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Abstract

Two items, one commonly desirable, the other commonly disliked, may be assigned
to n asymmetrically distributed players, whose types determine their marginal rates of
substitution for money. This paper characterizes the set of all interim Pareto optimal
mechanisms. Despite the infinite dimensions of interim Pareto optimality, any such
optimum is in the form of auctions, with the winner-selection rule adjusted to the par-
ticular optimum. All surplus from the auctions is rebated to the players and goes only
to those most favored by the welfare ranking associated with the Pareto optimum, who
need not be the stochastically high- or low-type players. A player’s equilibrium payoff
is roughly U-shape in his type, hence type-inequality does not beget payoff-inequality.
Optimal matching also obtains because there is zero probability for both items to go
to the same player. In characterizing the optimal mechanisms we develop a new kind

of operators to incorporate every player’s endogenously countervailing incentive.
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1 Introduction

This paper is motivated by the question how to induce Pareto improving wealth transfers
across individuals. In order for wealth transfer to be Pareto improving, let us consider an
environment where individuals may have different marginal rates of substitution for money.
To induce voluntary wealth transfers, suppose that the social planner has two items, one
good, the other bad, to assign to n players. For example, she needs to locate among n cities
a high-tech giant’s headquarter and an oil pipeline terminal. If the social planner sells the
good to a player who values money less and uses the revenue to pay another who values
money more to take the bad, a Pareto improving wealth transfer is induced. Such a transfer,
however, is only one instance among a large variety of redistribution schemes that a social
planner may deem Pareto improving. Depending on her value judgement, the social planner
may favor one player against another, or favor one type of a player against another type of
the same player, whether or not the former values money intrinsically more than the latter
does. Thus, we assume no stand on interpersonal comparison, as one dollar for one type of a
player may be deemed by the social planner more valuable than one dollar for another type
of the same or a different player. Rather we consider the entire set of interim Pareto optimal
mechanisms, without assuming the existence of any rule according to which a social planner
assigns welfare weights across players and across types of a player. That is, we shall find out
the common features of all the Pareto optima not only among all players but also among
all types of each player. The latter aspect makes this study relevant not only to mechanism
design but also to macro settings where types in a continuum are interpreted as atomless
individuals and players interpreted as regions or other collections of individuals.

The model has n players, whose types are independently drawn from possibly differ-
ent distributions. The positive values of the good, and the negative values of the bad, are
commonly known. A player’s type determines his marginal rate of substitution of money.
Any mechanism committed to by the social planner is subject to the standard constraints:
incentive compatibility (IC), (interim) individual rationality (IR) and (ex post) budget bal-
ance (BB). Interim Pareto improvement means an IC, IR and BB mechanism that makes a
positive measure of some player’s types better-off, and zero measure of every player’s types
worse-off, than the status quo. Interim Pareto optimality means IC, IR, BB and immunity

to interim Pareto dominance. The problem is to characterize the set of all interim Pareto



optimal mechanisms and identify their common features.

This problem is novel to the mechanism design literature because our design objective,
interim Pareto optimality, has infinite dimensions, whereas the objective in mechanism design
has only one dimension such as an auctioneer’s expected revenue or a planner’s social welfare
function aggregating individual preferences through exogenous welfare weights.! Another
feature of the problem is each player’s endogenously countervailing incentive: Depending on
what the mechanism entails contingent on his realized type, a player may act as a buyer of
the good sometimes, and as a recipient of the bad some other times. He would underreport
his willingness to pay in the former event, and exaggerate his cost in the latter. By contrast,
in the literatures of optimal auctions (Myerson [11]), optimal taxation (Mirrlees [10]) and
bilateral trade (Myerson and Satterthwaite [12]), the role of a player is exogenous.

Our solution to this problem says that any interim Pareto optimal mechanism is neces-
sarily in the form of auctions, with the winner-selection rule adjusted to the particularity of
the optimum. First, for any interim Pareto optimum there is an associated welfare ranking,
as a profile of type-distributions across players, that aggregates individual preferences into a
unidimensional social welfare function which the Pareto optimum maximizes subject to IC,
IR and BB (Theorem 1). Second, the associated welfare ranking, coupled with the Lagrange
multiplier for the joint constraint of IC, IR and BB, determines a rule to select the winner
of the good, and another rule to select the “winner” of the bad, that the given Pareto opti-
mum entails. These winner-selection rules together determine each player’s expected value
of money transfers in the Pareto optimal mechanism up to a constant, and the constant
is determined by the expectation of the player’s marginal value of money measured by the
associated welfare-ranking distribution (Theorem 2).

This general characterization has several implications. The first is about redistribution
across players. An interim Pareto optimal mechanism entails lump sum transfers across
players, but the transfer need not go to those whose types are stochastically low (or stochas-
tically high). Rather, the lump sum transfer goes only to those who are most favored ex

ante by the endogenous welfare ranking associated with the particular Pareto optimum, and

1 Should each player have only finitely many types, it would be trivial to reduce the finite-dimensional
Pareto optimality to a unidimensional objective, but the finite-type assumption would restrict the model,
undermine its relevance to macro considerations of a continuum of agents, and make it hard to relate to

much of the mechanism design literature, where most of the elegant results is based on continuum types.



the exogenous type-distributions have no bearing on the welfare ranking (Section 3.3.1).

The second implication is about redistribution across types. Any interim Pareto opti-
mal mechanism that assigns the bad with a positive probability entails non-monotone interim
expected payoff functions for all players, with types at the high and low ends enjoying larger
surpluses than those in the middle (Figure 4). Thus, in the symmetric case where all players
are treated identically so that they differ only in types, there is no way to reorder the types
for the ranking on the players in terms of their types to propagate to a ranking on them
in terms of their payoffs. That is, an interim Pareto optimal mechanism breaks the linkage
from type-inequality to payoff-inequality (Corollary 1).

Third, in any interim Pareto optimal mechanism, a player-type that has a positive
probability to get the good has zero probability to get the bad, and vice versa. In other
words, any interim Pareto optimum in our model is also an interim Pareto optimum in the
matching environment that disallows a player to have both items (Corollary 2). This result
complements the new literature of matching with transfers (Chiappori [1]) by showing that
a particular auction mechanism achieves optimal matching.?

Fourth, the winner-selection rule in an interim Pareto optimal mechanism often involves
ironing when players’ realized types belong to some intervals, regardless of the functional
form of his type-distribution (Section 3.3.4). Consequently, efficient allocation, a main goal
in mechanism design, is in general suboptimal. When the players are i.i.d. and treated
equally by the social planner’s welfare ranking, ironing takes the form of lotteries. Such
prevalence of ironing stands in contrast to the optimal auction literature, where ironing can
be avoided by assuming regular type-distributions.

Our method to obtain these results has two novel aspects. The first is to reduce
the infinite-dimensional objective, interim Pareto optimality, to a unidimensional objective
that allows for the calculation of optimal mechanisms (Section 4.1). Although this step is
essentially an application of the Hahn-Banach theorem, we need to resolve a dilemma, present
in infinite-horizon macro models, between ensuring existence of a separating hyperplane
and guaranteeing that the hyperplane can be properly represented (cf. Stokey, Lucas and
Prescott [14, §15.4, §16.6]). This dilemma is resolved in our model because the separating
hyperplane here needs only to be represented as a distribution rather than an inner product

operator (as in the macro models), and the hyperplane can be represented as a distribution

2 According to Herodotus [4], auctions were used in ancient Babylon marriage matching markets.



because of a basic continuity observation in mechanism design.

The second novelty in our method is a new kind of operators that calculate ev-
ery player’s information rent bifurcated by his endogenously countervailing incentive (Sec-
tion 4.2.1). With such operators, we reduce any interim Pareto optimal mechanism to a
solution of a maximization problem subject to only two constraints, one being the standard
monotonicity condition, the other a combined constraint of IC, IR and BB (Lemma 4). A
useful property of such operators guarantees that any solution of this constrained optimiza-
tion problem satisfies the saddle point condition (Lemma 5). This property also provides the
basis for us to solve the Lagrange problem associated with the saddle point condition, despite
nonlinearity of the Lagrangian due to endogenously countervailing incentives (Section 4.3.2).
Our solution of that Lagrange problem is an extension of the ironing technique in mechanism
design to handle countervailing incentives and multiplicity of binding constraints.

Our modeling choice of individual preferences and types follows the idea in Dworczak,
Kominers and Akbarpour [3] that captures wealth inequality by heterogeneous marginal
rates of substitution (MRS) for money and meanwhile maintains quasilinear preferences for
tractability. Dworczak et al. suggest that quasilinearity at the presence of wealth inequality
is an appropriate local approximation when one’s valuation of money is a smooth function of
his wealth. Even when wealth imposes a hard budget constraint on an individual, a recent
finding by Khan and Schlee [5] suggests that quasilinearity might still obtain through a
saddle point reformulation.

Considering a bilateral trade environment, Dworczak et al. [3] characterize the set of
mechanisms that maximize the sum of the integrals across agents’ utilities given exogenous
welfare density functions of the agents (same as types in their model) such that the welfare
density functions can be arbitrary. They use a novel technique and observe that the optimal
design uses tax-like pricing mechanisms, with a wedge between the price for the buyers
and that for the sellers, and lump sum transfers to the poorer agents. This paper builds
upon their idea of capturing wealth inequality by the notion of heterogeneous MRS in a
quasilinear setting. Our model differs from theirs in four aspects. First, we do not assume
a unidimensional, utilitarian design objective such as a sum or an integral of utilities across
types or agents; rather, the associated welfare ranking that aggregates preferences, across
types and across players, is a consequence of the Pareto optimum under consideration (and

the welfare ranking need not be representable as an inner product operator with its densities).



Second, we have n players whose types are drawn from possibly different distributions; in
their model, there is a continuum of i.i.d. buyers, and a continuum of i.i.d. sellers. Third, in
our model a player’s role—whether to be a seller or to be a buyer—is endogenous and hence
has countervailing incentives, whereas in their model an agent’s role is exogenously assumed.
Fourth, the items in our model need not be assigned and hence the probability of assigning
the good need not be equal to the probability of assigning the bad; in their model, market
clearance requires that the aggregate probability of sales be equal to that of purchases.
Because of the first difference, this paper complements Dworczak et al. with our Theo-
rem 1, which suggests that with a similar separating hyperplane argument their assumption
of exogenous welfare densities might be relaxable. Because of the other differences, Pareto
optima in our model are all auction-like mechanisms rather than the tax-like mechanisms in
their model. A player’s bid in our model affects the type-cutoffs for other players to receive
an item, whereas in their model an agent, atomless, has no influence on others. Although
our optimal mechanisms also entail lump sum transfers, the beneficiaries of the transfers in
our case need not be the stochastically poorer players but rather are those who are most
favored by the endogenous welfare ranking associated with the Pareto optimum. Because of
the third difference, a player’s surplus in our model is a non-monotone function of his type,
while in theirs it is monotone. Applied to symmetric cases, this non-monotonicity implica-
tion says that our Pareto optimal mechanisms breaks the type-generated hierarchy through
giving higher surpluses to types near the high and low ends than to those in the middle.
Countervailing incentives have been considered in the partnership dissolution litera-
ture, initiated by Cramton, Gibbons and Klemperer [2]. The focus of that literature is im-
plementability of one particular winner-selection rule, the efficient allocation, which would
be optimal if implementable and if the objective is the simple sum of surpluses across players.
Loertscher and Wasser [7], differently, consider a design objective that is a convex combi-
nation between the auctioneer’s expected revenue and the expected utility of the good for
its final owner. Since the total money transfer from the players to the auctioneer is a plus
rather than a negative in that objective,® their optimal mechanism does not rebate surplus to

players but rather squeezes the lowest surplus for each player down to the player’s exogenous

3The expected utility of the good for its final owner (called social surplus by Loertscher and Wasser) is
not equal to the total surplus among all players. That is because the total money transfer from the players

to the auctioneer is not subtracted from the expected utility of the good for its final owner.



outside option. This outside option equation is crucial in Loertscher and Wasser’s solution
of the countervailing incentive problem. Our paper differs from the partnership dissolution
literature by charactering the entire set of interim Pareto optimal mechanisms. With players
heterogenous in MRS for money, our counterpart of the efficient allocation is suboptimal
even if it is implementable (Section 3.3.4). The paper differs from Loertscher and Wasser
also in the first and fourth aspects in which we differ from Dworczak et al. Consequently,
our optimal mechanisms do rebate surplus back to players and do not squeeze the lowest
surplus for each player down to the player’s exogenous outside option. Hence Loertscher and
Wasser’s outside option equation is unavailable to us. Conversely, however, our new operator
is applicable to their model, with or without their assumption of regular type-distributions,
and delivers their Lagrangian, though our bisection technique is inapplicable to maximization
of their Lagrangian because of the fourth difference listed previously.

