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Abstract

We present a general framework for studying regularized estimators; such estima-
tors are pervasive in estimation problems wherein “plug-in” type estimators are either
ill-defined or ill-behaved. Within this framework, we derive, under primitive condi-
tions, consistency and a generalization of the property of asymptotic linearity. We also
provide data-driven methods for choosing tuning parameters that, under some condi-
tions, achieve the aforementioned properties. We illustrate the scope of our approach
by studying a wide range of applications, revisiting known results and deriving new

ones.
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1 Introduction

Most of econometrics and statistics is concerned with estimation or constructing inferential
procedures like tests or confidence regions for some parameter of interest and relying on
large sample theory for studying their properties. In general, one can think of a parameter
as a mapping, v, from the probability distribution generating the data, P, to some param-
eter space, which could be of finite or infinite dimension depending on the application. A
common method for estimating this parameter is to replace the unknown distribution P by
an estimator of it like the empirical distribution of the data. This estimation technique is
commonly known as “plug-in” estimation and encompasses many popular estimators like
OLS, MLE, GMM and the Bootstrap, among others.

The complexity of modern datasets — especially since the advent of the so-called “big
data revolution” — forces researchers to write more complex models (such as semi-/non-
parametric models and high-dimensional models) to describe these datasets and to try to
estimate more complex parameter of interest, e.g., a whole function like a density or a
regression function or a high-dimensional vector. Unfortunately, in these cases it was noted
as early as Stein [1956] that the mapping ¢ defining the parameter of interest is typically
ill-behaved or even ill-defined when evaluated at the empirical distribution. The widespread
solution in these cases is to regularize the problem.

Regularization procedures are ubiquitous in economics and elsewhere. Examples of these

include kernel-based estimators; series-based estimators and penalization-based estimators



among many others.! Even though there has been an enormous amount of work in econo-
metrics and other sciences studying the properties of these procedures, they are viewed, by
and large, as separate and unrelated. In particular, results like consistency or large sample
distribution theory, when they exists, they have only been derived in a case-by-case basis;
to our knowledge, there is no general theory or systematic approach. The goal of this paper
is to fill this gap by providing the basis for an unifying large sample theory for regularized
estimators that will allow us to make systematic progress in studying their large sample
properties.

Our point of departure is the general conceptual framework put forward by Bickel and
Li (Bickel and Li [2006]), wherein the authors propose a general definition of regularization.
According to their definition, a regularizing procedure can be viewed sequence of param-
eter mappings, ()52, that replaces the original parameter mapping, v, each element is
well-behaved, and its limit coincides with the original mapping. The index of this sequence
(denoted by k) represents what is often referred as the tuning (or regularization) parameter;
e.g. it is the (inverse of the) bandwidth for kernels, the number of terms in a series expan-
sion, or the (inverse of the) scale parameter in penalizations. We complement Bickel and
Li’s analysis, first, by providing additional examples, ranging from density estimation, boot-
strapping parameters at the boundary and non-parametric IV regression. Second, and more
importantly, we provide two set of general theorems that establish large sample properties
for regularized estimators. One set of results establishes consistency and rate of convergence,
and a data-driven method for choosing the tuning parameter that achieves these rates. An-
other set of results provide foundations for large sample distribution theory by deriving a
generalization of the classical asymptotic linearity property.

Our approach to obtain consistency and convergence rate results is akin to the one used
in the standard large sample theory for “plug-in” estimators, in the sense that it relies on
continuity of the mapping used for estimation (see Wolfowitz [1957], Donoho and Liu [1991]).
The key difference is that in plug-in estimation this mapping is ¢, but for regularized esti-
mators the natural mapping is the (sequence of) regularized parameter mappings, (¢Vx)52;
this difference — in particular, the fact that we have a sequence of mappings — introduces
nuances that are not present in the standard “plug-in” estimation case. We show that the
key component of the convergence rate is the modulus of continuity of the regularized map-
ping, which, typically, will deteriorate as one moves further into the sequence of regularized

mappings, thus yielding a generalized version of the well-known “noise-bias” trade-off. While

IExamples of regularizations are so ubiquitous that providing a thorough review is outside the scope of
the paper; see e.g. Bickel and Li [2006], Biihlmann and Van De Geer [2011], Hardle and Linton [1994] and
Chen [2007] for excellent reviews of several regularization methods.



this result, by itself, does not constitute a big leap from Bickel and Li’s framework, we use
the underlying insights to propose a data-driven method to choose the tuning parameter
that under some conditions yields convergence rates proportional to the “oracle” ones, i.e.,
those implied by the choice that balances the “noise-bias” trade-off. This method is an
extension of the Lepski method as presented in Pereverzev and Schock [2006] for ill-posed
inverse problems.?

Our second set of results are concerned with obtaining a type of asymptotic linear repre-
sentation for regularized estimators. The property of asymptotic linearity is well-known in
the literature and is the cornerstone of large sample distribution theory. This property states
that the estimator, once centered at the true parameter, is equal to a sample average of a
mean zero function — referred as the influence function — plus an asymptotically negligible
term.

In parametric models, asymptotic linearity is typically satisfied by commonly used esti-
mators like the “plug-in” estimator. In more complex settings such semi-/non-parametric
models, however, this is not longer true. In such cases, there are no estimators satisfying this
property, because, for instance, the efficiency bound of the parameter of interest is infinite,
or more generally, the parameter is not root-n estimable. For these situations, asymptotic
representations analogous to asymptotic linearity have been obtained in specific examples for
specific regularizations, but, to our knowledge, there is no general approach. This is specially
problematic as there is no systematic method for properly standardizing the estimator in
situations where the parameter is not root-n estimable.?

Our goal is to propose a systematic approach. For doing so, we introduce a generaliza-
tion of asymptotic linearity that relaxes certain features of the standard property but still
provides a useful asymptotic characterization of the estimator. The new property, which
we call Generalized Asymptotic Linearity (GAL for short), relaxes the standard one in two
dimensions: It allows for the location term to be different from the true parameter, and it

allows for this centering and the influence function to vary with the sample size. Each of

2Similar versions has been used in several particular applications. Closest to our examples are the work: by
Pouzo [2015] for regularized M-estimators; by Chen and Christensen [2015] in non-parametric IV regressions;
by Gine and Nickl [2008] for estimation of the integrated square density; by Gaillac and Gautier [2019] in a
random coefficient model; by Lepski and Spokoiny [1997] for estimation of a function at a point.

3For density and regression estimation problems there is a large literature, especially for particular func-
tionals like evaluation at a point; e.g. see Eggermont and LaRiccia [2001] Vol T and II for references and
results. In more general contexts such as M-estimation and GMM-based models, to our knowledge, the lit-
erature is much more sparse with only a few papers allowing for slower than root-n parameters in particular
settings. Closest to ours are the papers by Chen and Liao [2014] in the context of M-estimation models with
series/sieve-based estimators; Newey [1994] in a two-stage moment model using kernel-based estimators;
Chen and Pouzo [2015] in conditional moment models with sieve-based estimators; Cattaneo and Farrell
[2013] in partitioning estimators of the conditional expectation function and its derivatives.



these relaxations attempts to capture different nuances that commonly arise in the scattered
set of existing results in the literature. Our results, which we now describe, will shed more
light on the role and necessity of each.

We provide sufficient conditions for regularized estimators to satisfy GAL. Analogously
to the theory of asymptotic linearity for plug-in estimators, our results rely on a notion
of differentiability, but contrary to plug-in estimators, it relies on differentiability of each
element in the sequence of regularized mappings, ()%, not on differentiability of the
original mapping 1.

As a consequence of this approach, GAL for regularized estimators exhibits two simplified
features. First, the location term is given by 1, (P) which can be interpreted as a psuedo-true
parameter. The second simplified feature concerns the influence function and its dependence
on the sample size. As in the location term, the dependence on the sample size of the
influence function arises only through the dependence of the tuning parameter, k, on the
sample size. Thus, the relevant object is a sequence of influence functions, each related to
the derivative of the elements in (¢;)%2;. We view this quantity as the natural departure
from the traditional influence function as it is the sequence of regularized mappings, (¢¥x)52,
an not the original mapping, v, the one used for constructing the estimator.

This last feature allows us to propose a natural and systematic way of standardizing the
estimator regardless of whether root-n consistency holds. To explain this, we first note that
in situations where asymptotic linearity holds, the proper standardization is given by square
root of the sample size divided by the standard error of the value of the influence function.
Under GAL the standarization of the regularized estimators turns out to be analogous except
that in this case the influence function is indexed by the tuning parameter which at the same
time depends on the sample size. Whether the standardization is root-n or slower depends
on the behavior of the standard error of the value influence function as we move further into
the sequence of regularized mappings (i.e., as k diverges).

The GAL property is established in cases where the parameter is of finite as well as
of infinite dimension. While the former case is the prevalent one in most semi-parametric
models, we show that the latter case is still of interest since it can be used as the basis for

the construction of confidence bands for unknown functions.

Notation. Throughout, for IID data we use P to denote a probability measure over
(Z1, Zs,...) when Z; ~ P; we will typically used P to denote probability statements of P,
i.e., op instead of op and so on. The term “wpal-P” is short for with probability approaching
1 under P, so for a generic sequence of IID random variables (Z,,),, with Z, ~ P, the phrase

“Z, € A wpal-P” formally means P(Z, ¢ A) = o(1). For a real-valued sequence (x,)n,



, T a € RU {oo} means that the sequence is non-decreasing and its limit is a; z, | a is
defined analogously. For any random variables (X,Y’) we use px and pxy to denote the pdf
(w.r.t. Lebesgue) corresponding to X and X, Y resp. For any linear normed spaces (A, ||.||4)
and (B, ||.||s), let A* be the dual of A, and for any continuous, homogeneous of degree 1
function f : (A, |[.[[a) = (B,[.llz), ||fll« = subuea. |jaj4z1 [ f(@)||5. For a Euclidean set
S, we use LP(S) to denotes the set of LP functions with respect to Lebesgue. For any
other measure p, we use LP(S,pu) or LP(u). The norm |[|.|| denotes the Euclidean norm
and when applied to matrices it corresponds to the operator norm. For any matrix A, let
emin(A) denote the minimal eigenvalue. The symbol = denotes less or equal up to universal

constants; - is defined analogously.

2 Examples

In this section we present several canonical examples which will be studied throughout the
paper. We start, however, by presenting a classical example — density estimation at a point

— so as to motivate and illustrate our results.

Example 2.1 (Density Evaluation). The parameter of interest is the density function eval-
uated at a point, which can be formally viewed as a mapping from the space of probability
distributions to R, given by P +— t¢(P) = p(0), where p denotes the pdf of P. This mapping
is only defined over the class of probabilities that admit a continuous pdf; since the empirical
probability distribution, P,, does not belong to this class one cannot implement the stan-
dard “plug-in” estimator ¢ (P,). To circumvent this shortcoming, the parameter mapping is
replaced by the following sequence
P s 0 (P) = (5 % P)(0) = / o (2) P(dz), Wk € N

R
where ri(-) = kr(k-), k is uniformly bounded, smooth, symmetric at 0 pdf; 1/k acts as

the bandwith of the kernel estimator. Intuitively, for any fixed k, v evaluated at P, is
well-defined and well-behaved, given by n=t>"" | £, (Z;); and as k diverges, (kg x P)(0) will
approximate p(0). That is, (¢ )ren regularizes the parameter ¢. In Section 3 we provide a
general definition of regularization that encompasses this case and many others and provides
a conceptual framework to derive general asymptotic results.

CONSISTENCY. One such asymptotic result is consistency of the estimator, for some
diverging sequence (k(n)),en. In this case, it is easy to see that it follows from ensuring that
both the “sampling error” |¢y)(F) — Yrm) (P)| and the “approximation error” |ty (P) —

1 (P)| vanish. While the convergence of the latter term follows directly from the construction



of the regularization provided that k(n) — oo, convergence of the sampling error is more
delicate. The main challenge stems from the fact that even though P, is expected to converge
to P as n diverges, the modulus of continuity of kj increases as k = k(n) diverges. The
desired result follows by having a good estimate of the modulus of continuity of the mapping
of kr — 1y in general — as a function of k. In Section 4.1 we apply these ideas to postulate
sufficient conditions for consistency and convergence rates for general regularizations.

For this example there are many ways of choosing the tuning parameter adaptively in a
data-driven way (e.g. Hérdle and Linton [1994] and reference therein). In order to obtain
optimal (or close to optimal) rates of convergence, the choice has to balance the approxima-
tion and the sampling errors (or bounds for them); see Birge and Massart [1998]. In Section
4.1 we present a data-driven way for choosing the tuning parameter inspired in the Lepski
Method (e.g. Pereverzev and Schock [2006]) that achieves this balance and can be applied
to a large class of regularizations.

ASYMPTOTIC LINEARITY. It is well-known that the parameter is not root-n estimable

and thus there are no estimator is asymptotic linear. The following representation, however,
does hold:

n

U(Pa) = i(P) =n~" Y {ri(Z:) — Eplm(2)]}
i=1

which can be viewed as a generalization of asymptotic linearity in which the estimator ¥ (P,)
is centered at ¥y, (P) = [ ki(2)p(z)dz instead of ¢)(P) = p(0). Moreover, by drawing an anal-
ogy with the standard approach for root-n estimable parameters (see Hampel et al. [2011],
Bickel et al. [1998], Newey [1990]), for each k, the term in the curly brackets can be thought
as an influence function. This term plays a crucial role on determining the asymptotic dis-
tribution of the estimator and on determining the proper way of standarizing it. For general
regularized estimators, exact representations of this form are not always possible; however,
in Section 5.2 we identify a class of regularizations — satisfying a certain differentiability no-
tion (see Definition 5.2) — that admit, asymptotically, an analogous representation, with the
influence function being a function of the derivative of the regularization; such representation
can be viewed as a generalization of the asymptotic linearity.

It is well-known that the scaling is given by y/nk, which is slower (for some k, that
diverges with n) than the “standard” y/n. The /k, correction arises because it is the
correct order of the influence function, i.e., \/Varp (n=123" {k, (Z;) — Epltx, (2)]}) =
VVarp (k,(Z)) < vk,. Our results extend this simple observation to a large class of

regularizations, thereby providing a canonical way for “standarizing” the estimator: By

using /n divided the standard deviation of the influence function, which it depends on n



through the tuning parameter.

It is worth to point out that the feature of slower than root-n convergence rate is pervasive
and it is shared by many regularized parameters, especially in semi-/non-parametric models.
Our method can thus be viewed as extending the standard approach for root-n estimable
parameters to a larger class of problems.

Our method, however, introduces a trade-off in which one would like for the choice of
tuning parameter to ensure (generalized) asymptotic linearity, while also ensuring that the
approximation error is small relative to the variability of the influence function. In Section
5.5 we present a general formalization of this trade-off and use the data-driven method
discussed above to tackle it.

The result in Theorem 5.2 below focus on asymptotic linear representations for finite
dimensional parameters; e.g. vector-valued functionals of the density. Even though this rep-
resentation is enough to cover this example and many others, in other instances the parameter
of interest can be infinite dimensional. For instance, one could be interested on the asymp-
totic behavior of sup, |(krxP)(2) —p(z))/op(2)| for some op > 0 (e.g. Bickel and Rosenblatt
[1973]). To cover this case, the results in Theorem 5.2 must be extended since they rely on
approximations that are valid pointwise on z, not uniformly. In Section 5.6 we extend our
results to cover such cases, and, by using insights from dual spaces, show how the results

can be used as the basis for constructing confidence bands for functions. A

We now provide additional examples that will be developed throughout the paper. These
examples further illustrate the scope of our approach and additional nuances of the type of

problems we can study.

Example 2.2 (Integrated Square Density). Consider a similar setup as in example 2.1, but

now the parameter of interest in this case is given by

P—y(P)= /p(:z)zdx.
This mapping is well-defined over probabilities with density in L*(R), but not when evalu-
ated at the empirical probability distribution, P,, since P, does not have a density; it needs
to be regularized. Bickel and Ritov [1990] showed that even though the efficiency bound
is finite, no estimator converges at root-n rate; thereby illustrating that in some circum-
stances studying the local shape of 1 can be quite misleading. Our approach does not suffer
from this criticism since it directly captures the (local) behavior of the estimator at hand.
Our approach is also general enough to encompass many of the proposed estimators in the
literature, including “leave-one-out” types.
We believe our method complements the literature (e.g. Bickel and Ritov [1990], Bickel and Ritov



[1988], Hall and Marron [1987] and Gine and Nickl [2008]) by providing a unifying frame-
work that, among other things, allow us to better understand how certain aspects of the
model /regularization affect the behavior of the estimator’s convergence rate. Also, from a
technical standpoint, this example illustrates how our method handles non-linear parameter

mappings. A

Example 2.3 (Non-Parametric IV Regression (NPIV)). Consider the Non-Parametric IV
Regression model characterized by

EY —h(W) | X] =0, (1)
where h is such that E[|[h(W)[*] < oo, Y is the outcome variable, W is the endogenous
regressor and X is the IV. It is well-known that the problem needs to be regularized;
see Darolles et al. [2011], Hall and Horowitz [2005], Ai and Chen [2003], Newey and Powell
[2003], Florens [2003] among others. We show how our method encompasses commonly used
regularizations schemes such as sieves-based and penalized-based ones.

We focus on the case where the parameter of interest is a linear functional of h. For
each regularization scheme, we derive the influence function of the regularization and show
how its standard deviation can be used to appropriately scale the estimator to obtain a
generalized asymptotic linear representation regardless of whether the parameter is root-n
estimable or not. This last result, illustrates how our method can be used to generalize the
approach proposed in Chen and Pouzo [2015] to general regularizations. As a by-product, we
extend the results in Ackerberg et al. [2014] and link the influence function of the sieve-based

regularization to simpler, fully parametric, misspecified GMM models. A

The next example is not really an example, it is rather a canonical estimation technique.

It illustrates how our high level conditions translates to a particular estimation technique.

Example 2.4 (Regularized M-Estimators). Given some model M, the parameter mapping

is defined as
W(P) = arg:géiélEp[qb(Z, 0)], VP € M,

where © and ¢ : {1 x © — R, are primitives of the problem and are such that the argmin
is non-empty for any P € M. Many models of interest fit in this framework: High-
dimensional linear and quantile regressions, non-parametric regression and likelihood-based
models among others. In all of these cases, 1(FP,) is ill-defined or ill-behaved so it needs to
be regularized.

We show how our results provide a general way of scaling the regularized estimator —

even if the parameter is not root-n estimable —, and how they can be employed to get



new limit theorems for confidence bands for general M-estimators, as well as a data-driven

method to choose the tuning parameter. A

3 Setup

Let Q C RY, and let w = (21, 20, ...) € @ = Q> denote a sequence of i.i.d. data drawn from
some P € P(Q) C ca(f)), where P(2) is the set of Borel probability measures over {2 and
ca(£?) is the space of signed Borel measures of finite variation. For each P € P(€), let P be
the induced probability over . A model is defined as a subset of P(2); and it will typically
be denoted as M.

Remark 3.1. Since we only consider IID random variables, it is enough to define a model
as a family of probabilities over marginal probabilities. For richer data structures, one would
have to define the model as a family of probabilities over (Z;, Z5,...). See Appendix A.2 for

a discussion about how to extend our results to general stationary models. A

A parameter on model M is a mapping ¢ : M — O with (0, ||.||e) being a normed
space.*

For the results in this paper, we need to endow M with some topology. For the results
in Section 4.1 it suffices to work with a distance, d, under which the empirical distribution
(defined below) converges to P. For the results in Section 5 and beyond, however, it is
convenient to have more structure on the distance function, and thus, we work with a

distance of the form

[ rerae) - [ 1)

where S is some class of Borel measurable and uniformly bounded functions (bounded by

[|P — Ql|s = sup
fes

one). For instance, the total variation norm can be viewed as taking S as the class of
indicator functions over Borel sets, and its denoted directly as ||.||7v; the weak topology
over P(£2) is metrized by taking S = LB — the space of bounded Lipschitz functions —
and its norm is denoted directly as ||.||p; see van der Vaart and Wellner [1996] for a more

thorough discussion.

3.1 Regularization

Let D C P(£2) be the set of all discretely supported probability distributions. Let P,(w) € D
be the empirical distribution, where P,(w)(A) = n~! > "  H{w: Z;(w) € A} for any

41f the mapping does not point-identified an element of O, i.e., 1 is one-to-many, our results go through
with minimal changes that account for the fact that ¢(P) is a set in ©.

10



A C R?Borel.® Asillustrated by our examples, in many situations — especially in non- /semi-
parametric models — the parameter mapping might be either ill-defined (e.g., if P, ¢ M)
or ill-behaved when evaluated at the empirical distribution P,, so it has to be regularized.
The following definition of regularization is based on the first part of the definition in
Bickel and Li [2006] p. 7. To state it, we define a tuning set as any subset of R, that is

unbounded from above.

Definition 3.1. Given a model M, a reqularization of the parameter mapping v is a sequence
¥ = (U )kex such that K is a tuning set and

1. For any k € K, ¢, : Dy, C ca(2) = © where Dy, O M UD.
2. For any P € M, limy_, ||k (P) — ¢¥(P)|le = 0.

Condition 1 ensures that 1, (P,) is well-defined and that it is a singleton for all £ € K.
Condition 2 ensures that, in the limit, the regularization approximates the original parameter
mapping; the limit is warranted as the tuning set K is unbounded from above. In many
applications the tuning set is given by N but there are applications such as kernel-based
estimators, where it is more natural to use a (unbounded) subset of R, .

For each k € K, the implied estimator is given by 1 (P,) which — like the “plug-in”
estimator — is permutation invariant. While, this restriction still encompasses a wide array
of commonly used methods, it does rule out some estimation methods, notably those that rely
on non-trivial sample-splitting procedures. We briefly discuss how to extend our framework
to these cases in Appendix A.1.

Conditions 1 and 2 are not enough to obtain “nice” asymptotic properties of the regu-
larized estimator such as consistency and asymptotic normality. In analogy to the standard
asymptotic theory for “plug-in” estimators, these properties will be obtained by essentially

imposing different degrees of smoothness on the regularization.

3.2 Examples (cont.)

The following examples illustrate that the Definition 3.1 encompasses a wide array of com-

monly used methods.

Example 3.1 (Integrated Square Density (cont.)). In this case © = R. For a fix, m € {0,1},
C € L*(R) and ¢ > 0, the model, M, is given by all the probabilities, P, with a continuous

For each i = 1,2, ..., Z;(w) is understood as the i — th component of w; we will typically omit w from
the notation.

11



Lebesgue density, p, such that p € L>(R) and

Ip™ (z 4+ t) — p™(x)] < C(2)|t]?, Vt,x € R, (2)
where p™ denotes the m-th derivative of p with p(®) = p: this last restriction is commonly
used in the literature, e.g. Bickel and Ritov [1988], Hall and Marron [1987] and Powell et al.
[1989].

We consider a class of regularizations given by
P s d(P) = / (k% P)(2) P(dx), Yk € K, 3)

where k € L*(R) is symmetric at 0, continuously differentiable over R \ {0} with bounded
derivatives, and satisfies [ k(u)du =1 and [ |k(u)||u|™ 2du < oo, and t — ki (t) = kr(kt).
Thus, 1/k acts as the bandwith for each k& € K which is a tuning set in R, \ {0}.
Depending on the form of k this regularization encompasses many estimators proposed
in the literature. For instance, for kK = p + A(p — p x p) with some A € R and some pdf p,

symmetric at 0 and smooth, it follows that for any h > 0,°
1. For A = 0, the implied estimator is n™' Y1 | p(Z;), with z — pu(2) = =31 p((Z; —
2. For A = —1, the implied estimator is [(pn(2))*dz.

3. For A = 1, the implied estimator is [(pn(2))%dz + 2(n~' >0, pu(Zi) — [(pn(2))?dz).

The first two estimators are standard; the third estimator is inspired by the one considered
in Newey et al. [2004]. The main difference between 1-2 and 3 is that in the latter the kernel
K is a twicing kernel; i.e., k is of the form k = —px p + 2p (cf. Newey et al. [2004]).
Moreover, the formalization 3 captures commonly used “leave-one-out” estimators by
simply imposing x(0) = 0. For instance, the “leave-one-out” versions of the estimators 1-3

are given by
. For A = 0, the implied estimator is n=2>7 .. h='p((Zi — Z;)/h).
2. For A = —1, the implied estimator is n=> ", b= (p* p)((Z; — Z;) /]).

