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Abstract

Standard random coefficients models are either linear in regressors, or equal a transfor-
mation of a linear index of regressors (e.g., random coefficient logit models). In contrast,
this paper shows identification of, and consistent estimators for, general nonlinear random
coefficients models with unknown parameters. For example, we consider a model that
includes interaction terms in regressors and nonlinear transformations of regressors, where
each regressor has a random coefficient, and the joint distribution of the random coefficients
is unknown.
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1 Introduction

Standard random coefficients models are either linear in regressors, or equal a transformation
of a linear index of regressors (e.g., random coefficient logit models). In contrast, this paper
shows identification of, and consistent estimators for, nonlinear random coefficients models
with unknown parameters.

Suppose an observed variable Y depends on a vector of observed regressors X = (X1, ..., Xk),
and on a set of unobserved errors U = (Uy, ..., Uk ). Assume independent, identically distrib-
uted observations of X, Y. Consider a general nonlinear random coefficients model given by

Y =G (X1Uy, ..., Xx Uk, 0) (1)

where G is a known, nonlinear function, and € is a parameter vector of unknown constants.
The distribution of U is also unknown. Nonlinear relationships are ubiquitous in statistics, so
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it is natural to extend linear random coefficients models like Y = Z,'f:l XkUg to allow for
nonlinearity. The basic idea of equation (1) is that, just as in the linear random coefficients
model, each regressor Xy has a random coefficient Uy, but now Y is no longer constrained to
being a linear function of X. The nonlinear terms are what may give rise to the additional
parameters & that would need to be estimated.

This paper provides conditions that suffice for identification of & and the distribution of U.
Consistent estimators of # and of moments of U are provided. To illustrate the application of
these results, we consider the nonlinear random coefficients model

Y =g (01 (X1U1) (X2U2) + 02 In (X2U2) 4+ 03X1U1 + 64) 2)

where § = (01,02, 03,64) and g is any known, strictly monotonic function. This example
is chosen not for its behavioral significance, but rather to illustrate in a single model how our
identification methodology deals with multiple types of nonlinearities, by including not just a
linear term X;U1, but also a transformation function g, an interaction term between X1U; and
X2U», and a nonlinear transformation of XoUo.

Since the joint distribution of U is unknown, identification of this distribution along with 6
parameters is extremely challenging. Even in models without unknown parameters 6, very few
results exist on nonparametric identification of the distribution of U, indeed, almost all existing
results impose extremely strong restrictions such as linearity in X (see below for details).

The obvious approach to this problem would be to consider the conditional distribution
function of Y given X, Fy|x (y | x), which equals

Frix (y|x>=/ 9 (X2Us, ..., xk Uk, 0) d Fy (U) dxadxs
UesuppU)

For example, one might consider sieve maximum likelihood estimation based on this equation,
by replacing the unknown distribution function of U, Fy (U), with a set of sieve basis func-
tions. The problem with this approach is that it assumes identification, that is, it assumes a
priori that there exists a unique function Fy and parameter vector ¢ that satisfies this integral
equation. A similar problem would arise if we based estimation on the characteristic function
of Y given X. The present paper addresses this problem by providing conditions that ensure
identification. Essentially, these are restrictions on g that suffice to ensure a unique Fy and 6.
This is accomplished by devising easier to solve alternative expressions involving Fy and 6.

Equation (1) does not include the usual additive error term that appears in linear random
coefficients models. That is, we are not adding an additional error Uy to the right of equations (2)
or (1). In an extension we show how such an additional term could be identified, but under the
restriction (which was also assumed by Beran and Hall 1992) that this added Uy is independent
of the remaining Uy random coefficients.

One example of a model in the form of equation (1) follows from Barten (1964). Assume
consumers have utility functions of the form V (Q1/U1,...Qk /Uk, 8), where Qy is quantity the
consumer purchases of commodity k. Let Xy be the price of commodity k divided by the total
expenditures of the consumer. Maximizing utility under the standard linear budget constraint
Q’X = 1 then yields demand functions in the form of equation (1) where for a given good
k, Y = QX is the budget share of good k, G is the budget share demand function for good
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k, and the elements of U are known as Barten scales. These Barten scales embody variation
in tastes and preferences across consumers. Barten scales, specified as deterministic functions
of observable taste shifters, have been widely used in empirical consumer demand models.
See, e.g., the survey by Lewbel (1997) and references therein. Results here and in Lewbel
and Pendakur (2015) allow for random variation in Barten scales, corresponding to unobserved
preference heterogeneity across consumers, taking U to be random utility parameters.

Other examples could involve production function estimation, where Y is the quantity pro-
duced of some good, each X is the quantity of input or factor of production k (e.g., labor,
materials, capital), and Uy is a measure of the quality of input k, which may vary across firms.
Matzkin (1994) gives examples of production functions with a single random component of this
form, but there is no economic reason to impose the restriction that only one of the factors of
production would have an unobserved quality level.

Yet another potential application is to generalize the random coefficients multinomial logit
model, as is widely used in economics via the BLP (Berry, Levinsohn, and Pakes (1995) model.
This model writes market shares Y as logit transforms of fo:l XUk where covariates Xk
include prices as well as characteristics of products and of consumers. A linear random coef-
ficients term fo:l XkUk corresponds to the utility associated with each choice, but it is well
recognized that linearity is imposed solely for convenience in estimation, since there is no fun-
damental economic reason why utility should be linear. See, e.g., Berry and Haile (2009) for
nonlinear examples.

Nonparametric identification and estimation of ordinary random coefficients models is con-
sidered by Beran and Hall (1992), Beran, Feuerverger, and Hall (1996) and Hoderlein, Kleme-
lae, and Mammen (2010). Recent generalizations include linear simultaneous systems of ran-
dom coefficients, including Masten (2015) and Hoderlein, Holzmann, and Meister (2015), ran-
dom coefficient linear index models in binary choice, e.g., Ichimura and Thompson (1998),
Gautier and Kitamura (2010), and semiparametric extensions of McFadden (1974) and Berry,
Levinsohn, and Pakes (1995) type models, e.g., Berry and Haile (2009) and Fox and Gandhi
(2013). In all of these models Y is either linear in X or is a transformation of a linear index in
X, i.e., specifications like Y = G (X1U1 + X2U2).

This paper substantially extends results in Lewbel and Pendakur (2015) by allowing for
unknown parameters in the specification of the regression function (in addition to unknown
distributions for the random coefficients), and considering general regression models rather
than focusing on additive models. Lewbel and Pendakur (2015), who consider identification
of a model like equation (1) without #. In particular, their results include a special case of
Theorem 1 below. However, they focus attention on additive models like Y = g1 (X1U1) +
g2 (X2U2), and they also do not provide any associated semiparametric estimators. Another
related result is Matzkin (2003) who shows identification for nonlinear random coefficients, but
imposes additivity, independence among all the elements of U, and additional restrictions on
the additive components. Also related is Hoderlein, Nesheim, and Simoni (2011), who provide
a high level condition they call T-completeness that suffices for nonparametric identification of
a vector of random parameters within a known function. They provide some examples where
T-completeness can be shown to hold, but these are very restrictive classes of models such as
when the random parameter distributions are in the exponential family, or are parameterizable
by a single scalar. Our results can be interpreted as a method of showing how T -completeness
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could be satisfied in a much larger class of models.

2 ldentification

LetY be a dependent variable and let X be a vector of covariates X = (X1, ..., Xk ). For reasons
that will be clear later, it is more convenient for us to write the random coefficients model as

Y =G (X1/Vi, ..., Xk /Vk, 6o) 3

instead of the more usual equivalent form G (X1U4, ..., Xk Uk, #o). Let F, (v) denote the joint
distribution of the random coefficients V. We begin with a generalization of results in Lewbel
and Pendakur (2015).

ASSUMPTION Al: {Xj,Yj} fori = 1,...,n are independent and identically distributed
with joint distribution F (Y, X). Let 8¢ be the unknown true value of an unknown J vector of
parameters & = (01, ...,03). Equation (3) holds for some known continuous function G and
some unobserved vector of random coefficients V, where V 1L X.

ASSUMPTION A2: supp (V) is rectangular. supp (X) is rectangular, includes the origin,
and,
supp (Xk/Vk, ...Xk /Vk | V =0) = supp (X) forall v € supp (V).

Since V L X, one way that Assumption A2 would be satisfied is if, foreachk = 1, ..., K
either supp (Xx) = R and supp (Vk) does not include zero, or supp (Xx) = R_‘ﬁ and V is
strictly positive. Note that neither X nor V is assumed to be continuously distributed. Here
V' can be continuous, discrete, continuous with mass points, etc. We require that the support
of each Xk be an interval so X cannot be discrete, but its distribution can, e.g., contain mass
points.

Let XP denote a vector consisting of a subset of elements of X, and let X~P denote the
vector of elements of X that are not contained in XP. So a choice of XP corresponds to a
choice of partition P of the elements of X. Let P € P denote a set of such partitions of X.
Let KP e {1, ..., K} denote the number of elements in XP. In a simplifying abuse of nota-
tion, for any choice of P e P let the elements of x be reordered so XP = (X1, ...Xkr) and
X~P = (Xgp,...Xk). Let GP (sP, @) denote the function G where the elements corresponding
to X P are evaluated at the corresponding elements of s = (sl, v SK p), and the elements corre-
sponding to X~ are set equal to zero. So, e.g., if the model were G (X1/V4, ..., Xk /Vk, 6) =
X1/V1 4+ (X1/V1)?01 + X2/Vo with XP = (X1), then we would have X~F = (X3) and
GP (sP,0) = s1 +s201.

Let j € J index a set of functions hj. Lett e T index a set of complex valued vectors
t = (t1, ..., tx) where each ty = txo + itx1. For a given function G, a given partition P € P, a
given j € J andagivent e T, define the function « pj by

xptj (0) =/ hj (GP (s7,9)) s}l_lséz_l...s:g;_1dsldsz...dst (4)
sPesupp(XP)
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ASSUMPTION A3: Given G, for a given partition P € P,agivent € T andagiven j € J
and, we can find a continuous function h; such that
fspesupp(xp) hj (IGP (sP,0)1) s}l_lsgz_l...stg,f_1dsld32...dst exists, the integral in equa-
tion (4) is convergent and has x ptj (6) # 0 for all 8 in a neighborhood of 0.

Assumption A3 assumes we can find a functions h j that makesh (G® (s7, 6)) sil_lsgz_l...s:gpp -
integrable, and requires that the definite integral in equation (4) is finite and nonzero. This as-
sumption imposes restrictions on G, but these restrictions are mitigated by the fact that the
function hj, the partitions p, and the constants t are freely chosen, based on knowing G. Since
G is assumed to be known, in theory one can directly verify if any candidate h;j function satis-
fies Assumption A3 or not. We give examples of h;j functions later, but note for now that we
will want to choose each hj so that the function h;j (G” (sP, 6)) behaves like a thin tailed den-
sity, which would then make « ptj (¢) behave like a finite, nonzero distribution moment. Note
that for any given j, t, and partition P, the function x p¢j (@) is a known function, since h; and
G are known functions. By its definition, xp¢j (0) does not depend on the distribution of the
random coefficients, so the only thing that is unknown about x p¢;j (¢) is the true value of 6.

Define Aptj (0) and ppy by

Aptj :/ E[h; (Y) 1 XP =xP, x"P =0] x}l—lxgz—l...xfg,f‘ldxldxz...dep
xPesupp(XP)
(5)

up = E (vltlvg?..vfjpp) (6)

THEOREM 1: Let Assumptions A1, A2, and A3 hold. Then upy = Aptj/xptj (O0).

Note that Apyj is identified by construction (and could, e.g., be estimated as the integral
of a nonparametric regression). Lewbel and Pendakur (2015) proved a less general version of
Theorem 1, and used it to identify moments u p; assuming that the function G was known, and
so in particular did not include any parameters 6. If no & were present as in their case, then
equation (6) could be used to identify up¢, because then x p¢j would be known by construction.
We now state some Corollaries of Theorem 1 that we will then use to identify 6.

COROLLARY 1: Let Assumptions Al, A2, and A3 hold for some nonempty set of par-
titions P, some nonempty set T of complex vectors t and some set J that has at least two
elements, j; and jp. Let S1 (9) be the vector of elements (Zpyj, /xptj, () — (Aptj,/Kptj, (0))
forall P e P,teT,jyeJand jo € J. Then S; (6p) = 0.

COROLLARY 2: Let Assumptions Al, A2, and A3 hold for some nonempty set of parti-
tions P, some nonempty set T of complex vectors t and some non empty set J. Assume Aptj
and x ptj (0) are differentiable in j. Let S; (9) be the vector of elements x ptj (6) (ai Ptj/aj) —
(0rptj (0) /0]) Apyj forall P e P,t € T,and j € J. Then Sy (6o) = 0.



COROLLARY 3: Assumptions A1, A2, and A3 hold for the vector t = 0, for some non-
empty set of partitions 7, and some nonempty set J. Let S3 (@) be the vector of elements
Apoj —kpoj (0) forall P e Pand j € J. Then Sz (6g) = 0.

COROLLARY 4: Let S (0) be the vector of the union of elements of S; (¢) if Corollary 1
holds, S, (9) if Corollary 2 holds, and S3 (¢) if Corollary 3 holds. If the rank of S (@) /60
equals the number of elements of & for all & in some neighborhood of 6y, or if S (9) is con-
tinuous and S () = 0 has only a finite number of solutions, then 6 is locally identified. If
S (8) = 0 has only one solution, then 6y is point identified.

The only unknowns in the expression i py = Aptj/kptj (@o) from Theorem 1 are up; and
6o. The key to Corollaries 1 and 2 is that x p; does not depend on j. We use this fact to construct
vectors Sp (o) and S, () that eliminate u p¢, and so depend only on identified functions 1 and
x and the unknown vector . In Corollary 2 we eliminate u p; by differencing out up, for two
different values of j, while in Corollary 3 we remove up; by taking the derivative of it with
respect to j. Corollary 3 gives us additional equations by using the fact that for t = 0, upy
is known to equal one. Corollary 4 then gathers up all these equations, and provides sufficient
conditions that can be checked for identification. Note that local identification is equivalent to
point identification among values of & in a neighborhood of the true 8. see, e.g., Sargan (1983).
Modern treatments of local identification include Chen, Chernozhukov, Lee, and Newey (2014)
and Lewbel (2016).

A limiting case of Theorem 1 is when the set X is empty. In this case there is noth-
ing to integrate and, letting h;j in this case be the identity function, we have the equation
E(Y | X=0)—-G(0,8p) = 0 which we can include as one more element of S (). More
generally, as we will show later, use of different h; functions and of different partitions P are
convenient for isolating and estimating different components of 4.