The following Section 2 defines the model and the design problem. Section 3 then
presents the main results and implications. Section 4 presents the proofs, with some details
relegated to the Appendix. The new operator is introduced in Section 4.2.1. Our extension

of the ironing technique is in Section 4.3.2 and Appendix B.6. Section 5 concludes.

2 The Model

2.1 The Good, the Bad, and n Players

Two items, named A and B, each indivisible, are to be allocated among n players (n > 2),
each of whom can get one or both or none of the items. A social planner commits to a
mechanism that may allocate the items to some players and may mandate money transfers
among the players. The outcome to any player i takes the form (z;4,xip,y;), where z;;
(Vj € {A, B}) denotes the probability with which player ¢ gets item j, and y; the net money
transfer from player i to others (with negative y; signifying the transfer from others to 7).
After the mechanism is announced and before it is operated, each player, given his own
private information, can opt out of the mechanism thereby getting the outcome (0,0, 0) for

himself. Each player i’s preference relation is represented by a vINM utility function

(iCz'A, ZiB, 3/@') = TiA — CTip — %, (1)



with ¢ > 0 a constant across all players, and ¢; player i’s realized type. Thus, item A is
interpreted as a good, and item B a bad, to all players; 1/t; may be interpreted as player i’s
marginal rate of substitution for money.

Assume that each player ¢’s type t; is independently drawn from a commonly known
cumulative distribution function (CDF) F; such that its support is T; := [a;, b;], its density f;

is positive on the support, and a; > 0.
Remark 1 Without changing the results, one can generalize (1) to
(Tia, Tip, yi) = (Viia — ¢iTip) wi — Yibs,

where v; and ¢; are commonly known, positive constants, and (w;, 0;) € R%r 4 is drawn from a
joint distribution whose realization is privately known to player ¢. That is, the intensities of
the good and the bad may vary across players, and each player has two-dimensional types.
Dworczak, Kominers and Akbarpour [3] have shown that there is no loss of generality to
restrict attention to mechanisms whose message space for player ¢ consists only of the realized

values of t; := w;/6;. Thus, the more general vNM utility function is simplified to
(Tin, TiB, Yi) > Viia — CiTip — Ui/t

Furthermore, since we want a general characterization of Pareto optima and hence take
no stand on interpersonal comparison of utilities, there is no loss of generality to simplify
the above utility function further by replacing the player-specific coefficients v; and ¢; with

constants v and ¢ common across 7, and normalizing the constant v to one. Thus (1) obtains.

2.2 Allocations and Mechanisms

For each player i, denote T_; := [ i L and let F_; be the product measure on T"_; generated
by (Fj);z. An ex post allocation means a list (g4, qip)r, of functions such that g4, s :

[T;-, T; — [0,1] for each i and, for each ¢ € []}_, T},
Sgah) <1 and Y gip(t) < 1.

An ez post payment rule means a list (p; )i, of functions such that p; : [[; T; — R for each i.
By the revelation principle, any equilibrium-feasible mechanism corresponds to a pair of ex

post allocation (g;4, ¢ip);_, and ex post payment rule (p;)", with ¢;;(¢) interpreted as the
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probability with which item j (j € {A, B}) is assigned to player i, and p;(t) the net money
transfer from player ¢ to others, when ¢ is the profile of alleged types across players.

A list (Q;)1, of functions @; : T; — R (Vi) is said generated by an ex post allocation
(¢ia, i), iff, for each i =1,...,n and each t; € T;,

Qi(t:) :/T Qia(ts, t—s)dF_;(t_;) —C/T ¢ip(ti, t_;)dF_;(t_;). (2)

Likewise, a list (P;), of functions P, : T; — R (Vi) is said generated by an ex post payment
rule (p;)7_, iff, for each ¢ = 1,...,n and each t; € T}, P;(t;) = fTiipi(tiyt—i)dF—i@—i) Any
list (Qy, P;), such that (Q;)7, is generated by some ex post allocation (g4, i), and
(P;)f, generated by some ex post payment rule (p;);_,, is called reduced-form mechanism,

or mechanism for short.

2.3 Constraints

Given any (reduced-form) mechanism (Q;, P;)!, it follows from the vNM utility function (1),
and the shorthand (2), that the interim expected utility for any type ¢; € T; of player i to
act type t;, given truthtelling from others, is equal to Q;(f;) — P,({;)/t;. Denote
Ui(ti | Q, P) := gﬁeagQi(fz’) — Py(t:) /ti. (3)
Since inf T; > 0 by assumption, the maximization problem in (3) is equivalent to
Ui(t: | Q, P) == max t;Q;(t;) — P;(£:). (4)
t,€T;
Thus, as is routine in auction theory, incentive compatibility (I1C) of (Q;, P;)?_, is equivalent
to simultaneous satisfaction of two conditions for each player i: (i) Q; is weakly increasing
on T;; (ii) for any t;,t? € T,
t;
Pit) - R(#) = [ sd@i(s) )
£
Since each player can opt out of a mechanism before it operates, his outside payoff is
zero, hence (Q;, P;)!; is said indwidually rational (IR) iff U;(¢;]Q, P) > 0 for all i and all
t; € T;. By (3) and (4), Ui(t:|Q, P) = Uy(t; | Q, P)/t; for any t; € T}, and it is routine to
show that U;(- | Q, P) is convex, with derivative almost everywhere equal to @;, which is

weakly increasing by IC. Thus, U;(- | Q, P) attains its minimum at
7(Qi) :==inf {t; € T; : Qi(t;) > 0 or t; = b;}. (6)

9



Consequently, U;(7(Q;) | Q, P) > 0 iff “Uy(t; | Q,P) >0 for all t; € T} iff “Us(t; | Q, P) >0
for all t; € T,.” Thus, IR is equivalent to U; (7(Qi) | Q, P) > 0 for all players i.

For the society consisting of the n players to transfer wealth among themselves with-
out relying on outside subsides, we require that a mechanism be always budget-balanced:
(Qi, P, satisfies budget balance (BB) iff (P;)I, is generated by some ex post payment
rule (p;)i~, such that > . p;(t) >0 for all t € [[, T;.

2.4 The Problem

To characterize a large class of Pareto optimal mechanisms, we use a strong notion of Pareto
dominance based on interim, rather than ex ante, expected payoffs. A mechanism (Q*, P*)
is interim Pareto optimal iff (1) (Q*, P*) is IC, IR and BB, and (ii) there does not exist any
IC, IR and BB mechanism (@, P) such that w;(- | Q, P) > w;(- | Q*, P*) a.e. on T; for all
i € {1,...,n} and, for some i, u;(- | @, P) > w;(- | Q% P*) on a positive-measure subset
of T;. The problem is to characterize the set of all interim Pareto optimal mechanisms.
With interim Pareto optimality the welfare criterion, not only do we take no stand a
priori regarding interpersonal comparison, we also allow for any inter-type comparison for
the same player. That is, regardless of the cardinal interpretation of (1), the social planner
may want to subsidize one player against another, or rank one type of a player higher than
another type of the same player. Without even assuming the existence of such ranking rules,

we shall find out the common feature of all interim Pareto optimal mechanisms.

3 The Solution

The result, roughly speaking, is that any interim Pareto optimum, no matter how it ranks
across players and across types, is necessarily in the form of auctions. To state the result,

we need only to formalize the notation for some standard concepts in auction design.

3.1 Notation

Ironing For any integrable function ; : T; — R, define H;(¢;) : [0,1] — R by

(Hi(6) (5) = / g (FN)) dr (7)
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for any s € [0, 1]. Denote ]/‘.\IZ(@/JZ) for the convex hull of H;(¢;). Then ﬁz(@/),) is differentiable
almost everywhere on [0, 1]. Define the ironed copy 1; of 1; by

@ (Bw) )

for any t; € T; such that ]?IZ(@UZ) is differentiable at Fj(t;). Thus 1), is weakly increasing on

Ui(ti) = (8)

S:Fi (tl)

the set of such t;’s. Extend 1, to other points in 7; to maintain its monotonicity.

The ¢t and ¢~ of function ¢ For any function ¢ : R — R, denote ¢™ and ¢~ b
¢t (z) := max{¢(x),0} and ¢~ (z) := max{—¢(z),0} for all z € R. Thus ¢ = ¢+ — ¢~

Allocations by Ranks For any profile (;)?; of integrable functions ¢; : T; — R (Vi)
and any (t;)", € [[, T, denote

A ((pi)iz) = arg maX(m)gley/H Z% ((t)i=1) dFL(t1) - - dFy(tn), (9)

i i 4=1

where . denotes the set of all profiles (m;)?; of functions m; : [[, 7 — [0,1] (Vi) such
that > .m < 1 on [[,Ty. Clearly, (m), € o ((;)},) if and only if, for almost every
(tr)i—y € 1, T and for any i, @;(t;) > max;.; @) (t;) implies m; ((tx)i—;) = 1, and @;(t;) <
max;s; ¢ (t;) implies 7; ((tx)f—,) = 0. Note that o7 ((¢;);~,) contains an element (7;)i,
such that m;(¢;,-) = 0 on T_; whenever ¢;(t;) < 0, as the previous sentence, combined with
equal-probability random assignment whenever ¢;(t;) = max;.; ¢} (t;) > 0 and m(t;,-) = 0

on T; whenever ¢;(t;) = 0, defines an element of this set.

3.2 The Result: Common Features of All Interim Pareto Optima

By distribution on an interval [a, b], we mean a real function on R that is weakly increasing
on R, right-continuous on (a, b), constant on (b, 00), and equal to zero on (—oo, a). Our first
theorem, proved in Section 4.1, reduces interim Pareto optimality, an objective with infinite

dimensions, to a mechanism design problem with a unidimensional objective.

Theorem 1 For any interim Pareto optimal mechanism (Q;, P;)I_,, there exists a profile
(Xi)iy such that \; is a distribution on T; for each i, \; > 0 on some positive-measure subset

of T; for some i, and (Q;, P;)", maximizes
S [ vl QP (10

11



among all IC, IR and BB mechanisms (Q, 15)

The distribution profile (A;)?_; in Theorem 1 can be interpreted as the welfare ranking,
across players and across types, that supports the given Pareto optimum as a maximum
of the unidimensional social welfare (10) among all IC, IR and BB mechanisms (Q, P).
Note that A\; need not be absolutely continuous with respect to the prior distribution Fj,
hence it need not have a derivative A, for which the integral in (10) equals an inner product
fT (-] Q, P N.dF;. Our characterization of optimal mechanisms does not need such inner
product representation of \;, hence we make no assumption to force its absolute continuity.

The next theorem, proved in Sections 4.2-4.3, characterizes all constrained optima of (10).

Theorem 2 For any profile (N, of distributions A; on T;, if (Qy, P;))’, mazimizes (10)
among all IC, IR and BB mechanisms, then there exists a profile (Z; +, Z;);_, of integrable
functions Z; 4, Z; — : 'T; — R such that Z; < Z; _ and:

a. for each i, QF = fT, gia(-,t_)dF_; and Q; = CfTi ¢g(-,t_;)dF_; on T; for some
(ia)i, € 'Q{(( i 1) and (¢ip)j-, € 52{(( )?:1):'

b. (P)i is determined by (Q;)I, according to:
i. Eq. (5) for any i and any t;, 1) € T;;
i. if fT 1/s)d)\;(s) < fT (1/s)dAi(s) for some k # i, then ming,er, U;(t; | Q, P) = 0;
W Y ey fTiPi(ti)dFi(ti) =0.