3’. For A = 1, the implied estimator is [(p(2))*dz +2(n* Y1, pn(Zi) — [(Pn(2))?dz) +
[(h=1p(z/h))2dz—2h~1p(0/h)

n .

The estimator in 1’ is essentially the one considered by Gine and Nickl [2008] (see also

Powell and Stoker [1996]);the estimators in 2’-3" are, to the best of our knowledge, new,

SDetails of the claims 1-3 — and 1°-3’ below — are shown in the Appendix B.

12



although the estimator in 3’ is closely related to the one considered in Bickel and Ritov
[1988].
Condition 1 in Definition 3.1 holds since we can set Dy = ca(R); Condition 2 follows

from the next proposition, which establishes a bound for the approximation error.

Proposition 3.1. For any k£ € K and any P € M,
[k (P) = $(P)] < k=" OB [[U1™ ] x ||C]] 11
In the particular case that s is a twicing kernel, it follows

[0 (P) = (P)] < k=20 (B [|U™])* (| C| 13-
Proof. See Appendix B. O

This proposition reflects the fact that twicing kernel yields better bounds for the approx-
imation error (cf. Newey et al. [2004]). As we discuss in Section 5.5, whether the kernel is
twicing and whether x = 0 has important implications for the asymptotic behavior of the

estimator. A

Example 3.2 (NPIV (cont.)). For a given subspace of L?([0,1],pw ), ©, the model M is
defined as the class of probabilities over Z = (Y, W, X) € R x [0, 1]> with pdf with respect
to Lebesgue, p, such that:” (1) px = pw = U(0,1), E[|Y]?] < oo and ||pxw||z~ < 00;
and (2) there exists a unique h € © that satisfies 1. The restriction (1) can be relaxed
and is made for simplicity so we can focus on the objects of interest that are h and P; it
implies that L*([0, 1], px) = L*([0, 1], pw) = L*([0, 1]) which simplifies the derivations.® The
restriction (2) is what defines an IV non-parametric model. It implies that for any P € M,
rp(c) = [yPyrx(dy,-) is Well—deﬁned and belongs to the range of the operator Tp : © C
Lz([O, 1]) = L*([0,1]) given by Tp[h](-) = [ h(w)pwx(w,-)dw for any h € L*([0,1]).° Thus,
for any P € M, 9(P) is the (umque) solutlon of rp = Tplh).

To illustrate our method, we consider the estimation of a linear functional of ¢(P) of the
form v(P) = [ w(w)y(P)(w)dw for some m € L*([0,1]), which by the Riesz representation

theorem covers any linear bounded functional on L?([0, 1]).

"This restriction is mild and can be changed to accommodate discrete variables simply by requiring pdf’s
with respect to the counting measure.

8To restrict the support to [0,1] is common in the literature (e.g. Hall and Horowitz [2005]). At this
level of generality, one can always re-define h as h o FI;,I so that pyw = U(0, 1); of course this will affect the
smoothness properties of h. The restriction px = U(0, 1) is really about px being known, since in that case,
one can always take F'x(X) as the 1nstrument

9 Alternatively, we can define Tp[h = [ h(w)p(w|X)dw and rp(X) = [ yp(y|X)dy. Depending on the
type of the regularization one has at hand it is more convenient to use one or the other.
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It is well-known that the estimation problem needs to be regularized. First, we need to
regularize the “first stage parameters” — the operator Tp and rp;second, given the regular-
ization of Tp and rp, the inverse problem for finding ¢ (P) typically needs to be regularized;
e.g. when Tp is compact or when 1(P) is not a singleton.

By setting K = N, the regularization of the “first stage” is given by a sequence of
mappings (T p, 7x.p)ken such that, for any k € N, T}, p : © — L*([0,1]) and r p € L*([0, 1]).
The “second stage” regularization is summarized by an operator Ry p : L*([0,1]) — L*([0,1])
for which

Ur(P) = R p[T; plrr.pll, VP € lin(M UD). (4)
We assume that the regularization structure (7, p, 7% p, R p)ken is such that: (1) limy_, ||Rk,p[T,;‘7P[g]] -
(TpTp) ' Thlgll| 2oy = 0 pointwise over g € L*([0,1]); (2) limg_oo [| Ry, [T} plrr,p —
7p))||z2(01) = 0. We relegate a more thorough discussion and particular examples of the
regularization to Appendix B.1. For now, it suffices to note that the first stage regularization
encompasses commonly used regularizations such as the Kernel-based (e.g., Darolles et al.
[2011], Hall and Horowitz [2005]) and the Series-Based (e.g., Ai and Chen [2003] and Newey and Powell
[2003]) regularizations, and the second stage regularization encompasses commonly used reg-
ularizations such as Tikhonov-/Penalization-based regularization (e.g., Darolles et al. [2011]
and Hall and Horowitz [2005]) and Series-based regularization (e.g., Ai and Chen [2003] and
Newey and Powell [2003]). For these combinations, conditions (1)-(2) haven been verified,
under primitive conditions, in the literature; e.g. see Engl et al. [1996] Ch. 3-4.

It is easy to see that under conditions (1)-(2), the expression in 4 is in fact a regularization
for ¢(P) with Dy, O MUD being a linear subspace specified in expression 17 in Appendix B.1.
From this result, it also follows that {v4(P) = [ m(w)yx(P)(w)dw}rey is a regularization
for v(P) (in this case, © = R). A

Example 3.3 (Regularized M-Estimators (cont.)). We impose the following assumptions
over (M, 0,¢): © is a subspace of LY where LY = L9(Z, ) for any ¢ € [1,00) and some
finite measure p, and for ¢ = oo, L* = C(Z,R);!"Y and 0 — Ep[|¢(Z,0)|] bounded and
continuous, for all P € M.

The regularization is lifted from Pouzo [2015] and is defined using K = N by: a sequence
of linear subspaces of L%, (O)ken, such that dim(0;) = k and the union is dense in ©; a

vanishing real-valued sequence (A;)gen with A; € (0,1] and a lower-semi compact function

The class C(Z,R) is the class of continuous and uniformly bounded real-valued functions on Z.
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Pen : LY — R, such that, for each k € N
Y (P) = arg (grelé)n Ep[¢p(Z,0)] + M\ Pen(0)
k
is a singleton for any P € M U D.

It is clear that condition 1 in Definition 3.1 holds; we now show by contradiction that
Condition 2 also holds. Suppose that there exists a € > 0 such that ||[¢x(P) — ¢¥(P)||le > €
for all k large. Let IIx1(P) be the projection of some element of ¢(P) onto ©Of; eventu-
ally, |[ITz(P) — ¢(P)|le < e. Then, by optimality of 1,(P) and some algebra, for large
by infocor ooz EPl0(Z,0)] < Eplo(Z,0(P))] + {Eplo(Z,0(P)) — 6(Z,s(P))] +
A Pen(Ilyp(P))}. By continuity of Ep[p(Z,-)], A 4 0 and convergence of Iy (P) to
(P) the term in the curly bracket vanishes as k diverges, leading to the contradiction
infoeo. |9—v(P)lozc Er[¢(Z,0)] < Ep[¢(Z,¥(P))]. A

4 Continuous Regularizations

The results in this section extend the program started by Wolfowitz [1957] to regularized
estimators with continuous regularizations. For such regularizations, it also presents a data
driven method for choosing tuning parameters that yields consistent estimators as well as
providing an explicit rate of convergence.

We say a function f : R, — R, is a modulus of continuity if f is continuous, non-
decreasing and such that f(t) =0 iff t = 0.

Definition 4.1 (Continuous Regularization). A regularization ¥ of v is continuous at P €
Dy, with respect to d, if there exists a family of modulus of continuity (0x)k>0 such that for
any k € K

[k (P') = (Pl < 0 (d(F, P)) (5)
for any P' € Dy.

The definition is equivalent to the standard “§/e”-definition of continuity because the
modulus of continuity of ¢, o, can converge to 0 arbitrarly slowly. Moreover, the definition
does not impose any uniform bounds on J, across different k& € K. While such restriction
would simplify the proofs considerably, it is too strong for many applications. Recall that

the regularization is introduced precisely due to the poor behavior of ¢ at P.

1A lower-semi compact function is one with compact lower contour sets.

15



4.1 Consistency of Regularized Estimators

By imposing continuity with respect to a metric that ensures convergence of the empirical
distribution P, to P, the definition 4.1 readily implies consistency of ¢y (P,) to 1y (P) for
any fized k € N. However, in view of Condition (2), unless there exists a k£ € K such that
Y (P) = 1(P) this result is of limited interest. In order to guarantee consistency to ¢ (P)
in general cases, k£ must be allowed to depend on n. To this end, the next lemma provides

a uniform version of the aforementioned consistency results.

Lemma 4.1. Suppose a regularization, v, is continuous (at P) with respect to d and there
exists a real-valued positive sequence (1 )nen such that d(P,, P) = Op(r;). Then, for any
€ > 0, there exists a M >0 and a N € N such that

ilelﬂlgp (e (Pa) = Ye(P)llo > u(Mr, 1)) <e
for alln > N.

Proof. See Appendix C. O

The lemma implies that for any diverging sequence (k,)nen in K, ||tk (Pn) — ¥r, (P)|lo
is bounded by &, (Mr,; ') wpal-P. This fact and the definition of regularization deliver
consistency of (1y, (P))nen, provided that lim,, . &, (Mr;1) = 0. It turns out that under
the assumption that if P, consistently estimates P under d, then this claim follows by
continuity of ¢ — 0, (t) for each k € K and a simple diagonalization argument. The following

theorem formalizes

Theorem 4.1 (Consistency of Regularized Estimators). Suppose a regularization, t, is
continuous (at P) with respect to d such that d(P,, P) = op(1). Then there exists a (k,)nen
in K such that

||r,, (P) = 9 (P)lle = o(1) and o, (d(Pn, P)) = op(1),

and
|40, (Pn) = (P)le = op(1).
Proof. See Appendix C. O

By the triangle inequality it is easy to see that the distance between the regularized esti-
mator, ¥, (P,), and the true parameter is bounded by the sum of two terms: the “sampling
error”, g, (d(P,, P)) and the “approximation error”, ||ix, (P) — ¥(P)||e, which generalizes

the well-known “noise-bias” trade-off present in many applications.
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4.2 Data-driven Choice of Tuning Parameter

Theorem 4.1 establish existence of a tuning parameter sequence that yields a consistent
estimator, but it is silent about how to choose such sequence and what is the associated
convergence rate. We now turn to these questions. In order to do this, let G, be the (user-
specified) set over which the tuning parameter is chosen; it is assumed to be a discrete subset
of K.12

Given a rate of convergence of P, to P under d, i.e., a positive real-valued sequence
(T )nen such that d(P,, P) = op(r;!) (Remark 4.1 below discusses the features of this choice
in detail). Theorem 4.1 suggests a criterion to construct tuning sequence (k,), that yields
a consistent estimators: Choose a diverging sequence (k,),, such that &, (r!) = o(1). An
example of a choice that satisfies this criterion is what we call the oracle choice over G,,,

n arg,greligl:{%(?“;l) + [[Un(P) — ¥ (P)le}
which minimizes the trade-off between the approximation and the sampling errors. This
choice represents commonly used heuristics and it is a good prescription to obtain approx-
imately optimal rate of convergences (Birge and Massart [1998]). However, often times it
is unfeasible, since it relies on knowledge of the approximation error, which is typically
unknown because it depends on features of the unknown P.

It is thus desirable to construct a choice of tuning parameter that sidestep this issue
while still providing approximately the same rates of convergence. We now show that an
adaptation of the Lepski method (e.g. Pereverzev and Schock [2006]) provides a data-driven
choice that satisfies these properties.

The data-driven choice of tuning parameter is given, for any n € N, by k, = min{k: k €
F.} a.s.-P, where
Fu = {k € Gut [[¥n(Po) — vw (Po)lle < 40w ("), VK" >k in G} .
Since G, C K is discrete, existence of k, is guarantee if F,, is non-empty; Lemma D.4 in
Appendix D.1 shows this is the case with high probability which is enough for deriving our
results. The sequence (F,), and thus (k,), only requires knowledge of the sampling error,
k + 45, which is assumed to be known given the sample. In order to derive our results,

however, we need to impose additional conditions over this mapping.
Assumption 4.1. k — 0x(t) is non-decreasing and continuous for each t > 0.

This assumption is, in our view, mild and it can be avoided by simply working with the

continuous envelope of inf;>j dx(.) instead of & (.).

12In Appendix D.3 we extend the main theorem of this section to the case where G,, is any closed set of
K, not necessarily discrete.
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Due to the nature of the Lepski method, the approximation error term, k — ||ty (P) —
1 (P)||e needs to decrease monotonically to zero. Since in some applications this feature is not
present, we state the theorem using a monotonic majorant of it. Formally, let k — By (P) be
a continuous non-increasing function from R to itself such that By(P) > ||vn(P) —¥(P)||e
for all k> 0 and limy_,» By(P) = 0.

Theorem 4.2. Suppose Assumption 4.1 holds and that a regularization, 1, is continuous

(at P) with respect to d and there exists a real-valued positive diverging sequence (r,)nen
such that d(P,, P) = op(r;'). Then

95,7 = 6(P)llo = Or (nf (5u02") + B2 )
Proof. See Appendix D.1. O

Remark 4.1. The rate (r,), is defined as d(P,, P) = op(r;!), as opposed to d(P,, P) =
Op(r;Y); ie., r, diverges (arbitrary) slower than the usual rates for P, — which is typically
given by y/n in our context. This type of lost is common when studying choice of tuning
parameters (cf. Gine and Nickl [2008] and references therein). In our setup, it stems from
the following fact: Take a rate (s,), such that d(P,, P) = Op(s;'). For this rate, there
are unknown constants (e.g. M in Lemma 4.1) which will render our data-driven choice
infeasible. So to avoid them it suffices to replace s;' by a (arbitrary) slower rate, e.g.
r b =log(l+n)s,! or r;t =log(log(l +n))s,'. A

Remark 4.2. The rate of convergence does not depend on the “complexity” of the set G,.
This result stems from a certain “separability” property of the estimator: The probability
statements stem from the behavior of d(P,, P) which does not depend on k nor in G,, the

tuning parameter k only appear through the topological properties of the regularization. A

Remark 4.3 (Heuristics of the proof of Theorem 4.2). Heuristically, for any k& € G, that
is larger or equal than k, it follows that |5, (Pn) — ¥(P)||le is bounded above (up to
constants) by & (r!) + By(P) with probability approaching one. Lemma D.1 in Appendix
D.1 formalizes this observation and shows that in order to establish the claim of the theorem
it suffices to show existence of a tuning parameter in G, that is larger or equal than k, (with
probability approaching one) and minimizes (up to constants) k + {8x(r; %) + Bix(P)} over
G,.. Moreover, since l;;n is chosen as the minimal value in F,,, to obtain the former condition
it suffices to show that the tuning parameter belongs to JF,, (with high probability).

By studying “projections” onto G, of the tuning parameter that balances the sampling
error and k +— By (P) we are able to explicitly construct a sequence of tuning parameters
that satisfies these conditions; see Lemmas D.4 and D.3 in Appendix D.1. A

18



The following corollary is a direct consequence of Theorem 4.2 and its proof is omitted.

Corollary 4.1. Suppose k — ||[¢Yx(P) — ¥(P)||e is continuous and non-increasing. Then

under the conditions of Theorem 4.2, it follows
W (P2) = 9Pl = O (jnf (8u(r) + 1a(P) = w(P)le) )

Theorem 4.2 and its corollary show that our data-driven choice of tuning parameter
achieves the same rate as the one corresponding to the “oracle” choice, provided the mono-
tonicity conditions hold.'® If the approximation error is not monotonically decreasing, our
data-driven choice can “under-smooth” relative to the oracle choice, i.e., the sampling error
can dominate the approximation error, even asymptotically. Whether this is the case, it
depends on the tail behavior of the approximation error vis-a-vis k + By (P).

The following proposition extends the result in Theorem 4.2 to an un-restricted one —
where the infimum is not restricted to the set G, but is taken over the whole R,. Unsur-

prisingly, in order to obtain this result, additional conditions are needed.

Proposition 4.1. Suppose all conditions in Theorem 4.2 hold and suppose there exists a [N
such that

1. For all n > N, there exists a k, k' € G, such that & (r;') < Bp(P) and oy (r;}) >
By (P).

2. There exists a C' € [1,00) such that for any n > N, any t € [0,C] and any two

consecutive elements in G,, k' < k,

5(t) < Co(t). (6)

Then
I45,(P) = 6(Plle = O nf (5utry") + Bu(P} ).

Proof. See Appendix D.2. O

Remark 4.4 (On the conditions of the proposition). (1) Condition ensures that the set G,
surrounds the choice of tuning parameter that balances the sampling error and the monotone
envelope of the approximation error. If this condition fails, the minimal value of k£ +—
{6,(r71) + Bp(P)} over G, cannot be expected to be close to the value achieved when

balancing both terms and thus close to the minimal value over R,. In Appendix D.2 we

13The continuity restriction is technical to ensure that certain quantities are well-defined.

19



argue that G, = {1,...., j(n)} where (j(n)), is such that liminf, , &;()(r, ') > 0 satisfies
this assumption, at least for large n.

(2) The role of condition 2 is more subtle; it essentially restricts — uniformly — the
coarseness of the set G, in terms of k — 0, (¢); the role of the constant C' is depicted in the
proof of the Proposition in Appendix D. If 0,(t) = 0(¢) x Cy and G,, = N, then the condition
essentially imposes that limsup,_,., Cki1/Cr < o00; thus it allows for C, =< Poly(k) and
log C}, =< k but not for log C), < k?. A

4.3 Examples

Example 4.1 considers the case of bootstrapping the mean of a distribution when it is known
to be non-negative. Andrews [2000] showed inconsistency of the bootstrap and proposed
several consistent alternatives; we take one — the “k-out-n” bootstrap (Bickel and Freedman
[1981]) — and illustrate how our methods can be used to derive the rate of convergence of this
procedure and to choose the tuning parameter k£ that achieves this rate. To our knowledge
this last result is novel.!4

Example 4.2 provides primitive conditions for establishing continuity in M-estimation

problems.

Example 4.1 (Bootstrap when the parameter is on the boundary). Let M be the class of
Borel probability measures over R with non-negative mean, unit variance and finite third
moments; the non-negativity of the mean is a formalization that captures the issue of a
parameter at the boundary. The object of interest is the law of an estimator of the mean,
w— Ty(w,P) = /nmax{n '3 " | Zi(w),0} — max{Ep[Z],0}). Thus, let, for each k €
K =N, ¢ : P(R) — P(R) be defined as

U (P)(A) =P {w: Ty(w, P) € A}), VA Borel.

In particular, for P = P,, it follows that

k n
Ve(P)(A) =P, <\/E <max{k—1 > Z;,0} —max{n' > Z, 0}) € A) , VA Borel
i=1 i=1
where (Z7), is an IID sample drawn from P, and P, is the probability over 2 induced by
P,. Tt is easy to see that 1, (P,) is the standard bootstrap estimator while i, (P,) for k < n
is the k-out-of-n bootstrap estimator. Andrews [2000] showed that the “plug-in estimator”,
n(Py), while well-defined, fails to approximate the law of T, 1,,(P), even in the limit; but

he showed that for certain sequences, (ky )., ¥k, (P,) — ¥, (P) converge to zero as n diverges.

14Bickel and Li [2006] and Bickel and Sakov [2008] perform a similar exercise but for a different case:
estimation of largest order statistic.
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We now recast this result using the tools developed in this paper; by doing so we are able
to provide a data-driven choice of the tuning parameter k,.

To do this, we first show that the (1;)ren is continuous in the sense of Definition 4.1.
Let © = P(R) and let || - [le = || - || B, where recall LB is the class of real-valued Lipschitz
with constant one function. This norm is one of the notions of distance typically used to
establish validity of the Bootstrap. Also, let W(-,-) denote the Wassertein distance over
P(Q), that is W(P,Q) = infeeppq) [ |2 — #|¢(dz, d2’), where H(P, Q) is the set of Borel
probabilities over Q2 with marginals P and Q. The following proposition suggests the form

of the modulus of continuity d.

Proposition 4.2. For any k € N, ||[¢n(P) — ¥%(Q)|le < 2VEW(P,Q) for any P and @ in
MUD.

Proof. See Appendix D.4. O

The previous results suggests W as the natural distance over P(2). In addition, the
result also indicates that 0z (t) = 2v/kt for all ¢ € R, which is increasing and continuous as
a function of (¢, k).

We now apply the results in Theorem 4.2 to choose the number of draws for the k-out-n
bootstrap. Theorem 1 in Fournier and Guillin [2015] (their results are applied with d = 1,
p = 1and q = 2) shows that W(P,, P) = Op(n~"/?). Therefore, we take ;' = [,n~/? where
(1), diverges arbitrary slowly. We also take G,, = {1, ...,n}; it is clear that Assumption 4.1
holds. Given these choices, for each n € N, let k, be the choice of tuning parameter proposed

above. Theorem 4.2 imply the following result.

-----

Proof. See Appendix D.4. O

The RHS of the expression implies that the rate of convergence is given by +/I,n~/%.
To our knowledge there is no data-driven method to choose the tuning parameter in this
example. However, Bickel and Sakov [2008] propose a similar method to ours in a different
example: Inference on the extrema of an IID sample. The authors obtain polynomial rates

of convergence that are slower than ours but for a stronger norm than ours. A

Example 4.2 (Regularized M-Estimators (cont.)). The following proposition shows that
the regularization is continuous and more importantly it provides a “natural” choice of dis-
tance and illustrates the role of the regularization structure ((Ag, Ok)g, Pen) and primitives
(0, ¢) for determining the rate of convergence of the regularized estimator. Henceforth, let
(0, P k) — Qr(P,0) = Eplop(Z,0)] + A\, Pen(0).
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Proposition 4.4. For each k € N and P € MUD,
[6(P) = (P ||1o < T3(d(P, P')), ¥P' € MUD,

where for all ¢ > 0

P,0) — Qr(P, (P
o= {, g, QLG
s2t | 0€0g: ||0—tk(P)||La>s S
and d(P, P') = maxgen || P — P'||s,, where S = {W: 0 e @k}.15
Proof. See Appendix D.4 O

Following Shen and Wong [1994], the proof applies the standard arguments due to Wald
— for establishing consistency of estimators — to “strips” of the sieve set ©; by doing so,
one improves the rates obtained from the standard Wald approach.

The proposition suggests the natural notion of distance over the space of probabilities,

that is defined by the class of “test functions” given by <W>e o By imposing
€0

additional conditions on ¢ and ©, one can embed the class S, into well-known classes
of functions for which one has a bound for the supremum of the empirical process f —
n~ 'S0 f(Z) — Ep|f(Z)], and thus bounds for d(P,, P). For instance, if 6 % is
Lipschitz uniformly in z, then by using the mean value theorem and some algebra it follows
that S, C LB for every k, and thus d(P,, P) = Op(n~/?) (see van der Vaart and Wellner
[1996]).

The modulus of continuity, F,;l

is non-decreasing and is continuous over ¢ > 0 (see the
proof), and by definition I'x(0) = 0. Its behavior is determined by how well the criterion
separates points in Oy, relative to the norm ||.||Lq; the flatter Qx (P, -) is around its minimizer,
the larger T';*. Importantly, even though I'y(¢) > 0 for each k (recall that 14 (P) is assumed
to be unique), as k diverges, I'x(t) may approach zero. This phenomena relates to the
potential ill-posedness of the original problem, and will affect the rate of convergence of the
estimator.

To shed some more light on the behavior of I';, and on the potential ill-posedness, consider
the case where, ¢ = 2, Q(P,-) is strictly concave and smooth, and Pen(.) = ||.|[3. Since
¥ (P) is a minimizer, Qg (P, -) behaves locally as a quadratic function, in particular T'y(t) >
0.5(Ck, + Ag)t for some non-negative constant Cy related to the Hessian of Q(P,-), and thus
D'(t) 2 (Ce+ M)t If G > ¢ > 0 then T ' (1) 2 t; we deem this case to be well-
posed as ||[tx(P") — p(P)||re 3 d(P’, P).'® On the other hand, if liminf;_,o, Cy = 0 then,

15We define T';(0) = 0. The “infg>,” ensures that I'y is non-decreasing; it can be omitted if such property
is not needed. The “mazxyecy” comes from the fact that d cannot depend on k in the definition of continuity.
6This case relates to the so-called identifiable uniqueness condition (see White and Wooldridge [1991]).
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while the previous bound for the modulus of continuity is not possible, the following bound
[ '(t) 2 A\, 't is. This case is deemed to be ill-posed and |t (P") — ¢ (P)||r« 2 A d(P', P).