Given identification of 4, we can then use Theorem 1 to identify any desired moments u p¢
of the random coefficients distribution. For the case where the random coefficients are strictly
positive, we can also use Theorem 1 to identify the characteristic function of InU, since in
that case we can identify u; = E (Vltlvztz...vlt{) = E [exp (— (itz1 InUy + ... +itk1 InUk))]
where each tx = itxy for any vector of real constants (t11, ..., tk1).

Alternatively, in empirical practice, it is common to parameterize the joint distribution of
random coefficients. Given a parametric distribution for U, we may in general reparameterize
in terms of some low order moments up; of V. Similarly, if U is assumed to be discretely dis-
tributed with a finite number of mass points, then its distribution would generally be recoverable
from a finite number of moments u p;. ldentification of these u« p, then suffices for identification
of the distribution of the random coefficients.

3 Estimation

The method of identification provided in this paper is largely constructive. Here we briefly
discuss how estimators could be constructed based on the identification. These estimators all
take the form of two step extremum estimators with either a parametric or nonparametric first



step. We do not provide associated limiting distribution theory, because it would consist of
entirely standard applications of results in, e.g., Newey and McFadden (1994) based on kernel
estimators, or sieve estimators could be used as in Chen (2007).

Based on Corollaries 1 and 4, a possible estimator for & would be

G=argmin > > [(Apt/xptj 0)) — (Aptjy/xpt), ®)]° )

PeP,teT ji1ed jreld

given a consistent estimators /lptj of each Aptj. The moments of Corollaries 2 orA3 could
also be included by adding ZpepteT > jcs [xptj 0) (07p1j/0]) — (0K pyj (0) /2]) Apyj] OF
ZpepzjeJ r,o Ko (0)] to the minimization in equation (7). Equwalently we are es-

timating ) by minimizing a quadratic form in S (@), where each element of S (©) equals the
corresponding element of S (@) with 7 replacing /.

One choice of estimator //l\ptj in these expressions could be obtained by substituting a
Nadayara-Watson kernel regression estimate of E [hj (Y)| XP=xP, Xx=P = O] into equation
(5). Consistency of & would follow from the identification argument and the uniform consis-
tency of each /lptj

Given estimates &, consistently estimated random coefficient moments 7, for eacht e T

could be obtained by R
=D witkjt/xjt (0)
jeld
where weights w j¢ (possibly non uniform to increase efficiency) are chosen by the econometri-
cian, such that 3" wj.
Suppose identification only requires the partition X? = X. For example, this will hold
automatically if K = 1. In that case we can rewrite equation (5) as

(Y)th 1 tz XtK -1
ptj = E( X2 3 8)

fx (X)

where fx (X) is the probability density functlon of X. We may then construct a consistent esti-
mator/lptJ as the sample average hj (Y) x -1 ;2 ! tK 1/ fx (Xj) where fx (X) is a Rosenblatt-
Parzen kernel density estimator. If deswed equatlon (7) could be replaced with weighted sums
or a more general quadratic form, with weights chosen to increase efficiency of the resulting
estimator. Estimation can be further simplified if fx (X), the density function of X, is finitely
parameterized as, say fy (X, a). In this case, the entire problem can be recast as an ordinary
GMM estimator of the parameters o, €, where moments consist of the score function of maxi-
mum likelihood estimation of «, that is,

£ (8|n fy (X,a)) _0
oo

along with the moments based on the above and Corollary 1 of

c hjlt(Y)X -1 tz l X:<K -1 hjzt (Y)X -1 t2 1 X|t(K -1
fx (Xaa)Kjlt 0) fx (X, a)szt )

):OforteT,jleJ,andjgeJ
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We could at the same time also estimate moments y, by including

E( hi (V) x2 27t xge !
-

=0 forteT,jel.
fu (X, @)kt 0) ) .

as additional moments in the GMM estimation.

4 Example

Consider identification of the example of equation (2) from the introduction. We first note that
setting @3 = 1 and 4 = 0 are free normalizations, since if 83 and 64 took on any other values
we could without loss of generality replace U; with U /63, replace U, with U;‘e‘(’4 and replace
01 with 05 = 0103e% to get the model Y = g (X1U; + (X1U7) (X2U3) 03 + In (X2U5) 62),
which is observationally equivalent to equation (2) with g = 1 and 84 = 0. So what remains
to identify is 81, 87, and the distribution of (U1, U2) in the model

Y =g (X1U1 + (X1U1) (X2U2) 01 + In (X2U2) 02) 9)

where g is known and strictly monotonic, We will now show identification of this model, using
the Corollaries of Theorem 1. We choose a specific class of h;j functions and partitions X P to
formally prove identification of each element of 4. This is mainly done for analytic tractibility
of the derived results. In practice one would not generally perform algebraic calculations like
those given below, but would instead simply choose a thin tailed class of functions hj and
a variety of values of j and of t to obtain a long vector of equations S (9) = 0, and verify
(perhaps numerically) that multiple solutions for this expression do not exist.

Assume that Xy > 0 and that is strictly positive and bounded. Nonnegativity is is required
for the X,U, term since we are taking the logarithm of that term, but these restriction are more
generally sensible in most of the applications listed in the introduction, where the regressors Xy
would be objects like income or factors of production. In particular, these economic rationality
imposes these restrictions in the empirical application of Lewbel and Pendakur (2015), where
each Xy is a price divided by income and each Uy is a Barten (1964) scale, which is a type of
strictly positive random utility parameter.

As noted earlier, to satisfy the assumptions of Theorem 1, one should choose an hj function
that corresponds to a thin tailed density over x. For this application, a convenient choice of h;
(one that yields simple expressions for 9) is

exp (=g~ ()
. 2 ,.°
(exp (—=ig™t (v)) +1)° /i
here ﬁj is the logistic probability density function, which is evaluated at the inverse of the g
function.

We first show identification of 6,. We will now use the partition P where X” = (X») and
lett, = 0. This gives

hj ) =R (570 1) =

o0
2poj :/O E [hj(Y) | X1=0, Xz = X2] x5 "dx2
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which corresponds to

- (0) = OOh- 05 1nsy)] s;1ds :/ooﬁ-elns s> 1ds :/Oo
kpoj (0) /0 i [0021ns2)]s;"ds; ; j (021nsz) s, ds; o @xp(ifaInsy) + 172

Assume 02 > 0 (a similar analysis is possible if 8, is negative. Do the change of variables

q =62 1Ins,. Then _
00 ie—ia

je 1 1

xpoi () = -  _—dg=—

Poj (©) /—oo (e=ia + 1)292 q 02

It then follows from Corollary 3 that Apgj = xpoj (), S0 0 is identified by 6, = 1/4po;j for
any choice of j > 0.

This particular model is simple enough that 6, might have alternatively been identified by
other means. For example, if g were assumed to be differentiable, then 6, could have been re-
covered from 0E [hj Y)| X1 =0,X, = xz] /0X2 evaluated at x, = 0. Still, the above analy-
sis shows identification using this paper’s methods, specifically Corollary 3. It would also be
possible to use Corollaries 1 or 2 to construct additional moments for ¢, that could be used for
estimation or as an alternative demonstrations of identification, most easily by keeping the same
choice of hj (y) function, but with different choices for t,.

Now consider identification of #1, which for convenience we will assume is nonnegative.
We now use the partition P where XP =X andlett; = 1andt, = 1. This gives

APtj :/0 /0 E[hj(Y) | X1 = X1, X2 = x2] dxzdxz

and N
K ptj (0) :/o /0 hj [(s1 + 015152 + 02 Insp)] dsids,

Now do a change in variables in xptj (¢), changing sy for r = s; + 601815, + 021Ins; =
02Insy + (1 +s201)s1 50 dr = (1 + s201) ds;. Recalling that we assumed #; > 0 (an analo-
gous derivation applies if 1 is negative), the change of variables gives

00 1 o
Kjt (9) N /0v a+—%(/92|n52hj (r)dr)ds2

B /w(l—ﬁj(ezlnsz))ds
o (1 +s201)

where H; () = ffw hj (1) d¥ =1/ (1 +exp(—j¥)), so

/°° exp (—jO21Insy) 1
0

: dsy
1+exp(—jOz2Insy) (1 + s201)

kit (0) =

/Oo ! ds
= - 2.
0 (1+s)) @+ s00)

jexp(jOzInsy) —1g

S2



We will apply Corollary 3, which requires evaluating the derivative of the above expression for
K jt (0) with respect to j. This derivative is

ot (0) _02/00 szj‘92 Ins; ds,
- - . 2
o O (1+s)%) @+ s000)

In general these integrals are difficult to evaluate analytically. However, we are free to choose
any positive value for j, and these integrals become managable when we can choose j to make
jO2 be an integer. We can choose j this way because 0, has already been identified. In particu-
lar, letting ] = j1 = 1/62 we obtain

° 1 In(@1)
it (0) = ds) = ——
<t @) /0 L+s)(L+501) > 61—1
and
ox jyt (0) /°° s2lns; 0, (In(el))2
— =—0> 5 dsy = ——
0] 0 (1452)° (14 s201) 2 \01 -1
It then follows from Corollary 3 that
a/ljlt 02 In (61)
s = 22
T A

which is a strictly monotonic function of #1, and can therefore be uniquely solved for 4,
thereby identifying 1. We could obtain additional or alternative analytically tractible moments
for identification of 81 using Corollary 2, by letting jo» = c¢/0; for integers ¢ and evaluating
Kt (0) /ot (0) = Ajyt/Aj,t. More generally, equations like these could be applied with arbi-
trary values of j, by evaluating the resulting integrals numerically.

Finally, given that both 1 and 6, are identified, the joint distribution of (U1, U>) is identified
as described at the end of the Identification section.

5 Extension: including an independent additive error

Assume thatinstead of Y = G (X1Uy, ..., Xx Uk, #), we had the model Y = G (X1U4, ..., Xk Uk, 0)+
Up. Assume Ug L Uy, ..., Uk, X1, ..., Xk. This restriction was also assumed in one of the orig-
inal papers on identification and estimation of random coefficients, Beran and Hall (1992), in
the standard random coefficient framework where G is linear. As noted in the introduction, this
IS a strong assumption, but is justified in some contexts, e.g., in the model of Lewbel and Pen-
dakur (2015), Uy, ..., Uk are structural random utility parameters, and Ug is measurement error
in Y, which is plausibly independent of both structural heterogeneity parameters Uy, ..., Uk
and covariates X1, ..., Xx. Assume also that the characteristic function of Ug is everywhere
nonzero, and without loss of generality, assume the median of Ug equals zero (if not then we
can just add a constant to the function G to make the median of Ug equals zero).

Let F (Y | X) denote the conditional distribution function of Y given X = (X4, ..., Xk).
Then F (Y | 0) equals and therefore identifies the marginal distribution of Uj = Up + ¢ where
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the unknown constant ¢ = G (0, 8). It therefore follows that the marginal distribution of Ug
is identified, because it equals the distribution of U; — med (Ug). Let Y* =Y — Uop. The
distribution function F is known, and the distribution of Uy is known and is independent of X,
and so by taking a conditional deconvolution Y with respect to —Ug, we identify the conditional
distribution of Y * given X. All of our previous identification result can then be applied replacing
Y with Y *.

By the above logic, including the additive error Ug does not interfere with identification of
the rest of the model. However, inclusion of this additive error could have profound implications
for rates of convergence and other aspects of estimation. In particular, if Ug is a thin tailed
density, then the rate of convergence of the estimated distribution of Y * given X could be very
slow, and estimation of all other parameters might be correspondingly affected.

6 Proof of Theorem 1

Aptj =/ E[hj (V) XP=xP,x"P =0] xil_lxgz_l...xltf;’_1dx1dxz...dep
xPesupp(XP)
(10)
For a given partition P and associated ordering of the elements of X and U, let QQ =

supp (X?), @f) = supp (UP), and let F (uP) be the joint distribution of U " evaluated at the
value uP. By the definition of Aptj we have

R : PPy timl =1 tep—1
Aptj = / P/ PhJ (G (XqU1, ..., XpUkP, 0, ..., 0), 00) AR (UT) X' X5 WX dxadxp..dxge
xPeQl JueQ

-1, -1 tkp—1 P/ P

= / / hj(G (Xlul,...,XKPUKP,O,...,0),(90)x11 X5 ,‘.XKKP dxidx;...dxxrd F (U )
ueQf JxPeQf
U X

where the second equality follows from Fubini’s theorem. Do a change of variables on the inner
integral, letting sy = xxug fork =1, ..., K to get

— — t.p—1 _ — —t
Apti = hj (G (sP,0,...,0),80) s s s K Uit us 2 u kP
J P J 1 2 KP 1 2 KP
ueQ) JsPesupp(X1Ug,....X pU,plU=u)

dsydsp...dskrdFS (uP)
1 tpe1  tep—=1 _t, — —t
— / / hj (G (sP,0,...,0),00) si s 1...5KK§ uztuy 2 u K7 dsidsy...dsrd B (u)
ueQB SPGQE
P t1—1.th—1 _txp—1 —ty, —t —tp P/ P
= / P/ hi(G(s7.0....,0),00) sy sg sy Tdsidsa.dsieuy Uy Uy g d Ry (UT)
ueQ( JsPeQiy
—ty, —t “P P (P —ty, —t “P P (P
= / rcptj (Bo)up MUy U 5 AR (U") = Kpy (00)/ up Uy U i dRy (u”)
UEQB UEQB

= xpyj (00) E (UTU;%.U™) = ke (00)

where the second equality above uses Assumption A2 regarding support conditions.
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Abstract

We prove a new identification theorem showing nonparametric identification of the joint
distribution of random coefficients in general nonlinear and additive models. This differs
from existing random coefficients models by not imposing a linear index structure for the
regressors. We then model unobserved preference heterogeneity in consumer demand as
utility functions with random Barten scales. These Barten scales appear as random coeffi-
cients in nonlinear demand equations. Using Canadian data, we compare estimated energy
demand functions with and without random Barten scales. We find that unobserved prefer-
ence heterogeneity substantially affects the estimated consumer surplus costs of an energy
tax.
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1 Introduction

For discretely demanded goods, unobserved preference heterogeneity is typically modeled us-
ing random coefficients, as in Berry, Levinsohn, and Pakes (BLP 1995). In this paper we pro-
pose an analogous way to introduce unobserved preference heterogeneity in nonlinear continu-
ous demand systems. This includes a new identification theorem showing how the joint distrib-
ution of random coefficients in general nonlinear and additive models can be nonparametrically
identified. This is in sharp contrast to almost all existing random coefficients theorems, which,
like BLP, assume a linear index structure for the regressors.
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The application we consider is energy demand by consumers. Energy is consumed in con-
tinuous quantities and displays substantial nonlinearities in income and price effects. Therefore,
energy cannot be appropriately modeled using discrete demand methods like BLP, and instead
requires the methodology of continuous demand systems.