Theorems 1 and 2 combined, any interim Pareto optimal mechanism is necessarily in
form of auctions, encapsulated in a profile (Z; 4, Z; )7, of functions. These functions are
jointly determined by the welfare ranking (\;)I; supporting the Pareto optimum and the
Lagrange multiplier for the constraint combining IR, IC and BB. Here Z; ; corresponds to
the virtual surplus to the society contributed by player ¢ who acts as a buyer of the good,
and Z; _ the virtual surplus contributed by ¢ who acts as a seller of the service of receiving
the bad (Figure 1). A crucial feature, asserted by Theorem 2, is that Z, _ is above Z; ..

From (Z;,Z;);_,, one finds out how the Pareto optimal mechanism allocates the
two items according to Claim (a) of Theorem 2. First, obtain the ironed copy Z;  of Z; ,
and the ironed copy Z; _ of Z; _, for each i (Figure 2). Second, assign the good (item A)
by the rank of (EH);l a la Myerson [11]: Score each player i’s alleged type t; according

12



Figure 1: The bifurcated Z-values

R

Figure 2: The thick curves: The ironed Z-values

to the ironed function Z; ,, and assign the good to a player with the highest ironed Z score
provided that it is nonnegative. Likewise, assign the bad (item B) by the rank of (_77?’—)?:1:
Score each player i’s alleged type t; according to the ironed function 7@_, and assign the
bad to a player with the lowest ironed Z score provided that it is nonpositive.

These two assignments together generate the reduced form allocation (Q);)?_; of the
mechanism. Then Claim (b.i) of the theorem says that from (Q;)?_, one can pin down the
money transfer rule P; for each player ¢ via the envelope equation up to a constant and pin
down the constant according to (b.ii) and (b.iii). There, fTZ_(l /s)d\;(s) stands for player i’s
average weight in the social welfare that incorporates both the welfare ranking \; on the
various types of his and his marginal valuations of money given these types. Claim (b.ii)
says that anyone whose average weight is less than someone else’s has zero as his minimum

surplus in the mechanism. Claim (b.iii) states the obvious fact that the auctioneer retains

no money surplus at any Pareto optimum.
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Figure 3: The optimal allocation

Claim (a) of the theorem implies a surprising property of an interim Pareto optimal
mechanism (Q, P). The claim says that the positive part Q] is the marginal of ¢;4, and the
negative part ); the marginal of ¢;5. Thus one can show that ¢;4(t)¢;s(t) = 0 for almost
every profile t of types across players. That is, a player-type that has a positive probability
to get the good has zero probability to get the bad, and vice versa: In Figure 3, since Z; _
is above Z; ,, any type with a nonngegative ironed Z; . score is larger than any type with a
negative Z; _ score.

Ensuring that the characterization in Theorem 2 is not vacuous, the next theorem
asserts existence of Pareto optima. Specifically, it asserts existence of the interim Pareto op-
timum that maximizes the utilitarian social welfare given any welfare ranking across players

and across types. The proof is deferred to Appendix C.

Theorem 3 For any profile (X)), of distributions \; on T; there exists a mechanism that

mazimizes (10) among all IC, IR and BB mechanisms (Q, P).

3.3 Implications

For any interim Pareto optimal mechanism supported by a profile (););_, of distributions,

let
til
a; S
ay = max A;i(b;). (12)
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3.3.1 Redistribution across Players: Lump Sum Transfers

According to Claim (b.iii) of Theorem 2, any interim Pareto optimal mechanism rebates all
the surplus thereby generated back to the players. Subtract from the transfer received by
a player the amount necessitated by the envelope equation (Claim (b.i)) and we obtain the
lump sum transfer the player receives. According to Claim (b.ii), the lump sum transfer
goes only to those players ¢ whose A;(b;)’s are equal to a, (defined in (11) and (12)). See the
proof of Lemma 4 for the reasoning and explicit formulas for the transfer. Importantly, note
from (11) that the direction of lump sum transfers depends purely on the welfare ranking
(X)), associated with the Pareto optimal mechanism, and not tied to prior distributions
(F;)?_, of types. Thus, an interim Pareto optimal mechanism need not take money from
the (ex ante) stochastically high-type players (“the rich”) to subsidize the stochastically
low-type ones (“the poor”). Only when the endogenous welfare ranking (\;)7, is identical

to the exogenous type-distribution profile (F;)?_; would the optimal mechanism necessarily

direct lump sum transfers from the stochastically rich to the stochastically poor.

3.3.2 Redistribution across Types: Non-monotone Equilibrium Surplus

Consider, within this subsection, the symmetric case where types are drawn from the same
distribution and the symmetric welfare ranking (\;)?_; such that A\; = A; for any players ¢
and j. Then the only inequality among players is their realized types. In most mechanism
design models, a player’s role, whether to be a buyer or to be a seller, is assumed a priori,
hence incentive compatibility implies that his equilibrium surplus from any mechanism is
necessarily monotone (weakly increasing or weakly decreasing). Thus, the player’s possible
types can be reordered so that the mechanism gives higher types higher expected payoffs.
That is, inequality in types begets inequality in payoffs.

In our model, by contrast, a player’s role is endogenous, and incentive compatibility
implies that he acts as a seller when his realized type is sufficiently low, and a buyer when
his realized type is sufficiently high. Then an envelope-theorem argument gives the next
corollary, saying that a player’s interim expected payoff function in any Pareto optimal
mechanism is like the roughly U-shape curve in Figure 4. With equilibrium surplus non-
monotone in types, it is impossible to reorder the types so that a Pareto optimal mechanism

would let inequality in types propagate to inequality in payoffs.
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Figure 4: Non-monotone Interim Payoff Functions

Corollary 1 Suppose: (i) F; = F; and \; = \j for all i and j, (i) (Q, P) mazimizes (10)
subject to IC, IR and BB, and (iii) the ex ante probability with which @ assigns the bad is
strictly positive. Then for each i there exists (x;,y;, z;) such that a; < x; < y; < z; < b; and
Ui(- | Q, P) is strictly decreasing on |a;, x;), constant on (x;,y;), and strictly increasing on

Proved in Appendix D.1, this corollary demonstrates the crucial role of having not only
a good but also a bad to assign. Had there been only one item, be it good or bad, any IC
allocation (); would be either nonnegative on 7; or nonpositive on 7;. In either case any

player’s equilibrium surplus would be monotone.

3.3.3 Exclusive Assignments

While we do not impose the condition that the good and the bad be assigned to different
players, any interim Pareto optimal mechanism also satisfies that condition. More precisely,
a mechanism satisfies assignment exclusivity iff, for the underlying ex post allocation rule

(gin, @iB)i1, ¢ (t)gP(t) = 0 for almost every ¢ € [], Ty and all 4.

Corollary 2 Ifc > 0 then any interim Pareto optimal mechanism is also an interim Pareto

optimal mechanism subject to not only IC, IR and BB but also assignment exclusivity.

Proved in Appendix D.2; this corollary is a consequence of Theorem 2.a, which says that
the positive part Q; of an optimal allocation Q; is the marginal of ¢;4, and the negative

part (); the marginal of ¢;p.

16



3.3.4 Prevalence of Ironing

In the literature, one can guarantee monotonicity of the virtual surplus functions, thereby
avoiding ironing, by imposing regular conditions on the prior distributions F;. By contrast,
our counterpart of the virtual surplus, the (Z; ;,Z; _); | illustrated in Figure 1, cannot be
guaranteed monotone even with such restrictions of the priors. That is because these Z
functions depend not only on the priors but also on two endogenous objects: the welfare
ranking (\;)"_; associated with the Pareto optimum and the Lagrange multiplier of the joint
constraint of IC, IR and BB. For instance, when the Lagrange multiplier is zero, one can

show that both a; and b; are local maxima of Z; _ on [a;, 2;]. Even when the welfare ranking is

well-behaved, the next corollary, proved in Appendix D.3, says that ironing is still prevalent.

Corollary 3 If f; is continuously differentiable at a; for each i, then in any interim Pareto
optimum (Q;, ;) for which the supporting welfare ranking (X\;)}, is absolutely continuous
in (F;), and, with X, the Radon-Nikodym derivative of \; with respect to F; (¥i), satisfies

Vie{l,...,n}: limtiIilf Ni(t;) > 2ana;, (13)

there exists a player i for whom @Q; is constant on a neighborhood of a;.

The absolute continuity assumption in Corollary 3 means that the welfare-ranking
distributions A;’s are nonsingular. In other words, the welfare ranking does not weigh any
single type more than a continuum of types (unlike the Dirac measure), nor does it ignore
almost all types by assigning zero density to each of them (unlike the Cantor measure).
Thus, the assumption allows the simple case, often assumed in mechanism design, where the
Radon-Nikodym derivative of \; with respect to F; is constantly equal to one so that the
social welfare function is a simple sum of players’ surpluses.

A main goal in the mechanism design literature is efficient allocation, which in our
model means allocating the good to the highest-type player and the bad to the lowest one.
With ironing prevalent, however, efficient allocation in general does not belong to the Pareto
frontier. Furthermore, as a direct consequence of Corollary 3, efficient allocation is subopti-
mal even in the simple case where each player weighs equally in the social welfare function.

As another implication of Corollary 3, if players’ types are i.i.d. and the welfare rank-
ing treats the players equally, the optimal mechanism entails ironing for all realized types

belonging to a lower truncation of the type support. That is, the bad is allocated through
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an egalitarian lottery when the realized types eligible for the bad (i.e., below the cutoff x; in

Figure 4) belong to that lower truncation.?

4 The Method

The proof of Theorems 1 and 2 has three main steps. First is to quantify the infinite-
dimensional design objective, interim Pareto optimality, into a one-dimension, utilitarian,
social welfare function. The second step is to incorporate part of the IC constraint and opti-
mality condition into the social welfare function thereby obtaining a tractable optimization
problem. The third is to solve this optimization problem through bisecting the associated
Lagrange problem into two linear programmings. The first and third steps are novel to the
mechanism design literature. The second step, albeit stemming from the envelope theo-
rem and integration-by-parts routines in the literature, develops a new operator—two-part
operator—to calculate a player’s endogenously countervailing information rents. Properties

of this operator are important to the third step.

4.1 Quantifying the Objective: Proof of Theorem 1

This step uses the Hahn-Banach theorem to obtain a welfare ranking (\;)?; that supports
a Pareto optimal mechanism under consideration as a maximum of the unidimensional ob-
jective (10). Since a mechanism corresponds to functions defined on a continuum, the choice
of the function space requires care. On one hand, the space needs to satisfy the nonempty
interior condition for existence of a linear functional on the space that supports the Pareto
optimum. On the other hand, the space needs to guarantee that the linear functional be rep-
resentable by a profile of distributions in the form (\;)_;. Our choice of the function space
stems from an observation that the interim expected surplus generated by any IC mechanism
is a continuous function of types. Hence our function space consists of continuous functions
defined on compact intervals, conducive to the Hahn-Banach and representation theorems.
First, we specify the function space. For each i € {1,...,n} denote C(T;) for the space

of continuous real functions defined on the closed, bounded interval T}, with the maximum

4 Dworczak, Kominers and Akbarpour [3] also obtain such an implication. Interestingly, our sufficient

condition (13) for the implication looks similar to their sufficient condition, despite differences in our models.
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norm || - ||max- Let
¢ =] C(T)
i=1

and endow % with the maximum norm such that ||(¢;)"|lmax = max; ||¢;||max for all

(pi)i-, € €. Thus, € is a normed linear space. Define the utility possibility set
U:={(Wi)iL, € €:3FIC, IR & BB (Q, P) [Vivt; € T; [Wi(t:) < Ui (t: | @, P))]} - (14)

As noted above, (U(- | Q, P));, € € for any IC mechanism (Q, P).
To prove Theorem 1, pick any interim Pareto optimal mechanism (Q*, P*). Denote

ui = U;(- | Q*, P*) for each i. Then (uf)™,; € U. Denote
V((u))ry) == {(w)i, €€ : Vi[u; > u! a.e. T;];Ji[u; > u on a positive-measure S; C T3]} .
Obviously, V((uf)i,) is convex.