Finally, under the conditions discussed in the previous paragraph, in the ill-posed case,
Assumption 4.1 holds if k¥ — ), is chosen to be non-increasing and continuous.'” Thus
Theorem 4.2 delivers a choice of tuning parameter that achieves consistency and a rate of
mingen{ A, ' X 7t +infysy |0 (P) —¢(P)|| e}, where (1,),, is such that maxgey || P, — P||s, =

op(r;, ).

5 Differentiable Regularizations

In this section we derive asymptotic representations for the regularized estimator with differ-
entiable regularizations. Before defining the concept of regularization, we define the notion
of generalized asymptotic linearity (GAL). Throughout this section we assume © C R to
simplify the exposition; the results can be easily be extended to vector-valued parameters.
In other cases, however, where the parameter of interest is infinite-dimensional GAL is too

weak and a stronger notion is needed, which we develop in Section 5.6.

5.1 Generalized Asymptotic Linearity
Let v = (Vg )ren where, for all k € N, v, € L3(P) = {f € L*(P) \ {0}: Ep[f(Z)] = 0}.

Definition 5.1 (Generalized Asymptotic Linearity: GAL(k)). A regularization v satisfies
(weak) generalized asymptotic linearity for k: N — K at P € Dy, with influence v, if for all
n €N,

Vi) (Pr) = Yiuy(P) =07 iy (Z3)| = 0p (0772 | L2(p))- (7)
i=1

If a regularization satisfies GAL(k) then, in order to study its asymptotic behavior, it suf-
fices to study the behavior of n=%/23"" | % Also, the reminder term is smaller than
n)llL2(p

~1/2 because the former is the proper order of the lead-

12| || 2(p) as opposed to, say, n
ing term, n=! 3" | vg(n)(Z;). That is, the natural scaling is given by v/n/||vk || 12(p) as op-
posed to just \/n; as the examples in Section 5.4 show, in many situations limy_,o ||kl 22(p) =
0.

The first result of this section is concerned with sufficient conditions ensuring existence

of tuning sequences for which GAL holds. By a diagonalization argument (see Lemma C.1

1"For the well-posed case the assumption holds trivially.
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in Appendix C), to obtain this result it suffices to show

Uk(Pa) = ¥(P) —n™ Z vi(Zi)| = op(n™"/?)

for each k € K. That is, it suffices to show that for each k € K, ¢, is asymptotic linear.
As for the case of “plug-in” estimator, differentiability is the key property that allow us to

achieve this result.

5.2 Definition of Differentiability

Throughout, let 7 be a locally convex topology over ca({2) dominated by ||.||7y.'

Definition 5.2 (Differentiable Regularization: DIFF(P,T,C)). A regularization v is dif-
ferentiable at P € Dy, tangential to T C {p € ca(?): Vt € [0,1], tp € Dy — {P}} under the
class C C 27, if for any k € K, there exists a Dyy(P) : T — © T-continuous and linear such
that for any U € C

13?82‘;2 Ine(tQ)|/t = 0, where Q — mp(Q) = V(P + Q) — Yp(P) — DY (P)[Q].  (8)

Remark 5.1. The definition does not impose any linear structure on 7 and ¢ is restricted
to be non-negative. This feature of the definition is analogous to the idea of directional
derivative in Shapiro [1990] which has been shown to be sufficient for showing the validity
of the Delta Method (see Shapiro [1990]), and turns out to be enough to also carry out our
analysis. See also Fang and Santos [2014] and Cho and White [2017] for further references,

examples and discussion. A

Remark 5.2. The class C determines the degree of uniformity of the limit and thus defines
different notions of differentiability. It is known that common notions of differentiability
can be obtained from different choices of C; see Dudley [2010] for a discussion. We now

enumerate a few:

1. 7-Gateaux Differentiability tangential to 7: C is the class of discrete subsets of
T denoted by 7.

2. -Hadamard Differentiability tangential to 7: C is the class of T-compact subsets
of T; denoted by H..

18Since we are working with measures, and not probabilities, it is convenient to allow for (non-metrizable)
topologies. Locally convex topology means that it is constructed in terms of a family of semi-norms, dom-
inated by ||.||ryv means that for any semi-norm in the family, p, p(Q) < C||Q||rv for some finite constant
and all @ € ca(Q).
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3. 7-Frechet Differentiability tangential to V: C is the class of 7-bounded subsets
of T; denoted by &;.

A

5.3 Main Result

In order to obtain an asymptotic linear representation for the regularization, it is enough for
the regularization to be differentiable under curves of the form ¢ — P + ty/n(P, — P). In
view of this fact, reasonable tangent sets to be considered are those including 7p = {apu: a >
0and p €D —{P}}.

Theorem 5.1. Suppose there exists a tangent set 7 O Tp and a class C C 27 such that
is DIFF(P,Tp,C) and '?

For any € > 0, there exists a U € C and a N such that P (y/n(P,—P)€eU) >1—¢
for alln > N.

Then, there exists a k: N — N for which 1 satisfies GAL(k) and lim,,_,., k(n) = co.
Proof. See Appendix E. O

It is easy to check that the influence of the regularization implied by the theorem is given
by the sequence of L2(P) mappings, (¢x(P))ren where
2+ or(P)(2) = Dyp(P)[d, — P].
While the theorem shows existence of a sequence of tuning parameters for which general-

ized asymptotic linearity holds, it is silent about how to construct such sequence; we discuss
this in Section 5.5.

Remark 5.3 (Heuristics of the Proof). The proof is straightforward and is comprised of two
steps. First, it is shown that 1 satisfies GAL(k) for any fixed k, i.e., k(n) = k. To do this,
it suffices to show that the reminder of the linear approximation is asymptotically negligible

for each fixed k, i.e.,

me(Pu — P) = op(n”"?). (9)

YTmplicit in the differentiability condition lies the assumption that for any Q € Tp, t — P +tQ € Dy.
For this to hold, it is sufficient that P belongs to the algebraic interior of M relative to Tp. However, by
inspection of the proof of the Theorem, it can be seen that this assumption is not really needed since we
only consider curves of the form ¢ — P + t,a,(P, — P) where (t,,a,) are such that the curve equals P,
which is in Dy.
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This is a standard condition for “plug-in” estimators (e.g. Van der Vaart [2000]), and the
restriction over the class C and the definition of differentiability imply it. In some cases,
however, it might be straightforward to verify condition 9 directly or by other means. Second,

a diagonalization argument is used to show existence of a diverging sequence. A

Remark 5.4. A common way of using Theorem 5.1 is by finding a class S that is P-Donsker,
which implies that (v/n(P, — P))nen is ||.||s-compact (see Lemma E.1 in Appendix E), and
ensuring ||.||s-Hadamard differentiability; e.g. Van der Vaart [2000] Ch. 20. Dudley [2010]
proposes an alternative way of using this result by showing that /n(P, — P) belongs, with
high probability, to bounded p-variation sets, so the relevant notion of differentiability is

Frechet differentiability (under the p-variation norm). A

5.4 Examples

The next example illustrates how the implications of Theorem 5.1.

Example 5.1 (Integrated Square Density (cont.)). We now show that Definition 5.2 is
satisfied by our class of regularizations and also establish a rate for the remainder term,

Nk (P, — P) which is used to verify for which sequence of tuning parameter condition 9 holds.

Proposition 5.1. For any P € M, the regularization defined in expression 3 is DI FF(P, ca(£2), &), ,)-
For each k € K,

Q > DbW(P)[Q) =2 / (k1% P)(2)Q(d2),

and Q — nx(Q) = [(kr * Q)(2)Q(dz) is such that there exists a L < oo such that |n,(Q)| <
L||Q||3 5 for all Q € ca(Q).

Proof. See Appendix E.1. O

This proposition implies that for each k € K, ¢y is ||.||Lp-Frechet differentiable, and
since LB is P-Donsker, the conditions in Theorem 5.1 are met. The influence is given
by = = @i(P)(z) = 2{(ss * P)(2) — Epl(i  P)(Z)]}, and since supy ||on(P)]lz2p) <
2||p|| L@y |%|| L1 () (see Lemma E.2 in Appendix E.1), the natural scaling for GAL is y/n. A

Next, we consider the NPIV example. It is not hard to see that the influence of v will be
given by z — [ Dy (P)*[7](z) — Ep[ D¢y (P)*[r](Z)] provided Dy (P) : T — L*([0,1]) and
its adjoint D (P)* : L*([0,1]) — T3 exists (T3 is the dual of 7p). We show how our result
can be used to characterize Dy (P)* and thereby extend some results in the literature, for

two widely used regularizations methods: Sieve-based and Penalization-based.
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Example 5.2 (NPIV (cont.): The sieve-based Case). We study the sieve-based regulariza-
tion approach, which is constructed using two basis for L*([0,1]), (ug, vk )xen, and two indices
k— (J(k), L(k)) such that

(9,2) = Ty plgl(2) = (v N(@))" Quy Bp [ (X)g(W)],

= p(r) = (W (2) Quy Bplu’®(X)Y],

Ri,p = (I Ty p Ty, pll)
where u*(z) = (uy(2), ..., up(2)), v*(w) = (v (w), ..., ve(w)), I : L2([0 1]) — lin{vt®)}
L?([0,1]) is the projection operator, g — II[g] = (v L(k 'QL [ vkt (w)dw, and Q.
Epep[u® (X)(u(X))T], Quo = Ep[uf(X)(0*(W))"] and Quy = Eralv (W)(Uk(W))T]-

The next proposition proves differentiable of the regularization « and provides the ex-

1N

pression for the derivative.

Proposition 5.2. For any P € M, the sieve-based regularization v is DIFF(P, Dy, &|1,,)-
For each k € N,

@+ Du(P)Q) = [ D(PY Q)
where
Dy (P)*[m](y, w, ) =(y — ¥i(P)(w)) (1™ (2))T Qs Quo (Q, Qs Qu) ™ Epep 0" (W) (W)]
+{ Ep[(0(P)(W) — i (P)(W)) (M (X)) Qs ™ ()
x (V" () (Q Qut Quo) ™ Erea[o™ ™ (W) (W)} (10)
And, for each k € N, the reminder of v, 1, is such that |nx(¢)| = o(||¢||z5) for any ¢ € D,,.%°

Proof. See Appendix E.2. O

Even though expression for Dy (P)*[r] may look cumbersome, it has an intuitive inter-
pretation: It is identical to the influence function of the parameter [ 67vL®) (w)m(w)dw where
6 is the estimand of a misspecified linear GMM model where the “endogenous variables” are
M) (W) and the “instrumental variables” are u”®)(X); cf. Hall and Inoue [2003]. The first
term in the RHS of expression 10 also has an intuitive interpretation: It is the influence
function of the parameter [ 67v ™ (w)7(w)dw but in well-specified linear GMM model.

The proposition implies that for the “fix-k” case, expression 10 is the proper influence
function to be considered. However, one can ask whether as k diverges, the second term (the

one in curly brackets) in RHS of expression 10 can be ignored. To shed light on this matter,

20The “o0” function may depend on k.
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it is convenient to use operator notation for expression 10:
Dipe(P)[m)(y, w, z) =Tk p R pU[7](x) X (y — ¥ (P)(w))
+ R, L[] (w) X Tpo p[)(P) — U (P)](x) (11)
(we derive this equality in expression 21 in Appendix E.2). The term T} p[)(P) — ¢x(P)]
is multiplied by Ry, pll;[n], which is different to T} pRy plli[n] — the factor multiplying
(y — i (P)(w)). If m € Range(Tp) both multiplying factors converge to bounded quantities
as k diverges.Thus, since T p[t)(P) — ¢ (P)] vanishes, the first summand in the RHS of
expression 10 “asymptotically dominates” the second one. This is framework considered in
Ackerberg et al. [2014]. However, if 7 ¢ Range(Tp) — and thus v(P) is not root-estimable
(see Severini and Tripathi [2012]) — the situation is more subtle and without additional
assumptions it is not clear which term in expression 10 dominates. The reason is that
the aforementioned multiplying factors will no longer converge to a bounded quantity, and
moreover, the rate of growth of T), pRy, plli[r] can can be dominated by the rate of Ry, pIlj[7].
For this last case of m ¢ Range(Tp), the results closest to ours are those in Chen and Pouzo
[2015] wherein the influence function for slower than root-n sieve estimators is derived. Their
expression for the influence function is simpler than ours, but this arises from a different set
of assumptions and, more importantly, a different approach that directly focus on expressions
for “diverging k”. A

Example 5.3 (NPIV (cont.): The Penalization-based Case). We study the penalization-

based regularization case given by

(z,9) = Tk plgl(z) = //{k(x’ — ) /g(w)P(dw,da:')

T p(x) = /Iik(l’/ — ) /yP(dy,d:c’)
'R,hp = (T§7PTk,P + )\k])_l

where ki (+) = kk(k-) and & is a smooth, symmetric around 0 pdf.

As opposed to the previous case, there is no obvious link to a “simpler” problem like
GMM and thus it is not obvious a-priori what the influence function would be and what
the proper scaling should be when ~(P) is not root-n estimable. Theorem 5.1 suggests
Dy (P)[x] and /n/Varp(Dy;(P)[r]) as the influence function and scaling factor resp.; the

next proposition characterizes it.

Proposition 5.3. For any P € M, the Penalization-based regularization v is DIFF (P, Dy, &, 5)-
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For each k € N, D (P)[¢] = [ Dy (P)*[7](2)¢(dz), where
Dy (P)[7(y, w, @) =KiTp(TpKETp + \ed) " m](2) x (y — ¥(P)(w)) (12)
+ M(TRIETp + M)~ [l (w) x KETe(TpkETe + M)~ [thia(P)] (2).
where Iy, is the convolution operator g — Ki|g] = ki *¢g. And, for each k € N, the reminder
of Y, M, is such that |nx(C)| = o([[¢][zp) for any ¢ € Dy, *!

Proof. See Appendix E.2. O

If 7 € Range(Tp), then the variance term converges to ||Tp[v*[(X)(Y —¢(P)(W))] |%2(P) =
Ep[(Tp(TpTp) x| (X))?Ep[(Y — (P)(W))?|X]] as k diverges, where v* = (T3Tp) ![n].
The function (y, w, z) — Tp[v*](z)(y—1(P)(w)) is the influence function one would obtained
by employing the methods in Ai and Chen [2007] (with identity weighting) and v* is the Riesz
representer of the functional w — [ 7(w)g(w)dw using their weak norm ||Tp[-]|| 12(p)

If m ¢ Range(Tp), the variance diverges, and, as in the sieve case, without additional as-
sumptions it is not clear which term dominates the variance term Varp(Dvj(P)[r]), as
k diverges. This case illustrates how our results can be used to extend the results in
Chen and Pouzo [2015] for irregular sieve-based estimators to more general regularization

schemes. A

5.5 Data-driven Choice of Tuning Parameter and Undersmooth-
ing
Theorem 5.1 implies existence of a n — k( ) such that??

Vi(uw (Ba) = 9(P) 1y Z (Zi) _ Vn(@rew(P) — %(P))
|k (P )HL?(P || ||L2 k) (P L2(p)
L.e., the asymptotic behavior of the regularlzed estimator — once scaled and centered — is

—|—0p(1).

characterized by a term due to the approximation error and a stochastic term. Ideally, one
would like to consider sequences (k(n)),, satisfying Theorem 5.1 for which the approximation
term in expression 13 vanishes, but, unfortunately it is known that this result is unattainable
in general; e.g. see Bickel and Ritov [1988] and Hall and Marron [1987] among others.

In view of this remark it is natural to seek choices of tuning parameter that make the

terms in the RHS of expression 13 as small as possible. Such choices will guarantee that

21The “o0” function may depend on k.

#2The display hold provided liminf, o ||@k(n) (P)||r2(py > 0 For the applications we have in mind, this
restriction is natural and non-binding. Our results are not designed for cases where limg o ||0x (P)||L2(p) =
0; this case can be handled separately — and rather easily — since both the approximation error and the
rate of k — ng (P, — P) decrease as k increases.
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GAL and the asymptotic negligibility of the approximation error both hold when possible,
and otherwise, will at least yield good rates of convergence for ¢ (P,) — ¥ (P).

The next result shows that the data-driven way of choosing tuning parameters described
in Section 4.1 satisfies this property. To show this result we need to introduce some notation

and assumptions. For each n, let G, be the grid defined as in Section 4.1.

Assumption 5.1. There exists a (n,k) — d;x(n) fori € {1,2}, and a positive sequence
(Cy)n such that
(i) ks 6;x(n) is continuous and non-decreasing for j € {1,2}.

y |1y, (P —P
(it) Supjeg, % = op(1).

|lew (P)—or(P)]
(ZZZ) |gn| Supk/Zk in Gn - Sz’k/k(n) L2P) - 0(1)

P
(iv) SUPk/ k in Gy “‘f:((P))HHLL—Z(;)) < C,.

Remark 5.5 (Discussion of Assumption 5.1). Part (iv) quantifies the discrepancy of k +—
||k (P)||L2(p) within the grid. It is trivially satisfied with sup, ey Cy < 00 if sup,,ey |Gn| < 00
or if supy.cx ||¢k(P)||r2(p) + H(pk(P)HZzl(P) < 00. Moreover, in cases where part (iii) holds for
all ¥’ and k in G,,, part (iv) is readily implied with C,, = 1+|G, |~ sup,eg, 02,6(n)/||0k(P)|| L2(p)-
Part (iii) as well as part (ii) imply that &, 1 (n) and 01 4(n) acts as the growth rate of different
quantities. The latter acts as the growth rate of the reminder term of GAL (scaled by /n),
uniformly on k& € G,,. The former one also acts as a growth rate but for an object that, on
the hand, involves the complexity of G,,, |G|, and on the other hand, involves the “length”
of G, measured by k — ||ox(P)||r2(p). Part (i) is a monotonicity condition akin to the one
imposed by Assumption 4.1.

To shed more light on parts (i)-(iii), suppose there exists a norm ||.||s such that

C1: There exists, for each k € K a modulus of continuity 7 : R, — R, such that n;(Q) =
Mk ([1@Qlls)-

C2: There exists a real-valued positive diverging sequence (r,), such that ||P, — P||s =

op(r;b).

Condition C1 states that n is continuous with respect to some norm ||.||s and C2 ensure
convergence of P, to P under this norm. These conditions are analogous to the assumptions

used to show Theorem 4.2.
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Under these conditions it is easy to see that Parts (i)-(ii) follow by choosing 41 x(n) =
Vnie(r 1), which acts as (7 !) in Theorem 4.2, and, in particular, it does not depend on
the grid.

Part (iii), however, is not necessarily implied by this choice. If the growth rate of the

reminder, v/ (r; '), is small compared to |G| SUpgsy i g, 110w (P)—@r(P)]|12(p) then part

(iii) requires that ds (n) to be larger than the latter, i.e., d2 k(1) > 1,|Gn| SUP=k in g, |low (P)—

©k(P)||L2(py for some (arbitrary slowly) diverging positive sequence (I )n,.

Below we illustrate how to verify these assumptions in the context of Example 2.2.A

We now construct the set F,, that defines the data-driven choice of the tuning parameter.
In section 4.1, the relevant quantity to compare to estimators ¢ (P,) and ¢ (P,) for any
kK > k was (0g)k, the modulus of continuity of (¢x)x; in this case, however, the goal is

different so — as the proof of Lemma E.7 in Appendix E.3 suggests — the relevant quantity
61,k (n) 4021 (n)

turns out to be the one dominating the reminder terms in Assumption 5.1, i.e., NG

Formally, let n — F,, be defined as
7o = { € Gus loulP) - wu(P)] < 4

and let k, = argmin{k: k € F,}.2

Sl,k(n) + 527k(n)
\/ﬁ

. VE' >k in gn}

Proposition 5.4. Suppose all the conditions of Theorem 5.1 hold, and Assumption 5.1
holds. Then**

Vg, (Pa) —9(P))  n” 230 ¢, (P)(Z)

[k, (P)ll2p) g, (P)[z2(p) hEGn [k (P)llz2cp)

Proof. See Appendix E.3. O
This rate exhibits “oracle properties up to a factor C?” in the sense that is the minimum
Ok (")+62'k("), that controls the reminder term of GAL and

TP 2r)
another one, \/ﬁ%, that controls the approximation term \/HW

if there exists a choice of tuning parameter for which both these terms are asymptotically

value of the sum of two terms:

. Therefore,

negligible, our result implies that

¢]~gn(Pn) _¢(P> _ -1/2 = ¢kn(P)(Zz>
V' e P, " 2 TTow, Plecr)

—I—Op(l).

21f F, is empty, set k, as co. In Lemma E.7 in Appendix E.3 we show the set is non-empty with
probability approaching one.
24By arguments analogous to those in Proposition 4.1, this result can be extended to hold for infrer, -
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i, (Pa)—(P) 12 or, (P)(Z)
That is, the asymptotic distribution of fills% Pla given that of n=1/23"" | Tor Pz

On the other hand, if no such sequence exists, the proposition readily implies a rate of con-
Vi, (Pn)—0(P) | ~1/2 —1/2,2 ; {51,k(n)+52,k(n)+\/ﬁf3k(l’) })

Ter P, | = OF (" +n7 70 infreg, Ton Pl 1200, :

In order to shed more light on these expressions and the assumptions we applied our re-

vergence of the form

sults to the estimation of the integrated square pdf (example 2.2). In this setting, Gine and Nickl
[2008] provide a data-driven method to choose the bandwith which is akin to ours. In fact,

our method can be viewed as generalization of theirs to general regularizations.

Example 5.4 (Integrated Square Density (cont.)). In this example the relevant tuning
parameter is the bandwith of the kernel, so we let k +— k~!, and as the grid, G,,, we use the
one proposed by Gine and Nickl (Gine and Nickl [2008)), i.e., G, = {k: k=' € H,,} where

1 S| 1 1 L' !
Hn:{he{(ogm, ]:hoz hy = 22" p, = i = hifa, Yk =2,3,. }

n2 n1—5 n1—5 ) n

where a > 1, (I,,), diverges to infinity slower than logn and [;! < logn and § > 0 is

arbitrarly close to 1; in particular § > 0 is such that 2(m + p) < 2(1;1‘55). Of importance

to our analysis are the fact that |G,| = O(logn) and that for sufficiently large n, any two
consecutive elements in H,, are such that hy,1/hy < 1/a.

The following lemma suggests an expression for the functions (n,k) — &;x(n) for i €

{1,2}.
Lemma 5.1. For any M > 0, there exists a N such that for alln > N,
sup  |[p1/n(P) = 1w (P)lc2py < 4lC|2py ™ B [[UM 7).

W<h in Hn
where the function C is the one in expression 2 in Fxample 3.1, and

P (sup vilm(Po— P 2 0 (S04~ ) ) < s

Proof. See Appendix E.3.2. O

Therefore, {(n, k) — &-,k(n)}i:l,g can be chosen as
kr(0) + vk
\/ﬁ

The lemma and this display illustrate the different nature of Assumptions 5.1(ii)(iii). Part

(n, k) — 61 = (logn)? , and (n, k) = 65 = (log n)3]<;_(m+9)_

(ii) bounds the reminder of the linear approximation and it increases with k and decreases
with n; this is reflected in the term M in the display. Part (iii) on the other hand
essentially requires that the bandwiths in the grid H,, are not “too far apart”. In particular,
it depends on the size of the bandwiths in #,; this is reflected in the term k=(™*9 in the

display.
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Assumption 5.1(iv) is trivially satisfied with sup,,cy C,, < 0o because there exists a con-
stant C' > 1 such that k — ||¢r(P)]|12(p) € [C71, C] and is continuous for all k > 1.