We demonstrate the importance of accounting for random coefficient type unobserved pref-
erence heterogeneity in energy demand. In particular, we show that failure to do so results in
a dramatic underestimate of the variance of impacts of energy price changes across consumers.
Moreover, we find that this variation in energy price elasticities is particularly large among
poorer households. Accounting for this variation is crucial for correctly assessing the true costs
to society of energy policies such as a carbon tax. We show that measures of social welfare
that ignore this unobserved preference heterogeneity yield substantially biased estimates of the
full costs to society of an energy tax on consumers, by failing to fully account for the tax’s
distributional impacts.

One of the most commonly used methods for incorporating observable sources of preference
heterogeneity (such as the impacts of age or family size) in continuous demand systems is
via Barten (1964) scales. Barten scales deflate the prices faced by consumers, and so have a
structure that is equivalent to random coefficients on prices, in that they multiply each price
in the demand system. This suggests that a natural way to introduce unobserved preference
heterogeneity into continuous demand systems is to allow random variation in the Barten scales
via random coefficients on prices. We call these, "random Barten scales."

Allowing for random Barten scales introduces a substantial econometric difficulty because,
unlike discrete demand models such as multinomial logit, realistic continuous demand models
are highly nonlinear in prices, due to constraints like Slutsky symmetry. We therefore require
a general type of random coefficients that can be identified and estimated in nonlinear, or even
nonparametrically specified, demand functions. We define "generalized random coefficients" to
be random coefficients applied to variables in a general nonlinear or nonparametric model, in
contrast to ordinary random coefficients that are applied in linear index models. In our demand
application, generalized random coefficients on prices are the random Barten scales.

In this paper we first provide some identification theorems, showing that the joint distri-
bution of random coefficients can be nonparametrically identified in nonlinear, and in addi-
tive nonparametric, regression models. We then apply these results to identification of random
Barten scales in demand systems. This application includes proving a new theorem that non-
parametrically characterizes the preferences associated with demand functions having a certain
additive structure.

Based on these identification theorems, we estimate energy demand functions for a set of
Canadian consumers. To illustrate the importance of allowing for unobserved heterogeneity
in Barten scales, we evaluate the (partial equilibrium) impacts of a hypothetical tax on energy
goods, like a carbon tax. Among other results, we find that allowing for unobserved preference
heterogeneity has a large impact on the estimated distribution of the relative costs (consumer
surplus impacts) of the tax. For example, we find that this distribution across consumers has
a standard deviation that is more than twice as large in our model compared to an analogous
model that does not allow for such unobserved preference heterogeneity.

Consider first our proposed generalization of random coefficients models. Suppose an ob-
served variable Y depends on a vector of observed regressors X = (X1, ..., Xk), and on a set
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of unobserved errors Ug, Uy, ..., Uk that are (possibly after conditioning on other covariates Z)
independent of X. We propose a generalized random coefficients model given by

Y =G (X1Uy, ..., XkUk) or Y =G (X1Uq, ..., XxUk) + Up @

for some function G. We focus mainly on results for the special case of equation (1) where G
takes the additive model form

Y =3 G (XU + Ug )

and the functions Gy, ..., Gk are unknown.

In these models the vector U = (Uq, ..., Uk) represents unobserved heterogeneity in the
dependence of Y on X, while Uy, if present, represents measurement error or other independent
variation in Y. We provide conditions under which the joint distribution of the vector U is
nonparametrically identified. If present, Ug is assumed independent of these other errors and
has a marginal distribution that is also nonparametrically identified.

In our empirical application, Y will be a measure of energy demanded by a consumer, G
will be a Marshallian demand function, each Xy will be the price of a good k divided by a
consumer’s total expenditures, and each Uy (other than Up) will be a random Barten scale.
All previous empirical implementations of Barten scales have exactly these forms, but with
every Uy other than Ug specified as deterministic functions of observable characteristics that
affect preferences, such as age or family size. In contrast, we allow the Barten scales to be
random, depending on both observable and unobservable characteristics. We show that the
joint distribution of these random Barten scales can be nonparametrically identified, under low
level regularity conditions.

One of our identification theorems shows that if G is known, then under some conditions
the joint distribution of the elements of U is nonparametrically identified. We also provide a
theorem giving conditions under which, in equation (2), each function Gy can be nonparametri-
cally identified. Combining both theorems then allows us to simultaneously nonparametrically
identify the joint distribution of U and nonparametrically identify each G, function. Combining
both theorems also provides additional restrictions that we argue might be exploited to further
generalize the model (specifically, by possibly relaxing the additivity assumption with some
interaction terms).

Imposing the additivity of equation (2) directly on Marshallian demand functions yields
some implausible restrictions on preferences. However, we show that, when K = 2, these re-
strictions can be relaxed by suitably transforming Y. In particular, we prove a theorem showing
that when K = 2, if Y is defined as a logit transformed budget share, then demands will take
the additive form implied by equation (2) if and only if indirect utility has a correspondingly
additive form. This theorem also provides closed form expressions for the indirect utility func-
tion corresponding to nonparametrically specified demand functions that are additive in this
way. These closed form expressions greatly simplify our later consumer surplus and welfare
calculations.

We first provide a literature review on the econometric identification of models containing
random coefficients and on the modeling of preference heterogeneity in continuous demand



systems. We then present our main identification theorems, followed by our theorem character-
izing the nonparametric connection between preferences and logit transformed demands. We
next provide our empirical implementation of the random Barten scales model, including con-
sumer surplus calculations on the hypothetical impacts of a large increase in the price of, or
taxes on, energy goods. We then list some conclusions. One important finding is that an energy
tax may impact inequality and welfare through a previously unrecognized channel, which is the
variation in consumer surplus effects for households that have the same observed budgets and
characteristics. We find that this variation is particularly large for poor households.

Following the conclusions is an appendix that contains proofs of Theorems. We also have
an online supplemental appendix. The online supplemental appendix contains an extensive
set of additional empirical analyses verifying the robustness of our estimated results to a wide
variety of alternative model specifications, including adding complexity to the utility function
specification, relaxing the parametric structure on preference and error distributions, and dealing
with potential endogeneity of regressors. The online supplemental appendix also includes a
Monte Carlo analysis of our estimated model, and contains some additional technical results of
lesser importance.

2 Literature Review

We use generalized random coefficients to represent price scales in consumer demand models.
There is a long history of using such scales to empirically model observed sources of preference
heterogeneity. See, e.g., Rothbarth (1943), Prais and Houthakker (1955), Barten (1964), Pollak
and Wales (1981) and Jorgenson, Lau, and Stoker (1982), and see Lewbel (1997) for a survey.
Barten (1964) type price scales (hereafter: Barten scales) take the form of multiplying each
price in a demand function by a preference heterogeneity parameter, as in equation (1). It is
therefore a natural extension of this literature to include unobserved preference heterogeneity
in Barten scales.

We apply estimated demand functions and estimated Barten scale distributions to do welfare
analyses. In particular, we use a Barten scaled energy demand function to perform consumer
surplus calculations for an energy price change (as in Hausman 1981). Our consumer surplus
calculations can be interpreted as a variant of Hoderlein and Vanhems (2011), who introduce
unobserved preference heterogeneity into the Hausman model. The first of these two papers
introduced scalar preference heterogeneity into the model nonparametrically, while the latter
incorporated heterogeneity in the form of ordinary linear random coefficients. As an alternative
to modeling unobserved heterogeneity, Hausman and Newey (2014) provide bounds on average
consumer surplus.

In contrast, our model follows the prior consumer demand literature by including preference
heterogeneity in the form of Barten scales, differing from the prior demand literature in that our
Barten scales include unobserved heterogeneity (a smaller additional difference is the way we
also include an additive measurement error). We also apply our empirical results to estimate
Atkinson (1970) type social welfare functions, and thereby analyze the extent to which allowing
for unobserved preference heterogeneity affects estimated tradeoffs between mean impacts and
inequality of impacts of a tax or price change in energy.



Other papers that introduce nonseparable unobserved preference heterogeneity in continu-
ous demand systems include Brown and Walker (1989), McFadden and Richter (1991), Lew-
bel (2001), McFadden (2005), Beckert (2006), Matzkin (2007b), Beckert and Blundell (2008),
Hoderlein and Stoye, (2014), and Kitamura and Stoye (2014). Lewbel and Pendakur (2009)
propose a continuous demand system model in which the standard separable errors equal util-
ity parameters summarizing preference heterogeneity, and do welfare calculations showing that
accounting for this unobserved heterogeneity has a substantial impact on the results. Lew-
bel and De Nadai (2011) show how preference heterogeneity can be separately identified from
measurement errors. A related empirical model to ours is Comon and Calvet (2003), who use
repeated cross sections and deconvolution to identify a distribution of unobserved heterogeneity
in income effects.

Nonparametric identification and estimation of ordinary random coefficients models is con-
sidered by Beran and Hall (1992), Beran, Feuerverger, and Hall (1996) and Hoderlein, Kleme-
lae, and Mammen (2010). Recent generalizations include linear simultaneous systems of ran-
dom coefficients, including Masten (2015) and Hoderlein, Holzmann, and Meister (2015), ran-
dom coefficient linear index models in binary choice, e.g., Ichimura and Thompson (1998),
Gautier and Kitamura (2010), and semiparametric extensions of McFadden (1974) and Berry,
Levinsohn, and Pakes (1995) type models, e.g., Berry and Haile (2009).

Ordinary random coefficients are the special case of the additive model in equation (2)
in which each G is the identity function. Additive models are a common generalization of
linear models; see, Hastie and Tibshirani (1990), Linton (2000), and Wood (2006), and in the
particular applications of additivity to consumer demand systems include Gorman (1976) and
Blackorby, Primont, and Russell (1978).

This paper also contributes to the literature on estimation of models with nonseparable er-
rors, in particular where those errors arise from structural heterogeneity parameters such as
random utility parameters. Older examples of such models include Heckman and Singer (1984)
and Lewbel (2001). More recent work focusing on general identification and estimation results
include Chesher (2003), Altonji and Matzkin (2005), Hoderlein, and Mammen (2007), Matzkin
(20074, 2008), and Imbens and Newey (2009).

Fox and Gandhi (2013) provide general conditions for identification of random utility para-
meters in multinomial choice problems, including linear index models with random coefficients,
and models analogous to Berry and Haile (2009) that exploit Lewbel (2000) type special re-
gressors. They note that the only general sufficient condition known for one of their identifying
assumptions is utility functions that are real analytic functions.

A related result to ours is Hoderlein, Nesheim, and Simoni (2011), who provide a high
level condition they call T-completeness that suffices for nonparametric identification of a vec-
tor of random parameters within a known function. They provide some examples where T -
completeness can be shown to hold, such as when error distributions are in the exponential
family, or are parameterizable by a single scalar. Our model when G is known is a special case
of their general setup, and so our theorem proving identification for this model provides a new
framework where T-completeness could be satisfied. More generally, one goal of our analysis
is to provide relatively low level conditions that serve to identify our model, instead of high
level, difficult to verify conditions as in Fox and Gandhi (2013), or like T-completeness.

Perhaps the result that comes closest to our identification theorem is Matzkin (2003), which
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in an appendix describes sufficient conditions for identification of a general class of additive
models with unobserved heterogeneity. The biggest difference between our results and Matzkin
(2003) is that we identify the joint distribution of U, while Matzkin assumes the elements of U
are mutually independent. However, even our model when K = 1 (the case where there is no
joint distribution to be identified) does not satisfy her identification assumptions and so even in
that case our Theorem is new and cannot be derived from her results. Our online supplemental
appendix contains details regarding these differences.

3 Generalized Random Coefficient Model Identification

In this section we first provide, in Theorem 1, assumptions under which the joint distribution
of random coefficients can be identified in the general model of equation (1) when G is known.
We then provide, in Theorem 2, separate assumptions under which each function Gg (and the
marginal distributions of each random coefficient Uy) can be identified in additive models given
by equation (2). We then combine both theorems to nonparametrically identify both the joint
distribution of random coefficients and the functions G.

Later sections provide the connections between these theorems and our Barten scales model
of demand. However, we note upfront that in our empirical application X is positive (though
not bounded away from zero), so it is relevant that our identification theorems allow for zero
being on the boundary of the closure of the support of X.

3.1 Ildentification of the Distribution of Generalized Random Coefficients

Let Y be a dependent variable, X is a vector of covariates (X1, ..., Xk ) which will have ran-
dom coefficients (Uy, ..., .Uk). Let Z be a vector of additi~onal covariates that may affect the
distribution of these random coefficients. For now think of Y as being observable along with X
and Z, although later we will generalize to having the dependent variable be Y =Y + Up. For
any random vectors A and B let Fa;g (a | b) and fag (a | b) denote the conditional cumulative
distribution function and conditional probability density function, respectively, of A given B.

ASSUMPTION ALl: The conditional distribution Fgy ; (Y | X, z) and the marginal distri-

bution Fz (z) are identified. Y =G (X1Uy, ..., Xk Uk) for some continuous function G and
some unobserved random coefficients U = (U, ..., .Uk), whereU L X | Z.

Assumption Al first assumes identification of the distributions of observables, which would
in general follow from a sample of observations of Y, X, Z with sample size going to infin-
ity. We will first consider identification of Fy z (U | Z), the joint distribution of the random
coefficients (conditional on Z), assuming the function G is known. Later we will provide non-
parametric identification for a class of G functions. Standard random coefficients is the special
case in which the known function G is just the sum of the XUy terms.

In our empirical application, the random coefficients Uy will represent unobserved taste
heterogeneity, and Z could then be a vector of observable characteristics that also affect tastes.
Another possible role for Z is to serve as control function residuals, which then allows the



random coefficients Uy to be unconditionally correlated with X, so elements of X can be
endogenous. See, e.g., the correlated random coefficients model of Heckman and Vytlacil
(1998). This allows for Heckman and Robb (1986) control function type endogeneity, with
Z being control function residuals as in Blundell and Powell (2003, 2004). In particular, if
Xk = hg (X(k), Q) + Zy for some observed instrument vector Q and some identified function
hg (typically hy would be E (Xk | Xy, Q)), then the conditional independence assumptions in
Al correspond to standard control function assumptions.

The vector Z can be empty, so all the results we provide will hold if there is no Z, in
which case U is independent of X and so the regressors X are exogenous. The assumptions
also permit Z to be discrete, and place no restriction on the dimension of Z, although control
function residuals would generally be continuous and have dimension equal to the number of
endogenous elements of X.