Claim 1 There exists a continuous linear functional ¢ on €, not identically zero, such that
for all (u;)?-, € U,
¢ ((ui)izy) < @ ((u7)isy) - (15)

Proof  First, U is convex (Appendix A), and V((uf)" ;) convex as noted above. Second,
U contains an interior point: Consider the mechanism that gives away the good A for free
with probability 1/2, else assigns neither item to anyone, and, in the former event, randomly
assigns the good A (for free) to one of the n players with equal probability. This mechanism
is IC, IR and BB, and it generates for everyone an interim expected payoff constantly equal
to 1/(2n). Thus, this payoff profile belongs to U. Now consider another mechanism that
differs from the former only by that it assigns the good with probability 1/2 + e. The
mechanism is also IC, IR and BB, and generates an expected payoff profile larger than
the former in every dimension by €/n. Since this is true for all € € (0,1/2], the payoff
profile generated by the former mechanism is an interior point of U with respect to the max
norm. Third, V ((u})!,) contain no interior point of U; otherwise, such an interior point,
by definition of V ((u}),), interim Pareto dominates (u})?_,, contradiction. Thus, by the
Hahn-Banach theorem, there exists a continuous linear functional ¢ on %, not identically

zero, such that, for some constant w, for any (u;)!; € U and any (4;)?; € V((ul)™,),

¢ ((ui)iz) < w < ¢ ((@)iz) - (16)
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For any € > 0, the profile (uf + €)?_, € V((u})?_,). Thus

w < ¢ ((u; +€)iny) = ¢ ((47)izr) + ep(),

with the equality due to linearity of ¢, and 1 denoting the unit vector of €. Since continuous
linear functionals are bounded, e®(1) — 0 as € — 0. Hence w < ¢ ((u})?_;). This coupled
with the fact (uf)?, € U implies ¢ ((u})™,) < w < ¢ ((u})™,), hence ¢ ((u}),) = w. Plug
this into (16) to obtain (15) and hence the claim. [J

For each i € {1,...,n} and any u; € C(T;) let

¢1(U2) ::¢(0,...,O,ui,0,...,0),

that is, the action of ¢ on the profile of payoff functions whose components are constantly

zero except the one corresponding to player i’s payoff function. By linearity of ¢,

((us)iy) Z¢m (17)

for all (u;)!, € €. Obviously, for each i, ¢; is a continuous linear functional on C(T;).

Thus ¢; is also a bounded functional on C(T;).
Claim 2 For eachi € {1,...,n}, ¢; is positive.’

Proof Suppose, to the contrary, that ¢;(u;) < 0 for some w; € C(7;) such that u; > 0 on 7;.
Then (u*

1

— U, (uj)j#) € U by definition of U, hence Claim 1 implies

& ((uw))y) > o ((u] —wi, (u5)j24)) Z@ @m>2% (u)ry),

contradiction. [

For any i, since ¢; is a bounded linear functional on C(T;), with T; = [a;, b;] a closed,
bounded interval, the Riesz representation theorem in its original version (Royden and Fitz-
patrick [13, p468]) implies that there exists a unique function ¢; : T; — R, of bounded

variation on [a;, b;], continuous on the right on (a;, b;), and vanishing at a;, such that

oi(u;) = /T wu;d\;

° A functional ¢; on C(T5) is positive iff ¢;(u;) > 0 for any u; € C(T;) such that u; > 0 on Tj.
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for all u; € C(T;). This, combined with (15) and (17), delivers Theorem 1 if (i) A; is also
weakly increasing, (ii) its range belongs to R, and (iii) A\; > 0 on some positive-measure
subset of T; for some 3.

Property (ii) follows from property (i) because A;(a;) = 0. Then (iii) follows from (ii):
Otherwise (ii) implies A; = 0 for all 7, hence ¢ is identically zero on %, contradiction to
Claim 1. Thus it suffices to prove (i).

To that end, suppose, to the contrary, that ¢; < t; and \;(¢t;) > A;(t;) for some t;,t, €
(a;,b;).% Then, since \; is right-continuous on (a;, b;), there exists a sufficiently small € > 0
such that for any 0 € (0,€), A\;i(t;+6) > A;(t;+0). It is easy to construct a continuous function
w; : T; — [0, 1] whose support is contained by [¢;, ] + €] such that u; = 1 on [t; +€/2,t;+¢€/2].
Then u; > 0 on T;, u; € C(T;), and yet

ti4e ti+e/2
T; t; t

i+5/2

contradicting Claim 2. That proves property (i) of \;. Thus Theorem 1 follows.

4.2 Calculating the Objective with Two-Part Operators

Theorem 1, coupled with (3), implies that any interim Pareto optimum is a maximum of

Z/T Qi(ts)dNi(t;) — Z/T Pit(ji)d/\i(ti) (18)

among all mechanisms (Q;, P;)"_; subject to IC, IR and BB, given some profile (\;)!; of

distributions A; on T; specified in Theorem 1. By (11), ¢; — 1/t; is the Radon-Nikodym

dA;
dX;

derivative of A; with respect to \;, hence the objective (18) is equal to

Z/T QidAi—Z/Ti PidA,. (19)

One can calculate the integral fTi P,dA; in the second sum with the envelope theorem and
integration-by-part routine in auction theory, thereby incorporating into (18) the first-order
condition part of the IC constraint. The calculation amounts to modifying the ex ante
expected revenue—measured by the endogenous A; rather than the exogenous F;—that one

can extract from player ¢ by the expected information rent necessary to incentivize i in

6 There is no need to consider t; = a; and t; = b; because we already have \;(a;) = 0, and it is immaterial

to change the value of \; at the singleton b;.
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implementing the allocation @);. Because i’s incentive is that of a buyer when Q;(¢;) > 0,
and that of a seller (for the service of receiving the bad) when Q;(¢;) < 0, the information rent
calculation is an operation that bifurcates according to the sign of Q;(¢;) for each realized
type t;. Managing this operation tractably and understanding its properties are important

for this and the next steps of the proof for Theorem 2. First we define such operations.

4.2.1 Two-Part Operators

For any player ¢ and any three integrable functions Q;, p; +,vi— : T; — R, denote ¢; =
(pi+,pi—), called two-part function, and define

Qo= [ Qg - [ Qe (s (20)

Thus the operation Q; — (Q; : ;| acts on the function @Q; in two parts, one on the positive
part @ of Q;, the other on the negative part, —Q; . The asymmetric bracket of Q; and (;
is to highlight the asymmetry between the two arguments: Obviously, (Q; : ¢;| is not linear
in @); unless ; 1 = @; _; by contrast, (Q); : ;| is a linear functional of ;. Any integrable
function g; : T; — R is the same as a two-part function (g; 1, ¢; —) such that ¢; + = g;— = g;.

A two-part function ¢; := (¢; 4+, i —) on T; is said well-ordered iff ¢; + < ¢; _ a.e. on T;.

Next is an important property of well-ordered two-part functions (proved in Appendix B.1).

Lemma 1 For any i and any two-part function p; that is well-ordered, Q; — (Q; : pi| is a

concave functional on the space of integrable functions defined on Tj.

For any ¢ and any distribution p; on T;, define a two-part function p(u;) := (p+ (1), p— (i)
by letting, for any t; € Tj,

t;
p+(pi)(ts) = — Tdﬂi+/ dpui, (21)
t 1 T

o (u)(ts) = / . (22)

Obviously p(p;) is well-ordered. It will be clear that p, (u;) reflects i’s information rent
density when i acts as a buyer, and p_(u;), i’s information rent density when i acts as a
seller, had ’s type been measured by ;. The bifurcated calculation of a player i’s information
rents mentioned previously, according to the next lemma (proved in Appendix B.2), involves

a two-part operation on his allocation @); with p(u;):
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Lemma 2 For any IC mechanism (Q, P), any player i and any distribution u; on T;, with
the notation in (4) and (6),

/T. Pidp; = /T t:Qi(t)dpi(t;) + (Qi : p(ps)| — Ui (T(Qz))/ dp;. (23)

T;
4.2.2 The Budget Balance Condition Combined with IC and IR

Denote I for the identity map s — s on R. For any functions g,h : R — R, denote gh for
the pointwise product between g and h, so that (gh)(s) = g(s)h(s) for all s € R.

Lemma 3 For any allocation (Q;)7—, such that Q; is weakly increasing on T; for any i, if

(@), constitutes an IC, IR and BB mechanism then

> Qi Ifi + p(F)| > 0; (24)

%

conversely, if (24) holds then there ezists an ex post payment rule (p;)_,

S pilt) = D@L+ o) (25)

foranyt e Hj T;, which coupled with Q) constitutes an IC, IR and BB mechanism such that

IR is binding at some t; € T; for every 1.

Proof By Lemma 2, IC of (Q, P) implies (23). Plug u; = F; into (23) and note dF;(s) =
fi(s)ds to obtain

| PR = [ hQue e+ (G p(F)| = 0 ((Q0)
— (Qu LA+ (@ (B - T (7(Q0),

where the second line comes from the notations of I and pointwise product If;, and the fact
that [, Qi(s)¥(s)ds = (Q; : ¢| for any integrable function ¢ : T; — R, as 1 is a special
two-part function such that ¢, = ¢_ = 1. Then, since ¢ — (Q; : ¢| is linear,

/T‘ PdF; = (Qi - If; 4+ p(F)| — Ui (1(Qy)) -

Sum this equation across ¢ = 1,...,n to get

Z/T_Bdmz Qi1+ o, \—ZU
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BB implies that the left-hand side is nonnegative and hence

> {Qi:Lfi+p(F \>ZU (26)
which coupled with IR (Section 2.3) implies (24). Thus (24) is a necessary condition for any
profile () of weakly increasing allocations to constitute an IC, IR and BB mechanism. The

proof of the converse is routine and hence relegated to Appendix B.3. m

4.2.3 The Objective with Optimal Payment Rules

Now we calculate the objective (18) by incorporating (23) (part of the IC constraint) and
optimality of the payment rule. Denote 2 for the set of all (reduced-form) allocations
(Q:)1, each generated by some ex post allocation according to (2). Let Zy,0n be the set of
all (Q;), € 2 such that @); is weakly increasing for every 1.

Lemma 4 For any profile A := (\;)I, of distributions specified in Theorem 1, denote A
and ay by (11)-(12); then mazimization of (10) subject to IC, IR and BB is equivalent to

max >, (Q; - ax (Ifi + p(F)) — p(Ai)| (27)

Qegmon

st Y Qi Ifi+ p(F)] > 0.

Proof By Sections 2.3 and Lemma 3, the constraints Q) € Zyon and Y, (Q; : Lf; + p(F;)] >
0 together constitute the choice set for the problem. We still need to show that the objective
in (27) is equal to (10), i.e., equal to (19). By Lemma 2, IC of (@, P) implies (23). Plug
into (23) the case pu; = A; and note dA;(s) = (1/s)d\; by (11) to obtain

[ pane = [ s/ + @i ol - Gitr(@0) [ an

= /QldA+ L p(A) = Ui (7(Q ))/T_dAi-

Sum this across ¢ and plug the equation obtained thereof into (19) to see that the objec-
tive (18) is equal to

S 0@ [ = 3D Qs o). 28)

By (12) and (26),
Zﬁi(T(Qi))/TdA <oz>\ZU (Q:)) <aAZ it Lfi + p(Fy)| -
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Furthermore, the right end of this inequality can be attained: Pick a player ¢, for whom
fTi* dA;, = o; for any realized type profile ¢ € [[,7; and any i # i,, set the money
transfer pf(¢) from i to others to be p;(t), with p; being the ex post payment rule in (25); set
the money transfer pf (¢) from i, to others as p;, (t) —>_, (Q; : Lf; + p(F;)|. Given (pf)?,, BB
follows from (25), and U; (7(Q;)) = 0 for all i # i,, while U; (7(Qy,)) = 32, (Qi - Ifs + p(Fy)|.