We verified that all assumptions of Proposition 5.4 hold. Moreover, Proposition 3.1
implies that h + By (P) = O(h*™*9) where b = 2 if £ is a twicing kernel and 1 other-
wise. Thus, the rate of Proposition 5.4 is given by infseqy, {(logn)? (Mw + hm+9> +
V/nhPmo1 In fact, given our choice of H,, and §, some straightforward algebra shows that,

at least for large n, the infimum over G, and be replaced by the infimum over R, . Therefore,

2b(mte) o5\
il (P~ i(P) T g (Pzy| | O (5T iy ko) =0

g, (P)[z2(p) g, (P)]z2(p)

b(m+o)
Op ((10%)41+b(m+9) 0'5) if K(0) >0

For the case £(0) = 0 and b = 1 (i.e., not a twicing kernel) we replicate the results by

Gine and Nickl [2008]: if m + o > 0.5, the reminder is negligible and root-n consistency fol-
lows, otherwise the optimal convergence rate is achieved.?” However, our framework extends
Gine and Nickl [2008] results to other cases. Notably the case x£(0) = 0 with twicing kernel
(i.e., b= 2). In this case, the situation is better as root-n consistency follows if m+ o > 0.25,
and, if m + o < 0.25 the rate of convergence is faster than the estimator considered by
Gine and Nickl [2008]. A

5.6 Extension: Strong Generalized Asymptotic Linearity

We now establish an analogous result to Theorem 5.1 but for an stronger notion than
GAL(k), one that is better suited when the parameter of interest is infinite dimensional.
To do this, let = be a subset of ©*, the dual of (0, ||.||e).

Definition 5.3 (Strong Generalized Asymptotic Linearity: S-GAL(Z, k)). A regularization
P satisfies strong generalized asymptotic linearity for k: N — K under = at P € Dy with
influence v, if for all (n,¢) € N x E, f[l/k(n | € L3(P) and
() (Pa) — Vi) _ vy (Zi) _
sup (n) (n) 1 Z ||€ (n) Op(n 1/2). (13)

teE W[Vk(n ]||L2 Vi (n) ||L2(P

Clearly, this representation is stronger than the one corresponding to GAL(k) and is
designed to capture situations where GAL(k) is too weak; e.g. the parameter of interest is
infinite-dimensional as in the examples below.

As, for each ¢ € =, ([1p] = ({[Yk])rex is a real-valued sequence, Definition 5.2 can be
applied to £[t]. It immediately follows that ny ¢(tQ)) = ¢[nx(tQ)] = o(t) uniformly on @ €

25The smoothness assumptions in their paper are written in terms of Sobolev spaces; their smoothing
parameter, «, is such that 2a = m + p.
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U C C but pointwise on ¢ € =. While this condition is enough when the parameter of
interest is a vector-valued functional of ¢)(P); in other cases, where the parameter of interest
is infinite-dimensional, this restriction is too weak, and the following strengthening of 8 is
needed: For any U € C,

lirm sup sup 7y (¢Q) /1] = 0, (14)

Q te=
i.e., now the restriction in the remlnder Nk holds uniformly over £ € =.

With a slight abuse of notation, we use DIFF(P,T,C,=Z) to denote the case when a
regularization 4 is such that for each ¢ € =, ¢[3p] is DIFF(P,T,C) (in the sense of Definition
5.2), and condition 14 holds.

Theorem 5.2. Suppose there exists a tangent set 7 2 Tp and a class C C 27 such that (0
is DIFF(P,Tp,C,Z) (in the sense above), and

For any € > 0, there exists a U € C and a N such that P (y/n(P, —P)eU) >1—¢
for all n > N.

Then, there exists a k: N — N for which 4 satisfies S — GAL(Z, k) and lim,,_,,, k(n) = co.

The proof is omitted since is completely analogous to the one of Theorem 5.1. As the
following examples illustrate, the theorem can be used to construct inference for confidence
bands. The first example simply illustrates how to apply the theorem to a known problem,

the second example, however, provides novel results for general M-estimation problems.

Example 5.5 (Density Estimation (cont.)). Consider the setup in Example 2.1 but now
the parameter of interest is z — ¥ (P)(z) = p(z) and the regularization is given by z —
Ur(P)(2) = (kg P)(2). The goal is to obtain an asymptotic linear representation uniformly
over z € R, specifically,
sup |V (h, * Fn)(2) — p(2) _1/22 i, (2 — Eplin, (2 = 2)]| _ op(1),
2€R VVarp(kx,(z — Py \/Varp (Kk, (2 — 2))
for certain diverging sequences (kn)neN From this representation, by invoking known limit

(Fkn*Pn)(2)—p(2)
\/Varp (K, (2— K

theorems results one can derive the asymptotic distribution of sup,g [v/n

see Bickel and Rosenblatt [1973].

We now illustrate how Theorem 5.2 can be used to achieve the asymptotic representation

in the previous display. Let = = {J,: * € R}. Suppose that © is the class of bounded
continuous functions, then = C ©* and for each z € R, there exist a corresponding ¢ = ¢, € =
such that ¢[p| = p(z). Since 1)y is linear, it also follows that ¢[Diy(P)[Q]] = {[xk * Q] =
(kr * Q)(2¢) for any Q € Tp = ca(R), and ng¢(.) = 0. By Theorem 5.1, the regularization
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satisfies GAL(k, =) for any (k,)nen with influence function given by z — ([pr(P)|(2) =
k(2o — 2) — Ep|kk(2¢ — Z)]. Hence, by Theorem 5.2 it follows that

ﬁwn*P)()— p(z) _1/22Hknz— — Eplt, (2 Z>]‘

ilellg VVarp(ky, (z — py VVarp(ky, (z — 2))
(K *P)(Z) —p(z)
=0 | su n op(1
(&ﬂg f\/Varp(/ﬁkn(z — 7)) ) or(l)

for any (kn)n6N~

(kp*P)(2)—p(2) Vn E U 140 C(z)
\/Varp(/ik(z Z)) _lirg ‘HIH | ] Varp(kk(z—2))

for any z € R. To give a more precise uniform bound for this term we need to estimate a
lower bound for \/Varp(kr(z — Z)). If C < p, it can be proved that Varp(kx(z — 2)) =

kp(2)|16]|32 + |P'(2)| [ K(u)?udu at least for large k.2° Hence, sup,cp ’f (kg x D)) () |

\/Varp (Kky (2—2))
@) (T@), and thus for any (k,)neny such that nTE = o(k,) the desired representation
follows. A

Under our conditions over p, it follows that |/n

We now present sufficient conditions over (M, ©, ¢) and the regularization structure that
guarantees differentiability of the regularization, and asymptotic confidence bands for the

regularized M-estimator.

Example 5.6 (Regularized M-Estimators (cont.)). Let © C LIN L™ for q € [1, 00|, thereby
ensuring that the function-evaluation operation is well-defined; in Appendix F.1 we discuss
the role of this assumption and offer an alternative procedure when it does not hold. In
addition, we restrict our attention to linear sieves, i.e., for each £ € N, Oy is the linear span
of some basis functions ¥ = (k;)_,. In view of the results in Example 4.2, we assume that
there exists a positive vanishing sequence (€, ), for which, wpal-P, ¢y (P,) € O(exn) =
Or N O(ny.n,) where O(er,) = {0 € L |10 — p(P)||ze <

take Oy (ey.) as the “relevant sieve” space. The next two assumptions impose smoothness

€rn}; henceforth, we can thus

restrictions on (¢, Pen).

Assumption 5.2. (i) Pen is strictly convex and twice continuously differentiable; (ii) there

exists a Cy < oo and a o > 0 such that for any k € N,

2 en 2 en
d 1;02(h) [U17U2] _ dap dé’é’k(})))[

U1, UQ]

< Collh = ¥e(P)||Lq-

sup sup
heOk(ck,n) (v1,02)€02 [[v1]|zallv2]| e

For the following assumption, let Sy x(€exn) = {d¢ o/||v]|z]: (v,6) € O x @k(ek,n)}

26C < p is imposed to simplify the derivations in Varp(kx(z — Z)).
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and let Sy j(€x) be defined analogously but using the second derivative; finally let @, ,, be
the envelope of the class S, (€xn), 1.6, rpn(.) = Supges, (e [/

Assumption 5.3. (i) 0 — ¢(z,0) is conver and twice continuously differentiable; (ii) there
exists a S C L™(Z), such that for r € {1,2} and all (k,n) € N?, S, x(ern) € S and
Qo €S, (i3) for any k € N and any z € Z,

2 2 2 2
B L b e UL [P
sup sup > Gl [t — Yk .
h€O (ek,n) (v1,v2)€O2 |[v1]]Lal[v2]| e L

The class S imposes restrictions on the first and second derivative of ¢ as a function of z,
at least it requires boundedness of these functions and it is the relevant class for constructing

the norm over ca(Z).

Let T = Unnee {¢ € ca(@): B || 25001 ol

< 00,VY(v,0) € O x @k(ek,n)}, which

is a linear subspace in ca(Z). Assumption 5.3(ii) — S x(€xn) C S for all k, n — ensures that
elements of the form a(P, — P) for a > 0, belong to 7p.

Proposition 5.5. Supppose Assumptions 5.2 and 5.3 hold. Then, for each k& € N, 1, is

||.||s-Frechet Differentiable with derivative given by,

Dy(P)[Q) = (Eq [Vi(P)(Z)))" Ax(P) 6", ¥Q € T,
where A,(P) = Ep [%[ KF [ 4 Ak %[KJ k] € R*** and 2z — Vi(P)(2) =
vk (P [1k] € RE.

O

Proof. See Appendix F.1.

This result implies that the regularization is DIFF(P, Ty, &5, =) for any bounded set =
in the dual of L7, and that the influence is given by the sequence of functions z — ¢y (P)(z) =
(Vi(P)(2) — Ep [Vi(P)(Z2)])" Ap(P)~*x* € ©. This result also implies a bound for Q ~»
M¢(Q) that is uniform over ||.||s-bounded sets; see Appendix F.1.1 for an explicit bound.
Thus, if the class S is P-Donsker — which means that @ = /n(P, — P) is a.s.-P a ||.||s-
bounded sequence (see Lemma E.1) — all the conditions in Theorem 5.2 hold.

For any, ¢ a linear functional over L9,
1elor(POIZap) = (Cs*])" Ak(P) ™ S0 (P)Ak(P) (¢["])
where ¥;,(P) € R¥** is the covariance matrix of V(P)(Z).%” Under our assumptions, for

each k, Ay(P) is non-singular, so [[{[px(P)][|72py < 00. But, whether this holds uniformly
over k depends on the limit behavior of the eigenvalues Ay(P)~! and ¥(P) which may

2TThe expression £[x*] should be understood as ¢ applied to component-by-component to x*.
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diverge as k diverges.” By using ||¢[px(P)]||12(p) as the scaling factor our approach adapts
to either case, thus allowing the researcher to sidestep this discussion altogether.

We now provide asymptotic confidence bands for the regularized M-estimator. Since
© C L1N L, the set = = {J,: z € Z} is a valid subset of the dual ©*. The following

representation follows from Theorem 5.2.

Lemma 5.2. Suppose Assumptions 5.2 and 5.3 hold and S is P-Donsker. Then, for any
q € [1,00] and any k € N,

V() — i(P) _(KMT —1,-1/2 - Vi(P)(Z:) — 0
n O'k(P) ( k) Ak(P) ZZ:; O'k(P) L P(1)>
where o, (P) : Z — Ry given by
2 0 (P)(2) = (K" ()T AL (P)Sk(P)A (P (KM (2)).
Proof. See Appendix F.1. O

Pn)—p(P)

Lemma 5.2 shows that in order to characterize the asymptotic distribution of H Vn 21

it suffices to characterize the one of ||(k*)TAx(P)~1n=1/23"" %

proposition accomplishes this by showing that the latter quantity can be approximated by

o, (P)

. The following
La

a simple Gaussian process; the proof relies on coupling results (e.g. Pollard [2002]).

Proposition 5.6. Suppose Assumptions 5.2 and 5.3 hold. Then, for any ¢ € [1, co] and any
k eN,

R —ur) 7z sk (| e (GE) Y |

=Op, | —= +r ,
PR WD k mh

where Z; is such that z — % ~ N(0,11), Bx = E[[|Ac(P) Vi (P)(2)|P] and 7} =

n~12¢, (P)~'C(l,, P, k) where ¢,(P) = emin (A,;l(P)Zk(P)A,gl(P)) and (I,,), is any slowly

diverging sequence.

(P) ok (P)

Proof. See Appendix F.1. O

Proposition 5.6 provides the basis for constructing confidence bands under general L9
norms, and it also illustrates the type of restrictions on the sequence of tuning parameters

that are needed to obtain these results. On the one hand, the sequence (k,), has to be
such that (B, kn + ¢, (P)"'C(l,, P, k,))/v/n = o(1); on the other hand, it has to be such

d2¢(Zﬂ/fk(P))[ k

Z8For instance, if Ep [ e K", nk]] becomes singular or large k, the maximal eigenvalue of A (P)~?

diverges at rate /\,;1.
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that the approximation error is negligible, i.e., |[v/n|tk, (P) — ¥(P)|/ok, (P)||Le = o(1). If
this last requirement does not hold, then Proposition 5.6 only provides a result for obtaining
confidence bands of the “pseudo-true” parameter v, (P), which may or may not be of interest
in certain applications.

Provided the aforementioned conditions hold and one has consistent estimators of oy, (P),
Yk, (P) and Ay, (P), the asymptotic distribution of Hﬁ% HLq can be approximated

istri ; (kM)T 24,
by the distribution of SN

norm in a linear regression model. Our methodology extends these results in two directions:

. Belloni et al. [2015] obtained analogous results for the L>°-
La

general M-estimation problems and general L? norms. A

6 Conclusion

We propose an unifying framework to study the large sample properties of regularized esti-
mators that extends the scope of the existing large sample theory for “plug-in” estimators
to a large class containing regularized estimators. Our results suggest that the large sample
theory for regularized estimators does not constitute a large departure from the existing large
sample theory for “plug-in” estimators, in the sense that both are based on local properties
of the mappings used for constructing the estimator. This last observation indicates that
other large sample results developed for “plug-in” estimators can also be extended to the
more general setting of regularized estimators; e.g., estimation of the asymptotic variance of
the estimator and, more generally, inference procedure like the bootstrap. We view this as

a potentially worthwhile avenue for future research.
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Notation: Recall that ca(X) for some set X is the space of all Borel measures over X
endowed with the the total variation norm, ||u||7yv = |p|(X) where [.| is the total variation;
the space ca(X) is a Banach space (see Stroock [2010]).

A Extensions of our Setup

In this Appendix we briefly discuss how to extend our theory to general stationary models
(Section A.2), we also discuss how to extend our setup to capture some sample splitting
procedure commonly used in the literature (Section A.1).

A.1 Sample-Splitting Procedures

Our regularized estimator — like the plug-in one — is defined in terms of P,, and as such
is permutation invariance. So, estimators that do not enjoy this property are not covered
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by our setup; perhaps the most notable class of estimators that falls in this category are
estimators that rely on sample splitting procedures.

We now argue that a slight generalization of our framework can encompass some splitting-
sample procedures.

In order to illustrate the challenges and proposed solutions that arise from these pro-
cedures, we present the problem in a simple canonical example. Suppose the parameter of
interest is comprised of two quantities: a vector, denoted as h € ‘H (H being some subset of
a Fuclidean space), and a real number, denoted as # € R. The former should be treated as
a so-called “nuisance parameter” and the latter as the parameter of interest. Moreover the
following “triangular structure” holds:

P = y(P) = (0(P,h(P)), h(P)), (15)

where P — h(P) € H is the mapping identifying the nuisance parameter and (P, h)
O(P, h) € R is the mapping identifying the parameter of interest. The “triangular structure”
means that h only depends on P whereas 6 depends on both P and h(P). An example of
this structure is one where 0(P, h) = Ep|[¢p(Z, h)] where ¢ is a known function that depends
on the data Z but also the nuisance parameter.

Suppose the following estimator is considered. The data is divided in halves (for simplicity
we assume the sample size to be even). An estimator, denoted as 1&1, is constructed by using
the first half to construct an estimator of h and using this estimator and the second half of the
sample to construct the estimator for #. Another estimator, denoted as ’1212, is constructed by
reversing the role of the first and second halves of the sample. The final estimator is simply
1& = 0.51&1 + 0.5%. To keep the setup as simple as possible, we assume, for now, that the
plug-in estimator is used (within each sub-sample) for estimating both 6 and h, i.e., there is
no need to regularized the problem.

It is easy to see that d is not permutation invariant and thus does not fall in our frame-
work. However, we now propose an alternative formulation of the original problem that may
seem redundant and even contrive at first glance but it will allow us to extend our frame-
work to this problem. This formulation entails thinking of ¢ as a function of two probability
distributions over . Formally, 1) : M x M — R x H, where

V(P Py) = (0(P1, h(P%)), h(FP)). (16)

At the population level this distinction is superfluous because, if the true probability is
given by P, then (P) = (P, P). However, by taking 1) as the parameter mapping, the
split-sample estimator can be formulated as follows. Let P be the empirical distribution
generated by the first half of the sample and P? be the empirical distribution generated by
the second half of the sample. It follows that

) = 0.5%(PY, PR 1 0.55(P2), PW).

That is, the split-sample estimator can be seen as weighted average of two plug in estimators
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using the parameter mapping 1. Since the estimators (P,gl),Pr(f)) will converge to (P, P)
under the same conditions that ensure convergence of P, to P (except in the former case
the relevant sample size is n/2 not n), then one can establish consistency and asymptotic
linearity by using the typical results for plug-in estimators, but using ¢ as the original
parameter mapping, and not .

The formulation using v allow us to tackle the case in which the estimation problem for
h or 6 needs to be regularized; e.g. if h is a function or a high-dimensional vector. We do
this by proposing a regularization — in the sense of Definition 3.1 — for 1 as opposed to 1,
and construct the regularized estimator as

0.50% (PY, P@) + 0.5¢4,(P®, PY), Wk € N.

Thus our results can be applied to this case, by taking the regularization to be (). For
instance, to establish consistency, following Theorem 4.1, it suffices to verify continuity of

(V)

The example given by expression (15) has 3 features that we believe are key in order
to extend our general theory for regularized estimators to encompass sample-splitting pro-
cedures. We now extrapolate these feature from this simple canonical example to a more
general setup

1. The number of splits in the sample is fixed, in the example was 2, in general it can be
s € N but s is assumed not to grow with n. Following the insight in expression 16,
the new parameter is given by ¢(Py, ..., P;) where Py, ..., P, belong to the model M.
Moreover, assuming, for simplicity, that n = sm for some m € N, it also follows that
one can construct a vector Pr(Ll), ey P of empirical probability distributions, one for
each sub-sample.

2. The estimation procedure within each sub-sample admits a regularization as defined
in our paper. That is, there exists a sequence (1), such that ¢k(P7§ﬂ1), s Py(fs)) is

well-defined for each permutation 7y, ..., 7, of {1,...,s}, and ¢y (P,..., P) converges to

Y(P, ..., P) =1(P) for each P € M.

3. The final estimator is a convex combination of the estimators ¢, (P\™, ..., P\™)). For
instance, if s = 3, then the final estimator is of the form 3=, . o) 5 wm,kqﬁk(Pp, PY). Pygk))
where (w; )i ;x are given weights. This last assumption is, in our opinion, less critical
than the other two since we conjecture the convex combination can be replaces by a
“smooth” operator.

We believe these features are general enough to encompass the sample-splitting proce-

dures commonly used in applications They, however, do rule out cases where the sample
splitting procedure demands number of splits that grow with the sample size.
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A.2 Extension to General Stationary Models

We now briefly discuss how to extend our theory to general stationary models. In this case a
model is a family of stationary probability distributions over €, i.e., a subset of P(£2) (the
set of stationary Borel probability distributions over €2).

Let P denote the marginal distribution over Z; corresponding to P € P(€2) (by station-
arity, the time dimension is irrelevant). For a given model M let M denote the set of
marginal probability distribution over Z, corresponding to M>. A parameter on model
M®™> is a mapping from M to ©. That is, we restrict attention to mappings that depend only
on the marginal distribution. Our theory can also be extended to cases where ¢ depends on
the joint distribution of a finite sub-collections of 2. Allowing for the mapping to depend
on the entire P is mathematical possible, but such object is of little relevance since it cannot
be estimated from the data.

A regularization of a parameter v is defined analogously and the (relevant) empirical
distribution is given, for each w € Q, by P,(4) =n~'>" | l{w: Z;(w) € A} for any Borel
set A C Q.

Theorem 4.1 can be applied to this setup essentially without change, the difference with
the i.i.d. setup lies on how to establish converges of P, to P under d. Similarly, the notion of
differentiability (Definition 5.2) can also be applied without change. The influence function
will also be given by z — Diy(P)[d, — P]. The scaling, however, will be different, since

:||90k(P)||%2(P)
+2n7" Y Ep [(D64(P)[07, — P)) (Duy(P)[67, — P])]

1<j

n—1 n
=llex(P)[Zapy +207" Y > vin(P)

=[lok(P)|Z2(p) (1 + 20, 1(P))

where 7, (P) = Ep [(D¢k(P)[5Zo - P)) (Dwk(P)ij - P])] and
(i) k()
Bui(P) = 2. (1 - ﬁ) Yeo(P)

1=1

Hence, the natural scaling is ||ox(P)||r2(p)v/(1 4 2,%(P)) and not ||¢x(P)||z2(p) as in
the IID case. We note that our theory, a priori, does not require limsup,,_, . @, x(P) = oc.
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In view of the previous discussion, the relevant restriction in Theorem 5.1 is

n (o — P) = op(1).
f||s0k(P)||L2(P)\/(1 + 2@, ,(P)) @

An analogous amendment applies to Theorem 5.2.

B Appendix for Section 3

The next lemma formalize verifies Claims 1-3 and 1’-3” in the text. Throughout, let pi(-) =
kp(k-) for any k € K.

Lemma B.1. For all h > 0, t — (pin * p1n)(t) = K= (p* p)(t/h).
Proof. For all t € R,

e pn)(® = [ ptt = Do)z = [ p((e = o) mpla/mde =1 [ plap(e/h ~ u)d
=h"H(px p)(t/h)

where the last line follows from symmetry of p. O

Lemma B.2. Claims 1-3 and 1°-3" in the text hold.

Proof. For each case 1-3 and 1’-3’, we show that the k yields the associated estimators and
that k is a valid choice in each case.

(1) Follows directly from the fact that p, x P, = pi/n-

(2) By Lemma B.1, ¢ — (pi/n * p1/n)(t) = b= (p* p)(t/h). Hence, by taking k = p % p
it follows that ¢ — k15 (t) = h™'(p % p)(t/h) = (pijn * p1/n)(t). Moreover, k is indeed a pdf,
symmetric and continuously differentiable.

We now show the form of the implied estimator. We use the notation (.,.) to denote the
dual inner product between L*(R) and ca(R), so

/(%1/h*P)(=T)P(d$) :<,01/h*01/h*P, P)= //Pl/h(l' —y)(Pl/h*P)(y)dyP(df)

- / (o % P)(y) / only — 2)P(dz)dy
=(p1/n * P, p1jn * P) 2

where the second line follows by symmetry of p. Since p;, x P, = pj, the result follows.
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(3) Take £(-) = (—p*p(-)+2p(+)). It follows that [ k(u)du = — [ pxp(u)du+2 [ p(u)du =
1. Smoothness follows from smoothness of p. F mally, we note that one can write KJ( ) as

{pxp(t) +2(p(t) — pxp(t))}.
By Lemma B.1t — r1/,(t) = b= (pxp)(t/h)+2h 1 (p(t/h) — p*p(t/h)) = (p1/n*p1n)(t)+
2(p1/n(t) = pi/n* p1yn(t)). So the expression of the estimator follows from simple algebra.

(1’) Since P does not have atoms, Z; = Z; iff i = j a.s.-P. It follows that the estimator is
given by n=2 37, - kiyn(Zi — Z;) = n” ki (0) + 072 Y0 wyn(Zi — Z;) as-P and the result
follows since k(0) = 0.

(2’) The expression of the estimator follows from analogous calculations to those in 1’.