ASSUMPTION A2: The distribution of (Ul‘l, U Z) is identified from its integer

moments. supp (X) is rectangular, supp (X | Z) = supp (X), and the closure of supp (X | Z2)
equals the closure of supp (U1 X1, ..., Uk Xk | Z,U)

We will identify Fuz by identifying moments of the distribution of (U;™,...,Ug* | Z).
Necessary and sufficient conditions for integer moments to identify a distribution are known,
and are weaker than the conditions needed for existence of a moment generating function. See,
e.g., Assumption 7 of Fox, Kim, Ryan, and Bajari (2012). In our empirical application it will be
reasonable to assume that each Uy is bounded and bounded away from zero, which is sufficient
and stronger than necessary.

Given U L X | Z, the support condition in Assumption A2 could be satisfied in a few
different ways. In particular, the support condition holds if the closure of supp (X | Z) = Rﬁ
and supp (U | Z) € RK, orif supp (X | Z) = RX and U has any support that excludes the
origin. In our application we satisfy the first of these conditions by assuming X (prices scaled
by total expenditures) can take on any positive value and by noting that Barten scales U must
be positive.

Lett = (1, ..., tx) denote a K vector of positive integers. For a given function h and vector
t, define x¢ by

Kt :/ h[G (s1, ...5k) , t] 551_1352_1...515_ldsldsz...dsK (3)
supp(X)

ASSUMPTION A3: Given G, for any K vector of positive integers t we can find a continu-
ous function h such that [, o N [G (51, ...5k) , ] st~ st~t|ds;ds,...dsk exists, the

integral defining «¢ is convergent, and x; # 0.

Assumption A3 assumes integrability of the function being integrated in equation (3), and
requires that the integral is finite and nonzero. This assumption imposes restrictions on G,
but these restrictions are mitigated by the fact that the function h is freely chosen, based on
knowing both G and t. The classes of general G functions that satisfy Assumption A3 are
difficult to characterize, so Lemma 1 below provides a sufficient condition that is relevant for
our application.



LEMMA 1: Assume supp (X) = RK, G (Xg,..Xk) = zl*f:le (Xk), and there exist
positive constants c1, ..., Ck such that Gy (Xx) > ck X fork =1, ..., K. Then Assumption A3
holds.

Proofs are in the appendix. Assumption A3 is most readily satisfied by taking h to be a
positive function that is thin tailed in its first argument, as in the proof of Lemma 1 where h
as a function of G is the exponential density function. As is also illustrated by Lemma 1, the
function h is not required to depend on t, but it is allowed to do so.

There are examples of G functions for which identification of the joint distribution of U
and Uy is clearly not possible. An example is G (X1, X2) = In (X1) +In (X2), since in this case
U; and U, appear only in the form In (U1) + In (Uz) with no way to separately identify each.
Lemma 2 in the appendix proves that this function violates Assumption A3, so the assumed
existence of a function h does limit the class of allowable G functions.

THEOREM 1: Let Assumptions Al, A2, and A3 hold. If the function G is known or
identified, then the joint distribution function Fy,z (Uy1,...,.Uk | Z) is identified.

The proof is in the appendix. To provide an idea of how Theorem 1 works, consider the case
of K = 1 and observe that, by a change of variables argument, E ([ h (G (U X)) X'~1dX) =
E ([h(G(s))s'"tU~'ds). The left side of this equation can be estimated, while the right
equals a known function times E (U~"). We can in this way identify any moment of U~ and
thereby identify the distribution of U.

Providing some more detail, define 4; (Z) by

I (Z) = / E[h(Y,t) | X1, Xo... Xk, Z] XETIXZTH X E T dXqd Xo...d XK (4)
Xesupp(X)

At (2) is an integral of a known conditional expectation, and so is identified. The proof of The-
orem 1 works by showing that the moment E (Ul_tluz_tz...ulztK | Z) is identified by equaling

the ratio of identified objects At (Z) /. ldentification of these moments for any K vector of
integers t then implies identification of the distribution of U7 *US ..Ut | Z by Assumption
A2, and hence identification of Fy|z (Uy,...,.Uk | Z). We could have instead tried to directly
identify Fy z by working with negative values of t, but Assumption A3 would then be more
difficult to satisfy than with positive integers t. More speculatively, we might instead try to iden-
tify the characteristic function of Fyz by replacing t with the square root of minus one times
t for real vectors t, but in that case dealing with boundary issues associated with the change of
variables step in the proof becomes more complicated.

A special case of Theorem 1 is when G (s1, ...Sk) = S1 + ... + Sk, corresponding to the
standard linear random coefficients model. Nonparametric identification of the linear model
under varying conditions is established by Beran and Hall (1992), Beran and Millar (1994),
Beran, Feuerverger, and Hall (1996), and Hoderlein, Klemelae, and Mammen (2010), using
assumptions and methods that differ substantially from Theorem 1. The latter authors give
key sufficient identifying assumptions in the linear model as being U independent of X as we
assumed, and that the distribution of U have square integrable derivatives of sufficiently high
order. Generally, identification of the distribution linear random coefficients has been based on
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either assuming large support for X or assuming thin tails for U, (see, e.g., Masten 2013 for a
summary), while Theorem 1 for a general G function requires both support and tail restrictions
as in Assumption A2. The linear G model automatically satisfies our Assumption A3 by being
a special case of Lemma 1.

Although Theorem 1 imposes large support restrictions on the regressors, it does not depend
on identification at infinity or other types of "thin set™ identification arguments (see Khan and
Tamer 2011). The support restrictions in Theorem 1 are only used to ensure that boundary terms
equal zero in the change of variables step in the proof of the Theorem.

3.2 Additive Model Identification

Theorem 1 identified the joint distribution Fyz (Uy,...,.Uk | Z), assuming the function G is
identified. We now provide a theorem that shows nonparametric identification for a class of G
functions. We will then combine both Theorems. Some assumptions of Theorem 2 duplicate
those of Theorem 1; we write the assumptions this way so that each Theorem can stand alone.
Let ek be the K vector containing a one in position k and zeros everywhere else. Let X ) denote
the K — 1 vector that contains all the elements of X except for X.

ASSUMPTION A4: The conditional distribution Fg y > (y | X, z) and the marginal distrib-

ution Fz (z) are identified. Y = Zszl Gk (XkUk) + Ug for some unknown functions Gg and
some unobserved random coefficients Ug and U = (Uy, ..., .Uk), where (Ug, Uy, ..., Uk) L
X | Zand U L Ug | Z. Either Ug has a nonvanishing characteristic function (conditional on
Z)! or Uy is identically zero. supp (Ug) C supp (Y).

ASSUMPTION A5: Fork € {1, ..., K}, (Uk, Xx) | Z is continuously distributed, and for
every r € supp (XxUg) there exists an xx € supp (Xk) such that fy, (xk‘lr) # 0. X has
rectangular support and {0, e, ..., ex } is a subset of the closure of supp (X).

ASSUMPTION AG6: Fork € {1, ..., K}, G is a strictly monotonically increasing, differen-
tiable function. The location and scale normalizations Gy (0) = 0 and G (1) = yp for some
known yg € supp (Y) are imposed.

As before, Assumption A4 first assumes identification of Fy|x.z (y | X, z) and Fz (z), which
would in general follow from a sample of observations of Y, X, Z with sample size going to
infinity. Identification of Fyx z (y | X, z) is actually stronger than necessary for Theorem 1,
since only certain features of this distribution are used in the proof. For example, it would suffice
to only identify Fyx,z (Y | Xk&k, z) fork =1, ..., K. Assumption A4 also imposes conditional
independence and support requirements on U, X and Z. These are standard assumptions for
random coefficients models, except for the assumption that the additive error Ug is conditionally
independent of the other random coefficients. Beran and Hall (1992) assumed independence of
Uy, but later linear G models do not impose this restriction. Although independence of Ug is a
strong assumption, we show it’s plausible in our empirical application.

LFormally, the condition on Uy regarding a nonvanishing characteristic function required for the deconvolution
step of the proof is only that the set of t € R for which E (e'tUO) # 0 is dense in R. See, e.g., Meister (2005).
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Assumption A5 assumes that the regressors and random coefficients are continuously dis-
tributed. Assumption A5 also calls for some support restrictions, but these are all much milder
than the support restrictions that were required by Theorem 1. A key feature of this assumption
is that the closure of the support of each element of X includes zero.

Assumption A6 requires each Gg function to be smooth and monotonic. This facilitates
identifying the distribution of unobservables Uy that lie inside each Gg. In our application,
economic theory will imply this monotonicity. The normalizations in Assumption A6 are all
free normalizations, that is, they are made without loss of generality. This is because, first, if
Gk (0) # 0 then we can redefine Gk (r) as G (r) — Gk (0) and redefine Ug as Ug + Gk(0),
thereby making Gk (0) = 0. Next, given a nonzero yp € supp (Y), there must exist a nonzero
ro such that Gg (ro) = Yyo. We can then redefine Uy as roUy and redefine Gy (r) as Gy (r/rop),
thereby making G (1) = yo. These particular normalizations are most convenient for proving
Theorem 2 below, though in empirical applications alternative normalizations may be more
natural, e.g., choosing location to make E (Ug) = 0.

THEOREM 2: Let Assumptions A4, A5, and A6 hold. Then the functions G4, Go,...,Gk
and the distributions Fy,z, Fu,jz,..-Fui |z are all nonparametrically identified.?

The proof is in the appendix. As noted in the literature review, Theorem 2 is similar to, but
is not a direct corollary of, results in Matzkin (2003). In an online spplemental appendix, we
summarize the ways in which Theorem 2 differs from Matzkin (2003). One obvious (though
not the only) difference is that Matzkin assumes the elements of U are mutually independent,
either conditionally or unconditionally, and we do not.

The proof of Theorem 2 depends on an identification at zero argument, i.e., thin set iden-
tification (see Khan and Tamer 2011). This is undesirable because it means that most of the
observable population distribution is not used for identification, and as a result often implies
slow rates of convergence for corresponding nonparametric estimators. However, two argu-
ments help mitigate these concerns. First, additional pieces of information can be constructed
and used for estimation or testing. For example, given a G and Fy, |z function identified by
Theorem 1, an additional equality that these functions satisfy for all values of x (nhot just in the
neighborhood of zero) is

OE(Y | X=X,Z=17)
OXk -

/ [0Gk (u) /ox] dFuz @ 12) ()
uesupp(Uk|Z=2)

Equation (5) provides additional restrictions on the Gy and Fy, |z that might be exploited for es-
timation, testing, or alternative identification arguments. The restrictions provided by equation
(5) apply over the whole support of the data, not just on a thin set.

A small extension to Theorem 2 is the following.

2The proof of Theorem 2 involves evaluating the distribution of Y given X where either X = 0 or all but
one element of X equals zero. This means conditioning on a set of measure zero. Note, however, that issues of
nonuniqueness of the limiting argument (the Borel-Kolmogorov paradox) do not arise here, since the identification
proof depends only on transformations of smooth conditional density and expectation functions. It would be
possible to recast the proofs in terms of conditioning on sets || X || < ¢ and taking limits as ¢ — 0.
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COROLLARY 1: LetY = G (X1Uq, ..., Xk Uk) + Ug for any function G that includes
XkUke in its domain, fork =1, ..., K. Then _
i) There exists functions Gy, ..., Gk, and G such that

=~ K
¥ =G (XU1, .. XkUk) + 2, 1) G (XkUi) + U (6)

where the function G (X1Ug, ..., Xk Uk) equals zero when all but one of its elements equal
zero, and

ii). Theorem 2 holds replacingY = Zl*f:l Gk (XkUk)+Up in Assumption A4 with equation
(6).

In Corollary 1, the function G is not identified, so the main points of this corollary are first
that any function G can be decomposed into an additive parthle Gk and an interactions part
G, and second that the presence of the interaction function G does not interfere with identifi-
cation of the Gk and Fy, z functions using Theorem 2. Corollary 1 would then be useful in
contexts where G is known or can be identified by other means.

3.3 Full Model Identification

Here we combine Theorems 1 and 2 to identify all the unknown functions in equation (2).

COROLLARY 2: LetY = 3}, Gk (XkUk)+Upand let G (X1Us, ..., Xk Uk) = Sk ; Gk (XkUy).
Let Assumptions Al, A2, A3, A4, A5, and A6 hold. Then the functions G1, G, ..., Gk and
the joint distribution function Fy,z (Uy,...,Uk | Z) are identified.

Corollary 2 shows identification of the model, but also may provide additional restrictions
implied by the model that might usable either for alternative identification strategies, or to ob-
tain identification under more general conditions. In particular, both Theorems 1 and 2 identify
the functions Fy, z for k = 1, ..., K, and so restrictions on the functions G4, G, ..., Gk and
Fu,z, ..., Fuc|z are obtained by equating the construction of the functions Fy,;z from each
of the two theorems for each k. Equation (5) provides more such restrictions. Still more re-
strictions might be obtained by applying Theorem 2 using different h functions, and it may be
possible to use that variation to identify the Gy functions without the use of Theorem 2 at all.
Similarly, the additional equations that are obtainable using multiple h functions might also be
used to identify richer models, such as those containing interaction terms like the function G in
Corollary 1. We defer discussion of these conjectures to the online supplemental appendix.

Theorems 1 and 2, and hence our model identification result of Corollary 2, is constructive.
However, designing an estimator based on mimicing the steps of these identification arguments
would likely be both inefficient and difficult to implement. Inefficiency is likely because Theo-
rem 2 uses thin set identification, and Theorem 1 provides equations based on specific choices of
the function h, and it is hard to see how one might choose the function h to maximize efficiency.
Indeed, different h functions might be optimal for each moment and each function to be esti-
mated. Also, Theorem 1 identifies moments of U; %, ..U, so an inversion would be needed
to directly obtain the distribution function of U. Finally, sequentially applying Theorem 2 to
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estimate G1, G, ..., Gk and Theorem 1 to estimate Fy would ignore the additional identifying
information discussed in the previous paragraph. In our empirical application we parameterize
these unknown functions and use maximum likelihood estimation, though one could consider
extending our estimator to allow for nonparametric specification of these functions using sieve
maximum likelihood. To faciliate such an extension, we provide series expansions that could
serve as basis functions for a possible sieve estimator.