Thus, given the allocation (), when the payment is optimized, we have

Zﬁi(T(Qi)/dA—aAZ s+ plF)].

Hence there is no loss of generality to assume that (10), or (28), is equal to
OO\Z i Lfi p(F) =) (Qi s p(0)] -
This, by linearity of ¢; — (Q; : ¢;], is equal to

S Qi an (Lfi + p(E)| = {Qs: p(A)]) = 37 (Qi : an (Ui + p(F)) — pl(A)]

i A

the objective in (27). m

Remark 2 By (26), any payment rule p that renders U; (7(Q;)) > 0 while fTi dA; < ay
would make 3, U; (7(Q;)) Jr Ai < ax>2,(Qi Ifi + p(Fy)|. Since the proof of Lemma 4
has shown that the right-hand side of this inequality is attainable, the payment rule p is
suboptimal. This, coupled with the definitions of 7(Q;) and U;, implies Claim (b.ii) of
Theorem 2. Claim (b.iii) is obvious. If it does not hold, there is a positive expected money
surplus, which can be equally distributed to the players independently of their types thereby

achieving Pareto improvement, contradiction.

4.3 Solving the Constrained Optimization Problem

To solve the optimization problem (27), first we reformulate it through the saddle point con-
dition, which delivers the profile (Z; ;, Z; )", of functions stated in Theorem 2. Then we
maximize the associated Lagrangian thereby obtaining the formula for the optimal mecha-
nism. The first step requires that the saddle point condition be a necessary condition for any
solution of (27). The second step presents us a nonlinear programming problem, which we
solve through bisecting it into two linear programmings. Properties of the two-part operators

are instrumental to both steps.
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4.3.1 Deriving the (Z;)!_, Functions through the Saddle Point Condition

Recall that 2 denotes the space of all allocations (Q;)!, each generated by some ex post
allocation according to (2). It is easy to verify that 2 belongs to a normed linear space.
Endow 2 with such a norm.” Also recall @0, as the set of (Q;)"; € 2 such that Q; is
weakly increasing for any i. One can prove that 2., is convex (Appendix B.4).

Denote v for the Lagrange multiplier of the constraint ), (Q; : Lf; + p(F;)| > 0 in (27).
The Lagrangian associated with (27) is

ZQv) = Y (Qi:ax(Ifi+p(F)) - |+uZ L Lfi + p(F)|

1

= Z(Qiiax(ﬂfri‘P( E)) = p(Ay) + v (Lf; + p(F3))]

i

_ Z<Q <(oz,\+u) <]I+ p(f]ji)) - p(ﬁ)) fi

(2

, (29)

with the second line due to linearity of ¢; — (Q; : ¢;|, and the third line due to the fact

that two-part functions constitute an algebra (allowing for multiplications and divisions).

Lemma 5 Q* is a solution for (27) if and only if there exists a v* € Ry such that (Q*,v")
1s a saddle point in the sense that, for all Q) € Dyon and all v € R,

2(Qv) 2 2(Q"v') 2 Z(Q,v"). (30)

Proof The “if” part is trivial. To prove the “only if” part, it suffices to verify the conditions
corresponding to those in Luenberger [8, Corollary 1, p219]. To that end, we start with two
claims about each player ¢, which are proved in Appendix B.5: First, the two-part functions

If; + p(F;) and ay (Lf; + p(F;)) — p(A;) are each well-ordered. Second,
(Qis1fi+plF)] 2 7(Q) | Qua, (31)
T;

for any weakly increasing @, : T; — R.
Now that If; + p(F;) and «y (Lf; + p(F;)) — p(A;) are each well-ordered, Lemma 1
implies that, in (27), both the constraint expression ). (Q; : If; + p(F;)| and the objective

" For example, for each player i let L?(T;) be the L?-space of measurable real functions defined on T3,

endowed with the measure F;. Clearly 2 € [], L*(T;). Define the norm for [], L*(T;) by ||Q] := >, |Q:ll2
for any Q := (Qi)", € [[, L*(T;).
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Qi ax (If; + p(F;)) — p(A;)| are concave functions of (Q;)7—;. Thus,

{ Hec@z i Lfi + p(F, >|20}

is a convex set, and the objective in (27) is concave in the choice variable. This, coupled
with convexity of 2,0, (Appendix B.4), means that the proof is complete if there exists a
(Qi)=1 € Zion such that > (Q; : If; + p(F;)| > 0. Such (Q;)7-, exists: always assign the
good to player 1 and never assign the bad at all. That is, @1 = 1, hence 7(Q1) = ay, and
Q; =0 for all i # 1. Note (Q;)7_; € Zmon- By (31),

Z<Qz (Ifi + p(Fy)| = (Q1 - Ly + p(F1)] > a1 | QudFy = ay > 0.

i T
Now that all conditions are verified, the saddle point characterization follows. m

Coupled with Theorem 1, Lemma 5 implies that any Pareto optimal mechanism is
necessarily a solution of maxgeg,,., -Z(Q,v) with Z(Q,v) defined by (29) for some profile

(X)), of distributions specified in Theorem 1, and some v € R, . For each i, denote

(ot p(Ei)\  p(A)
Zi = (ay+ )(]I—l— 7 ) 7 (32)
Then (29) is the same as
Z(Q,v) :Z<Qz’  Zifil - (33)

)

The Z; defined in (32) is exactly the two-part function that constitutes the profile (Z;)?_; in
Theorem 2. Plugging (21) and (22) into (32), and recalling I as the notation for the identity

map, we obtain the explicit formula for the functions Z; ; and Z; _: for all ¢+ and all ¢; € T,

anFiti) = Ai(t:) o — Ni(by) » (ti _ 1_—%) , (34)

Zi,+(ti) = OQ\tZ'—f-

fi(ts) fi(t:) fi(ti)
) = st axFi(t;) — Ai(t:) F(t;)
700 = ot PECERO) oy (14 ) (35)

By (34) and (35), Z; +(t;) — Zi—(t;) = — (ax — Ay(b;) + v) / fi(t;), which is nonpositive be-
cause ay — A;(b;) and v are each nonnegative by definition. Thus, Z; ; < Z; _, as asserted
in Theorem 2.

4.3.2 Maximizing the Lagrangian through Bisection

It follows that any interim Pareto optimal mechanism satisfies the saddle point condi-

tion (30), and hence maximizes the associated Lagrangian . (Q; : Z;f;|, defined in (33).
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To solve this Lagrange problem, recall from the end of the previous subsection that the
two-part function Z; is well-ordered. This property will be useful in the following, where we
bisect the Lagrange problem into two independent linear programmings.

Let 2, be the set of all (Q;)?, € 2 such that @; > 0 for all ¢, and 2_ the set of all
(Qi), € 2 such that Q; < 0 for all i. Obviously both £, and 2_ are convex. By (20)

and (33), maxgeg,.., -Z(Q, V) is equivalent to

mon

max Y7, L dF; — / =7, _dF, 36
(@)1, € Zrmon (; /T ZQZ + ; Tin , ) (36)

< max Z / szi,+dﬂ+ max Y / (-Q7) Zi—dF; (37)
T : T;

(Qi)?flegmon 73)?:1 Gegmon i

- 149 dF
@ o, 2 / QiZ+ (39)
max zZz _sz 39
(Qi)i=1€ZmonN2— = /TZQ ; (39)

Thus, to solve (36), it suffices to first solve (38) and (39) individually and then construct
from the two solutions a Q* € 2y, given which the objective in (36) attains the sum of the

maximands in (38) and (39). The next two lemmas are proved in Appendix B.6.

Lemma 6 (Q,)", € 2 solves (38) if and only if, for some (§;)i—1 € o ((Zi1)y) and for
each i; Qz - fT QZ ’ —z dF—z( z) on TZL

Lemma 7 (@), € 2 solves (39) if and only if, for some (Gip)ie1 € & ((—Zi—)",) and
for each i, Q; = CfT—i Gi(- t_)dF_;(t_;) on T;.%

As noted in Section 3.1, & ((Z;+)_,) contains an element (g;);—1 such that gia(t;, ) =
0 on T; whenever Z; . (t;) < 0. Likewise, & ((—Z;_),) contains an element (¢;5);=1 such
that ¢;g(t;,-) = 0 on T_; whenever Z; _(t;) > 0. For each i, let Ql be the marginal of ¢;4,
and Q; the marginal of ¢;5. By Lemmas 6 and 7, (Q;)™_, solves (39), and (Q;)™, solves (39).
Note that the support of (Q;)™, and that of (Q;)"_; have no overlapped interior: For each i,

Qi(t:) #0 = Glti,") 20 = Glti,) =0 = Qi(t:) =0. (40)

That is because, by the choice of (¢;)7; and (g;),
Qz(tz) 7£ 0 = Qi(tl) <0 = < sup {7’2‘ eT, 371‘7_(7}') < 0},
Qit) 20 = Qi(t:) >0 = t;>inf{n €T;:Z, . (n) >0},

8Recall (2) for the role of the coefficient c.
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and, because Z; is well-ordered, one can prove (Appendix B.7) that
sup {TZ' S 7i7_(7'i) < O} < inf {Ti eT;: 7i,+(7',~) > O} ) (41)
Thus, the following function )} is well-defined and weakly increasing on 7;:

Qi) it Z;_(t;) <0

Qi (ti) = Qz(tz) if Z; 4 (t;) >0 (42)
0 else.
Because of (40), (Q)" = @, and (QF)” = —Q; for any 4. It follows that (Q¥)™, is a solution

for both problems in (37) simultaneously. By (41), (42) and monotonicity of Q; and Q;,
each QF is weakly increasing; thus (QF)", is a feasible choice for (36), an upper bound of

which is the maximand of (37), attained by (QF)?_,. Thus, (QF)", is a solution of (36).

4.3.3 Proof of Theorem 2

n

Given any profile (\;), of distributions, A; on T; for each i, the objective (10) is defined.
Let (@, P) be a mechanism that maximizes (10) subject to IC, IR and BB. Then @ solves (27)
and P obeys Claim (b) of the theorem with respect to @) (Lemma 4 and Remark 2). We still
need to prove that Claim (a) of the theorem holds for Q. To do that, note from @ being a
solution of (27) that (@, v) is a saddle point for some v > 0 with respect to the Lagrangian .#
defined by (\;); via (32) and (33) (Lemma 5). Thus, @ solves (36). Section 4.3.2 has shown
that the maximand of (36) is equal to the sum of the maximands in (37). Consequently,
for Q to solve (36) it must solve the two problems in (37) simultaneously. That is, (Q; )™,
solves (38) and (—Q; )™, solves (39). For (Q; )™, to solve (38), Lemma 6 requires that Q;
be the marginal of some g;4, for each 4, such that (Gia)7_, € & ((Z;4)1,); for (—Q; ), to

solve (39), Lemma 7 requires that —(Q); be the marginal of some ¢g;p, for each i, such that

(Gip)i—y € & ((—Z;-)1—). That proves Claim (a) of the theorem. m

5 Conclusion

Although the literature has long recognized auctions as the optimal means to allocate scarce

resources to multiple individuals, the role of auctions has yet to be recognized, and sometimes
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deemed morally repugnant, when the issue is about redistribution among individuals.? Given
wealth inequality, auctions are feared to benefit the rich and impoverish the poor. This paper,
by contrast, argues that the role of auctions is essential to achieve redistributive optimality.
Any interim Pareto optimum, no matter where it is located on the Pareto frontier, whether
it weighs the poor more than it does the rich, or the rich more than the poor, is necessarily
in the form of auctions, with the winner-selection rule adjusted to reflect the particular
welfare weights associated with the particular Pareto optimum. Instead of mandating wealth
transfers from one individual to another, whose idiosyncrasies are uncertain to regulators,
a social planner could have used auctions to induce the right amount of wealth transfers
among the right types of individuals.

