M), p) ~ (53)

( (v(rm () + Y vp<mz~>> - (v(w) T upls) + Y vp<mz->) p)
; : ", ; ,

By expressions [7], [52] and 53], it follows that

(m,p) ~ ((TK,SK,m:J,?...,m]),p) ~ ((U;l <M) wu;Up_l <211§P(mz)>> 7p>

This concludes the proof that the claim holds for all m such that N(m) < k + 1.

By induction, it follows that the claim holds for all m for which N(m) < I — which is
the entire set R% _ . O

To conclude the proof of uniqueness, note that, by the Pareto principle, it must hold
that, for every (m',p’), (m’,p’) ~ ((eir(m},pi,p),....er(m}, py,p)),p). Thus, for every

m/,m//, p/’p//,
(m’,p’) < (m”,p") & ((ex(m, p,p), ..., er(ml, 7. p)), p) = ((ex(m7, 7, p), ..., ex(m7, p7,p)),p)

By the above claim, this holds if and only if

<< ( ZUP 61 z?pw ))) 7""Up_1 (%ZUP (61' (mg7p;7p))>> 7p> j
(( ( ZUP e (m,p,p )))a ( ZUP e; (my,p.p ))))ap)

By the Pareto principle, this holds if and only if

( va €; ml,pz, )_ ( Z €; z?p'L? )))
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This condition uniquely characterizes the social preference relation. It follows that the social

preference relation that satisfies Pareto and Income Anonymity is unique.

A.3 Proof of Theorem [2

By Theorem [3| there exists a social preference relation that satisfies Pareto and Income
Anonymity if and only if there exists v and {7;}/_, such that v + ; is a representation of
individual ¢’s preferences, and v; = 0.

Assume that there exists a social preference relation that satisfies Pareto and Income
Anonymity. Then, there exists v and {~;}/_; such that v+~; is a representation of individual
1’s preferences.

Let H* : Ri + — Ry denote a function that is homogeneous of degree 1, strictly concave
N1/J
and increasing (for example, H*(z) = <H;.]:1 :EJ> ). Define Z(m, p) as

J

z(m,p) = argmax H*(x) s.t. Zp%f <m
j=1

Note that, as individual 7’s preferences are represented by v+-;, they are also represented
by
(v(m, p) = In(H*(2(1,p)))) + (3(p) + In(H(Z(L, p))))
Define
d(m,p) = exp (v(m,p) — In(H*(Z(1,p))))
and

Vi(m,p) = mexp (vi(p) + In(H*(2(1,p))))

Using this notation, individual i’s preferences are represented by

d(m, p)

Vi(m, p)

Note that individual 1’s indirect preferences are represented by v(m,p). It follows that
v, and hence d, are strictly increasing in m. In addition, as a representation of indirect

preferences, they are homogeneous of degree 0. Hence, for every A > 0,
v(Am, Ap) = v(m, p)
Because individual i’s indirect preferences are homogeneous of degree 0, it holds that

v(m, p) +7i(p) = v(Am, Ap) + vi(Ap) = v(m, p) + 7i(Ap) = Yi(p) = 7i(Ap)
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Hence, for every A > 0,
Vi(Am, Ap) = Mmexp(v;(Ap)) H*(2(1, Ap)) = Amexp(vi(p)) H*(2(1, Ap)) = exp(vi(p)) H*(Z(Am, Ap))

= exp(7i(p)) H*(¥(m, p)) = mexp(vi(p)) H*(Z(1,p)) = Vi(m, p)

Hence, V; is homogeneous of degree 0, and strictly increasing in m.

Furthermore, note that, for every A > 0,

Vi(Am, p) = Amexp(yi(p)) H*(Z(1,p)) = AVi(m, p)

It follows that V; represents a homothetic preference relation. Let H; be a function that
is homogeneous of degree 1 that represents this homothetic preference relation.

Denote

J
z(m, p) = argmax H;(x) s.t. Zp%j <m
=1

Note that V;(m,p) = H;(Z(m,p)). Furthermore, note that, as preferences are homothetic,
z(m,p) = mz(1,p). As H; is homogeneous of degree 1, it follows that

Hence,

thus establishing that individual i’s preferences are represented by V (-, -|H;, d).

dz<m7p)
m

Conversely, assume that there exist functions { H;}/_, that are homogeneous of degree 1
and a function d such that, for every i, individual i’s indirect preferences are represented by
V(- |H;, d).

It follows that they are also represented by

(V' (m, p|H;, d)) = In(H;(Z:(d(m, p), p))) = In(d(m, p)Hi(£i(1,p))) = In(d(m, p))+In(H;(z:(1, p)))

= (In(d(m, p)) + In(H1(2:(1, p)))) + (In(Hi(Z:(1, p))) — n(H1(Z:(1, p))))

where Z; is defined by expression [7] Let
v(m, p) = (In(d(m,p)) + In(H:(Z:(1, p))))

Yi(p) = (In(H;(2:(1,p))) — In(H1(2:(1,p))))

It follows that individual i’s preferences are represented by v + ~;, and that v; = 0.
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A.4 Proof of Corollary

The social preference relation satisfies Pareto because it is a sum of individuals’ indirect
utility functions (note that if V(-,-|H;, d) represents individual i’s indirect preferences, then
so does In(V (-, -|H;,d))). To see that it satisfies Income Anonymity, note that

In(V (m, p|H;, d)) = In(H;(2;(d(m, p), p))) = In(d(m, p)Hi(%:((1, p)) = In(d(m, p))+In(H;(Z:(1,p)))

where #; is defined by expression []] The second equality follows from the fact that H;
represents a homothetic preference relation, and that H; is homogeneous of degree 1.

Using the above identity, the social welfare function can be rewritten as

1 I

W(m,p) =Y In(d(ms,pi) + Y Wn(Hi(#:(1,p:)))
i=1 i=1
when p; = p for all ¢, this expression is symmetric in my,...,m;. It follows that the social
preference relation satisfies Income Anonymity.
Because the social preference relation satisfies Pareto and Income Anonymity, and given

that preferences are heterogeneous, it follows by Theorem [1| that it is unique.

A.5 Proof of Corollary

Define the social preference relation < as

(m,p) < (m’,p') & (d*(m,p),p)=(d*(m’, p), p)

where
d*(m7 p) = (d>{<m17p1)7 sy d?<m17pl))

Consider a fictitious social preference profile in which individual i’s preferences are rep-
resented by H;.

Note that =< satisfies Pareto given the real preference profile if and only if < satisfies
Pareto with respect to the fictitious preference profile. To see this, note that, as V (-, -|H}, d7)

represents individual i’s (real) preferences,
(mi7pi) i (m;api) A Hz*(dj(mlvpz)apJ < Hz*(df(m;,p;),p;)

Furthermore, note that < satisfies Income Anonymity-D if and only if < satisfies Income
Anonymity.

Given that { H} }!_, are heterogeneous and homogeneous of degree 1, the social preference

39



relation < satisfies Pareto and Income Anonymity if and only if it can be represented by

W (d"(m,p),p) = Y In(H; (&:(d; (mi, pi), p:))

i=1

It follows that < must be represented by equation [§
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