4 Barten Scales in Utility Functions

Let a "consumer™ refer to an individual or household that maximizes a single well behaved
utility function. Let Qk denote the quantity purchased of a good k, and let S (Q, U) denote
the direct utility function over the bundle of goods Q = (Qj, ..., Qk) of a consumer having
a vector of preference heterogeneity parameters U = (Uy, ..., Uk). Assume S is continu-
ous, non-decreasing, twice differentiable in Q and quasi-concave in Q. Define the reference
consumer to be a consumer that has heterogeneity parameters U normalized to equal one,
and let S (Qg, ..., Qk) denote the direct utility function of a reference consumer. Each con-
sumer chooses quantities to maximize utility subject to the standard linear budget constraint
fo:l PkQk = M where P is the price of good k and M is the total amount of money the con-
sumer spends on this bundle of goods. Let W, = Qk Px/M be the share of the money budget M
that is spent on good k (called the budget share of good k). Write the Marshallian budget share
functions that result from maximizing the reference utility function S subject to the budget con-
straint as W' = wx (P1/M, ..., Pk /M). Let V (P1/M, ..., Px /M) denote the indirect utility
function corresponding to S, obtained by substituting Qx = wk (P1/M, ..., Px /M) M/ P into
g(Ql, ..,Qr)fork =1, ..., K.

Our empirical application is based on Barten (1964) scales. Barten scales are a longstanding
method used to bring preference heterogeneity on the basis of observed variables into continu-
ous demand models. Barten scales are consequently a natural starting point for the incorporation
of random utility parameters representing unobserved preference heterogeneity. See, e.g., Lew-
bel (1997) for a survey of various types of equivalence scales in the consumer demand literature,
including Barten scales, and see Jorgenson, Lau, and Stoker (1982) for a prominent empirical
application of traditional Barten scales. Deaton and Muellbauer (1980) includes an extensive
discussion of parametric identification of Barten Scales.

Barten (1964) proposed the model in which consumers have utility functions of the form
S(Q1, .., Qk; az1, ..., azk) = S(Q1/az1, ..., Qk /azk ), Where the Barten scales a1, ..., azk
are positive functions of observable household attributes z, such as age or family size, that
embody variation in preferences across consumers. For households with multiple members,
Barten scales can be interpreted as representing the degree to which each good is shared or
jointly consumed. The smaller the Barten scale a is, the greater the economies of scale to
consumption of good k within the household. This is then reflected in the demand functions,
where smaller Barten scales have the same effect on demands as lower prices. For example, if a
couple with one car rides together some of the time, then in terms of total distance each travels
by car, sharing has the same effect as making gasoline cheaper. The more they drive together
instead of alone, the lower is the effective cost of gasoline, and the smaller is the couple’s Barten
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scale for gasoline.

More generally, Barten scales provide a measure of the degree to which different households
get utility from different goods. This is how we will employ them. Although Barten scales
have long been a popular method of modeling preference heterogeneity in empirical work, up
until now Barten scales have always been modeled as deterministic functions of observable
characteristics of consumers. Here we consider using Barten scales to embody unobserved
heterogeneity of preferences across consumers.

We propose random Barten scales, assuming that consumers have utility functions of the
form S(Qx, .., Qk; U1, ..., Uk) = S(Q1/U4, ..., Qk /Uk), where Uy, ..., Uk are positive ran-
dom utility parameters embodying preference heterogeneity (both observed and unobserved)
across consumers. More formally, we could write each random Barten scale as Uz (2), since
for each good k, the distribution function that U, is drawn from could depend on observable
household attributes z. Barten’s original model is then the special case where the distribution of
each Uy is degenerate with a single mass point at o zx.

Define normalised prices Xx = Px/M for each good k and rewrite the budget constraint
as Zszl XkQk = 1. Now S(Qq,...,Qk) and V (Xg, ..., Xk) are the direct and indirect
utility functions of the reference consumer, and wg (X1, ..., Xx) is the Marshallian budget
share demand function of the reference consumer. It can be immediately verified from the
first order conditions for utility maximization that a consumer will have Marshallian demand
functions of the form Wy = wx (U1 X4y, ..., Uk Xk ) for each good k if and only if the con-
sumer’s direct and indirect utility function equal, up to an arbitrary monotonic transformation,
S(Q1/Uq, ..., Qx/Uk) and V (U1 X1, ..., Uk Xk), respectively. Also, given a specification of
reference indirect utility V (X1, ..., Xx), the corresponding Barten scaled demand functions
can be obtained by the logarithmic form of Roy’s identity:

oV (U1 Xy, ..., Uk Xk) K oV (UiXq,...,UxXk)
0 In Xk (=1 oln X,
(7

Notice that the functional form of each wy only depends on the functional form of S or equiv-
alently of V, so Uy, ...Uk can vary independently of Xi, ..., Xk across consumers. These
derivations are exactly those given by Barten (1964) and by later authors who applied Barten
scales, e.g., Jorgenson, Lau, and Stoker (1982), except that we put unobserved random vari-
ables Uy in place of deterministic functions ank of observed household characteristics. Random
Barten scaled Marshallian demand functions then have precisely the form of our generalized
random coefficients given in equation (1).

W = wk (U1 Xy, ..., Uk Xk) =

4.1 Indirectly Additively Separable Utility

In our empirical application, we let w1 be the budget share of a single good of interest, energy,
and we let wy denote the budget share of all other goods, corresponding to the general Barten
scaled model with K = 2. This case only requires estimating a single equation for w1, since the
equation for w» is automatically determined by construction as wp = 1 — w;. Ifwe had K > 2,
then we would have K —1 separate equations to estimate, and we would have further restrictions
to impose because the same Barten scales, with the same joint distribution Fyz (U1,...,.Uk | Z),
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would appear in each equation.

Matzkin, (2007a), (2007b), (2008) discusses identification of systems of equations where
the number of equations equals the number of random parameters, assuming it is possible to
invert the reduced form of the system to express the random parameters as functions of ob-
servables. Although our model has K Barten scales (Uq, ..., Ux) and K demand equations,
Matzkin’s identification method for systems of equations cannot be applied here because there
are actually only K — 1 distinct demand functions wj,...,wk —1, with the remaining demand
function wk determined by the adding up constraint that Zlle wx = 1. We therefore have
more random parameters than distinct equations in the system.

The decomposition of total consumption into K = 2 goods is often done in empirical work
when one wishes to focus on the welfare effects of a price change on a particular good, as we will
do empirically. See, e.g., Hausman (1981), Hausman and Newey (1995), Blundell, Horowitz,
and Parey (2010), and Hoderlein and Vanhems (2011). This construction is formally rational-
izable by assuming utility is separable into good 1 and a subutility function of all other goods.
See, e.g., Blackorby, Primont, and Russell (1978). Alternatively, Lewbel (1996) provides con-
ditions on the distribution of prices (stochastic hicksian aggregation) under which Marshallian
demand functions have the same properties with nonseparable utility as with separable utility.

With K = 2 goods, our model is W) = w1 (U1 X1, U2X5) and W) = 1 — W/, and with
K = 2 we can rewrite equation (7) as

oV (U1 X1, U2X2) oV (U1 X1, UxX2)
A (W) =1In —1In 8
( 1) ( oln Xy ) ( oln X, ()

where 4 (W) is the logit transformation function A (W) = In[W;/ (1 — W;)].

Due to the constraints of Slutsky symmetry, imposing additivity directly on the Marshal-
lian budget share function w; (X1, X2) would result in extreme restrictions on behavior. See,
e.g., Blackorby, Primont, and Russell (1978). So we instead impose additivity on the logit
transformation of w1 (X1, X2) (later this will be relaxed to allow for interaction terms), thereby
assuming demands have the additive form

A (W1) = A [w1 (U1 X1, U2X2)] + Uo = g1 (U1 X1) + g2 (U2X2) + Uo 9)

Here the functions g1 and g, are nonparametric and Ug is interpreted as measurement error
in the observed budget share W, relative to the true budget share W;'. This implies that the
underlying demand function for good 1 is given by

-1
Wi = o1 (Ui Xg, UpXp) = (1470 UiXo-e(laXo) (10)

Use of the logit transformation here, and assumed additivity in logit transformed budget
shares, has as far as we know not been considered before in the estimation of continuous demand
functions. However, this logit transformed model has a number of advantages. First, 1 (W1) has
support on the whole real line, so the measurement error Ug has unrestricted support, instead
of a support that necessarily depends on covariates. Second, with this transform no constraints
need to be placed on the range of values the nonparametric functions g; and g, take on. Third,
unlike all other semiparametric or nonparametric applications of the Hausman (1981) consumer

14



surplus type methodology (such as those cited above), a closed form expression for the indirect
utility function that gives rise Marshallian demands (10) and hence (9) exists, and is given by
Theorem 3.

THEOREM 3: The demand function w1 satisfies A [w1 (U1 X1, U2X2)] = 91 (U1 X1) +
g2 (U2X2) for some functions g1 and g if and only if w1 is derived from an indirect utility
function of the form

V (U1 X1, Uz2X2) = H[hy (U1 X1) + hz (U2X2), U1, Us] .

for some montonic in its first element function H and some differentiable functions h; and hs.
The functions g1, g2, h1, and h; are related by

hy (U1 X1) 4+ ha (U X)) = /e91<U1X1>d In x1+/e—92<U2X2>d In x7 (11)

and

ohy (U1X1)) i (8h2 (szz)) (12)

91 (U1X1) + 92 (U2X2) = In( aln X, olIn Xz

Also, the functions h1 (U1 P1/M) and h, (U2P>/M) are each nonincreasing, and their sum is
strictly increasing in M and quasiconvex in P1,Pz, and M.

The proof is in the Appendix. The function H in Theorem 3 has no observable implications
for individual consumer’s demand functions, and is present only because utility functions are
ordinal and therefore unchanged by monotonic transformations.2 We can therefore just write
the indirect utility function in Theorem 3 as

V (UrX1,U2X2) ™t = hy (U1 X1) + ha (UzXp) . (13)

which takes H to be the reciprocal function (this is a convenient normalization since we later
take hq and h, to be increasing functions, and utility must be nondecreasing in total expendi-
tures).

Preferences V (X1, X») are defined to be indirectly additively separable (see, e.g., Blacko-
rby, Primont, and Russell 1978) if, up to an arbitrary monotonic transformation H, V (X1, X3) =
H [h1 (X1) + h2 (X2)] for some functions hq, ho. So an equivalent way to state the first part
of Theorem 3 is that w; satisfies equation (10) if and only if preferences are given by a Barten
scaled indirectly additively separable utility function. The second part of Theorem 3 then pro-
vides closed form expressions for the indirect utility function given the nonparametric (additive
in the logit transformation) demand function and vice versa.

4.2 Random Barten Scales: Identification
From equation (9) we have the demand model

A (W1) =01 (U1 X1) + g2 (U2X2) + Ug (14)

3Later we will reintroduce the function H to construct a money metric representation of utility for use in social
welfare calculations.
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Identification of this model can be obtained by Corollary 2, letting Y = 4 (W1) and Gk = gk.
A condition that suffices to make the monotonicity of Assumption A6 hold is that the goods not
be Giffen goods.* Having good 1 not be Giffen guarantees monotonicity of g1, and similarly
the restriction that good 2 is not Giffen means that w, is monotonic in Xz, which by the adding
up constraint w; + wy = 1 implies monotonicity of g,. As discussed earlier, Assumption A3 is
satisfied for a wide range of possible gk functions, e.g., those satisfying Lemma 1.

Next consider Assumptions Al, A2, and A4. Ug is assumed to be measurement error in Y,
not a taste parameter, and hence independent of the other variables. As discussed earlier, Barten
scales are traditionally modeled as deterministic functions of demographic characteristics and
other factors that affect demand, so in our extension to random Barten scales we take Z to be
demographic characteristics, and other taste shifters for energy such as weather. Continuity of
each Xy and Uy is straightforward. U1 and U, are preference parameters, and it is common to
assume that tastes are determined independently of regressors in partial equilibrium analyses.
In our application W1 will be energy demand by Canadian households and the regressors Xg
are prices divided by budgets. One might therefore be concerned about correlations between Uy
and Xk caused by endogeneity of prices, however, Canadian households comprise a very small
fraction of world energy demand, and so the likely effect of Ux on energy prices should be
very small. In our online supplemental appendix, we verify that endogeneity, if any is present
due to this or other sources (such as potential measurement error in total expenditures), appears
too small empirically to significantly change our results. Economic theory also bounds the
support of Uy and U, in the positive orthant, assuming maximizing utility does not imply zero
consumption of either energy or other goods.

Each X is by construction nonnegative so to satisfy Assumptions A2 and A5 we assume
the support of each Xy is (0, 0co), the closure of which includes zero. We are therefore as-
suming that in theory prices can be very low and/or total expenditures can be arbitrarily large.
In our empirical application we observe a very wide range of total expenditure levels (from
poor to wealthy individuals), and substantial relative price variation. Further, in our empirical
specification we also exploit variation in other regressors Z to aid identification (see the next
subsection for details). An additional mitigating factor is that our identification results do not
depend solely on thin sets, given the additional restrictions that were discussed in section 3.3.
We also provide a Monte Carlo study (in the online supplemental appendix) with design given
by our actual estimated model and using our actual X1, X5 and Z data. This Monte Carlo shows
good performance of our estimator for sample sizes in the range of our empirical application.

4.3 Random Barten Scales: Specification and Estimation

In our main results, we present estimates of a parametric model wherein the demand function
(9) given by the difference in the logs of squared cubic functions of X; and X, the unobserved
preference heterogeneity parameters follow a truncated bivariate log-normal distribution, and
the normalized prices Xy are taken to be exogenous. We then consider consumer surplus and

“While possible in theory, very little empirical evidence has been found for the existence of Giffen goods, and
particularly not for the types of goods we consider in our application. A rare example is Jensen and Miller (2008),
who show that some grains may have been Giffen goods for extremely poor households in rural China.
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social welfare analysis with this parametric specification. In our online supplemental appendix,
we provide a variety of robustness checks and tests of model adequacy. In particular, we: (1)
allow for the demand function to depend on higher-order squared polynomials of X; (2) allow
for interaction terms in Xy in the demand function; (3) allow for more general distributions of
unobserved preference heterogeneity and of measurement error; (4) allow for heteroskedasticity
of the measurement error term Up; (5) implement a Monte Carlo analysis with design based on
our actual estimated model and data; and (6) allow for possible endogeneity in prices (which are
the numerators of Xy) via estimation with control functions and exogenous supply shifters. The
results are that our major findings regarding demand, inference, consumer surplus, and social
welfare analysis survive these robustness checks.

Marshallian budget shares are commonly modeled as equal to, or proportional to, polyno-
mials, almost always of third or lower order in terms of flexibility. See, e.g., Lewbel (2008) and
references therein. We therefore specify the functions g; and g in (9)as squared third-order
polynomials

2 3\?
g1(X1) =1In [(ﬁ10+ﬁ11X1+ﬁ12x1 +ﬁ13xl) ] (15)

) 3)2
92(X2) = —1In |:(520 + B21 X2+ B X5 + ﬂ23X2> ] (16)

with constants gy fork = 1,2ands = 0, .., 3. We square these polynomials, analogous to Gal-
lant and Nychka (1987), to ensure that the resulting demand functions will not entail taking logs
of a negative number. This specification also has the advantage that we can analytically evaluate
the integrals that define the corresponding indirect utility function in Theorem 3. Specifically,
by equation (11) we get V~1 = h1 (U1 X1) + ho(U2X5) where

2
hk (Xk) :/IX (ﬂko+ﬁkler+ﬂkzezr +:Bk3e3r) dr (17)
n X

As noted earlier, it is both unusual and convenient to have closed form expressions for utility
functions corresponding to arbitrary demand function components like these.