This paper makes a methodology contribution to the mechanism design literature.
Rather than assuming a utilitarian, one-dimension, design objective, we start with interim
Pareto optimality, an objective with infinite dimensions, and show that any optimum in this
infinite dimension space corresponds to a constrained optimization of a utilitarian objective
obtained through the endogenous welfare ranking associated with the optimum. We intro-
duce a new kind of operators to systematically keep track of each player’s countervailing
incentive of playing the role of a buyer sometimes and the role of a seller some other times.
We devise a bisection technique to solve an optimal mechanism problem whose objective is
nonlinear and binding constraints are multiple.

Our model is relevant to matching theory in the case where one side of the matching
market has both desirable and undesirable items (e.g., toxic assets that need to be absorbed
by other financial institutions; enrollment of schools in undesirable neighborhoods; thankless
tasks to be carried out by some team members; donation of one’s own kidney). While much of
the matching theory literature assumes that money transfers are banned, our result suggests

that it is suboptimal to ban money transfers from matching markets.

9 Recall the indignant outcry expressed in the mass media when news broke that the locations of some
international games were chosen through bidding, or the negative media coverage on less developed countries

being paid to receive toxic, recycled materials.
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A Details in Theorem 1: Convexity of U

Pick any (W™, (W2)", € U. Thus, for some IC, IR and BB mechanisms (Q}, P")"_; and

(2 3 3

(Q?, P?)"_, we have, for each i = 1,...,n, each k = 1,2, and any t; € T},

)

Wi < Qi-“(m—ﬂii“), (43
P = P+ [ k) (e (44)
0 < HQHE) - PEL), (45)
PHE) = [ st t)dPe), (46)
0 < Y e[n) )

and QF € Qyon and WF a continuous function on 7T; for each k. Here (44) coupled with

QF € Qpon is equivalent to IC, (45) is equivalent to IR, (46) and (47) together mean BB.
For any 7 € [0, 1], define for each i

Qi = Qi +(1—7)Q},

pi = pi+(L—7)p;.
Then it follows from (46) that, for any ¢ and any t; € T;,

P =9P +(1-7)P}.

()

We shall show that (Q;, P;)!, satisfies IC, IR and BB. Immediately from the definition
of p; and (47), BB follows. IR is proved by combining together the definition of Q;, the
fact P, = yP! + (1 — v)P?, and (45) for both k = 1,2. To verify IC, first note that

2

YR + (1 — 7)Q* € Luon by convexity of Py (Appendix B.4). Second, by (44),

TP + (L= )PEE) = 2PME) + (1= )P + [ sd (@1 + (1= 1))

i ti € T; and any i. Hence (Q;, P;)!, is IC. Thus, (Q;, P;)!, satisfies IC, IR and
BB. Finally, plug Q; = vQ} + (1 —7)Q? and P, = vP! + (1 — ~)P? into (43) to obtain
Pi(t:)

t;

for any t;

VWi (t:) + (1= )W) < Qilts) —

for each 7 and any t; € T;. This coupled with continuity of YW! + (1 — ~)W? implies

(YW + (1 — W3, €U, as desired.

(]
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B Details in Theorem 2

B.1 Proof of Lemma 1

For any integrable function @); : T; — R and any well-ordered two-part function ¢; :=

(i1, i), use the definition of two-part operators and the fact Q; = Q — Q; to obtain
Qi il = / Qi (ti) i+ (ti)dF(t / Qi (ti)pi—(t:)dFi(t:)
= / Qi(t:) i (t:)dE; (L) +/ Qi (t:) (it (ti) — i (i) dFi(t:).
Ti Ti

On the second line, the first sum on the second line is linear in ();; and the second sum
concave in Q; because Q;(t;) — Q7 (t;) is a convex mapping and, because ;. — p; ~ < 0
a.e. on T; (p being well-ordered) and hence Qi (t;) (i (t;) — @i (t;)) is a concave function

of Q;(t;) for almost all ¢; in T;. Thus (Q; : ¢;| is concave in Q;.

B.2 Proof of Lemma 2

Denote t9 := 7(Q;). Since (Q;, P;) is IC, (5) implies

/Ti Pidp; = /T (tiQi(ti)—/:i Qi(S)ds—Ui(t?)> dpi(t;)
= /TitiQZ( dpi(t:) — U(t?) /dm // Ou()dsdy (1)

Decompose the last double integral to obtain

/| /t;ws)dsdui(m - / " [ sty / / Qilo)dsdi(ts)
_ / /t;?%)dsdﬂ,( b+ / [ Qus)dsntey
_ / / Qu(s)dps (t:)ds + /j / : Qus)dus(t:)ds
_ / t 0is) /ajdui(ti)ds+ /;:i Quls) / ) ds
- o) [ dmtgas+ | ot (/ (e = [ i) )

b;
= [ Qe e)s— [ epale)is

32



with the third equality due to Fubini’s theorem, the second last equality due to (21) and (22),
and the last equality due to (20). Plugging [ fto (8)dsdu;(t;) = —(Q; : p(p)] into the
equation of [, Pdy; displayed above, we get (23).

B.3 Proof of the Sufficiency of (24)

For each player i, denote t? := 7(Q;) (7 defined in (6)). For each player i, define

cz-:zt?czxt?)—/ai Qs n_IZ/ (1 - F5()) dQ;(s) (13)

and, for any (;,t_;) € T; x T_;, let the money transfer from i to others be equal to

pi(ti,t—;) =c + /t sdQ;(s Z/ sd@Q; (s (49)

Integrating p;(¢;,t_;) across t_; gives the envelope equation (5), which coupled with the mono-

tonicity hypothesis of Q; implies IC. The integration also implies U;(t?) = 0, hence IR follows.
To complete the proof, we prove BB: It suffices to prove (25), >, pi(t) = >, (Q; : Lfi + p(F})|
for all t € [], T;, for then BB follows from (24). Hence pick any t := (¢;)i-, € [ [, 7i- By (49),

ICED WED oY ARTIEEFE S 3 3Y ARCICES W3

i jFi
Thus, by (48),

>l = D?@@?)—Z/fsd@(s) n_lzz/ (1~ Ey(s))dQ, (5

i jF#AL

- ZtOQ () — Z/ sdQ; (s +Z/ (1= Fy(s)) dQi(s)
= Z (t?Qi(t?) - /a i 5dQi(s) +/abi s(1— Fi(s))in(5)> :

Calculate the two integrals in the last line through integration by parts and then combine

(/ Qils ds—/ Qils) (1 = Fi(s) — sfi(s)) d )
- (/Q (1— (1= Fy(s)— sfi(s ds—/Q (1= Fi(s) — sfi(s)) d )

= Z<Qiiﬂfi+P( E)I,

7

terms to obtain

Z pi(t)
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with the last line due to ¢ = 7(Q;), (6), (20) and the definition of p(F) (Egs. (21) and (21)).
That proves (25) and hence BB.

B.4 Convexity of 2,

Let v € [0,1] and Q,Q € Zyon. Since Q € Dyon, it is generated by a (¢ia, gip);—, with
>:qa() < 1 and >, ¢p(-) < 1 via (2), and Q; is weakly increasing for all i. Like-
wise, Q = (Q;), is generated by a (Gia, )i, with each Q; weakly increasing. Then
> (Yqia+ (1 =7)Gia) < 1and ), (vgiz + (1 — v)gip) < 1; furthermore, for each i, yQ; +
(1-— ')/)Qz satisfies (2) with respect to (ygia + (1 — ¥)@ia, g + (1 — ¥)dip), and is weakly
increasing because both @); and Ql are so. Thus <’7Qi +(1- fy)@z>n € Zon-

B.5 Proving the Claims in the Proof of Lemma 5

Lf; + p(F;) is well-ordered By (21) and (22)), p4(F;) < p_(F;). This, coupled with the
fact (If;), = (If;)_ = Lf;, implies If; + po (F;) < Ifi 4+ p_(F;). m

ay (If; + p(F;)) —p(A;) is well-ordered  Since (If;), = (If;)_ = 1f;, and a is a coefficient,
it suffices to show that a,p(F;) — p(A;) is well-ordered. To that end, let ¢; € T;. By (11),
(12), (21) and (22),

ax (p4(Fy)) (t:) — (p (M) ()

ax (=14 Fi(t:) — (=Ai(bs) + Ai(ts))
axFi(ti) — Ai(ti) — (ax — Ai(bi))
arFi(t;) — Ni(t;)

= ax(p-(F)) (ti) — (p—(A3)) (1),

IN

with the inequality due to (12). Thus, ayp(F;) — p(A;) is well-ordered, as desired. m

Proof of (31) Let Q:T; — R be weakly increasing. Denote t := 7(Q;) for any 7. Recall
the notation I for the identity mapping ¢; — t;, plug (21) and (22) into p(F'), and use (20)
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the definition of two-part operators to obtain
(@1t plF)| = / Qi adr ) — [ Qe (1 - i) d

Q DtdFi(t /Q

©) / Qi(t:) ,»(tz-)))+/zQi(ti)d(tiFi(tz’))

7

QU + / 41— R Q) - [ G

0
ti

—
=

v

QUL + 1

= QU +1 U Qi(ti)dF;(t;) — Q(t?)}

:tO/Q DdF(t

with the third and fourth equalities due to integration by parts, and the inequality due to Q);

being weakly increasing. m

B.6 Proofs of Lemmas 6 and 7

Since (38) has a nonnegativity constraint @) € 2., and (39) a nonpositivity constraint
Q € 2_, we need to modify Myerson’s [11, pp. 68-70] proof to prove these lemmas. For any

continuous function ¢ : [0,1] — R, denote the convex hull of ¢ by conv ¢, and define

(convy, p) (s) = mingo, 1} ¢ if s < inf (arg min,¢fo,1] ‘P(T>) (50)
L =
(conv @) (s) else,
min if s > sup (arg min, r
(convg @) (s) = [0.1] ¥ = Sup ( g elo,1) #( )) (51)

(conv ) (s) else.

For any integrable function ¢; : T; — R, H; (¢;) : [0, 1] — R is defined by (7) and continuous.
Hence convy, H; (Z; ) and convg H; (Z;_) are defined by (50) and (51). Each a convex

function, their derivatives are defined for almost every t; € T;, and weakly increasing on the
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set of these points:

Zoslt) = S ((convi H (Z,2)) (5) o (52)
Zoo(t) = - ((conva H.(Z,)) () i, (53)

Extend the definitions to all t; € T} to keep ?ZH— and ?i,— monotone.

Proof of Lemma 6 Recall that any (Q;)7, € 2 is generated by some ex post allocation

(Gia, ¢ip)l—; via (2). For any (gia, ¢;p)!, and any i, denote

¢i = gia — CGiB- (54)
Then (38) is equivalent to
max . Zz fT' fT_- qz(tz, t_Z)Zz’+(tz)dF_Z(t_Z)dE(tz) (55)
(@i)fs €I (e 1) T
.. ( Sy @it )dF- (1 z)) € D,
—c<X,a<1 on LT,
fT,i QZ(tza )dF_l Z 0 a.e. tl S T; Vi € {1, e ,n}. (56)

Pick any (¢;);, € & ((Zi1)-,). By the definition of & ((Z;+)",), (¢}, satisfies all
the constraints in (55). Let @; denote the marginal of ¢; for each 7. We claim that (¢;)",
solves (55).