(3’) By the calculations in (3)

/(ﬁh(z))zdz = /(Pl/h * piyn* Po) (@) Paldz) = 0> pun puyn(Zi — Zj) + 07" puyn * pryn(0)
i#]
=n"? Z pim* pyn(Zi — Z;) +nt /(Pl/h(z))2dz
i#]

where the last line follows by symmetry. Hence

/ (hn(2))%dz — 2 / (Pn(2))?dz + ™ / (on(2)2dz = =023 pusx punZi — 7)
i#]
= =02 punx puynlZi — Z;) x 2 — Z; # 0}

Z‘?j

where the last line follows because P does not have atoms, so Z; = Z; ift i = j a.s.-P.
Similarly,

271_121%(21') — 2p1/(0)/n =2 ( 2X:Pl/h Zi — Z;) pl/h(o)/n>

=2n~? Z pn(Zs — Zj)
i#j

=202 Zpl/h(Zi — Z;) x {Z; — Z; # 0}.

i7j
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Proof of Proposition 3.1. Since P € M it admits a smooth pdf, p, and thus

(P = o(P) = [ ([ wate = dptopay — o)) sty

— [ ([ wtwnte = utyan =) ) sty

where the second line follows from a change in variables.
If m =0, then | [ k(u){p(z — u/k) — p(z)}du| < C(x)k~2 [ |k(u)||u[?du. On the other
hand, if m = 1, then

' [ swpte = k) = playa

< ' / k() {ple — u/k) — pla) + o (2)u/k}du

‘/ 2)u/k)du

. ' [ st = u/b) - p(o) +

because [ k(u)udu = 0. Observe that for any u > 0 (the case u < 0 is analogous and thus
omitted)
0 u/k
Ip(z — u/k) — p(x) + p'(x)u/k| < | {p'(x +1t) —p'(x)}di] < C(x)/ tedt
—u/k 0

where the first inequality follows from the mean value theorem and the second one from our
smoothness condition 2. Thus, | [ £(u){p(z — u/k) — p(z)}du| < C(2)k=0+9 [ |k(uw)||ul*+edu.
This result readily implies that

in(P) = o) <K [ et fufm e [ €
because, by symmetry at 0, [ &(u)udu = 0.

If x is a twicing kernel, t — ki (t) = —k(p * p)(kt) + 2kp(kt) = —pp. * pi(t) + 2pi(t) by
Lemma B.1. Hence, since P € M admits a pdf p,

Ui(P) —Y(P) = — (pr * pe * D P12 + 2{p * D, p) 12 — (P, P) 12
— Pk * D, P * D)2 + 2{pr * P, D) 12 — (P, D) L2
= —||pr xp — pl[32.
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By calculations analogous to the previous ones, it follows

lowrp =l = [ ( [ sttt = /) —p(x))du) da
<k=2mt) (B [[U]™ ) [|C] 2.

O

B.1 Some Remarks on the Regularization Structure in the NPIV
Example.

The general regularization structure, (R p, Tk p, 7k p)ken, and conditions 1-2 are taken from
Engl et al. [1996] Ch. 3-4. It is clear from the problem that

Dy = {p € ca(R x [0,1]*): E,[[Y]?] < 00 and E,[|h(W)|*] < 0o Vh € L*([0,1])}.  (17)

The next lemma presents useful properties of D,,. The proof is straightforward and thus
omitted.

Lemma B.3. (1) Dy D MUD; (2) D, is a linear subspace.

We now discuss canonical examples of regularizations methods for the first and second
stage that we consider in this paper.

FIRST STAGE REGULARIZATION. For any P € D, and any k € N, we can generically
write r, p as

re.p(x / /ka x)P(dy,dz’), Yx € [0, 1],

where Uy € L>([0,1]?) symmetric. For instance, if
(', 2) = Up(2', ) = ku(k(z — 2"))

where u is a symmetric around 0, smooth pdf, then x — 7y, p(2) = [y [ ku(k VP(dy, dx'),
which is the the so-called kernel-based approach; e.g., for 1ll-posed inverse problems see
Hall and Horowitz [2005] among others.

In the case one defined rp using conditional probabilities, i.e., 7p(z) = [ yp(y|x)dy. The
kernel approach becomes

f]q;u x—ua )P(dy7 dm,>
T =1y p(T) = / [ ku(k(z — 2'))P(da’)

(e.g. Darolles et al. [2011]). Observe that rp is only defined for probability measures for
which the pdf exists.
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Another approach is to directly set
(¢, 2) = Up(a',2) = (u(2)) " Quuu” ('),

where (uy,)gen is some basis function in L%([0,1]) and Quu = Erep|(v*(X))(w*(X))T]. In this
case, x — 1 p(z) = (u¥(2))T QL Ep[u*(X)Y], which is the so-called series-based approach;
e.g., for ill-posed inverse problems see Ai and Chen [2003], Newey and Powell [2003] among
others.

Analogously, one can define T}, p as

g— Ty plgl(x) = /g(w)/Uk(x',x)P(dw,dx'), Vz € [0,1],

and the same observations above applied to this case.

The next lemma characterizes the adjoint for any P € M (i. e P as a pdf p) In this
case, we can view the regularization as an operator actlng on Tplg f g(w)p(w, z)dw,
given by Uy : L*([0,1]) — L*([0,1]), where Uy Tr[g](z) = [ Ux(2',z fg plw, z )dwdm

Lemma B.4. For any k € N and any P € M (m particular, it admits a pdfp), the adjoint
of Tr.p is Tj; p - L*([0,1]) — L*([0,1]) and is given by

[ Tl:,P[f] = T"U[f].

Proof. For any k € N and any P € M,

(Terlgl: F) o) / UTrlg)(x)) f(2)dx

/ //Uk ' x) f(z)dep(w, 2')dr' dw

=(g, TpUx[f1) 2(0.1))
for any g, f € L*([0,1]). O

If P ¢ M, in particular if it does not have a pdf (with respect to Lebesgue), the adjoint
operator is different; the reason being that 77 does not map onto a space of functions because
P does not have a pdf In this case, consider the operator Ap : L*([0,1]) — ca([0,1])
given by f = Aplf = [,ep ) f(x)P(dw,dx) for any B C [0,1] Borel. Note that
|Ap[f]() < [|f(z \P d:c) < 00 prov1ded that f € L*(P), which is the case for any P € Dy.
The next lemma characterizes the adjoint in this case.

Lemma B.5. For any k € N and any P € Dy, the adjoint of Ty, p is given by

f= T3 plf] = ApU[f].

Since Uy, € L*([0,1]), T} p[£1([0,1]) Z 1 fll2p)[|Ukl| 2(j0,1j2) Which is finite for P € Dy.
So T} p[f] in fact maps to ca([0, 1]).
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Proof. For any k € N and any P € Dy,
(Tx,plgl, f) 201 // /Uk ', x)P(dw,dx’) f(x)dx

= [ow ( [u, as)f(a:)da:) P(dw, di')

= [ 9w [tln@)P(dw, ),

for any g, f € L*([0, 1]). O

One possibility to avoid the aforementioned technical issue with the adjoint operator is
to define a regularization given by

9 Turlgla) = [ g(w) { [ vt et wpPlaw dx’)} dw, Va € [0, 1],

where U, € L>=([0,1)%) symmetric. For example, if Vi(w',w) = h; 'v((w' — w)/hy, (and
Uy is also given by the kernel-based approach), then in this case (z,w) — Wi[P](z,w) =
[ Uk(2',2)Vi(w', w)P(dw',dz’) is a pdf over [0,1]* (regardless of whether P has a pdf or
not), and thus

£ Tiplflw) = [ F@WilPl (o, w)de

For instance, Hall and Horowitz [2005] considered a method akin to this.

In the case Tp is defined as a conditional operator, one can consider the sieve-based
approach for Uy and Vi (w',w) = (vF(w))TQ,v*(w') for some (vi)ren basis function in
L*([0,1]). Then, in this case,

Tr.plg)(x) =(u*(2))" Quu Ep[u" (X) (v* (W) Q) Epe[v" (W) g(W)]]
uF (1)) Qrt Quo Qi Eres[v" (W) g(W)]

[ atw { [ ) Q) ) @ M) P dx')} dho

=(
=(

where Q,, = ELeb[(vk(W))(vk(W))T] and Qu, = Ep[uk(X)(vk(W))T], and
£ o T pf) (w) =(0* ()P Qi QT Qi Ereplu (X) ()
- / F @)Wl Pz, w)dz
where Wy[P)(z, w) = [ (u*(2))TQulu(a’) (v (w))T Quv* (w) P(du  da).

SECOND STAGE REGULARIZATION. For the second stage regularization, one widely used
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approach is the so-called Tikhonov- or Penalization-based approach, given by solving
argmin{ Ep [(r,p(X) — T p[0] (X))7] + Mel01 220}
which is non-empty and a singleton. This specification implies that
Rip = (Ty pTip + Med) 71,

which is well-known to be well-defined, i.e., 1-to-1 and bounded for any A\, > 0.
Another widely used approach is the sieve-based approach that consists on setting up

arg érlfeliglfllc Ep [(Tk,P(X) — Ty.pl0)] (X)ﬂ

and specifie the (O); such that (1) Ug©y is dense in © and O has dimension k, and (2)
arg min exists and is a singleton. For instance if Oy is convex, then a solution exists and is
unique provided that Kernel(Tj p|©y) = {0}. In this case

Rip = (IG5 p T 1) ™,
where Il is the projection onto Oy.

VERIFICATION OF DEFINITION 3.1. The next Lemma shows that given Conditions 1-2
listed in Example 3.2, (¢ (P))ren (and hence (7x(P))ren) is in fact a regularization.

Lemma B.6. Suppose Conditions 1-2 listed in Example 3.2 hold. Then (¢Yr(P))ken (and
hence (ve(P))ken) is a regularization with Dy, given in 17.

Proof. Condition 1 in Definition 3.1 is satisfied by Lemma B.3. Regarding condition 2 in
Definition 3.1, note that

e (P) — W(P)|| 2oy < [[Ru,p T plre.e — 7]l 20,0 + |(Rip T p — (TTp) ' T5) [Pl 2(0,1))

which vanishes as k diverges by our conditions 1-2. O

C Appendix for Section 4.1

The next lemma provides an useful “diagonalization argument” that is used throughout the
paper.

Lemma C.1. Let S = {ky, ko, ...} with k; < ki1 for all i € N. Take a real-valued sequence

(Tkn)kesnen such that, for each k € N, lim,, o |zrn| = 0. Then, there exists a mapping
n— k(n) € S such that (a) lim,_, [Trmyn| =0 and (b) k(n) 1 oco.

Proof. By pointwise convergence of the sequence (2, ), for any I € N, there exists an(l) € N
such that |z, .| < 1/2% for all n > n(l). WLOG we take n(l + 1) > n(l).
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We now construct the mapping n — k(n) as follows: For each [ € N, let k(n) = k; for
all m € {n(l)+1,...,n(l+ 1)}; and k(n) = 0 for n € {0,...,n(0)}. Since the cutoffs n(.)
are increasing the set {n(l) + 1,...,n(l + 1)} is non-empty for each [. For integer L > 0,
k(n) > kg, for all n > n(L) + 1; since (k;); diverges, (b) follows.

To show (a), for any € > 0 take [, such that 1/2%¢ <. Observe that for any n > n(l.)+1,
|Zh(n)n] < 1/2' < € by construction of (n, k(n)). Thus, (a) follows. O

Proof of Lemma /.1. For any k € K and any n € N, by continuity it follows ||ty (P, (w)) —
Ur(P)||e < 0x(d(P,(w), P)) a.s.-P.

So it suffices to show that there exists a diverging (k,), such that for any ¢ > 0, there
exists a NV € N and a M > 0 such that

sup P (04 (d(Pn(w), P)) > 0p(Mr,; ")) < e

keK

for all n > N.
Since t + 0, (t) is non-decreasing for all k € K, it follows that P (6;(d(P,(w), P)) > 6 (Mr; 1)) <
P (d(P,(w), P) > Mr,; ') for any (n,k) € N x K and any M > 0. Hence,

sup P ((d(Pu(w), P)) > 0x(Mr;")) < P (d(Py(w), P) > Mr")

keK

for any n € N and any M > 0.
By assumption, r,d(P,(w), P) = Op(1). This fact and the previous inequality imply the
desired result. O

Proof of Theorem 4.1. Fix any € > 0. By the triangle inequality and laws of probability, for
any (k,n) € N x K,

P ([|vn(Fn) — 0(P)lle = €) < P (|[vw(Pn) — vr(P)lle = 0.5¢) + H{[|vn(P) — ¢(P)lle = 0.5¢}.

By assumption, there exists a (r,)nen such that r,;* = o(1) and d(P,, P) = Op(r;').
Thus, by Lemma 4.1, there exists a N € N and a M > 0 such that for all £ € K and all
n> M,

P (|[yw(Pn) = (P)lle > €) < €+ 1{dr(Mr,") > 0.5¢} + 1{[[(P) — ¥(P)lle > 0.5¢}.

Observe that for each k, d,(Mr; ') = o(1). Since K is unbounded it contains a diverging
increasing sequence, therefore, by Lemma C.1, there exists a diverging (k,)n,en such that
Ok, (Mr1) = o(1). This result, condition 2 in the definition of regularization and the previous
display at k = k,, imply that

P (|[¢r, (Fn) —¢(P)lle =2 €) < e

for alln > N.
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Finally, we show that dx, (d(P,, P)) = op(1). Since t — dx(t) is non-decreasing for all
k € K and d(P,, P) = Op(r;!') it follows that P (&, (d(Py, P)) > &, (Mr; 1)) < € for all
n > N' (WLOG we take N’ = N). Since 8, (Mr,;') = o(1) the result follows. O

D Appendix for Section 4.2

D.1 Proof of Theorem 4.2

The next lemma provides two sufficient conditions that ensure the result in Theorem 4.2.
To do this, for any n € N, let

D, ={weQ:d(P,(w),P) <r;'}.
Lemma D.1. Suppose there exists a sequence (jn)nen Such that
1. For any e > 0, there exists a N such that P ({j, € F,(w)} N D,) > 1—¢ foralln > N.

2. There exists a constant L < oo such that &;, (r;') + B;,(P) < Linfreg, {ox(r;") +
Bi(P)}.

Then
I65,(P.) = (Plls = O  uf 1u(r7") + Bu(P)})

Proof. Let A, ={w € Q: j, € F(w)}.
For any w € A, N D,,, it follows that
wlle + (W), (P) — ¢(P)

P _

) (Pr) = 5, ( |
<||¢kn(w (Pa) = ¥j.(Pa)lle + 05, (ry ") + B;, (P)
<405, (r ") + 05,(r, ) + B (P),

o

where the first linear follows from triangle inequality; the second line follows from the fact
that w € D, and t — 0x(t) is non-decreasing; the third line follows from the fact that w € A,
and thus j, > k,(w). Thus,

401Dy {w € Q: (145, ) (P) = 9(P)llo <5 (6, 07) + B, (P)) }

c {10 € 9 g (P~ 0(P)lo < 5L jnf (5u") + B

where the last linear follows from the second condition. Since by condition 1, A,, N D,, occurs
with high probability, the result follows. O
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We now construct a sequence (h,), that satisfies both conditions of the lemma. To do
this, let for each n € N,

By(P)}

Gy ={k € Gur dilr,")
1 < By(P)}.

>
G, ={keG,: 0(r,) <

Remark D.1. For any n € N, G or G, are non-empty. B
If they are not empty, they are closed as k — dx(r;!) and k — By (P) are continuous and
G, is closed. A

For each n € N, let

T,F =0 (riY) + B,+(P)

n n )

if G is non-empty where
h =min{k: k € G'};

and T.F = +o0, if G is empty. Similarly,

1, = 5h,; (7’;1) + Bh’(P)

n

it G, is non-empty where

h, =max{k: k€ G, };

and T = 4o0, if G, is empty.

Remark D.2. (1) Observe that when G (resp. G, ) is non-empty, since it is closed, h;
(resp. h, ) is well-defined.

Intuitively, A, is the “round up” version within G, of k(n); and A is the “round down”
version within G, of k(n).

(2) By our previous observation and the fact that either G or G, is non-empty, it follows
that either T)f or 7, is finite. A

Finally, for each n € N| let h,, € G,, be such that
by =hi T <T; Y+ h, {T,7 > T, }.
Lemma D.2. For each n € N, h,, exists and

S, (r") + By, (P) = min {T,, T;}

rTn

Proof. For each n, by our previous remark, either T, or 7}, is finite.
If TF = oo, then T, < oo =T, so h; exists and h, = h,,.
If T, = oo, then T,F < oo =T, so h exists and h,, = h.l.
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Finally, if both are finite, then both A and A exist.
The fact that

6hn (7«;1) _I_ Bhn(P) = mln {Tn_7 T;zi_

follows by construction. O

Lemma D.3. Suppose Assumption J.1. For eachn € N,

Sn, (rit) + By, (P) < 2 inf {0 (1) + Br(P)}.

kegn

Proof. Observe that

Juf {0x(r,") + By(P)} 2 min{kiéﬁ{%(ﬁl) + Bi(P)}, inf {6(r,") + Br(P)}}

keGn

where the infimum is defined as +oo if the corresponding set is empty.
Fix any n € N, if G # {0},

inf {0x(r,") + Br(P)} = inf {0x(r, ")} = 0 (1) = 0.5 (05 (r,7) + Byix (P))

keg;t keG,t

where the first inequality follows from the fact that B, (P) > 0; the second one (the equality)

follows from the fact that k + d;(r; ') is non-decreasing (Assumption 4.1) and that i is

minimal over G,; the third inequality follows from the fact that 6,+(r,') > B+ (P).
Similarly, if G, # {0},

inf {6,(r; ") + Be(P)} > inf {By(P)} = B,-(P)>0.5 (5h; (r,") + B,-(P)) .

keGn keGn

Observe that here we use monotonicity of k + By (P).
Thus,

kingf {6x(r;t) + Br(P)} > 0.5min{T,; , T},
€0n

and by Lemma D.2 the desired result follows.

Lemma D.4. Suppose Assumption 4.1. For anyn € N, P(h, ¢ F,(w)) < P(DY).

Proof. For any n € N,
P(h, ¢ Fu(w)) < P({hy ¢ Fu(w)} N Dy) +P(D).
By definition of F,,

{h, ¢ Fo(w)} C {Elk; € Gn: k> hy and ||Ye(Py) — U, (P)]|le > 45k(r;1)} .
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By triangle inequality and the fact that ¢ — 0 (¢) is non-decreasing,

{hn & Fo(w)} N D, C {Elk € Gn: k> hy, and 6 (r;Y) + Bp(P) + 63, (r; ') + By, (P) > 45k(r;1)} )
(18)

We now derive a series of useful claims.

Claim 1: If there exists k € G,, such that k > h,, and h,, = h,, then k € GF. Proof: If
h, = h;, then h,, is the largest element of G, and thus k ¢ G, which means that k € G.
0]

A corollary of this claim is that if there exists k € G,, such that k¥ > h,, and h, = h,,
then G is non-empty. From this claim, we derive the following two claims.

Claim 2: If there exists a k > hy, then 6, (r,") + By, (P) < 20,:(r;"). Proof:
If hy, = hf, then 0, (r;') + By, (P) < 0,4 (') + By (P) < 20,4(r)"). If hy = hy,
by the previous claim it follows that G is non-empty and thus h} is well-defined, thus
O (1) + Br, (P) < 01 (r ") + By (P) < 20,4 (r, ). O

Claim 3: For any k > h,,, 0x(r;}) > By(P). Proof: If h, = h then the claim follows
because k — 0(r,') — Bi(P) is non-decreasing under Assumption 4.1. If h, = h,, then
k € G} by Claim 1 and thus & (r;') > By(P). O

By Claims 2 and 3, it follows that if there exists k € G,, such that k > h,,, then & (r,*) +
By(P) + 6n,(ry") + B, (P) < 264(r, ") + 20,1 (r; ') < 40x(r, ") where the last inequality
follows from Assumption 4.1 and the fact that k& > h' because k > h,, and so by Claim 1
k € G and A is minimal in this set. Applying this to expression 18, it follows that

{h, ¢ Fo(w)}N D, C {3k €Gy,: k> h, and 46, (r;") > 46, (r;")}, (19)
which is empty. Hence, P(h, ¢ F,(w)) < P(DY) as desired. O

Proof of Theorem 4.2. We verify that (h,),en satisfies both conditions in Lemma D.1. By
Lemma D.3 condition 2 in the Lemma D.1 holds with L = 2. To check condition 1 in the
Lemma D.1, observe that

P (Q\ {{hn € Fu(w)} N D,}) < P (hy ¢ Fulw)) + P (D).

Thus, by Lemma D.4 and the fact lim,, o, P(DS) = 0, (hyn)nen condition 2 is satisfied. [

D.2 Proof of Proposition 4.1

For any n € N, let

v

k(n) = min{k € Ry : 6(r; ") > Br(P)}.
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Lemma D.5. Suppose Assumption 4.1 holds. Then, for each n € N, k(n) ezists and solves

5;6(”)(7’,:1) = Bk(n)(P) = min max{(sk(r;l), Bk(P)}.
k€R+

Proof. For each n consider the set {k € Ry: dx(r;') > Bi(P)}. The set is closed since
k + B(P) and k +— (r;!) are continuous by Assumption 4.1. Since dx(r;!) > 0 and
By(P) = o(1), if follows that there exists a K(n) < oo such that &, (r;tl,) > By(P) for any
k > K(n). Thus the set is non-empty and since we are minimizing the identity function, the
minimizer exists and uniquely determined by

5k(n) (T;l) = Bk(n)(P)
The second equality is obvious. O

The next two lemmas show some useful properties of the choice (k(n)),. The first one
shows that balancing the sampling and approximation error yields the same rate as the “opti-

mal” choice. The second lemma shows that the approximation term vanishes asymptotically
under (k(n)),.

Lemma D.6. Suppose Assumption j.1 holds. For any n € N,

k(') < inf {6k(ry, ") 4 Br(P)} < 2610 (1, 1).

- keR4
Proof. Observe that for any n € N and any € > 0, there exists k*(n) such that

5k*(n)(7’;1) —+ Bk*(n)(P) —e< klerg+{5k(rgl) + Bk(P)} < 25k(n)(r;1).
The upper bound follows from the fact that infyer, {0 (1, ")+ Bi(P)} < Sk (rp ')+ Bign) (P)
and definition of k(n).

If k*(n) > k(n), then 0« (r,*) > Ok (') since k — i (¢) is non-decreasing for any
¢t > 0 by Assumption 4.1. On the other hand, if k*(n) < k(n), then By (,)(P) > By (P) =
Ok(n) (') where the last equality follows from Lemma D.5. Therefore, for any n € N and
any € > 0,

Sy (') — € < ]ilelﬂg{5k(ril) + Bi(P)} < 204y (r;, ).

Since € > 0 is arbitrary the result follows. O

Proof of Proposition 4.1. By inspection of the proof of Lemma D.1 it suffices to show exis-

tence of a sequence (j,), for which Condition 1 and the following strengthening of condition
2 holds:

~ Condition 2": There exists a constant L < oo such that 8, (raV)+B;, (P) < Linfregr, {0x(ry )+
By(P)} for any n € N.
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As for the proof of Theorem 4.2, we propose j, = h, for all n € N. By Lemma D.4
condition 1 holds, so it only remains to show that Condition 2’ holds.

Under the conditions in the corollary, b, and h,, are well-defined for all n € N. Moreover,
they are either the same or consecutive elements in G,. Thus §,+(r, ') < C6,-(r,") under
the conditions in the lemma. Therefore,

On, (ry ') + B, (P) =min{8,-(r, ") + B, (P), 8,1 (r,') + B+ (P)}
<min{8,- (1Y) + B,- (P), 28,1 (r; 1)}
<min{d,- (1Y) + B,- (P), 203, (r; )}

Observe that h, < k(n) because, by definition d,-(r,') < B,-(P) but k(n) satisfies
Ok(n) (') > Biny(P), so under Assumption 4.1 and the fact that k — By(P) is non-
increasing it must follow that h, < k(n). Thus, 6,-(r, ") < dkm)(r,") and the result follows

from Lemma D.6. U

Remark D.3 (Verification of the Condition 1 in Proposition 4.1). The condition that
di(r,t) < B;(P) for some j € G, is easy to satisfy as any fix j (e.g. j = 1) will satisfy
this condition eventually. The other inequality is more delicate but the next lemma provides

the basis for its verification.

Lemma D.7. limsup,,_, . 0k (') = 0.