We impose the normalizations S,y = 1 and E (Ug) = 0, which are free normalizations
that take the place of the normalizations of the g functions described in Theorem 2. These
observationally equivalent normalizations are used in place of the ones used to prove Theorem
2, because they’re more natural and easier to impose in our particular application.

Applying Theorem 3 and substituting (15) and (16) into (9) gives:

) 2
A(W1) =1In |:(ﬁ10 + fu X1+ froXi +ﬁ13xf) ]—In [(ﬁZO + Xz + P2 X3 +ﬂ23X§) ]+U0'

(18)

We next need to specify the distributions of Ug, U and Uy. The distribution of Fy,z (Uy, Uz | Z)
for a vector of observed demographic characteristics Z is in theory nonparametrically identi-
fied. But to reduce the dimensionality of the model, instead of letting the dependence of U on
Z be entirely unrestricted, we assume each Barten scale takes the form

Uk = ax (Z) Uy, (19)
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for k = 1, 2 and where each function ak (2) is a traditional deterministic Barten scale, and the
remaining random variation given by Uy in each Barten scale is assumed to be independent of
the covariates Xy, Z. We model In[ay (Z)] as linear in a vector of demographic characteristics
Z. This index does not include a constant term, because the scaling of ax (2) is freely absorbed
into the s parameters. An additional advantage of this specification is that we now have the
support of each ak (Z) Xk instead of just the support of X to help identify the distribution of
Uk. Thus, we exploit variation in Z to aid in the identification of the distribution of Uk

We specify fp, the density of Ug, as a mean zero normal with variance ag We specify
the joint distribution of the random component of the Barten scales, U = (Uy, Uy), to be a
truncated (trimmed) bivariate log-normal. Specifically, before truncation, the density of In Uis

U, 2 ) nG,\ (In0; inG; 2
o (Ul’ e P) B 20102 (31[ - p2)1/2 Exp ( - ) p—(Zg(zl)—(pZ)l ) i ( g2 )

(20)
We truncate the distribution to make the support of In ] equal the box defined by 4301, £30>.
Bounding the support of U in this way satisfies the assumptions of Theorem 1 that U and
hence U be bounded away from zero and ensures that a moment generating function exists.
Our estimation method uses numerical integration, and in our the empirical application we
implement this distribution by integrating InU over its bounded support with a stepsize of
0.060, yielding a 10,000 point grid for the numerical integration.
For a given consumer with observed values X1, X2 and z, the conditional density function of
W; is then given by

fwiixi, %0,z (W1 | X1, X2, 230, B, 0, p) (21)
o0 o0 _ _ _ _ _ _
/o /0 fo [4 (W1) — A [w1 (a1 (2) UrXy, a2 (2) Uax2, B)], o0] fg (U1, Uz, 01, 02, p) 0ULOU.
Substituting in the logit transformation A, the demand function (18), the barten scale functions

(19), the joint log-normal distribution (20) (for U1, U,) and the normal distribution (for Up) into
the conditional density function (21) gives

fwyx, X0,z (W1 | X1, X2, Z5 0, B, 0, p) =
(22)

~ 2 ~ ~
Wy >3 o B a1 (2) x0)° fiog (UL, U2, 01,02,p)
In —In 3 — 172 o Inty
20-0 1-wW Zs:O Bas (Uzaz (2) X2)® (2m)7 a0
Assuming N independently, identically distributed observations wjj, X1i, X2i, zj of consumers i,

estimation proceeds by searching over parameters a, S, o, and p to maximize the log likelihood
function

N
D I g xo.z (wai | Xai, Xai, Zis @, Br o, p) (23)
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5 Empirical Results

5.1 Data

We estimate a baseline parametric specification as above, and with it undertake Engel curve,
cost-of-living and social welfare analyses. We estimate the model using Canadian household
expenditure microdata from the 1997 to 2008 Surveys of Household Spending. We consider
households comprised of one adult (as of 31 Dec) aged 25-64 residing in cities of 30,000 or
more residents in provinces other than Prince Edward Island (due to data masking). We drop
observations whose expenditures on energy goods are zero, and eliminate a few extreme outliers
by removing those whose total nondurable expenditures are in the top or bottom percentile of
the total nondurable expenditure distribution. This leaves 9971 observations for estimation.

We consider the budget share of energy goods, W1, defined as the share of total nondurable
expenditures devoted to energy goods. Total nondurable expenditures are constructed as the
sum of household spending on food, clothing, health care, alcohol and tobacco, public trans-
portation, private transportation operation, and personal care, plus the energy goods defined
as fuel oil, electricity, natural gas and gasoline (reported in thousands of dollars). We include
eight demographic characteristics, comprising the vector Z, as observed preference shifters: a
dummy for female individuals; age of the individual (on an 8 unit integer scale for 5 year age
groups with age 40 to 44 coded as 0); calendar year minus 2002; a dummy for residence in the
francophone province of Quebec; Environment Canada ex poste records of the number of days
requiring heating and cooling in each province in each year (normalized as z-scores from the
full sample of all households in all provinces in all city sizes); an indicator that the household
is a renter (spending more than $100 on rent in the year); and an indicator that the household
received more than 10% of its gross income from government transfers. These demographic
characteristics equal zero for the reference consumer (whose utility function is S and indirect
utility function is V): a single male aged 40-44 with less than 10% transfer income living in
owned accomodation outside Quebec in 2002 with average heating and cooling days.
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Table 1: Summary Statistics

9971 Observations mean std dev min max
logit energy share, Y -1949 0.766 -7.140 1.005
energy share, Wq 0.146 0.085 0.001 0.732
nondurable expenditure, M 15.661 7.104 2.064 41.245
energy price, Py 1.039 0.230 0426 1.896
non-energy price, P, 0.965 0.075 0.755 1.284
energy normalized price, X1 0.082 0.049 0.015 0.570
non-energy normalized price, X,  0.077  0.045 0.020 0.476
female indicator 0.482 0500 0.000 1.000
age group-4 0549 2.262 -3.000 4.000
year-2002 0.363 3.339 -5.000 6.000
Quebec resident 0.168 0.374 0.000 1.000
heat days, normalized -0.102  0.990 -2.507 2.253
cooling days, normalized 0.014 1.007 -1.729 4.013
renter indicator 0.512 0.500 0.000 1.000
transfer income indicator 0.184 0.387 0.000 1.000

Prices vary by province (9 included) and year (12 years) yielding 108 distinct price vectors
for the underlying commaodities comprising nondurable consumption. These underlying com-
modity prices are normalised to equal one (a free normalization) in Ontario in 2002. To account
for the impact on prices of individual variation in compositional differences of these aggregate
commodities, we follow the methodology of Lewbel (1989) and Hoderlein and Mihaleva (2008)
in constructing P; as the Stone price index using within group household specific budget shares
of energy goods, and P, is constructed similarly for non-energy goods. This construction has the
feature of further increasing relative price variation across households. The budget, M, is equal
to the total nondurable expenditures of the household. The normalized prices Xy are then given
by Xx = Px/M. Finally, the regressand, Y, is the logit transformation of the energy budget
share, so Y = A (W3). Table 1 gives summary statistics for these budget shares, expenditures,
prices, normalised prices and demographic preference (Barten scale) shifters.

5.2 Parameter Estimates

Our main analyses are based on two models. The first, Model 1, imposes the restriction that
U; = Uy =1 (so U is degenerate), and simplifies equation (21) to

N\ 2
-1 W 33 Brs(@r(@)x)®
exp | = In( L )— In $=0
P 205 |: 1=Wy ((Zg—oﬁzs(az(z)xz)s) ):|

fW1|X1,X2,Z (wl | X1, X2,Z; a, ﬁ, 0'0) = (271_)1/20_0

(24)
This is just a traditional deterministic Barten scale model, having Ux = ay (), estimated using
our general functional form for energy demand. Model 1 is then compared to our real specifi-
cation, Model 2, which is equation (22) with the distribution of U given by equation (20), and
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therefore contains our random Barten scales Uy = ak (2) Uk. Both models are estimated using
maximum likelihood in Stata, with likelihood functions given by substituting equation (24) or
(22) into equation (23). Estimated coefficients are given in Table 2 below.

As noted earlier, in our online supplemental appendix we provide an extensive set of analy-
ses to verify the robustness of our baseline empirical results (given in Table 2). A brief summary
of these results is that, while some departures from our baseline Model 2 are statistically signif-
icant, none result in big changes in our economic analyses or conclusions, indicating that our
results are robust to many different possible sources of misspecification and estimation impre-
cision.

Our model imposes the equality constraints of Slutsky symmetry and homogeneity. How-
ever, we do not impose the inequality constraints that the g functions be monotonic or that the
Slutsky matrix be negative semidefinite (concavity).> Despite not imposing these conditions,
we find that our Model 1 estimates satisfy monotonicity throughout our observed data, and that
our Model 2 estimates satisfy monotonicity at 97.7% of the data points in our sample. Simi-
larly, our Model 1 estimates satisfy negative semidefiniteness at 99.6% of the data points in our
sample, and our Model 2 estimates satisfy it at 99.9% of the data points in our sample.

Model 2 has three more parameters than Model 1. They are o1, o2, p, the standard de-
viations and correlation coefficient of the bivariate normal distribution of InUq, InU,. The
likelihood ratio test statistic for the restriction that these parameters are all zero is 672, so the
parameters that allow for random Barten scales parameters are highly jointly significant. One
can see in Table 2 that they are also individually highly significant.

Figures 1 and 2 show the estimated joint distribution of Ina1(z) and In a2 (z) (logged deter-
ministic portion of the Barten scales) in Model 1 and Model 2, respectively. Summary statistics
for these distributions are provided in the bottom panel of Table 2. In both Models the estimated
distributions of In «1(z), In a2(z) are bimodal. The two modes are driven almost entirely by the
renter variable; conditioning on just renters or just owners produces unimodal distributions. In
Canada, most renters do not pay for their own home heating or electricity (this is included in
rents and doesn’t depend on usage), causing a ceteris paribus reduction in their energy shares
relative to home owners.

Looking at the bottom of Table 2, we see in both models that the standard deviation of
Ina2(z) is much larger than that of In a1 (z). This indicates that heterogeneity in preferences due
to observables is larger for non-energy than for energy goods. This is not surprising; it just says
that people vary more (based on observable characteristics) in their taste for non-energy goods
than in their taste for energy goods. Unconditionally, Ina1(z), Ina2(z) are slightly negatively
correlated in both models. However, conditional on rental tenure, the deterministic components
of Barten scales are strongly positively correlated.

5In a parametric setting like ours, failing to impose inequality constraints on estimation that are satisfied by the
true model does not affect standard limiting distribution theory, assuming that the true parameter values do not lie
on the boundary of the parameter space.
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Table 2: Estimated Parameters

Model 1 Model 2

1If=—10043.1 11f=—9706.9

Parameter Estimate Std Err | Estimate Std Err

B1o 0.145 0.010 0.185  0.007

P11 8.113  0.487 7.623  0.287

P12 -37.563 2,924 | -32.871 2.147

P13 51.576  5.650 40.630  4.390

Bt 2.484  0.568 1.805 0.266

Lo -1.743  0.663 1.053 0.314

Bos 0.152 0.141 -0.996  0.139

o1 female -0.214  0.031 -0.228  0.015

agegp 0.002  0.009 0.013  0.004

time -0.013  0.004 -0.003  0.002

PQ 0.085 0.043 0.043 0.021

heat 0.036  0.016 0.026  0.008

cool -0.062  0.015 -0.035  0.007

renter -0.292  0.058 -0.440  0.026

social 0.034 0.038 0.054  0.020

Iy female -0.130 0.076 -0.117  0.010

agegp -0.068  0.023 -0.038  0.002

time 0.018 0.010 0.044  0.001

PQ 0.402 0.100 0.217  0.017

heat 0.015 0.040 -0.021  0.008

cool -0.077  0.043 -0.014  0.006

renter 0.943 0.155 0.605 0.008

social -0.085  0.091 -0.110 0.011

00 0.663  0.005 0.469  0.009

o1 0.165 0.036

) 1.336  0.011

p 0.883  0.100
std dev In(a1) 0.197 0.252
In(a?) 0.568 0.380
correlation In(a1), In(a2) -0.479 -0.700
(all obs) InUq, InUy 0.293
correlation In(a1), In(a?) 0.426 0.105
(renter=0) InUq, InUsy 0.699
correlation In(a1), In(a2) 0.420 0.087
(renter=1) InUq, InU>y 0.691

In Model 1 the log Barten scales equal Ina(z), but in Model 2 the log Barten scales are
given by InUyx = Inak(z) + InUg. The components Inak(z) and In Uy are, respectively, the
observed deterministic and unobserved random components of these Barten scales. Thus the
variance and correlations of the In Uy terms in Model 2 are directly comparable to the corre-
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sponding statistics of the In ax(z) terms. The estimated parameters of the distribution of In Uk
show some similar features to that of In ax. The standard deviation In Uy (equal to o) is much
larger than that of InU; (equal to o1), so both observed and unobserved components of Barten
scales vary more across consumers for nonenergy goods than for energy goods. Likewise, InU;
and In U are positively correlated (like In a1 and In a2 after conditioning on the rental dummy).
That the estimated effects of the unobserved random components of Barten scales have similar
patterns to the estimated effects of observed preference shifters of Barten scales is a reasuring
indicator of the sensibility and reasonableness of our model.

Overall, we find that unobserved preference heterogeneity is about as important as observed
preference heterogeneity in driving variation in Barten scales. The estimated joint distribution
of InUy, InU,, summing the effects of Inay(z) and In Uy, is shown in Figure 3. Comparing
Figures 1 and 3 shows that accounting for unobserved heterogeneity substantially increases the
estimated total heterogeneity in tastes across individuals.

The unobserved preference heterogeneity terms Uy partly pick up unobserved variation that
would otherwise be subsumed by the non behavioral error term Ug, making the estimated stan-
dard deviation of Ug fall from 0.666 in Model 1 to 0.469 in Model 2. But more significantly, U,
and U also pick up a substantial portion of what would otherwise be unexplained heteroskedas-
ticity in demand. In the online supplemental appendix, when we consider heteroskedastic Uy,
we find that allowing for unobserved preference heterogeneity via our random Barten scales
accounts for a great deal of variation that would otherwise have been falsely attributed to het-
eroskedastic measurement error.