To that end, denote G; := H;(Z; 1), GF

)

=convy Hi(Z; 4), T :=[[,T;, t == (t;)’~, and
F :=1], Fi. Given any (¢;)i~,, with (@Q;)i-, its marginal, the objective in (55) is equal to
| ZatZ) Z | (GE@) - 6 () dor
+ ) Qu(b) (Gil1) ZQ a;) (Gi(0) — GF(0))

by (52) the definition of ?Zﬁ and integration-by-part. Here the third sum is zero because
GE(1) = Gi(1) by definition of GF, (50), for all i. Thus the objective in (55) is equal to

2

/Z% (Z:4( Z/ - GJ (Fi(t) )= 2 Quler) (G:0) - GH(0))

J/

-~

:~I((‘11)i:1) :-J((Qi)?:ﬂ =:K((q¢)?:1)
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Note from (52) the definition of ?i,—i— that, for any ¢ and almost every t; € T;,

Nl

it (t;) =max {0, Z; 4 (;) } (57)

Thus, since (¢;);_, € & ((Zi 1)), (9) the definition of & ((Z;4)%,) implies

I((Gi)is) = 1 ((gi)iz1)

with the inequality strict if (¢;), & & ((Z;+),). By definition of GF, G; > G¥ on [0, 1];
by the monotonicity constraint in (55), @); and Ql are weakly increasing, and Ql by definition

is constant on any interval where G; > GF. Thus,

J((Gi)iz1) = 0 < J ((q4)iy) -

By (56), Q;(a;) > 0. If min arg min,cjo 1) (H;(Z;+)) (r) > 0, then Z; . < 0 on a neighborhood
of a;; since (¢;)1-, € & ((Z;+)",), that means ¢;(t;,-) = 0 on T_; for all ¢; sufficiently
near a;. Thus, with (g;)!, generating Q, we have Qi(ai) = 0. If, on the other hand,
min arg min, ¢ 1 (H;(Z;+)) (r) = 0, then by the definition of GF and (50), we have G;(0) =
GE(0). Thus, in either case,
K ((G)iz) < K ((g0)izn) -

It follows that T ((d)1) — 7 (G)1) — K (@) > T (@) — 7 ((@)0r) — K ((g))
with the inequality strict if (¢;)f-, & & ((Z;+)-,). That proves the lemma. m

Proof of Lemma 7 This is analogous to the proof of Lemma 6, where constraint (56) is

replaced here by

/ Gilts VAF <0 ae t; €T, Vie{l,....n}.
T

,—

Pick any (¢;);_, € « ((Z;-)i,). By the definition of & ((Z;-)%,), (cG;)i_, satisfies all
the constraints in the counterpart of (55). Let Q; denote the marginal of cg; for each i.
By the same token as the previous proof, (cg;)!,; solves the counterpart of (55): Denote
G; = Hi(Z;_) and GE := convg H;(Z;_). We need only to make the following changes
in the proof of Lemma 6: (i) >, Q;(a;) (G:(0) — GF(0)) = 0 because G;(0) = GF(0); (ii)
>, Qi(by) (Gi(1) — GE(1)) is maximized by @ because Q;(b;) = 0 when

max (arg minre[gjl]Hi(Zi’_)(r)) <1,
and G;(1) = G(1) when the inequality does not hold. m
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B.7 Proof of (41)

The following general observation on ironing (defined in (7) and (8)) implies (41).

Lemma 8 For any two integrable functions ¢ and ¢ defined on T;, if p > ¢ on T; then
sup{t € T; : p(t) < 0} <inf {t € T} : ¢(t) > 0} . (58)

Proof Note from (7) and (8)) that the left-hand side of (58) is equal to

nt (arginin (o) (R (0) )

teT;

and the right-hand side of (58) equal to

nt (argimip ((0)) (7 () ).

teT;

By (7), for any ¢’ > t the difference (H(y)) (Fi(t'))—(H(p)) (F;i(t)) = ftt/ ©(8)dF;(s) increases
when ¢ increases pointwise. Thus, with ¢ > ¢ on T, arg minger, (H(¢)) (F;(t)) is less than
arg minger, (H(¢)) (F;(t)) in strong-set order (Milgrom and Shannon [9]), implying (58). =

C Proof of Theorem 3

For each 4, let L?(T;) be the L*-space of measurable real functions defined on T}, endowed
with the measure corresponding to Fj. Note that L?*(T;) is a normed linear space. Endow
it with the weak topology.!? Denote B; for the closed ball in L?(T;) such that the radius
of B; is equal to max{c,1}. Endow L := [[;"; L*(T;) with the product topology whose
subspaces L?(T;) are all in the weak topology.

Lemma 9 2 C [, B;.

Proof Let @ € 2. Then Q = (Q;)!, such that, by (2), Q; is uniformly bounded within
[—c,1] for all ¢. Thus, with the compact domain T}, Q; € L*(T;); furthermore, ||Q;|s <

max{1, c} according to the probability measure F. Thus @; € B;, hence (Q;)7_; € [[.B;. =

Lemma 10 [[,B; is compact in L?.

10 Although 2 belongs to a normed linear space, topologizing 2 according to the norm cannot guarantee

compactness of any closed and bounded choice set (cf. Royden and Fitzpatrick [13, §13.3]).
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Proof For each i, L*(T}) is a Banach space; furthermore, L?(T;) is the dual of itself by the
Rieze representation theorem and the fact that the number 2 is its own conjugate. Thus, by
Kakutani’s theorem (Royden and Fitzpatrick [13, p301]), B; is compact in the weak topology

for each 7. Then compactness of [ [, B; follows from the Tychonoff product theorem. m
Lemma 11 2., is compact in L.

Proof Let ((Qf)?zl)z; be a sequence in Z,,o,. It suffices to extract an infinite subsequence
that converges to some element of 2., in the topology of L.
By Lemmas 9 and 10, ((Qf);;l)zozl has a subsequence ((Q¥)7_,)>°, that converges in

1

the topology of L. Since the latter is the product topology of L*(T})’s across i, each in weak
topology, (Qfl)?il converges in weak topology for each i € {1,...,n}.
Pick any ¢ € {1,...,n}. By the definition of Z,0n, Qfl is a weakly increasing function

kl)n

and bounded within [—c, 1] for all ¢ and all I. Thus, by Helley’s selection principle,'! (Q:")i,

has an infinite subsequence that converges pointwise to some @)} : 7; — R. This being true
for all i € {1,...,n}, we can extract an infinite subsequence, denoted by ((Q¥)7,)%°, with
superscripts relabeled, such that Q¥ —,. Q¥ pointwise on T; for all i.

Claim: (Q1)™; € Zmon. For each i, with the convergence QF —; QF pointwise,
obviously Qf is weakly increasing and bounded within [—¢, 1]. Thus it suffices the claim to
prove (QH)™, € 2, ie., that (QF), is generated by some ex post allocation via (2). To
that end, note from (Q¥)", € 2 that for each k € {1,2,...} there is a profile (¢¥,, ¢5)%,,
with ¢y, qip = [/ T3 — [0,1], 22, ¢fa () < 1 and 37, ¢p(-) < 1, that generates (QF)iL,
according to (2). For each ¢ let ((sI")!,).°_, be an enumeration of the points in [[};_, 7; with
rational coordinates. By the diagonal trick we can extract a subsequence ((qf;‘”, qu’)?:l)::l
of ((qu,qu)?zl)Zil such that (qfx):zl converges to some ¢;,, and (qu):zl to some ¢,
at (s")i, for all m = 1,2,.... Extend the domain of (¢f4,¢/5);_, to the rest of [[,7; by
@a(r) = infgm>, ¢4 (s™) and ¢/z(r) = infgm>, ¢i(s™) for all r € [[,7;. Obviously, ¢4
and ¢p are each a function [[,7; — [0,1], >, ¢f4(-) < 1, and >, ¢/5(-) < 1. For each
m=1,2,..., Eq. (2) implies

Q () :/T ‘qu('at—i)dF—i(t—z’) - C/ iy (- t)dF_(t_;)

- i

1 Kolmogorov and Fomin [6, p372].
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on T;. Now that (qu”, qu) —m (¢4, ¢/5) pointwise, the right-hand side of the above equation,
by the bounded convergence theorem, converges to

/ Qi) AP (i) — ¢ / 0o ) AF (1)

pointwise on T;. Meanwhile, Qfm —m QF pointwise, as already established. Thus, for each 7,

Qi) = / G )P (t_) — ¢ / 0o (o)A (1)

—1 —1

on T;. Consequently, (QF)!, € 2, which implies the claim (QF), € Zmon.

Thus, to complete the proof, we show that the subsequence ((Q¥)™,)$, converges, in
the topology of IL, to (Q})™,. It suffices to show that, for each bidder i, (Q¥)?°, converges
to Q7 in the weak topology of L?(T;). Thus consider any bounded linear functional W

on L?(T;). By Riesz’s representation theorem, the functional is the form of

‘I’(%) :/T%'wdFi

i

for some function ¢ € L*(T;). Since Q¥ — Q7 pointwise on T},

k—o00

lim ¥(QH) = tim | Qlvdr = /T lim QtydF, = /T Q;vdF.

This being true for any continuous linear functional ¥ on L*(T}), (QF)$2, converges to @} in
the weak topology of L(T;). Hence ((QF)™_,)$, converges, in the topology of L, to (QF)™,,

an element of 2,,,,. Thus 2., is compact in the topology of L. m

Lemma 12 For any i and any distribution p; on T;, Q; — (Q; : p(p)| is continuous on 2
in the topology of L.

Proof By (20), (Qi: p(p)l = [5, Q (s) ((p+(1)) (5)) ds — [, Qi (s) ((p—(13)) (s)) ds, and

Q7" and Q™ are each continuous in ). Thus it suffices to show continuity of

o o /% (o1 (1)) (5)) ds,
o /soz (1)) (5)) ds,

in the weak topology of L?(T;). By the definition of weak topology, it suffices to show that

both mappings are bounded linear functionals on L?(T}). With linearity obvious, we need
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only to show boundedness. To show that, note from (21) and (22) that

b)) ope()

minTi fl - fz o 07
0 < P=) Lfv:(bz') '
—  fi 7 ming f;

Hence

T fi

and likewise for p_(u;). Thus each is bounded on LP(T;), as desired. m

Mz‘(bz‘)/ i (bs)
T Til@! —- f||<p||

min T, Ji

Proof of Theorem 3 By Lemma 4, it suffices to prove that problem (27) admits a solution.
By Lemma 12, (Q; : p(F;)| and (Q; : p(A;)| are each a continuous function of @; in the
topology of L. Note that (Q; : If;| = fTi Qi(s)sfi(s)ds, clearly a continuous function of Q;
in the topology of L. Thus, >, (Q; : ax (If; + p(F;)) — p(A;)|, the objective in (27), is a
continuous function of the choice variable @) in the topology of L, and the constraint ) (Q); :
If; + p(F;)) > 0 defines a closed subset of 2 in the topology of L. Since 2,0, is compact in
the same topology (Lemma 11), the choice set of problem (27),

Q$0n = {(Ql)?zl € Qmon : Z <Ql : ]Ifl + p(E)’ Z O} ’
is compact in the topology of L. Since t; — 1/n (assigning the good for free randomly with
equal probability among the n players and assigning the bad to none) is contained in 2% _

the set is also nonempty. It then follows from the generalized Weierstrass extreme value

theorem that (27) admits a solution, as desired.

D Proofs of the Corollaries

D.1 Proof of Corollary 1

By hypothesis of this corollary, F; = F; and \; = A; for all players i and j. Thus, by (34)
and (35), the pair (Z; 4, Z; ) is identical across i. Hence Theorem 2 implies that Q; is
identical across 1.

First, we claim that @; > 0 on (b; — 6, b;] for all 7. To prove the claim, note from (34)
that Z; (b)) = (ax+v)b; > 0 for all <. Thus, by continuity, Z; y > 0 on (b; — 9, b;] for
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some ¢ > 0 for all 7. Then for each i, H;(Z; ;) is strictly increasing on (F;(b; — 9), 1]; thus,
since 1 is the maximum of the domain for H;(Z; ), its convex hull PAL(ZHF) is also strictly
increasing on (Fj(b; —§),1]. Tt follows that Z; , > 0 on (b; — 6, b;], hence Theorem 2.a implies
that @; > 0 on (b; — 9, b;].