Proof. Suppose not. Then there exists a sub-sequence (n(j)); and a ¢ > 0 such that
5k(n(j))(r;(1].)) > ¢ for all j. Clearly (k(n(j))); must diverge, so Bym)(P) = o(1), but
then k(n(j)) cannot be balancing both terms. O

Lemma D.7 provides a sufficient criteria for the extra assumptions in Proposition 4.1. Let
(j(n)), be such that iminf, o0 d;m)(r, ') > 0. Since limsup,,_, . k) (r, ') = 0, it follows
that j(n) > k(n) eventually and thus ;¢ (r, ") > Bjn)(P).

Thus, any set G,, such that G, 5 {1, j(n)} will satisfy the conditions in the Corollary, at
least for sufficiently large n. A

D.3 An Extension of Theorem 4.2

In this section we show that Theorem 4.2 can be extended to whole when G, is any closed
set of K. The extension is merely technical as one needs to ensure that some minimizers are
attained over G, when this set is not discrete.

First, one needs to ensure that k, exists with probability approaching 1. Lemma D.4
shows that with probability approaching one, the set F,, is non-empty. Thus, it suffices to
argue that F, is closed. It is easy to see that the following assumption is sufficient for this.

Assumption D.1. For each P € D, the mapping k — 1 (P) is continuous over G,,.
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Observe that when G, is discrete this condition is trivially satisfied and that is why it is
not imposed in the text.

The following theorem is an extension of Theorem 4.2 to the case where G, is a closed
set (not necessarily discrete) of K.

Theorem D.1. Suppose all assumptions in Theorem 4.2 hold. And suppose further that
G, is a closed set (not necessarily discrete) of K and that Assumptions D.1 holds. Then

I65,(P2) = (Plls = O  uf 140r,") + Bu(P)})

Proof. The proof is identical to the one of Theorem 4.2. Assumption D.1 and the fact that
K is closed ensure that the quantities defined in the proof exist. O

D.4 Appendix for Section 4.3

For any probability P over a set A and any k € N, let ®f:1 P be the product probability
measure over Hle A induced by P. Also, recal that the Wasserstein distance for p > 1 over
P(I1, Q) for some k > 1 is defined as

1/p
Wy(P.Q) = ( wt [l u(dx,dw)

wEH(P,Q

for any P, in P(Hle Q), where H(P, Q) is the class of Borel probability measures over
0% with marginals P and Q. It is well-known that

(PQ) = 1P = Qll (e, 2y = Wi(P. Q)

where for any set A, let LB(A) to denote the class of bounded Lipschitz (with constant 1)
real-valued functions on A; see Villani [2008] p. 60.
The following lemma is used in the proof

Lemma D.8. Forany P,Q inP(Q2), anyk € N and any u € H(P,Q), ®le weH (®le P, ®f:1 Q).

Proof of Lemma D.8. 1t is clear that the marginal of ®f:1 wof a pair (x;,y;) is p. Therefore,
for any Ay, ..., A, Borel subsets on (2,

k k k

Q) 1 (A1 x Q), .., (A x Q) = [ (A x Q) = T P(A)

i=1 i=1 i=1
where * follows because u € H(P, Q). Equivalently,

k k

/ o) R p(d, di) = / 9(7) Q) P(di)

i=1 i=1
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for any g belonging to the class of “simple” functions on Hle Q: The class of functions
of the form ¢(Z) = Zle 14,(z;) for any Ay, ..., A; Borel subsets on . Since the class of
“simple” functions is dense in C(QF, R) (the class of continuous and bounded functions over
), by taking limits and using the previous display one can show that

k k
[ 1@ Qutdaz.dn) = [ 1@ @ Plan

for any f € (C(Hf:l 2, R). That is, the marginal probability of ®f:1 i for the first k coordi-
nates is ®f:1 P. A completely analogous argument shows that the marginal probability of
®f:1 u for the last k coordinates is ®f:1 Q. O]

Proof of Proposition 4.2. First note that, for any f € LB, Ey, p)[f(Z)] = [¢n(P)(f(Z) >
t)dt = [P(f(T,(w, P)) > t)dt = Ep [f (T,(w, P))]. Hence, it follows that

19k (P) = i(@)lle < sup [Ep [f (Ti(w, P))] = Eq [f (Ti(w, P))]|

f€Lip

+ fseuLE)p ‘EQOO [f (Tk(w, P)) - f (Tk(wv Q))”

ETL]Q(P, Q) + T2,k(Pa Q)

We now show that both terms, T} (P, Q) and Ty (P, Q), are bounded by VAW, (P, Q).
For any k € N, f(Ty(w,P)) = fi (\/Emax{k_l Zle Zi(w),0}> where fr, = f(- —

VEkmax{Ep[Z],0}). Tt is easy to see that for any k, fr € LB (given that f € LB). Moreover,
the mapping t — gi(t) = fr(max{t,0}) is also in Lip because

|95 (1) — g(t)] < [max{t,0} — max{t’, 0}| < [t' — |, V£, 7"

Finally, the mapping t — gx(Vkt)/vk is also in LB since g, € Lip. Hence,
k k

f <k:—1 ZZZ-) f <k:‘1 > ZZ-)
i=1

i=1
For any ¢ : R — R, let g : R¥ — R* be defined as

T x(P,Q) <Vk sup

— E ok
f€Lip Qi @

Eg . p

i. 20)

Z= (Zlv"’7zk> = g(z)
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We now show that for any ¢ € LB(R), kg € LB(R¥). This follows because

k
9(2) =g < K71 Y _{z— 2 < K7HIZ =2
i=1

This result allow us to bound from above the LHS of the expression 20 so that

i k
a1 (7 57)] <ot (15,2 |
JeLB =1 =1
Sk_l/Q Sup E k f Z _E' k f Z/
FELB(RF) ot pl[(Z)] = Egr olf(Z)]

k k
v (@r@o)
=1 =1
For any € H(P,Q), @', u € P(* x Q) where QF = [[-, Q. Moreover, by Lemma

D.8, ®f:1 peH (®f:1 P, ®f:1 Q)
For any n > 0, let u* € H(P, Q) be the approximate minimizer of W; (P, @), i.e.,

/ |z — y|p*(dx, dy) < Wi(P,Q) + 1,

as @, p € H (®§11 PR, Q), it follows that
k k k
M <® P ®Q> < [ lE= gl Q)

=1 =1 Q i=1

k k
:Z/ |z — il ®M*(d$€i, dy;)

i=1 7 i=1
Kk

= Z i — il " (das, dy;)
=1/
Since n > 0 is arbitrary, it follows that Wy (P*, Q%) < kWi (P, Q). Thus implying

Tl,k(P7 Q) S \/%WI(P7 Q)
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Regarding the term T3 (P, )), observe that

Tox(P, Q) <|Ti(w, P) — Ti(w, Q)|
—Vk| max{Ep|Z],0} — max{Eq[Z],0}|
<Vk|Ep[Z] - Eo[Z')|.

Since Ep[Z] = [, zp(dz, dz’) for any p € H(P, Q).
1,4(P.Q) < VEIE,(Z) - E,(2) < VE [ |z - #|uldz, ).

Choosing p as the (approximate) minimizer of W; (P, @) it follows that

T2,k(P7 Q) S \/%Wl(Pv Q)
U

To show the proposition 4.3, let ¥)(P) € P(R) be defined as the probability of max{¢, 0}
if P is such that Ep[Z] = 0 and the probability of ¢ otherwise, where ( ~ N(0,1). The
following lemma shows that ¢ (P) is the limit of (¢ (P))gen-

Lemma D.9. For any k € N and any P € M,
1¢x(P) = ¢(P)l|Ls < 6k~ Ep[|Z) + I{Ep[Z] > 0}20(—VEEp([Z])

Proof. Since P € M, Ti(w,P) = max{k™2YF (Zi(w) — Ep[Z]), —VkEp|Z]} for any
k € N.
By triangle inequality and definition of ||.||.5,

[0x(P) = &(P)l|s < sup B [|f (Til(w, P)) = f (max{¢, ~VEEp[2]}) |
feLB
+ sup B [|f (max{¢, ~VEEp[Z]}) — f (sp(C))
feLB
=Termy (k) + Terma(k),
where ¢ ~ N(0,1) and t — sp(t) = max{t,0} x I{Ep[Z] =0} +t x 1{Ep[Z] > 0}.
We now provide a bound for terms Term;(k). For any f € LB and any k € N, the
mapping t — f(t) = f(max{t, —vVkEp[Z]}) satisfies, for any t < #/,
[fet') = fe(®)] < |max{t’, ~VkEp[Z]} — max{t, —VkEp[Z]}|

where the RHS is equal to 0if t <t < —kEp[Z],t'—(—kEp|Z]) <t —t;ift < —kEp[Z] <t/;
and t' —tif —kEp[Z] <t <t'. Hence |fi(t) — fu(t)] < |[t' —t|. The same inequality holds
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when ¢/ <, so f; is in LB. Therefore,

f (kr‘”z > (Zi- EP[ZD) —f (o]

i=1

Term;(k) < sup
feLB

Ep < 6k~ V2 Ep(|Z)?]

where the last line follows from Berry-Esseen Inequality for Lipschitz functions (see Barbour and Chen
[2005] Thm. 3.2 in Ch. 1).

Regarding Termsy(k), we note that if Ep[Z] = 0, then Terms(k) = 0, because sp(() =
max{(,0}. So we only need a bound for Ep[Z] > 0. Under this condition,

Terma(k) < sup B [1{¢ < ~VEEp[Z]} | (max{¢, ~VEER[Z]}) - £ (Q)]]

feLB
Since || f||~ < 1, the inequality further implies that Terms(k) < 2F [1{§ < —\/EEP[Z]}] =
20(—VkEp|Z)). O

Proof of Proposition 4.3. By the triangle inequality,
5, (Pn) = ¥n(P)llLs <[[¢g, (Fn) = $(P)llLs + [[¥(P) = ¢n(P)||s

By Lemma D.9, [[¢x(P) — ¥ (P)|ls < 6k~ 2Ep[|Z]’] + 1{Ep[Z] > 0}20(—VEEp([Z]).
Thus, we can invoke Theorem 4.2 and its corollary to show that [[v; (P.) — ¥(P)||lts =

Op (mfke{1 L VERY2 £ 1{Ep[Z] > 0}20(—VEEp|Z)) +k;_1/2Ep[\Z\3]}>. It is clear

that the choice k that achieves the infimum will diverge with n, so for this choice of
k, 1{Ep[Z] > 0}2&(—vkEp|Z]) will eventually be dominated by k~Y2Ep[|Z[3]. Hence

-----

8n~Y2Ep[|Z|%] and the fact that there exists a C' > 0 such that infreq n}{ln\/En_l/2 +

-----

k~V2Ep(|Z1*]} > On~'/2 for all n. O

Proof of Proposition /.4. Throughout, fix k and P, P’ and let ||.||e = ||.||pe. Let Or(M) =
{0 € ©: |10 — n(P)lle > M}. And, let

Towards the end of the proof we show that Uy is continuous. Let ¢ — ['y(t) = infss; Uk (s);
it follows that I'y < Uy, I'y is non-decreasing and by the Theorem of the Maximum I’y is
continuous.

We show that ||{(P) — ¢r(P')|le > M =T, ' (d(P, P')) cannot occur.?? To do this, we

2Note that U, ' (t) = inf{s: Uy(s) > t}.
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show that 1{||vr(P) — ¥ (P")||le > M} = 0. Observe that

H[[¢w(P) = du(P)lle = M} =1{Ujen{2’M > [y (P) — ¢(P")]|e > 27 M}}
<max H{2'M > [|9n(P) = gu(P)lo > 27" M]}.

For each (j,k) € N2, let S; = {0 € Op: 22M > ||x(P) — 0|le > 277 M}. Tt follows
that, for any j € N,

H{p(P') € S;} <1 {Ginf Q(P',0) < Q(P’,w(P))}

ESj,k

because 1 (P) € O \ Sjx. Observe that, for any 6 € Sj U {¢y(P)} C {6 € O: (|0 —
Ur(P)lle < 27M}

Q(F',0) = QP u(P)) 2Q(P,0) — Q(P, v (P))
—|Q(F,0) — QP vi(P)) = {Q(P,0) — Q(P, ¢ (P))}]
>Q(P,0) — Q(P,vi(P)) — 2 MA;i(P, P')

where
Aix(P,P) = sup |Q(P',0) — Q(P',¢w(P)) — {Q(P,0) — Q(P, ¢k(P))}\
€Oy : ||0—vk(P)llo <29 M 110 — ¥r(P)]]e
Hence,

QP 0) — QP ¢i(P))

H{yp(P') € Sji} <1 { < 0.54; (P, P’)}

0€Oy: H@—wf(lP)HezzjflM 2i—1M
P,0) — Q(P,¢y(P
0€0y,: 10—y (P)|lo>2-1M 2-1M keEN

<1 {Fk(2j‘1M) < 0.5 max A (P, P’)} :
€
Since Uy, is non-decreasing, the previous display implies that
Hyn(P') € S;p} <1 {Qj‘lM <I.'0.5 max A (P, P’))}
€

which equals zero by the definition of M, the fact that I';! is non-decreasing and 2/-% > 1.

We now show that ¢t — Ug(¢) (and thus I'y) is continuous. Consider the problem
infyeo, (1) Qe (P, 0), and consider the set Ly(M) = {§ € O,(M): Pen(d) < A\ 'Q(P,0k)}
for some (any) 6y € Or(M) which is non-empty and close. To solve the former minimization
problem it suffices to solve infgcr, (1) Qi (P, 0), because the minimum value cannot be outside
Ly (M). Because Pen is lower-semi-compact, Ly (M) is compact (a closed subset of a compact
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set) so this and lower-semi-continuity of Qx(P,-) ensures that infoer, (ar) Qi (P, 0) is achieved
by an element in L;(A/) and the same is true for the original Vi, (M) = infyco, (1) Qr(P, 0).
We just showed that the correspondence M +— Ly (M) is compact-valued, it is also continu-
ous. By virtue of the Theorem of the Maximum, Vj is continuous; it is also non-decreasing.
The function ¢ — Ug(t) = Vi(t)/t is also continuous in ¢ > 0. O

E Appendix for Section 5

Proof of Theorem 5.1. We first show the desired result for a fixed k, i.e., k(n) = k for any
n € N.

Let (z,k) — ¢r(P) = Dyy(P)[d, — P] which is well-defined because §, — P € Tp.
We now show that ¢ (P) € LZ(P). The fact that has mean zero (provided it exists) is
trivial, so we only show that [ |px(P)(2)[*P(dz) < oo. The topology is locally convex
and thus generated by a family of semi-norms. Suppose there exists a L < oo such that
| Dy (P)[0, — P]| < p(6, — P) where p is a member of the family. Because the topology 7 is
assumed to be dominated by ||.||7v it follows that p(d, — P) < C||d, — P||7v < 2C for some
finite C' for any z € Q. And thus [ |p4(P)(2)]*P(dz) < 2CL < oo as desired.

We now show that there exists a member of the family of semi-norms, p, and a L < oo
such that |Dyy(P)[Q]| < Lp(Q) for all @ € ca(2). Suppose not, that is, for any R > 0
and any p, there exists a () such that p(Q) = 1 and |Dyy(P)[Q]| > R. Since Dy (P) is
continuous with respect to 7, there exists a member, p, of the family of semi-norms such that
for any € > 0 there exists d > 0 such that if @ is such that p(Q) < 6, then |Dyy(P)[Q]| < €.
Let R = €/6. There exists a @) such that p(Q) = 1 and 6| Dy (P)[Q]| > €. Let v = §Q), then
p(v) = d but 0| Dyy(P)[Q]| = |Dvk(P)[6Q]| = |Dvr(P)[v]| > € but this is a contradiction.

We now show that (P, — P) = op(n~%/?) for each k € K. Let n — G,, = \/n(P, — P).
It follows that, a.s.-P, t — P 4+ tG,, is a valid curve because G,, € Tp a.s.-P.

Fix any € > 0 and let U € C be as in the condition of the statement of the theorem.
Then, letting D,, = {w € Q: G, (w) € U}, it follows that

P (Valn(P, — P)| 2 €) < P (valm(P, — P)| = €| D,) + P(DS).

The second term in the RHS is less than € for all n > N. Regarding the first term in the
RHS it follows that, over D,,,

[k (P — P) | /tn < sup |nx (£,Q) | /tn
QeU

where t, = 1/y/n. Thus, by definition of differentiability, the first term in the RHS also
vanishes as n — 0o. So the desired result follows.
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Therefore, for any k£ € K

I L _ alm(P.— P)
|len(P)l|L2(p) Vilis(F) - ZDW P |ler(P)]|L2(p)

Valne(Pn—P)| :
and Hsok(kP)W op(1), as desired.

We now shows existence of a diverging sequence by using the first part and the diagonal-
ization lemma C.1.

For any ¢ > 0, £k € Nand n € N, letT(ekn)_P<\/_w>e> To show

||€0k ||L2(P)
the desired result it suffices to show that there exists a non-decreasing diverging sequence

(7(n)), such that for all € > 0, there exists a N such that

T(e,j(n),n) <

for all n > N.

We shows that, for any k € K, lim, . (27, k,n) = 0. By Lemma C.1, there exists
a non-decreasing diverging sequence (j(n))nen such that lim,, ., T(277™ j(n),n) = 0; i.e.,
for any € > 0, there exists a N(e) such that T(277™ j(n),n) < e for all n > N(e).

Since j(.) diverges, there exists a N, such that 1/2/(" < ¢ for all n > N.. By these
observations and the fact that e — T'(¢, k,n) is non-increasing,

T(e,j(n),n) <T(277™ jn),n) <e

for all n > N, = max{N,, N(e)}, and we thus showed the desired result.
U

The following result is a well-known representation result (see van der Vaart and Wellner
[1996]) and is stated merely for convenience.

Lemma E.1. Let w — G,(w) = /n(P,(w) — P). Suppose S is P-Donsker. Then there
exists a tight Borel measurable G € L*(S) such that for any € > 0, there exists a Borel set
A C Q such that P(A) > 1 —€ and ||G,(w) — G||s = o(1) for allw € A.

In the following proof, almost uniformly means that for any € > 0, there exists a Borel
set A € Q such that P(A) > 1 — ¢ and sup, 4 ||Gn(7) — (G||Loo = 0(1)

Proof of Lemma E.1. Tt is well-known that the following representation is also valid: G,

Q — L*>®(S). Since S is a Donsker Class, G,, converges weakly to some G tight Borel
measurable element in L>*(S) (e.g. see van der Vaart and Wellner [1996] Ch. 2.1). By
Theorem 1.10.3 in van der Vaart and Wellner [1996] there exists a probability space (€2, P)
and a sequence of maps G, : Q@ — L=(S) for all n € N and G : Q — L(S) such that (i)
|G, — G||~(s) = o(1) almost uniformly; and (ii) G,, and G have the same law as G,, and G
resp. U
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E.1 Appendix for Example 5.1
Lemma E.2. For allk € N and P € M,

lon(P)zaepy < NPy 15111 2)-

Proof. 1t suffices to show that Ep[|(rkr x P)(Z2)[*] < |[pl|3e ([ |/€(u)|du)2. To do this, note
that

Bell(se+ PY2)F) = [ ( JEECE z>k>p<x>dx)2p<z>dx

_ / ( / /{(u)p(z—l-u/k‘)du)z p(2)d
<t~ ( f \n(u)\du)z.

Proof of Proposition 5.1. Consider the curve t — P + tQ for any @ € ca(R). It is a valid
curve because Dy, = ca(R). Therefore

O

aP+1Q) - iu(P) =t [incr QP + [inr P00}
2 [ (o Q)

Since k is symmetric, [(ky * P)(2)Q(dz) = [(ki * Q)(x)P(dz). From this display, Q —

m(Q) = [(kx* Q)(2)Q(dx) and @ — Dy (P)[Q] = 2 [ (ki * P)(x)Q(dx).
The mapping Q — 2 [ (kg * P)(2)Q(dz) is clearly linear. Also, note that for any reals x
and 2’

(ki * P)(x) — (ki P)(2)] =k ‘/P(y)(%(k(y —x))dy — k(k(y — 2')))dy
<CKk*|z — 2|

for some C' < oco. The last inequality follows from the fact that x +— k(x) is smooth.
Therefore = +— (k*/C) (kg * P)(z) is in LB. This implies that for any @’ and Q in ca(9Q),

<ECNQ - Qlls

\ [ P - [ tmx P

and thus Q — 2 [(k x P)(z)Q(dx) is ||.||s-continuous.
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We now bound @ — n(Q). For any 2’ > = and any @ € Tp, it follows that
ki * Q) — Ky x Q(2') = / k(k(k(y — ) — k(k(y — 2)))Q(dy)
= [# [ ww- o)

=k’ /x ’ / K (y — 1)Q(dy)

where the last line follows from the fact that ¢ — k(t) is bounded. Since x is smooth,
y +— K'(y — t) is Lipschitz (with some constant L) for any ¢ € R. Hence

|k % Q) — kg x Q") < Lz’ — =[] |Q[ 5.

Thus, the mapping = +— (kx * Q)(x) is bounded and Lipschitz with constant L||Q||L5-
Therefore,

Q)] < LIIQII %5

E.2 Appendix for Examples 5.2 and 5.3

First, note that D, C ca(R x [0,1]?) (defined in Appendix B.1). For any k € N, let Fj, :
L*([0,1]) x Dy — L3([0, 1]) be such that

Fi(0.Q) = (T oTr@ + AeI)[0] — T} olrrql  for Penalization — Based
FUEIT (T o Teo) [0 — TIETE o) for Sieve — Based

for any (6, Q) € L*([0,1]) xDy. Note that for any @ € Dy, the integrals defining the operators
are well-defined by assumptions and so is T} 5; see Appendix B.1 for a discussion.

Let ep(Y, W)=Y —p(P)(W) and g4, p(Y, W) =Y — 4 (P)(W). Also, throughout this
section we use the notation introduced in Appendix B.1 to denote T} p and other quantities.

Lemma E.3. For any P € Dy, and any k € N, 4y, is ||.||Lp-Frechet differentiable tangential
to Dy, at P with derivative given by:
(1) For the Penalization-Based:

Dy (P)[Q] =(Ty pTi.p + Med) "' Tyt p T ek, )
— (Tg pTe,p + MNed) ™ T T, P[0k (P) — (P)], VQ € Dy,

where x — Ty plg](z) = [ k(@' — ) [(Wp(P)(w) — y)Q(dy, dw, dz’).
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(2) For the Sieve-Based:

Dy (P)[Q] =Ty p T, pIL) ' I Ty p T gk, P)
— (RT3 p T, p1L) T LT o T p [0 (P) — 0(P)], VQ € Dy,

where z +— Ty p[g](x) = (v ()T QL Ep[u’® (X)g(Y,W)] for any g € L*(P).
Proof. See the end of this Section. O
The following corollary trivially follows.

Corollary E.1. For the sieve-based and the penalization-based: For any P € Dy,
(1) The regularization v is DIFF (P, Dy, &, ,)-

(2) For each k € N, the reminder of v, 7, is such that |nx({)| = o(||¢||B), for any
¢ €D,

Proof. See the end of this Section. O

Proof of Proposition 5.2. The result follows from Corollary E.1. Lemma E.3(2) derives the
expression for Dy (P); we now expand this expression in terms of the basis functions.
For any g, f € L*([0, 1)),

T, pilg) () =Th.p (0" ()7 Q) ELes[v" P (W) g(W)]] ()
=™ (2))T Qi QuoQuy Epen[v™ ™ (W) g(W)],

and
(Th,PLelg], f)r2(0.1) = / ('™ (2))" Qpu Quu Q) Epes[v™® (W) g(W)] f (z)da
— [ Eual@ O 00) F0))Q0lQun Qe (w)g )
so I} Ty p = L*([0, 1], Leb) — L*([0, 1], Leb) and is given by

f= RT3 A1) = Eral(u’® (X)) F(X)]Qus QuuQuy v" ™ ().
Hence

i3 p T pTIklg) () = (0" () Q1) Q1 Qu Q@i Bres[v™ ™ (W) g(W)].