Accounting for unobserved heterogeneity appears to yield precision benefits as well. Appro-
priately modeling the heteroskedasticity driven by unobserved preference heterogeneity should
increase precision in parameter estimates, just as correctly specified generalized least squares
estimation usually reduces standard errors relative to ordinary least squares estimation in het-
eroskedastic regression models. Empirically, we do see an improvement in estimation precision,
comparing across the columns in Table 2. The parameter estimates in Model 2 generally have
standard errors about 20 per cent to 50 per cent smaller than those of Model 1.

Table 3 gives summary statistics on predicted values of the logit transformed budget share Y
and of the budget share itself, W1. We give estimates for Model 1 evaluated at the observed data
in the left panel, and for Model 2 evaluated at the observed data with unobserved preference
heterogeneity parameters "turned off" (U; = U = 1) in the middle panel. In the rightmost
panel, we present estimates simulated at the observed data with the estimated distribution of
unobserved preference heterogeneity parameters Uy, U,.

Since Model 1 has just a single additively separable error term, the average prediction from
Model 1 including variation from all regressors exactly equals the mean of the observed Y
(—1.949). The predicted average mean of Y in Model 2 is somewhat larger for the cases where
we don’t account for unobserved preference heterogeneity Uy, with Y averaging about —1.78.
But, when we account for unobserved preference heterogeneity (in the rightmost panel), the
average prediction of Model 2 predicts is —1.997 which is very close to the mean of the observed
Y. The standard deviation of Model 1 predictions of Wy is 0.044, while that of Model 2 is 0.065.
Comparing these predictions to Table 1 shows that, for both Y and W1, Model 2 gives closer
predictions to the actual empirical standard deviation of these variables than does Model 1.
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Table 3: Estimated Energy Budget Shares

Model 1 Model 2 (Ux = 1) Model 2

Mean StdDev | Mean Std Dev | Mean Std Dev
Logit Budget Shares Y | -1.949 0.387 | -1.775 0.371 | -1.997 0.896
Budget Shares W; | 0.131 0.044 | 0.151 0.047 | 0.137 0.065

Figure 4 shows estimated Engel curves from the models, showing W1 as a function of In M.
These are estimated demand functions evaluated at the Ontario 2002 prices P; = P, = 1 and at
average demographics ax. Model 2 implies a different Engel curve for every value that U; and
U> can take on. The single Engel curve for Model 1 is shown as a thick gray line, while that
for Model 2 evaluated at Uy = 1 is shown as a thick black line. To illustrate the range of Engel
curves implied by our model, we also evaluate Model 2 at each quartile of the distribution of
U; paired with each quartile of the distribution of U, for a total of nine pairs of values. This
yields eight additional Engel curves, which are depicted by thin gray lines in Figure 4. Finally,
we show the estimated marginal density of In M (divided by 10 to fit in the graph) as a thick
light gray line at the bottom of Figure 4.

On average, richer consumers tend to spend a smaller fraction of their budget on energy
goods than poorer consumers. This can be seen in the mostly downward slope of the Engel
curves in Figure 4. Comparing these curves to the depicted density function of In M shows that
only a small fraction of all consumers, the poorest ones, are on the upward sloping parts of these
curves.

A striking feature of Figure 4 is that for each given value of M, there is substantial variation
in the level and slope of Engel curves, due entirely to variation in Uy. To reduce clutter we did
not include standard error bars on this graph, but the differences between these estimated Engel
curves are statistically significant. For example, at the mean value of InM (InM = 2.64),
the top Engel curve displayed is that of the top quartile of both U; and U, and the bottom
Engel curve is that of the bottom quartile of both U; and U,. The estimated levels of these
Engel curves at InM = 2.64 are 0.166 and 0.104, respectively, with standard errors of 0.002
and 0.008, repectively. We find that variation in the random components Uy of Barten scales,
corresponding to unobserved variation in tastes across consumers, yields significant differences
in both the levels and slopes of the estimated Engel curves.

Figure 4 showed the effects on W; of just the random component of the Barten scales at
different budget levels M. In contrast, Figure 5 illustrates the total effect of Barten scales on
W;. Specifically, Figure 5 shows a contour plot of the joint distribution of W1 and M predicted
by Model 2, evaluated at Ontario 2002 prices P1 = P, = 1 and observed demographics z.
The vertical variation in this graph therefore shows the estimated variation in W due to Barten
scales (both observed and unobserved components) at different M levels. This wide variation
in tastes will have important implications for welfare analyses below.

Taken together, all of the above results show that Model 2’s inclusion of random Barten
scales accounts for more and richer variation in observed behaviour than does Model 1. This
is due to the fact that budget shares are highly variable and heteroskedastic, and Model 1 treats
this variance and heteroskedasticity entirely as meaningless variation in a nonbehavioral error
term, while Model 2 captures much of this variation in a behaviorally sensible, structural way,
via random Barten scales.
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5.3 Consumer Surplus Effects of a Carbon Tax

We now apply our model to evaluate the partial equilibrium effects of a large change in the
price of energy, as might result from a carbon tax.® Using equation (17), we have a closed form
expression for indirect utility.” We can therefore numerically invert the indirect utility function
(17) to obtain the exact cost of living impact (consumer surplus) of a price change. Without
Theorem 3, we could instead use numerical approximation (instead of an exact solution) such
as in Vartia (1984), or we could numerically solve a differential equation as in Hausman and
Newey (1995), but such a solution would need to be calculated for every value on the continuum
of points that U; and U, can take on.

Recall the indirect utility function defined over normalized prices Xy and Barten scales Uy
is V(U1 X1, UsX2) = V (U1P1/M, UaP,/M). For an individual facing initial prices Py, P>,
having total expenditures M, and having preferences indexed by Barten scales U1, U», the cost-
of-living impact of moving to new prices P1, Py is © (Ul, Uo, M, Py, Pg,ﬁl,ﬁz), defined as

the solution to . .
v UiP1 U2Py _v UiP1 UzP
M~ M ] M’ M )’

Here 7 is the cost-of-living index giving the proportionate change in costs M needed to com-
pensate for the price change from Py, P to Py, P».

To show price effects clearly, we consider a large price change: a 50% increase in the
price of energy. This price increase is chosen to approximate the effect of a $300 per ton
CO2 tax (see, e.g., Rhodes and Jaccard 2014)8. We solve for the = function given the initial
price vector P; = P, = 1 and the new price vector P, = 1.5, P, = 1. Figure 6 shows the
resulting estimated joint distribution (contour plot) of Inz and In M from Model 2 evaluated
at the observed demographics Z and budgets M. This plot is constructed by calculating z for
each observation in the data, with draws from the estimated distribution of U1, Uz, and using
observed values of the preference shifters z.

Table 4 gives summary statistics (means and standard deviations) of these distributions for
Model 1 and Model 2. Analogous to Table 3, to assess the contribution of variation in z due
to observed and unobserved preference heterogeneity, we also calculate the z distribution im-
posing Uy = 1 for Model 2. For ease of presentation this Table reports percent changes in cost
of living, that is, 100 (z — 1). Standard errors for these statistics that account for the sampling
variability of the parameter estimates (estimated via simulation) are provided in italics.

60ur model is not a general equilibrium model, so we are only estimating the consumer’s responses to a
change in energy prices. Moreover, these should only be interpreted as short run responses, since in the longer
run consumers could change their energy elasticities and demand by, e.g., buying more energy efficient cars and
appliances. Also, we just consider a change in the overall price of energy, and so do not consider impacts of
possible changes in the composition of energy goods.

"The integral in equation (17) is readily evaluated, e.g., for our squared cubic functions we have

I (Beo + Bra€” + Bioe® + Bae™ )’ dr =

5k + EPiaBra™ + 7 (2Babia+ BLo) e + § (BuoBis + Prabia) € + 3 (2BkoBia + i) € +
2BvoBraie" + rﬁﬁo. Each hy (Ux Xi) function is given by substituting r = In (Ux X) into this expression.

8The Canadian province of British Columbia has a CO2 tax. It charges 6.7 cent/liter of gasoline for 30$/ton.
A 67 cent/liter CO2 tax is about half as large as the pump price of gasoline in 2002 (the base year for this analysis).
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Table 4: Cost of Living Impacts: 50% Energy Price Increase

Per Cent Increase Model 1 Model 2 (Ux = 1) Model 2
r — 1, per cent Estimate Std Err | Estimate Std Err | Estimate Std Err
ok, Uy =1 Mean 5.31 0.24 5.64 0.17 5.37 0.20
StdDev | 1.85 0.21 1.69 0.08 431 0.46

It has long been known that first order approximations to the cost of living effects of mar-
ginal price changes can be evaluated without estimating demand functions, essentially by ig-
noring substitution effects (see, e.g., Stern 1987). These theoretical results have been used to
argue that demand function estimation is not required for marginal policy analyses. In our data,
the average value of the budget share for energy is 0.146, so if there were no substitution effects
in response to a price change, doubling the price of energy would increase the cost of living by
7.3 per cent. This would be the first order approximation based estimate of r .

The estimated cost-of-living impacts given in Table 4, averaging about 5.4 per cent, are
much smaller than 7.3 per cent, showing substantial responses to relative prices. This difference
of nearly 2 percentage points is very large relative to the standard error of estimated means in
Models 1 and 2 of about 0.20 percentage points, so the hypothesis that the model estimates have
a mean of 7.3 is strongly rejected at conventional levels. These results supports findings in, e.g.,
Banks, Blundell, and Lewbel (1996) that, contrary to the first order approximation theory, it is
empirically necessary to estimate demand functions and associated price elasticities to properly
evaluate the consumer surplus and welfare effects of large price changes. Moreover, one goal of
an energy tax would be to reduce energy consumption (a substitution effect), so it’s important
to account for the impact on welfare of this reduction.

Models 1 and 2, with or without variation in ak or Uy, deliver similar estimates of the mean
effects of the energy tax on cost of living. However, the inclusion of the random Barten scale
components Ux in Model 2 more than doubles the estimated standard deviation of 7 across
consumers. This difference is statistically significant as well as being economically large; the
z-test statistic for the hypothesis that these standard deviations are the same has value of 6.1.
Though less substantial economically, the difference in mean effects between the Model 2 esti-
mates without and with unobserved preference heterogeneity (5.64% and 5.37%, respectively)
is also statistically significant with a z-test statistic of 3.9.

The large estimated standard deviation of z in Model 2 (which is mostly due to unobserved
variation in tastes Uy) has substantial welfare implications. The larger is the variation in z, the
larger is the variation in impacts of an energy tax. Although the average consumer would need
to have their budget M increased by 5.37% to compensate for the tax, some consumers (those
near the bottom of Figure 6) would only need a slight increase in their budget to be made whole,
while others (those near the top of Figure 6) would be greatly harmed by the tax, needing more
than a 10% increase in the budget M to compensate.

What makes this substantial variation in cost of living impacts particularly relevant econom-
ically is that it mostly impacts poorer consumers. As can be seen in Figure 6, both the mean
and the variation in cost of living impacts is larger at low values of M than at high values, so
those consumers who are hurt the most by the tax in percentage terms are also predominantly
the poorer consumers, who can least afford the increase in costs. Not only do richer consumers
spend a smaller fraction of their budget on energy goods (as seen in Figure 4), but they also
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appear to have a greater ability to substitute away from energy when the relative price of energy
increases.

5.4 Social Welfare Implications of a Carbon Tax

The above analysis showed the distribution across consumers of the cost of living effects of an
energy tax. We now evaluate the implications of these results for aggregate welfare, based on a
range of social welfare functions. To evaluate social welfare functions, we require interperson-
ally comparable, cardinalized measures of individual utility. We follow the standard procedure
in this literature of constructing money metric cardinalizations of utility. A money metric utility
cardinalization V of a given indirect utility function V is the monotonic transformation of V
having the property that, evaluated at base prices P1, Py, the function V. = M. We therefore
define cardinalized utility V by

V (U1P1/M, UsP2/M) = H [V (U1P1/M, U2P;/M) , Uy, Up, P1, Py]
where, by definition, the monotonic transformation function H is chosen so that
V (U1P1/M, U;Pp/M) = M

for all values of M, U1, Up. We let base prices be Py = P, = 1.

The money-metric function V gives a utility level that may be interpreted as the number of
dollars that, at base prices, delivers the same level of utility that the consumer can achieve with
a budget of M dollars when facing prices Py, P,. Attained utility depends on Us, Uz, so the
function H that yields V will likewise depend on these Barten scales.

The range of social welfare functions that we consider are in the Atkinson (1970) Mean-of-
Order-r class, defined by

S/ (V1...Vy) = (%z (v;)f)

We user = —1, 0, 1 corresponding to the harmonic, geometric and arithmetic mean of individ-
ual money metric utility. The social welfare function S is inequality neutral, while Sp and S_;
are inequality averse. Since V; is measured in dollars, so too are the welfare functions S;.

We compute proportionate welfare losses AS; equal to welfare at base prices minus welfare
at new prices divided by welfare at base prices. The money metric at base prices (Pr=Py=1)
equals the budget M; of each consumer. Letting V; be the money metric at M; and new prices
P1 =15, P, =1, we have

1/r _ - 1 —~
forr # 0, and Sy (Vi1...Vn) = exp (W z In Vi) forr = 0.

AS = (Sr(M1...Mn) = Sr(V1...VN)) /Sr (M1...My)

A first cut at welfare analysis is to employ a first-order approximation of the money metric.
A standard approximation of the individual money-metric utility associated with a given price
vector, which in our case is (1.5, 1), is given by Vi = M; /(W1 * 1.5 4+ (1 — Wjyj) * 1). This is
the Laspeyres index approximation to the money metric for consumer i. The welfare loss asso-
ciated with this approximate money metric accounts for some heterogeneity across individuals
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(because W1; differs across individuals) but does not account for substitution responses. The
arithmetic mean welfare index computed using this approximate money-metric utility shows a
welfare loss of 6.30 per cent. The inequality-averse geometric and harmonic mean welfare in-
dices show higher welfare losses of 6.74 and 7.18 per cent, respectively. This is because energy
budget shares Wy; are negatively correlated with budgets M;, so the welfare indices that up-
weight poorer households show a greater welfare loss associated with lower budgets and hence
with higher energy budget shares.

These approximate social welfare loss numbers can be compared with the estimates from
Models 1 and 2, provided in Table 5. Standard errors accounting for the sampling variability of
the estimated parameters were generated via simulation and are shown in italics. In Table 5 we
account for both substitution effects and heterogeneity using our models.