Second, by the hypothesis that the bad is assigned with strictly positive probability
and the fact that @Q); is weakly increasing, ¢); < 0 on [a;, a; + €] for some € > 0 and all i.

The first and second observations combined, there exists z;,y; € (a;, b;) (Vi) such that

<0 if¢; e (aiaxi)
Qi(ti) =0 ift; e (%;yz)
>0 ift; € (yi, ).

Recall the notation U;(- | Q, P) from (4). By the envelope theorem, d%ﬁi(ti | Q, P) = Qi(t;)
for almost every t;, and Us(- | Q, P) is absolutely continuous. Thus, U;(- | Q, P) is strictly
decreasing on [a;, x;), constant on (z;,y;), and strictly increasing on (y;, b;]. Recall from (3)
and (4) that

Uit | Q.P) = 1Ot | Q. P)
for all t; € T;. Thus, U;(- | Q, P) is absolutely continuous on T;'? and, since t; > a; > 0,
Ui(- | Q, P) is strictly decreasing on [a;,y;). To complete the proof, we need only to show
that U;(- | @, P) is strictly increasing on (b; — 0, b;] for some 6 > 0. To that end, pick any

t; € (a;,b;) at which UZ( | @Q, P) is differentiable and note

Ll 1Q.P) = & (U”(“ o.r >> = (1@~ Ot Q. P)) =

dt; dt; t; (t:)

with the last equality due to (4). By the envelope equation (5), P; is continuous and weakly
increasing on 7;, hence limy 4y, P;(t;) = P;(b;) = maxy, P;. We claim that P;(b;) > 0, otherwise
by Theorem 2.b.iii we have P, = 0 on T}, which contradicts (5), as @); has been proved to be

12 Tt suffices to prove that U;(- | Q, P) is Lipschitz on T;: For any t;,t, € T;, with U; :== U;(- | Q, P),

= (1 (06 - 01e0) + 016 (- )

tt;

tlt (ti / Qi(s)ds + U (t:) (t: — t;>>

— (max{1,c} + 1) [t; — ],
a“

3

1 -
— (fi |t — ti mTax|Qi| + ’U(ti)

tht;

= <

|ti —t§|>‘

IN

with the last inequality due to —¢ < Q; < 1 and 0 < U; < b;. Hence U;(- | Q, P) is Lipschitz.

42



nonzero on positive-measure subsets of 7;. Now that P;(b;) > 0, limy,4y, P;(t;) = P;(b;) means
that P, > 0 on (b; — 0,b;] for some § > 0. Thus d%Ui(ti | @, P) > 0 at any differentiable
point ¢; in this interval. This, coupled with absolute continuity of U;(- | @, P), implies that

Ui(- | @, P) is strictly increasing on this interval, as desired.

D.2 Proof of Corollary 2

Theorems 1 and 2 combined, any interim Pareto optimal mechanism (@, P) satisfies (a) in
Theorem 2. That is, ) is generated by an ex post allocation (g;4,¢is)f-, such that, for

)

each 7, the marginal of ¢;4 is equal to Q;, and the marginal of cq;5, Q; . Since supp Q;” and

supp @Q; have no overlapped interior, for any interior point ¢; of supp Q;,

C/T iQiB(tia dF_; = Q; (t) =0

and hence, since ¢ > 0 by hypothesis, ¢;z(t;,-) = 0 a.e. on T_;. Since t; is interior to supp Q;"
if 0 < Qf(t;) = fT_, gia(t;,-)dF_;, which holds if g;4(¢;,-) > 0 on a positive-measure subset

of T_;, we have:
gia(t;,-) > 0 on a positive-measure subset of T_; = ¢;5(t;,-) = 0 a.e. on T_;.

Analogously, the above holds when the roles of A and B are switched. Thus, ¢;4¢;5 = 0 a.e.

on [[, Ty for all 7, i.e., the mechanism (@, P) satisfies assignment exclusivity, as desired.

D.3 Proof of Corollary 3

Lemma 13 For any solution Q) of (27), if Q; > 0 on (a;,b;] for any i, then > (Q; :
If; + p(F)| > 0.

Proof For any i, Q; > 0 on (a;,b;] means that 7(Q;) = a; (with 7(Q;) defined in (6)).
Then (31) implies

}:@hmﬁ+p@wpz@yMQE:Zf%mmE@»

7

We claim that ), fTi Q;(t;)dF;(t;) > 0. Otherwise, since ¢; > 0 for all i, Q; = 0 for all 4.
Consequently, the objective in (27) is equal to

> (0= ax (Ifi + p(F)) — p(A)] = 0.

i
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Thus, by Lemma 4, the social welfare Y, fTV Ui(- | Q, P)d\; = 0. But then @ is suboptimal
because assigning the good to any i for free, for whom \; > 0 on a positive-measure subset
of T; (such i exists because, by Theorem 1, \;’s are not identically zero), generates a positive

social welfare. Thus 37, [;. Qi(t;)dFi(t;) > 0, hence 35 (Q; : Ifi + p(F3)] > 0. m

Proof of Corollary 3 Let (Q;, P;)?; be any Pareto optimum specified by the hypothesis.
Then it is determined by (Z; 1, Z; ), (Theorem 2). By (34) and (35) and continuous
differentiability of f; at a;, and the definition of \; (= d\;/dF}), one can show, for each i,

that %ZH and %Z@, are continuous at a; and
1 £

d Ailai) | filai) vfi(ai)
——Ziy(a;) = 2 - — : — Ai(bs T
g, Zi+() (a+v) ===+ 2(a:) (n = Ai(bi) + ()
d )\/ a;
d—tiZL,(ai) = 2 (Oé)\ + I/) — %
Case (i): v = 0. Then, by (13), d%Z@,(ai) < 0 for any i, and #Zi*7+(ai*) < 0 for

the i, that maximizes A;(b;) among all i (so ay— Ay, (b;,) = 0). Thus, since £ Z; , and -7, _

i

are continuous at a;, both Z;, , and Z;, _ are strictly decreasing on [a;,,a;, + §) for some

0 > (0. Then H’L*(Zz
hulls affine, on [Fj, (a;,), Fi, (a;, +9)). Thus Z;, , and Z;, _ are constant on [a;,,a;, + ).

.+) and H; (Z;, ) by (7) are strictly concave, and hence their convex
Then Claims (a) of Theorem 2 implies that @);, is constant on this neighborhood.

Case (ii): v > 0. We claim that there exists some i for whom ); < 0 on a neighborhood
in 7;. Otherwise, the constraint ) .(Q; : If; + p(F;)| > 0 is non-binding (Lemma 13),
which coupled with the saddle point condition (30) implies that v = 0, contradiction. Now
that ¢); < 0 on a neighborhood in 7; for some i, it follows from monotonicity (IC) of Q;
that Q; < 0 on [a;, a; +n) for some 7 > 0. Then Theorem 2.a implies Z; ~ < 0 on [a;, a; +17).
By definition of ironing, if Z; _ is not constant on a neighborhood of a;, then Z; = = Z;
on that neighborhood and then Z; _ < 0 on that neighborhood, contradicting the fact that
Zi _(a;) = (ax +v)a; > 0 and that Z; _ is continuous. Thus, on a neighborhood of a;, 71',_

is constant, and hence so is @);.

E Possibility of Binding IC, IR and BB Constraint

The bisection method in Section 4.3.2 is needed to solve the Lagrange problem because its

objective ). (Q; : Z;f;| may be nonlinear in the choice variable Q). Clearly Y (Q; : Z;f;| is
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nonlinear if and only if (Z; 1) | # (Z;-);_,, which holds in general when A; is not identical
across all players . Even if A; is identical across all players ¢, (Z; 4+);_, # (Z;-);_, still holds
if v > 0, i.e., if the combined IC, IR and BB constraint, > . (Q; : Lf; + p(F;)| > 0, is binding.

Thus, consider the special case where for some constant /3
Then the objective in (27) becomes a linear functional on 2:

Z /T QiYidF, (60)

where, for any player ¢ and any t; € T;,

BEi(t:) — Ni(ti)
fi(t:)
Thus, had >, (Q; : If; + p(F;)| > 0 been relaxed, Problem (27) would become a linear

Yi(t:) == Bt; + (61)

programming of maximizing (60) among all @ € 2o, thus for any solution @Q* for (27),

((Q’f)+)?:1 would be the profile of marginals of an element of & ((Y;),) and ((Q})")

3 3

n
i=1
that of .o/ ((—?i)?zl). However, the next remark shows existence of parametric configura-

tions that satisfies (59) and yet the constraint ), (Q; : If; + p(F;)| > 0 is binding in every
solution for (27).

Remark 3 Let 0 < L < H such that In(H/L) > 11/6. Pick any m = 1,2,... large enough
for L<H—1/m < H. For any t € [L, H], let

o(t) :=1t3/3 — (H — 1/m)t* + (H — 1/m)*t +t/m*.

Consider a symmetric-player case where the common distribution F' is defined by

o(t) — o(L)

o(H) — ¢(L)

for all ¢ in its support [L, H]. Suppose further that A\; = 1 for all players i. Then (59) is
satisfied, and hence the objective in (27) becomes the linear form (60). By (12), (61), and
the parametric condition In(H/L) > 11/6, one can show (Appendix E.1):

F(t) =

Yi(H—-1/m) - —oc0 as m — oc. (62)

Should the constraint ), (Q; : If; + p(F;)| > 0 be non-binding at a solution Q* for (27), Q@*
would be the concatenation of the allocation by the rank of (?i)?zl and the allocation by
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the rank of (—71»):;1. By (62), for all sufficiently large m, Y; < 0 on [L, H —1/m) and hence
Qf <0on [L,H —1/m) for all i. This, coupled with the fact that I+ p, (F;)/f; < b;=H
and I+ p_(F;)/fi > a; = L for all i (due to (21 and (22)), implies that

S @)l < Y [ e, Qiear) - 13 [ mexo, Qi)

< H(l—F(H-1/m)")—Le(1—(1—F(H —1/m))"),

which is negative for all sufficiently large m, contradiction.

E.1 Proof of (62)

Denote A := ¢(H) — ¢(L). Note that the density function is, for all ¢ € [L, H],

£ = (6= (H = 1/m)? +1/m").

By the identical distribution and the definition of A; in (12), for all 4, A;(b;) = ) such that

ay, = ( —L*—2(H —1/m)(H—L)—|—((H—1/m)2—|—1/m4)ln(H/L))

_ Y o (3g_1

N (H In(H/L)— (H — L) (2H 2L +O(1/m)

1
> Z *(In(H/L) — 3/2) + O(1/m),
with the inequality due to H > L. Plug into this the definitions of A to obtain
1 H?(In(H/L) — 3/2 1
oy — - (In(H/L) —3/2) _ L oa/m)

H—1/m (H*—[%)/3— H(H?>— L?)+ H2(H - L) H
H?(In(H/L) - 3/2) 1

— =13 —E—i—O(l/m)
(3 (n(H/L) ~8/2) 1) + O(1/m)
> O(1/m), (63

with the last line due to In(H/L) > 11/6. By definitions of G' and «,
H-1/m 1 H 1
GH —1/m)—aF(H—-1/m) = / —dF(s)—F(H—l/m)/ —dF(s)
s $
L . L i
F(H) — F(H — 1/m)) / LdF(s) - / Lar(s)
L

(
H-1/m S
> (F(H) = F(H —1/m)) (ax —1/(H = 1/m))
> O(1/m®)0(1/m)
— O(1/m?),
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with the second last line due to Taylor’s formula and (63). Plug the above-derived inequality
and the fact f(H —1/m) = 1/(Am*) = 0o(1/m?) into the definition of Y; to obtain

O(1/m?) 1
Y,(H -1 = H-1 — | =- m —00.
= m) = ol =1 = o sy | =~ [ortpmy| =
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