30The “0” function may depend on k.
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We now compute the inverse of this operator. Consider solving for g(.) = (v"®()TQ b
for some b € R* such that

LT3 p T pHelg] () = (0" @ ()7 Q5
= Q1 Qs QuuQy) Erep[v" ™ (W)g(W)] =
< ELeb[ (k)(W) ( )] - Q’U’U(QZI}QU’!}QU’U) 1b‘

Hence, (IL;T}; p 1%, p10) 7 [g] () = (020 () T(QL,Qua Qus) . Therefore

(I Ty p T, pX0) IR T p Tk glen,p) =0 () (QF, Qud Quo) ™ QuoQua Eres[t” ™ (X) Tr o ler,pl]
= ("B (NT(QL,Qut Quo) " QuoQus Eq[u’ ™ (X)er p(Y, W)].

And

(I T3 p T p Y1) T LT o T p [0k (P) — ia(P)]
=" (N (QL,Qui Quo) " Erep[v™™® (W)L Ty T p [t (P) — hia(P)J(W)].

It is easy to see that for any Q, Dvx(P)[Q] = [ m(w)Dyy(P)(w)[Q]dw, the goal is to cast
this as | Dy (P)[x](2)Q(dz). To this end, note that

/ (w) D (P) (1) Q)duw
_ / () (0O (1)) (QT, Q2 Q) QuoQ) Eo[ur"® (X )y p (Y, W) duw
- / () (08 (1)) (@, Qi Qo) ™ Bt (WY o T p i (P) — tial P (W)

=Termy + Termyy,.

Regarding the first term, note that
Te'rml,k = / ELeb [W(W> (UL(k) (W))T] (QZUQ;}QUU)_IQMJQ;}UJ(M (x)gk,P(yv w)Q(dy7 dw7 dl’) .

We can cast Termyy, = — (I [x], (LT3 pTh,pX0k) ™t [IT3: 0 T, P[0k (P) — ¥ia(P)]]) 2, and
thus

Terma = — (T Ty pTh pIL) " i (7], T, p[r(P) — ia( P)]) 12

=- / (u”®(@))" Qs Eqlu” ™ (X) (LT}, pTi,pILe) ™ T[] (W) T p[x (P) — tia(P)] () dew

I/EP[(W(P)(W)—W(P)(W))(u (XN Quu” ™ () AT p T, p1L) T[] (w)
X Q(dw, dr)
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where the second line follows from definition of T}, p.
Therefore,

Dy (P)[)(y, w, x) =Era[m(W) ("™ (W) Q1 Qut Quo) ™ Quo @y’ ™ (@), p(y, )
+ Bp[($ia(P)(W) — ¢ (P)(W)) (v (X))"Q, (k’( )
x (0" () (QyQu Quo) ™ 1ELeb[vL('“)(W)7T(W)]-

In the operator notation this expression equals

Dyp(P) 7] (y, w, ) =T p(I; T p T pIL) " (7] (), p(y, w)
+ Tr,p[ia(P) — Ur(P))(x) x (RT3 pTy p) " g [m) (). (21)

O

Proof of Proposition 5.3. The result follows from Corollary E.1. Lemma E.3(1) derives the
expression for Dy (P); we now expand this expression in terms of the basis functions

Note that Q/Jk(P) = (T]:’PT]C,P—F)\]CI) Tk plk,P and Tk, p f Iik ' — fwzd (’UJ, x’)dwdm’
so that ’Qbk(P) = (T,:’PTkJD + )\kI)_lT]:,ka,P[wzd( )] Hence

(Ty pTe,p + MeI) VT3 T p [0k (P) — hia(P))]
=Ty pTp + M D) T T p (T p T + M) ™ T p T p — 1)thia(P))]
= — )\k(T,:’PTk,p + )\kf)_lT,:’QTk7p(T§7PTk7P + )\kf)_l[i/Jld(P)]

Thus
Dy(P)[Q] =(m, Ry, p Ty pTh0lek,P]) 12
+ Med7, R, p Ty T, PR, p[Via(P)]) 2
=Ty pRi.r7], Trolek,r]) L2
+ Mo oRi p7), T, PR, p[Via(P)]) 12
Note that

Ty plg) (z) = / (e’ — ) / g(w)p(w, o')dw, do’ = / k(e — 2)Tplg)(a')da’ = KelTrlg])(2)

and by symmetry of s, Tj p = Tp[K4], where Ky is simply the convolution operator.
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Therefore,
(T PREpIT], Tk olex.p) 12 :/Tk,pth[ﬂ](:c)/mk(x'—x)/5k,p(y,w)Q(dy,dw,da:')dx
-/ ( [t - a:’)Tk,ka,P[W](x)dx) (9, 0)QUdy, duw, d)

_ / KT p R p (7] () (9, w)Q(dy, duw, de).

and
(TigRoplal, iR plisa(P)) i = [ [ sala’ = ) [ Rucolel () QU a0 To R plina P )
— [ Rustatw) ([ rater - x>Tk,pm,pwid<P>1<x>dx) Q(dw, d')
— [ Riple) (W)L Rs plua P ) Qs ).
Therefore

Dyy(P)[a)(y, w, x) =KZTpRy.p[r)(x)erp(y, w) + MRup[r](w) KR Tp R, p[¢ia(P)) ().

E.2.1 Proofs of Supplementary Lemmas.

Proof of Lemma E.3. The proof follows by the Implicit Function Theorem in Ambrosetti and Prodi
[1995] p. 38 with one minor modification.

First observe that F, takes values in L?([0,1]) x D,, which is a subspace of L2([0,1]) x Dy,
— the closure being taken with respect to ||.||rz. The space L*([0,1]) x Dy is a Banach
space under the norm ||.||z2py + ||.||z5-

We now check the rest of the assumptions of the theorem for each case separately.

(1) Observe that 6 — Fj (0, Q) is linear, so W = (T pTr,p + M) : L*([0,1]) —
L?([0,1]). By our conditions (1)-(2) stated in Example 3.2 Kernel((Tj; pTr.p + A1) = {0}
and (T} pTk,p + A I) has closed range — the range of an operator A is closed iff 0 is not an

accumulation point of the spectrum of A*A. Thus W is 1-to-1 and onto.
Thus, by the Implicit Function Theorem in Ambrosetti and Prodi [1995] p. 38, there

- —1
exists a ||.||p-open set U of P in Dy, such that Dy (P) = (dFk(wclzce(P%P)) [dFk(wj)gP)7P)] for
any P e U.
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We now characterize this expression. For any £ € N and any ) € Dy,

dP

Q] =(Ti o Tr.p + Ty pTe.0) [V (P)] — (Tii olrr.p) + Ty plre))

=—Tiorrp — Thp[u(P)]] + T p [T @r(P)] — 7r,0)
=Term; + Terms.

Note that

re.p = Tep[n(P)]() = / k(" = )y — e (P)(w))p(y, w, 2')dydwdz’
=T.p[(P) = i (P)](.)
where the last equality follows because [(y — ¢(P)(w))p(y, w, X )dydw = 0. Thus
Term1 = — T;’QTk7p[w(P) — Qﬂld(P)]

Also

Tio[n(P)](.) — reol.) = /Fék(f - ')/(W(P)(w) —y)Q(dy, dw, dz')
Terms = Ty pTr gler,pl

Thus, the result follows.

(2) The proof is analogous to the one for part (1), so we only present an sketch. By
assumption, ITY 5Ty pIl is 1-to-1 for each P.
Also, for any k € N and any @) € Dy,

dP

Q) =T o T Py + LTy pTh QUi (01 (P)]

— I (T3 olre.p) + T plrrl)
=IT; [(Ty oTr.p + Ty p i) [0 (P)] — (Tr olrep) + Ti plre)) ]

where the second line follows because Il [ (P)] = ¥r(P).
We note that

Thalvn(P)] = g =(u’ (X)) Quu [ w®(@)(e(P)(w) — y)Q(dy, dw)

= — Ty qler.p]
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and

Ty, [ (P)] = rip =(u’ (X)) Qp, /UJ(k)(I)(wk(P)(w) — Yi(P)(w) — ep(y, w)) P(dy, dw)
=T, p[Yr(P) — ia(P)]
since [ ep(y,w))P(dy,dw) = 0. O

Proof of Corollary E.1. (1) By lemma E.3, for each k € N, 4, is ||.|| . g-Frechet differentiable,
i.e., for any @ € Dy,

[¥1(Q) — Y (P) = Dw(P)|Q — Pl| 20,1y = o(l|P — Q).

Since Dy, is linear and Dy, D lin(D — {P}) (see Lemma B.3), the curve t — P + t¢ with
¢ € Dy maps into Dy,. Therefore, v is DIFF(P, Dy, &) ,.5)-
By duality

sup |[£[n(P 4 £C) — i (P) — DY (P)[C]]| = to(|[¢]|5)

e L2([0,1]): [[ell 2((o,17)=1

(here we are abusing notation by using ¢ as both an element of L*([0,1]) and as the func-
tional). Since 7 is linear functional of v, this display readily implies that ~; is ||.|| L s-Frechet
differentiable. This in turn implies part (1).

(2) Part (1) implies that,
k()] = o([I¢]]Lp)

for any ¢ € Dy.

E.3 Appendix for Section 5.5
E.3.1 Proof of Proposition 5.4

In analogy to the proof of Theorem 4.2, let n — k(n) be defined as

k(n) =min {k € Ry: 81 4(n) > VnBy(P)}.
Also, for each n € N, let

A, = {w € Q: sup \/ﬁ|nk(}3n(w) — Pl < 1},
keGn O1k(n)
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and

b= {oen wp VIDUIRW) P DuiPfw) - F] ),

and
k= 6,(n) = 01.4(n) + Sax(n).

Lemma E.4. Suppose Assumptions 5.1(iv) hold. Suppose there ezists a sequence (jn)n such
that

1. For any € > 0, there exists a N such that P({j, € F,} N A, N B,) > 1 —¢€ for all
n > N.

2. There exists a L < oo such that Tenm (Plrscr) < Linfyeg, e Pll2p)

Then for any € > 0, there exists a N such that

\/ﬁ . 51 k(n) + \/ﬁBk(P)
P i (Pn) —U(P) — Dy, (P)| P, — P|| > 2C, L inf — <

for alln > N, where C' is as in Assumption 5.1(iv).

Proof. For any n € N and any w € {w € Q: j, € F(w)} N A, NB,

Jn
||<P1;n(w)(P)||L2(P)

[t (Pal@)) = 0(P) = Dt (P)[Po(w) = ]|

13, (Palw) = P)| + By, (P)
S [P [
Y ([ (Pu(e)) — 5, (Pu)| + [ D o (PYPu() — P Dy (P)IPy() — P

2, () (P L2(p)
S2517%(”) +V/nB;,(P) L 02,5, (n)
@k, @) (Pl 22(p) @k ) (Pl 2(p)

where the first inequality follows from the definition of differentiability and simple algebra;
the second inequality follows from the fact that w € A, N B, and from the fact that j, >

k,(w) and the definition of F,.
This result and Assumption 5.1(iv) imply

vn
@k, @) (Pl z2(p)

Vi) (En(@)) = ©(P) = Dy, () (P)[Pr(w) — P] s (P2
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Thus, by condition 2,

vn

UVt () (Pn(@)) = 0(P) = Dy, (o) (P)[Pa(w) — P]| < 2LC,

||8015n(w)(P)||L2(P) ke ||o(P)||L2(p)

The result thus follows from condition 1. O

We now construct a sequence (h,), that satisfies both conditions of the lemma. The
construction is completely analogous to the one in the proof of Theorem 4.2 but using

61%(n)/y/n instead of 0y (r;1).
Let, for each n € N,

G ={k € G,: 81x(n)/v/n > By(P)} and
G, ={k € Gun: 014(n)/vn < Bi(P)}.

3

For each n € N, let

1h+( )+\/73h+( )

Tt =
||<Ph¢( )||L2(P

n

if G is non-empty where
h =min{k: k € G'};
and T.F = +o0, if G is empty. Similarly,

0, hy (n) + \/ﬁBh; (P)

T —
5, (P)[|z2(p)

n

if G, is non-empty where
h, =max{k: k€ G, };

n

and T, = 4o0, if G is empty.
Finally, for each n € N, let h,, € G,, be such that

hy =hIU{TH<T }+h, 1{T,  >T;}.
Lemma E.5. For each n € N, h,, exists and

Sl,hn (n) + \/ﬁBhn (P)
|[on, (P)]| 2Py

= min {Tn_, T.F

Proof. The proof is identical to the one of Lemma D.2. O
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Lemma E.6. Suppose Assumption 5.1(i)(iv) hold. For each n € N,

O () + VB, (P) _ oy oo O1x(n) + VABy(P)
Non, (P)llezpy = 7 "keGn |lon(P)|2ep)

where C' is as in Assumption 5.1(iv).

Proof. Observe that

iIlf Sl,k(n) + \/ﬁBk(P) Z min{ iIlf 517k(n) + \/ﬁBk(P)

kG |or(P)L2(p)

o D)+ \/ﬁBk(P)}

ket en(P)lz2py  regr |lon(P)]|z2cp)

where the infimum is defined as 400 if the corresponding set is empty.
Fix any n € N, if G # {0},

f d14(n) + /nBy(P ) <

S
i f Lk(n)
keGt ||¢k(l )||L2(P)

> (1
kegIH@k( )||L2(P)

=" lleny (P)lzey —

51,@(”) > 050! 1h+( )+\/_Bh+( )
o |51 (P22

where the first inequality follows from the fact that By (P) > 0; the second one follows from

D . . . lle,+ (P2
the fact that A} is minimal over G, and from Assumption 5.1(iv), because inf, .+ Wm —
" L2(P)
1 —1
ek (Pl 12 p) ller (Pl 12(p -
TR AP > TR JLE(P) > 1
SUPkeGt o Pl oy ) 2 \ SPkeGns k2hf Tlop - Pl 2y ) 2 O

Similarly, if G, # {0},

ing S EVABP) o VABHP) ooy VB () >o.5C;1< 510 (1) + VB, (P >>.

keGr NP2y kegr loe(Pllz2cey — " = (P)lzepy — |- (P)||r2p)
. _ . 6, — (P)ll g2
Where here we use monotonicty of k& +— By(P) and the fact that inf, ;- T Pler =
n ' L2(P

1 -1
ok (Pl 2, er(P)ll 2, 1 ‘
(SUPkegn TPz, > | SUPyeg, . henz Tor— Pl > C! by Assumption 5.1(v).
Thus,

Jof {814 ") + Bu(P)} > 0.5min{T,, TF
€Un

and by Lemma E.5 the desired result follows.
O

Lemma E.7. Suppose Assumption 5.1(i). For anyn € N, P({h, ¢ F,(w)}NA,) < P(BY).

Proof. For any n € N,

P({hy ¢ Fulw)} N Ay) < P({hy ¢ Fu(w)} N A0 By) + P(B).
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By definition of F,,,
{weQ:h, ¢ Fu(w)} CC={weQ:3ke€Gu: k> hy and |th(Py(w)) — Y, (Pa(w))] > 40,(n)/v/n} |

where (n,k) — 6,(n) = 81 x(n) + da1(n).
For any k € G, such that & > h, and any w € C,, N B, N A, (to ease the notational
burden we omit w from the expressions below)

[V (Pn) = ¥n, (Po)| <[¢(Pr) = ¢ (P) = DYy(P) [P = Pl| + |9, (Pr) = ¥ (P) = Din, (P) [Py — P
+ [DYR(P)[Py — P| = Dby, (P) [P — P]|
+ [k (P) = $(P)| + |¢n, (P) = $(P)]
<[1(Po = P)| + 1, (Po = P)| +n~?85,1(n) + By(P) + By, (P)
<n 251k (n) + 072504, () + 0265 4(n) + Bi(P) + By, (P)

where the second inequality follows from the definition of 7, the fact that w € B, and the
fact that k > h,; the third inequality follows from the fact that w € A,,. Thus,

{hp, ¢ Fpo(w)}NA,NB,

01%(n) N 01,4, () N 02,(n)
Vv Vv Vn

We now derive a series of useful claims.

Claim 1: If there exists k € G,, such that k > h,, and h,, = h,, then k € GF. Proof: If
h, = h,, then h,, is the largest element of G, and thus k ¢ G, which means that k € G.
0]

g{ﬂkegn: k > h,, and + B(P)+ By, (P) > 4 k(n)}- (22)

A corollary of this claim is that if there exists k € G,, such that k¥ > h,, and h, = h,,
then G is non-empty. From this claim, we derive the following two claims.

Claim 2: If there exists a k > hy,, then 01, (n) + /0By, (P) < 26, ,1(n). Proof: If
hn = h:{, then 517;%(71) + \/ﬁBhn(P) S 517}};{(71) + \/ﬁBh:{(P) S 2517}@(71). If hn = hT_L,
by the previous claim it follows that G is non-empty and thus h} is well-defined, thus
01, (1) + /0By, (P) < 8y 1 (n) + /0By (P) < 20y 4 (n). O

Claim 3: For any k > h,, 6,4(n) > B(P). Proof: If h, = h} then the claim follows
because k — 0, ;(n) — By(P) is non-decreasing under Assumption 5.1(i). If h, = h;,, then
k € G by Claim 1 and thus §; x(n) > By(P). O

By Claims 2 and 3, it follows that if there exists £ € G, such that & > h,, then
V281 k(n)+ Be(P)+n=Y25, 4, (n)+ By, (P) < 20725, k(n)+2n7128, 5., (n) < 4n~126; 4 (n)
where the last inequality follows from the fact that k + &; ,(n) is non-decreasing by Assump-

tion 5.1(i) and the fact that k& > h} because k > h,, and so by Claim 1 k € G and h;} is
minimal in this set.
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Hence applying this result to expression 22 and since d;(n) = 6, 1(n) + dax(n), it follows
that

{hn & Fal@)} 0 Au 0 By © {3k € ot b 2 hy and 407" 25,(n) > 4n~'P5(n)} . (23)

which is empty. Hence, P({h, ¢ F,(w)} N A,) < P(BY) as desired. O

Proof of Proposition 5.4. We verify that (h,,)nen satisfies both conditions in Lemma E.4. By
Lemma E.6 condition 2 in the Lemma E.4 holds with L = 2C,,. To check condition 1 in the
Lemma E.4, observe that

P (Q\ {{h, € Fpo(w)} N A, NB,}) <P (h, ¢ F,(w))+P (AY) + P (BS)
<P ({h, ¢ Fo(w)} N A,) + 2P (A7) + P (BY)

Thus, by Lemma E.7
P (2 {{h, € Fa(w)} N A,}) < 2P (AC) + 2P(BC).

Under assumption 5.1(ii) the first term in the RHS vanishes. Regarding the second term, by
the union bound and the markov inequality

P(By) <|G.[* p S 0 (n) Ep [0 (Dty (P) [Py — P| — Dy (P)[F, — P))’]

=[G swp 8% n)Ep [(2u(P)(Z2) - eu(P)(Z))
—o(1)

where the last line follows from Assumption 5.1(iii).

E.3.2 Appendix for Example 5.4

Next, we provide an explicit characterization of n.(P, — P).

Lemma E.8. For any P € M and any k € N,

2 2 k’ o] o] 2 k 2 oo
m(Pn_P):OP<Kk<0>+ Il VRV el 2Vl Il )

n n n?

Proof. The proof is relegated to the end of this section. O
Proof of Lemma 5.1. Observe that z — ¢1/,(P)(2) = (k1/n * P)(2) — Ep[(k1/n * P)(Z)]. So
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for any h and I/,

Ep | (p1n(P wwﬂwmf}
=B [(((mn % P)(Z) = el x P)(Z)] = {(m1yw x PY(Z) — El(suyne » PYD]}))?]
=Ep ((fﬁ/h * P)(Z) = (kiyw * P)(Z) = { Ep[(k1yn * P)(Z)] = Ep[(k1/w * P)(Z)]})z}
<4FEp (/ k(uw){p(Z + hu) — p(Z + h'u)}du) ] :

For the case m = 0 in expression 2, it follows that |p(Z + hu) — p(Z + h'u)| < C(z)(|h|? +
|h/|2)|u|?. For the case m = 1, observe that the mean value theorem implies that for hu > h'u,

p(Z + hu) — p(Z + Hu) — () — Ha)| < [ Iz + 1) — pla)ldt < C(:) [ e <
C(2)(Jh|*re + |W o) |ulTe. An analogous calculation follows from hu < h/u and it is thus
omitted. Thus, for any z,

/ k(u){p(z + hu) — p(z + h'u) }du
< [ @)+ yudu+ ORI+ 114 [ ()™ 2

By symmetry of s, [ k(u)udu = 0.
Therefore,

e [(on(P)(2) — oy (PU2)Y] < 4E2 (2] ({054 60y) [ etwlll™2a)

By the proof of the Lemma E.8, for any h > 0 and any M > 0, there exists a N such
that

—_

p [ n(Pn — P)| 1| < pt
M(%jLﬂ)

for all n > N. By the union bound

(Fn—P)

|7 w(P, — P)| »
P(:ggl\f(()k_ir\/—) )igg:nP( (()k+f)> )<gnM .

O

Proof of Lemma E.8. Consider the curve t — P+t(). It is a valid curve because Dy, = ca(R).
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Therefore
Uu(P 41Q) — bu(P) =t { s @@)Pin + [ ns P)(x)@(dx)}
2 / (k% Q) (2)Q(dx).

Since £ is symmetric, [(kg* P)(2)Q(dz) = [(kg* Q)(x)P(dz). From this display, n;(tQ) =
t2 [ (ki * Q)(2)Q(dx) and Dy (P)[Q] = 2 [ (rx * P)(x)Q(dx).

The mapping Q +— 2 [(ky x P)(2)Q(dx) is clearly linear. Also, note that (kj x P)(.) =
[ £(u)p(- + ku)du. Hence, for any reals z and 2’

| (ki % P) () = (ki P)(2')] = /%(U){p(HU/iﬁ)—p(x’+U/7f)}dU-

Thus, under the smoothness condition on p in expression (2), it follows that x — (k% P)(z)
is uniformly continuous and bounded, so the mapping @ — 2 [(k;*P)(x)Q(dx) is continuous
with respect to the ||.||z5.

To establish the rate result, we use the Markov inequality. We also introduce the following
notation [(kx * Q)(z)Q(dz) = (kn, * Q,Q) where (.,.) is the inner produce of the dual
(L*(R), ca(R)).

It follows that

\/E (1 ( P — P))2] Z\/E [((ki* (P, — P), P, — P>)2}
—\/E (k1 # Py Pa) — 2% P, Pa) + (i P, P))?]

where the second line follows from symmetry of x which implies (kj x P,, P) = (P, ki * P).
We note that

(ki * Py, P,) ==+ Z ke(Z; — Z;)
i#]
_Iik(O) 1 n—1 n Z Z n i—1 Z Z
== Tz ;j;lfﬁk( i~ j)+;;/€k( i=Z) |
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also

n

(k% P, P,) :%Z(Hk*za)( ZEP kn(Zi— 7)]
=1
:_ZEpnkZ Z) ZEP@Z Z)]”;i
n—1 .
:_;Epnkz Z)n ZEP@Z Z)]”;Z
n i—1
=2 j=1 i=1 j=i+1

+ %EP[I{k(Zl - Z)]

where the third line follows because Ep[t(Z, —Z)]*=" = 0, and the fourth one follows from
the fact that by iid-ness, Ep|ki(Z; — Z;)] = Ep|kp(Z; — Z)] for all j.
Therefore,

n—1 n n  i—1
(k% Py Po) = 2(si % P, Po) ==+ — > ke(Z; — Z;) + ' ngk(z,- —Zj)

i=1 j=it+l i=2 j=1
2 n  i—1 1 n—l n
- Eplki(Z; — Z;)] + 2 Eplki(Zi — Z;)]
=2 =t i=1 j=i+1
2
- EEP[/%(Z1 - Z)]
1 n
2 Z > k(2 — Zj) — 2Epln(Z; — Z;)]}
i=1 j=i+1
1 n -1
T YO sz = 7)) = 2Eplki(Zi — Z))]}
i=2 j=1
Kk (0 2
L l0) S Eplri(2 - 7))

:% Z{/{k(zi — Z;) — 2Ep|ki(Z; — Z;)]}

i<j
Kk(O) 2
——=F Z— 7
+ n n2 P[K’k( 1 )]>

where the last line follows by symmetry of & since k(Z; — Z;) = k(Z; — Z;) for all i, j.
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Since (ky * P, P) = Ep.plki(Z — Z')] = & > Epplrk(Z — 2", it follows that

<"€k*Pn>Pn> —2<K,k*P,Pn>—|—</€k*P,P>

:% Z’_fk(Zz - Zj) + K]ZEO) - %Ep[lik(zl - Z)] + %E[Hk(z — Z/)]

1<j

where (z,2,) = Rp(2—2') = kp(z2 —2') — Eplin(z — Z2)| — Ep|kn(2 — Z2)| + Ep.plan(Z — Z')).
Therefore,

VE [(n(Pa. P))?] <2J E [(; > Rk(Zi - Zj)> } - K’jio) + %\/E (Elrn(Z1 — 2)))7]

1<J

+ %E[mk(Z _ 7))

We now bound each term on the RHS. First note that

CEl(Z— 2] = [ bulh(z - )ple)pl)dzd
1

- / k(uw)p(2' +u/k)p(2)dz du < n_1||pHLoo,

:\/k /(’f(u))Qp(z +u/k)p(u)dzdu < k2 /[p|[ e[| 2

where the first line follows by Jensen inequality. Finally, by Gine and Nickl [2008] Sec. 2

Hezmes

2 - v < 2llElze /Il




F Appendix for Section 5.6

F.1 Appendix for Example 5.6

Proof of Proposition 5.5. Under our assumptions, Qx(-, P) is strictly convex and smooth
over O, so the following FOC holds:

dQk(W(P), P) 1 4 do(Z,r(P)) 1 & dPen(Yi(P)) . 1 4
7 [ H]:EP{T[W K]]+AkT[ﬂ K']=0

for any 7 € R*. Let Hy, : Op(ex.n)xTo C RFxca(Z) — R* where Hy(w, P) = Ep Wzélifﬁk)[%k]] +

Ak dPe"C(lg = )[/{ ]. Letting m(P) € R* be the vector that vy (P) = m,(P)Tk*, it follows that
Hy(m(P), P) = 0. Also, observe that

dHy(m, P) do(Z, 7 Tkk) A
D101 = g | I e v

for any @ € Ty and

B = (e [P ]+ ARG 1)

62 02
since Pen is strictly convex and ¢ convex under our assumptions, the matrix is positive-
definite for all k.
We now show that the partial derivatives are ||.||+]]|.||s-continuous and by Theorem 1.1.9
in Ambrosetti and Prodi [1995] this implies that the mapping Hj is Frechet differentiable
at r(P) under ||.|| + ||.||ls- To do this, consider a sequence (m,,P,) that converges to

(r = m(P), P) under ||.|| + ||.||s, moreover 7l kk € O(ep,) for all m. Then, letting
HARI

for any a € R¥; where Ay(P) = Ep [w[mk K ]] + Akw[mk,mk] € R¥* and

1Al = SUPQeca(z) Qs

de(ﬂ-> P)

de(ﬂ'n, Pn)
dP

Q] - @]

LA 0 AT
B | e — L)

*

Observe that, for each z € 7Z,

d , 77; k d , T,k
‘ ¢>(z;(rg K )[cmk] ¢(zczr9 K )[amk]‘ . . HCLTFLkHLq
sup (= 7" )&"|| La sup
a€RH lal acks |lal]
2
d (Zg?h) [’Ula'UQ]

X sup
h,v1,02€0y (€),n) X O2 vl zal|val|za
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where the first inequality follows from the assumption of twice differentiability and the
Mean Value Theorem (Theorem 1.8 in Ambrosetti and Prodi [1995]). By Assumption 5.3,

d2p(z,h
% [v1,v2]

@2,;@(2) = SUDh,v1,02€04 (k1) XO? o1 Lalloa]l 1a

and @y, € S. Hence, given that ||z|| = sup s |az|/||all,

A, P dHy(m, P) e e 1la"R e | Bl (2]
Q] - Qll <Il(xh —7")K"|| e sup J .
| 101~ 5l <t - sup Pl R
Since W < 1 and sup,cpx HGTH'ZTJ‘” < 00, this display implies that (a, P) — %
is continuous.
Also,
dHy (7, Py) dHy (7, P) do(Z, 7Tkk) Po(Z, 7 TkkE)
bl SO Rl 728 P8 Tl A S Rl < Z A\ e ) _ bl St R
| Py LBy < | (i, | EAEE et - e [ LAZ T )
d?Pen(nTkk) . dPen(nTkk) ,
+ )\k <4d‘92 [ ) ] - 162 [K’ K ]) @

=Termy, + Termsy,.

The first term in the RHS is bounded by two terms: T'ermy ;, =

2 7.‘.T‘,{k
Ep, -p [2255" 0k, ]| [fal

d0?
2 7I'Tlik 2 7I'Tlik
and Termy s, = SUPg,. 1511 (Epn [%[bfpmk,afpmk] — %[afpmk,bfpmk]b ‘ By
assumption 5.3, for each j,1, z — %[@, K| € S.
Hence, each component of Ep _p [%ﬁm[nk,&k]} vanishes as || P, — P||s does, to

Termy ., does too. By Assumption 5.3, h dQ‘flézz’h)

z € 7, so T'erm 2, vanishes as m, converges to .

. 2P ky . . .
By Assumption 5.2, a — % is continuous and thus T€’l"m27n vanishes as m,, con-

verges to m. Therefore, (a, P) — % is continuous.

By continuity of both derivatives of Hy, Hj is Frechet differentiable (Theorem 1.1.9 in
Ambrosetti and Prodi [1995]). Hence, this and the fact that A, (P) is non-singular imply by
the implicit function theorem (see Theorem 2.3 in Ambrosetti and Prodi [1995]) that, in a

neighborhood of P, 7, is Frechet differentiable under ||.||s with the derivative given by

L dHy(m, P)_ \"
)

is continuous at ¢ (P) uniformly on

@H(mw>

Since Yy (P) = mx(P)Txk*, this implies the result. O

Proof of Lemma 5.2. Since p is a finite measure, it suffices to show the result for ¢ = oc.
Since © C L™, evaluation functionals are linear and bounded and thus = C ©*.
Note that for any £ € Z denoted by £ = 4., t — L{pp(P)](t) = (k¥ (2))TAp(P) "1V i(P) (1)
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and [|fpe(P) B = 2(P)(2). Also,

W© ()
VAT BT~ 2 Vo ()] 24

for any ¢ € 7.
By proposition F.1 and the fact that o, (P)(2) > e||x*(2)|| where ,(P) = epnin (A7 (P)Sk(P)AL N (P))
(where €, is the minimal Eigenvalue), it follows that for any By < oo and any k € N,

77k,62(< ) 1+o
sup ViR < 6y (P) ma{ 118 115"} C (o, P. ),
which is bounded for any ¢ such that ||(||s. Thus, in Theorem 5.2 we can take T = T, and
C as the class of ||.||s-bounded sets. It only remains to show the condition in the theorem.
To do this, observe that S is P-Donsker. Hence G,, = /n(P, — P) is ||.||s-bounded a.s.-P,
and thus the condition in the theorem holds.
Therefore, by Theorem 5.2,

_Uu(P)(:) = (P)E) e ra ot VRP)Z)|

sup
2€EZ

as desired.

The following Lemma is used in the proof of Proposition 5.6.

Lemma F.1. For any (n,k) € N? and any q € [1, 00|,

% 1+|10g(k%;>|

- OPT’

KOVTALP)Y Y [ e
( )ak(];s)) (n /;Vk(P)(Zi)—Ak(p)gk>

where By, = Epl||Sk(P)™Y2Vi(P)(2)|%], and the Pr is the product measure between P and
standard Gaussian, and the “O” does not depend onn or k.

La

Proof. By Lemma 5.2 and the fact that p is a finite measure, it is sufficient to show that
Vn
Kk TA P -1 n . |10g (ﬂ) |
( )Uk(ilfé) ) (n—l/z ka(P)(Zi) — Ak(P)Zk> B -
i=1

= Op, |22 (14 320
where Pr is the product measure between P and the measure of Z;. By letting T ~ N(0, I;)

NG k

LOO
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such that Ay(P)Z, = 3 (P)Y?T;, the LHS equals
Ap(P)~'S(P)Y

/ik P T 1/2 \I]

where W, (P) = X(P)~Y/2V,(P). By Cauchy-Swarchz inequality,

( )gf('}(f)_l (n/ > VUPIZ) - Ak<P>Zk>

7 Ar(P) 'Sk (P)? ~1/2
o(P)(2) H Z‘I’

n~4/? i U, (P)(Z

where the last line follows from the fact that

_ \/ (+H(2) " AK(P)'SU(P)ALP) (w4 (2) _
a( -

sup
2EZ

LOO

(1"(2))

<sup
2€Z

<

k TAk(P)_lzk(P)l/2
H“‘“ ) =P

#(P)(2)
By Pollard [2002] Thm. 10, for any § > 0,

<H —1/22\1/ > 35) < C ﬁffg (1 - |10g(n1/253/(ﬁk))‘)

k
where 8 = Epl||Vx(P)(Z)|]?] and Cj is some universal constant. O

Proof of Proposition 5.6. By the triangle inequality

(KM AR(P)~! n-1/2 i Vie(P)(Z) — A(P)Z,
o (P) i=1
(G
p)

o (P) o (P)

La

|t e _ e

La

k(P) _ (K )TAk —1/2Zv

O’k(

P,) —

o k(

Lemma F.1 bounds the first term in the RHS. The second term in the RHS is bounded by

SUpP,cz V1 %, so it remains to derive the rate of convergence of this term. That is,
we want to find a (7, ),k such that any § > 0 there exists a Cs5 and a N; such that

La

P,— P
P (suprnkfnk5 Al )

TV YR Cé) =0
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for all n > Ns.
By the proof of Lemma 5.2, for any € > 0, there exists a M, > 1 and a N, such that for
alln > N, and all £ € N,

P (snp i = )

P,—P
<P (sup rn,k\/ﬁM > e AE) +e
ZE€Z Uk(P)(Z)
3 140 k
< (a2 PEUGB UGS Y X OO Y
’ Jos o (P)(z)

<1 {rnka’ x n~Y2e, (P)"'C(M,, P, k) > e} + e,

for all n > N..
Therefore, setting § =€, Cs = 2M} and 7} = n=2¢,(P)"'C(l,, P, k), it follows that

P,— P
P <sup rmk\/ﬁM > Cg)

1/ Uk(P) Z)
<P <sup ka\/ﬁw >CsnN A5) +9
1/ Uk(P)(Z)
3 1+o k
< (ran sy PEUBIRICIE I X OO P 1,
o o (P)(2)

<1 {rp s M; x n=2e, (P)"'C(My, P, k) > M;} +6
<I{Mj>Cs}+6=96

where the last line follows because C(M, P, k)/C(l,, P,k) < 1 for any constant M and n
sufficiently large. O

F.1.1 Explicit bound for 7,

Frechet differentiability of v under ||.||s implies a bound for @ — 7 ,(Q@) that is uniform
over ||.||s-bounded sets. Unfortunately, this general result is silent about how this bound
depends on (k,¢). By using the Mean Value Theorem on the first derivative, the following
proposition presents an explicit bound for 7y ..

Proposition F.1. For any P € M, any By < oo and any k € N:*!

Me(1Q) < tIIQHstSI[éIL [€[DYx (P + Q) — Dby (P)], ,

forany £ € ©*, any Q € Q@ = {( € ca(Z): ||(||s < Bp} and any t > 0. Moreover, there exists

31Recall that the norm ||.||. is the operator norm associated, in this case, to ||.||za-
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a T € (0,1] such that®?

1[DYr(P + Q) — Dy (P)]||,, <t max{[|Ql|3, |QI&HIC[x"]I| x C(Bo. P, k)

for any ¢ € ©*, any Q € Q and any ¢t < T, where C(By, P, k) is given in expression 25 in
Appendix F.1.

Proof of Proposition F.1. By the calculations in p. 14 in Ambrosetti and Prodi [1995], it
follows that

||1or(P +1Q) — ¥r(P) — tDY(P)[Q]]]e < t||Q||st21[ép1] [DYr(P +1Q) — Dy (P)]l,

and, for any ¢ € ©%,

€[k (P + Q) — i (P) — tD(P)[Ql]lle < t]|Qls sup [[([Dy(P +1Q) — D (P)], -

t€[0,1]

Thus, we can take ny.o(P+tQ, P) < 1|Qlls stpyegoy 11DV (P + Q) — Dy (P)]|l,. Observe
that

(DY (P +1Q)[Q] — Din(P)Q)] = (EQIVi(P + tQ)(2)])" (Ak(P + tQ)_ = Ap(P)7) L]s"]
14

+ (EQ[Vi(P +tQ)(Z) — Vi(P)(Z2))" (A <P )1) (k"]
= (Eg[Vi(P +1Q)(Z) — Vi(P)(2)])" ( W(P+1Q) ™ — Ay(P)™)
x (k"]

+ (EQ[Vi(P)Z))" (A(P +1Q)™" — Ap(P) ™) €[]
+ (EQ[Vi(P +tQ)(Z) = Vi(P)(Z)])" Aw(P)M[x"]
=Termy ., + Termg g, + Terms g .

[k

32T may depend on By, P and k, but it does not depend on ¢ or Q.

91



In Step 1 below we show that

aTIik q
[7erm ol <6 max{1QIE 1QIE) sup 10w (P-+1Q)]. sup Il
acR
T,k . bT k .
0 e TlalllD]
< 1]
Termay,l| <t max{1 QIS QI IAKP) |
T,k . bT k .
i e TlalllDl

1A(P + Q) || x [1¢["]l]

CLTlik q _
Termaall UIQIE sup [Dvu(P+ Q). sup I |, ()1 et
te[0,1] scrr |lal]
Observe that [|a”x"||Le = ([ |a”k*(2)|7p( dz))l/q < lal| ([ [|&"(z)]|7p (dz))l/q = ||al| x

1A [1]]zs. Thus

[ Termy kall <t 2 max{]|Ql[5™, HQH‘E}tSI[lOpH 1D5(P + Q) x [I11£* 1112
€10,

X (()\kc'o + Co) sup ||[Dyy(P +1Q)[|2 + 1)

te[0,1]
x [1¢[&"]]]

[Terma all <t max{[|QIIE, [1QI12H|Ax(P)7
XQM%+GD?§WMMP+WN%4>WMM&
te(0,1
18P + Q)| x |11
Iermssall <HIQIE sup 1D (P +Q)L st lsx 6P| 1l
€10,

By step 2, [|Ak(P 4+ tQ)7Y| < 2||Ag(P)7!|| for all ¢ less or equal than some T, pj
(specified in Step 2). Therefore

|Termaall <2t¢max{]|Qlls" [|QISHIA(P) ||’

X <(>\kCo+Co) sup IIDwk(PthQ)IIerl) 116511170

te(0,1]
x [1e[&"]|I-
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So, after some simple algebra and the fact that A\, <1,

(D (P +tQ)[Q] — D (P)[Q]]]
<3t max{[|QII3, ||Ql|5™}H[¢[x"]

2
x max{1, |[||x*[[[[7o} (maX{la sup HD%(P+tQ)H*,2HA;§1(P)H}>

t€(0,1],QeQ

><<2Co sup HDwk(PHQ)HfH)-
te|

0,1],QeQ

By letting

2
C(BoJﬁP)E3maX{17HHH’“IIIqu}><(maX{la sup HDW(P+tQ)|I*72HA;§1(P)|I}>

t€[0,1],QeQ

><<zco sup HDwk(PHQ)IIi’H) (25)
t€[0,1],Q€Q

the result follows.

STEP 1. By the calculations in the proof of Proposition 5.5 and the Mean Value Theorem,

[la” "] o

[EQ[Vi(P +1tQ) — Vi(P)|| <[|tn(P +tQ) — ¥u(P)||za sup WHQHS
ac
CLTlik q
<H1QIZ sup [D(P + Q)] sup 14" llze
te[0,1] serr |lal]
Hence
2 HCLT’ikHL‘I —1 k
[Termynll < HIQUE sup [1DG(P + Q)| sup L AL (PY1| x []es"]]).
te[0,1] scrr |lal]

Regarding T'ermsyy, ,, it follows that

1T ermaul| =||EQ[Vi(P)(Z)]Ak(P) " (A(P) — Ap(P + Q) Ar(P + Q)™ ([x"]||
<||EQ[Vi(P)(Z)]A(P) M| x [|AK(P) = Ar(P + Q)| x [|Ax(P + Q)" ¢[x"]]].

By Assumption 5.3(ii), W[CLTK/HGT/{HDZ] € S for any a € R*, so

[la” k| Ls

|
[lal]

1 EQ[Vi(P)(Z)]Aw(P) 7] < | E[V(P) ) > |Ax(P) I < ll@lls sup [ A(P) 7.
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Also

1AUP) — Au(P + Q)| <A d2P67;(;§k(P)) [, k4] — d2Pen(¢§9(2P +1Q)) [, K]
e, {d (b(Zda;ék(P))[Kk’/{k]} ~ Epo {d o(Z, ¢§é5+tQ))[/{k,/€k]} H

=Termay, + Termsp p,

and in turn

¢(Z, wk(P))[ K
do?

)

dn?

g )

=Terme g, + Termy .

o - LALUELQ) |

Terms g, < ‘

Observe that

do? do?

PP (P)) T ok k] _ dPen(Ue(PHQ)) 7 bTﬁk]’

Termyp, = A; sup

(a.b) RS [lall > [[o]]
By assumption 5.2,
d*Pen(yy(P)) d?*Pen(¢y (P +tQ))
77 [a” k¥, 0T KF] — 10 [a” k", b7 K]

< Collyw(P) = (P + Q)| Zalla” K| Lal b7 | o,

and thus

0 |la” K¥|| La] |0 K| La
Termygn <Ae||vn(P) — Yr(P +1tQ)||le  sup
(a,b)ER2E [[al[ = ]|b]|

0 0 |la” k¥ || La| b7 K| La
<ACol[tQ||s sup || DYp(P +tQ)|2 sup 2
te[0,1] (a,b)cR2* [a|[ = ]|b]|

By Assumption 5.3,
PO (P v ok e COE (P Q) vk 1k
T[alﬁ,b/{]— 72 [a® K", b" k"]
< Co|[r(P) — i (P +tQ)||7alla” &% a| [T K5 | o,
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SO

0 0 [la” K] s |67 ¥ 2o
Termgn < Col[tQlls sup [[Diyp(P +tQ)[|7  sup
te[0,1] (a,b)ER2K [a]] < |[o]]

Also, by Assumption 5.3(ii)

T, .k pT k
Termqpn < t/|Q|ls sup  sup ||a” K"[|La]|b" K*||La
t€[0,1] (a,b)€R2E llal| x ||0]]

Hence

1T ermaenl| <NQIlslAK(P) 7]

[laT k"] a7 £*]| o

x| (MCo + Co)t?l|Qls sup [|Dyw(P + Q)2 + t]|Ql]s
tef0,1] [lal[l]b]]

1 Ax(P +tQ)HII[e[="]]]-
Finally, by the previous calculations,

> |la” K" || Lo
[[Termy gl <t[|Q||s sup [|DYx(P +tQ)||s——7—
te[0,1] ||a||

[laT K" o[ 6" o

X <(/\kCo + Co)t?||QI1S sup |1Dk(P +tQ)][2 +t||Q||s>
te(0,1

x |1[s*1.

[lal[l]®]]

STEP 2. We now show that there exists a Tz, p) such that for all ¢t < T, pg, ||Ax(P +
tQ)7t| < 2||Ak(P)7!||. To do this, note that

1
emin(Ak(P + tQ)) .

If €in(Ap(P +1Q)) > emin(Ap(P)) then ||Ar(P +tQ)7| < [|Ak(P)7Y]|. If epin(Ap(P +
tQ)) < emin(Ax(P)), then, by Weyl inequality, €, (Ar(P+1tQ)) > emin(Ax(P)) — ||Ak(P +

AP +tQ) || =
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tQ) — Ax(P)||. By our previous calculations for terms 4 and 5,

1A(P +1Q) — Ap(P + Q)| < ((MCO + Co)t"HQllfétS%PH || Dy (P +tQ)[|2 + tHQIIs)

|la” ¥ o |67 ¥ o
X sup

a,beR2H [lal[[lo]

<2By (Cotg sup || Dyw(P +tQ)||? +t>
t€[0,1],Q€Q

||a" &5 | o[ K| o
X sup

a,beR?* [lal[[]0]]

because ||Q||s < By and A\, < 1. Hence, there exists a T = T, py such that for all ¢t < T
emin(Ak(P + tQ)) > 0.5 (Ak(P)) and thus [|[Ag(P + tQ)™|] < 2||Ax(P)7Y] for any
t <Tg, Pk [

Admittedly the bound presented here might be loose, but it does hint at how k, ¢, t and
|Q||s affect the reminder.

F.1.2 The Role of the Choice of ©

In the text we assumed that © C L9 N L, this assumption ensured that the evaluation
functional is well-defined for elements of ©, formally, it ensure that the evaluation functional
belongs to ©*. If this is not the case, i.e., © C L7 but not necessarily © C L%, then
Z \/ﬁwk(P)Ziz(gé’“)(P)(z) may not even be well-defined and the approach developed in the
text is not valid. However, we now show that by exploiting results for duals of L7 (see Lax
[2002]), Theorem 5.2 still can be used as the basis of inferential results for L9-confidence
bands; what changes is the scaling.

For all ¢ < oo, let 2, = {f € LT : ||f|| < 1} with ¢* = 4 and E = {0:: 2 € Z}.
We note that by defining =, in this way, we are abusing notation, because the mapping ¢
is a linear bounded functional operating over L9, the fact that we view this mapping as an
element of =, is due to dual representation results; see Lax [2002].

Also, let

Orqg(P) = sup({[s"])" AL (P) S (P) A (P) (U]s).

Observe that for ¢ = oo, 53 (P) = sup, 0}(P)(z). But this relationship only holds in
q = o0, for g < oo, 0(P)(z) may not be even well-defined.
For these choices, it follows that

Lemma F.2. Suppose Assumptions 5.2 and 5.3 hold and S is P-Donsker. Then, for any
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q € [1,00] and any k € N,

“ﬁ¢k(Pn)_wk( ) ( )TA (P) 1,-1/2 M zop(l).

5'k,q(P> 5-/674(P)

La

Proof. To ease the notational burden, we use ||.||, to denote ||.||rs. Also, recall that =, =
{feLr: q*gl}andEm:{éz:zeZ}

Let for any ¢ € [1,00), (f,n) — me = [ f(Z p(dz) and (f,1) = (f,M)oo
[ f(2)n(dz). By duality ||.||, = supjez, |< €>q| (see Lax [2002]) and

11l = sup £ =sup | [ F()5.(a)] = sup | [ £z

lEE
‘q

so that [|.|[; = SUDgez, (- )l
By duality and straightforward algebra,

H\/ﬁwk(&)—wk( ) (T AL(P) 2 ~ Vi(P)(Z)

Gha(P) LG g(P)
o [AVAG(P) = 6n(P)) = ()T A(P) 02 Y V(P)(Z) '
e G0 (P)
< sup | V(P) = u(PY] = (LR A(P) M= 2 S50 Vi(P)(20)
V)T A (PYSR(P)AL (P)(L]H)
VU)TAL (P)S(P) AL (P) (€]
= Fa(P) |

The second term equals one by definition of 4 ,(P). The first term can be bounded by
analogous arguments to those employed on the proof of Lemma 5.2 and they will be omitted.
O

Y (P)
Tk q(P)

Lemma 5.2 shows that in order to characterize the asymptotic distribution of H Vn Yo (B

n Vi(P)(Z)
=1 6k,q(P)

we accomplish by employing coupling results (e.g. Pollard [2002]).

La

it suffices to characterize the one of H EDY . In the following proposition
q

Proposition F.2. Suppose Assumptions 5.2 and 5.3 hold and & is P-Donsker. Then, for

any q € [1,00] and any k € N,
La Pr \/ﬁ ]{j kn )
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where Z; ~ N (0, Ap(P)' S (P)AR(P)™Y) and B = E[||A(P)"'Vi(P)(2)|)?].

Proof. By noting that

- H\/ﬁ Uk (P) — Yu(P) — (55)"2;
La \/(E[K’k])TAEl(P)Zk(P)Agl(P)(E[/@k])

Or,q(P) Th,q(P)

Hﬁwk@n)—wk(m ()" 2

)

La

the proof is analogous to that of Proposition 5.6 and thus omitted.
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