Table 5: Social Welfare Loss: 50% Energy Price Increase

Model 1 Model 2 (Ux = 1) Model 2
Welfare Loss, Per Cent  r | Estimate Std Err | Estimate Std Err | Estimate Std Err
Arithmetic Mean 1 4.81 0.19 5.14 0.14 491 0.17
Geometric Mean 0 5.27 0.26 5.43 0.16 5.37 0.22
Harmonic Mean -1 6.14 0.54 5.48 0.17 5.85 0.30

Every estimate in Table 5 is lower than its corresponding first-order approximation. For
example, the welfare loss given the geometric mean welfare index is about 1.5 percentage points
lower (about one-fourth lower) than the first-order approximation. This shows that accounting
for substitution effects has a substantial effect on welfare. All the estimates also show welfare
losses increasing with the inequality aversion of the welfare index. As discussed above, this is
primarily due to the downward sloping Engel curves as seen in Figure 4.

Another feature seen in Table 5 is that the estimates based on Model 2, which account for
unobserved preference heterogeneity, have smaller standard errors. For the more inequality-
averse welfare measures, this improvement in precision is substantial, e.g., the estimated har-
monic mean welfare loss for Model 2 has about half the standard error of that for Model 1. This
is due to the fact that the Model 2 treatment of unobserved heterogeneity increases precision of
estimated parameters over model 1, as discussed earlier.

Further, we find that dealing with unobserved preference heterogeneity affects both the level
and pattern of estimated welfare losses. There are two ways in which the misspecification
of Model 1 compared to Model 2 matters for welfare analysis. First, Model 2 Engel Curves
are on average less downward sloping than those of Model 1. This means that, even without
accounting for unobserved preference heterogeneity, when we consider welfare functions that
are very inequality-averse, Model 1 will tend to overstate welfare losses. For example, in the
upper panel of Table 5, the harmonic mean index shows a welfare loss of 6.14 per cent for
Model 1 but only 5.48 per cent for Model 2.

A second difference is that Model 2 has greater variance in individual utility losses than
does Model 1, and inequality-averse welfare functions will tend to penalize such variance. This
effect can be seen by comparing the middle and right panels of Table 5. In the right panel we
account for unobserved preference heterogeneity, which modestly increases the welfare loss for
inequality-averse welfare functions (from 5.48 to 5.85 per cent).

The welfare loss in Model 2 not accounting for unobserved preference heterogeneity (middle
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panel) is 0.34 percentage points higher with the harmonic versus the arithmetic mean welfare
index. Because these welfare loss measures are highly positively correlated, this difference is
statistically significant, with a standard error of 0.05. In the right panel of Table 5, where we add
variation due to unobserved preference heterogeneity, the difference in estimated welfare loss
is 0.94 percentage points, with a standard error of the difference of 0.15. Thus, appropriately
accounting for unobserved preference heterogeneity dramatically increases the sensitivity of
estimated welfare loss to the inequality-aversion of the welfare index.

Overall, our energy tax experiment yields two major conclusions. First, accounting for unob-
served preference heterogeneity has a big impact on how much variation we find in the impacts
of price changes. In our example, the standard deviation of cost-of-living impacts due to a 50%
energy tax is more than doubled by accounting for unobserved preference heterogeneity by ran-
dom Barten scales. Second, we find that accounting for unobserved preference heterogeneity
changes welfare analyses in a variety of ways, and in particular decreases estimated welfare
loss when the welfare index is inequality-averse.

6 Conclusions

We show nonparametric identification of a generalized random coefficients model. We also
provide an empirical application in which the generalized random coefficient structure arises
naturally from extending an existing commonly used economic model of observed heterogene-
ity to a model allowing for unobserved heterogeneity. In this Barten scales application, we
allow for general forms of unobserved preference heterogeneity that are shown to be important
for empirically evaluating the welfare effects of potential policy interventions such a carbon tax.
For example, we find that accounting for unobserved preference heterogeneity more than dou-
bles the estimated variation in impacts of an energy tax (as measured by the standard deviation
across consumers of the cost of living impact of the tax).

Accounting for unobserved preference heterogeneity via Barten scales is economically im-
portant because, by including them, we discovered that the variance in the impacts of energy
prices is particularly large among poorer consumers. As a result, an energy tax may impact
inequality and welfare through a previously unrecognized channel, which is the variation in
energy price elasticities across households. We find that this variation in price responses is
particularly large for poorer households. This can be seen in Figure 6, where the variation in
cost of living impacts of an energy price increase is largest at low values of total expenditures.
This figure also confirms the previously known result that mean cost of living impacts of energy
price increases are also higher for the poor. Roughly, these results say that not only are energy
taxes regressive on average (the previously known result), but also the degree of regressivity
varies more among poorer consumers than among the rich.

This result has important implications for social welfare. Empirically, the unobserved pref-
erence heterogeneity revealed by our model strongly interacts with inequality aversion in social
welfare calculations, reversing conclusions that would have been made using almost all previous
demand models, which fail to account for such preference heterogeneity.

Useful areas for further work on the theory of generalized random coefficients would be
finding conditions under which Theorem 1 alone could be used to identify the model with-
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out the identification at zero assumptions used in Theorem 2, formalizing the extent to which
additional implications of the model like those discussed in section 3.3 might be used to iden-
tify more general structures. It would also be useful to investigate how the assumptions used
for identification might interact with assumptions needed for inference based on nonparametric
estimators such as sieve maximum likelihood.

Our application focuses on consumers with single utility functions, that is, unitary house-
holds. A possible extension would be to consider collective household models. For example,
Barten scales are used in the collective household models of Browning, Chiappori, and Lewbel
(2013). 1t would also be useful to extend our carbon tax analyses into a general equilibrium set-
ting, which would affect the conditional independence assumptions we used for identification
of the random Barten scales.

7 Appendix A: Proofs

PROOF of Lemma 1: We have Gi (Xk) > ckXk. Leth (G, t) =e™¢ forany p > 0. Then
K 0 1 K 00 1 K 00 .
= H/ eI < H/ e g s = [ (/)Ck)_tk/ e~ rdry

which is finite, because the gamma function T (tx) = fooo e‘rkrlik_ldrk is finite. Also, k¢ > 0
because the function being integrated is strictly positive everywhere in the interior of supp (X).

PROOF of Lemma 2: Let G (X1, X2) = In(X1) + In(X>). Start with any choice of the
function h. Do the change of variables replacing s; and s, with s; and r = s15 to get

o0 o0
Kt = /0 /O hIn(s1) + In (s2) , t] st s dsydsy
o0 o0
= / / hin(r),t]sy 2 tr2—tdsdr
o Jo

(/ h[In(r),t]rtZ‘ldr)/ st dsy
0 0

and the second integral is not convergent for t; > t, — 1.

PROOF of Theorem 1:
Let Qx = supp (X), Qxjz = supp (X | Z), etc. By the definition of A (Z) we have
M (2) =

/ / h (G (XqU1, ..., XkUk) , 1) dFyjz (U | Z) XEEXE27 Xt d Xqd X...d Xk
XesQy JUeQuz

— / / h (G (X1U1, ..., X Uk) , ) X27IX271 X td X 1d X,...d X d Fyjz (U | 2)
UeQuz J XeQx)z
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where the second equality follows from Fubini’s theorem and supp (X) = supp (X | Z). Do a
change of variables on the inner integral, letting sy = XUk fork =1, ..., K toget 4; (Z) =

t1—1_th—1 tk =1, |-t —t —t
/ / h (G (s1,...,8), 1) s, 7s7 T..s¢ "Uy U, 2 U™
UesQuz /sesupp(Xq1Uyg,...,XxUk|Z,U)

dsidsp...dskdFy;z (U | 2)

— / / h (G (51,....9), t) s st s~ tu MU, 2. U M dsyds,...dskd Fujz (U | Z)
UeQuz J/seQx

= / / h (G (s1, ...,s),t)sil_ls;_l...sf{_1d31d52...dsKUl_tluz_tz...u,zt"d Fuiz (U | 2)
UeQuz J/seQx

— / kU MU, 2 UM dFyz (U | 2)
UeQuz

- Kt/ U7 2 UK dFyjz (U ] 2) = B (U705 2.0 | 2)

UeQuz

where the second equality above uses supp (U1 X1, ..., Uk Xk | Z,U) =supp (X). It therefore
follows that moments E (Ul_tluz_tz...ugtK | Z) are identified for all positive integers ty,...,t

by equalling the ratio of identified objects A; (Z) /xt. To identify moments where ty = 0 for
one or more values of k, redefine 1 (Z) and « setting the corresponding Xy terms equal to
zero. For example, to identify moments having t; = 0, replacing equation (4) with

2t (2) :/ E[h(Y,0,t2, ..., tk) | X1 =0, X2.. X, Z] X271 XM d X...d X
(X2,...Xk)esupp(Xa,...Xk)
and correspondingly redefining x as

Kt = / h[G (0,52, ...5k), 0, ..., tk ] s2 .5 ds,..dsk
(S2,...Sk)ESUPP(X2,...XK)

gives ¢ (Z) /xy equal to E (Uz_tz...UlztK | Z).

We have now shown that E (Ul_tluz_tz...ulztK | Z) is identified for any nonnegative inte-

gers ty,...,t. It then follows from Assumption A2 that the joint distribution of U7 *US ..Ut |
Z is identified from these moments, and therefore that the joint distribution Fy,z (Uy,...,.Uk | Z)
is identified.

Before proving Theorem 2, we prove a couple of lemmas.

LEMMA 3: Let Yy = Gy (XkUk) where G is a strictly monotonically increasing, function.
Assume Uy L X | Z. The marginal distributions of Uy and X are continuous. The support of
Xk includes zero, the support of Uy is a subset of the support of Y, and for every r such that

Gk (r) is on the support of Y there exist an xi # 0 on the support of Xy such that fy, (xk_lr) #+
0. Assume the location and scale normalizations G (0) = 0 and Gy (1) = yp for some known
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Yo in the support of Yy are imposed. Let r = Hy (Yk) be inverse of the function Gx where
Yk = Gk (r). Assume Hy is differentiable. Define X ) to be the vector of all the elements of X
except for X. Define the function Sy (Yk, X) by

S¢ (Vi X) = E [mek,x(k),z (yk 171, 0, z)] :/ Fi e X2 (yk 171, 0, z) f, (2) dz.

supp(Z2)

Then, for all x, and ¥ such that x = 0 and fy, (xk‘l Hi (Vk)) +£ 0,

05k (Vic, it ¥ XkdSk (Vi» X 1) /0¥
He () = sign (sign(m%) exp ( / (7 ) dyk) (25)
Y

) 0 8k (yk, xk‘l) Jox !

Note that if Z is discretely distributed, then the integral defining Sk becomes a sum. If Z is
empty (so Uy and X are unconditionally independent) then Sy (Y, X) = Fg, x, x4, (Vi | X7, 0).
The main implication of Lemma 3 is that if the distribution Fg, | , is identified, then the func-
tion Hy is identified by construction.

PROOF of Lemma 3: For any yx = Gk (xxUk) and any xx > 0 we have

Fraixioxo.z Tk 1 X, 0,2) = Pr(Gi (xkUi) < ¥ | Xk = Xk, Xg =0,Z =12)
= Pr (U < X He @) | X=X X = 0,2 = 2)

= FuxeXe.z [Xk_l Hi (¥) | Xk, O, Z] = Fuy,z [Xk_1 Hi (¥) | Z}
where the last equality uses Uy L X | Z. Similarly for any xx < 0 we have
Faixe.xg.z Ok 1 X, 0,2) = Pr (G (xUik) < ¥ | Xk = X, X = 0,2 =2)
= Pr(Uk > X THe (9) | Xk = Xk, Xy =0, Z =Z)
= 1—Fuz [ H®) 12]
Together these equations say
Fu.z [Xk_lHk (o) | Z] =1 (X < 0) +sign (k) Fgx,.x g0,z Yk | Xk, 0,2).
So
Fu, [xk—lHk (yk)] - /Supp(z) [| (Xk < 0) + iGN (%) Fyx, x40,z Tk | X6 0. z)] f (2)dz.

= | (xk <0)+sign(xx)S (Yk,xk‘l)
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It follows that for any xx # 0,

°* (yk’ - ) = sign (xx) fuy, [Xk_lHk (Vk)] Hi (V)
axk_1
and ( )
oS (Jie. X oM (50
_ f H w1 k (Yk
7 = sign (xk) fu, [Xk k ( k)] Ve

So for fy, [xk‘lHk (Vk)] # 0 it follows that

~ _1 ~
Xc0S (ykﬁxk )/ayk oM () /% aIn[Hc () |
0S (Yk, Xy 1) Jox L Hi (V) oYk

%o XkdS (¥, % 1) /0¥ Y 5In|H
exp / ( « ) dy | = exp(/ Md'y)
W 08 (7.x 1) /oxct %o 0y
= exp(InHc (Y | -In|Hk (o) ) = [Hk (Jk) |
where Hy (Vo) = 1 follows from Gg (1) = Yp. Finally
0S (Yk, Xkl))

sign [ sign (x
g<g(k) 6X_1

k

SO

= sign (sign () sign (xe) fu, X He 5o | He G)

= sign (fuk [Xk_lHk (Vk)] Hi (Vk)) = sign (Hk (Yk))

So the right side of equation (25) equals sign (Hk (Vk)) |Hk (Vk) | = Hk (k) as claimed.

LEMMA 4: If Assumptions A4 and A5 hold, and the normalization G (0) = 0 for all
k holds, then Fy,z and the distribution function Fg y ; (Y | X, z) are identified, where Y =

S, Gk (XkUk).
PROOF of Lemma 4:
Fyixz(y10,2) =Pr(G(0)+Ug <y | X=0,Z=2)=Fyyx,z(y10,2) = Fuyz (Y | 2)

identifies the distribution function Fuo|z on the support of Y, which contains the support of
Uo. Next defineY = Y — Ug. Thensince Y = Y + U and the distributions of Y | X, Z
and Up | X, Z are identified, for each value of X = x, Z = z apply a deconvolution (using
the nonvanishing characteristic function of Up) to identify the distribution of Y | X, Z, where

Y = 3K Gk (XkUp).
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PROOF of Theorem 2: When X, = 0 (equivalently, When X = exxk for some xx) we
get Y = Gy (XkUk) + Zj#k Gj (0) = Gk (XkUx). Define Y = Gy (XkUg). It follows that
FYKD<k X .2 Yk | Xk, 0,2) = Fv|x 7 (Yk | Xx€, z), so the distribution function on the left of
this identity is identified, given by Lemma 4 that Fg|y , is identified. Letr = Hy (i) denote
the inverse of the function Gx where yx = G (). It follows by construction from Lemma 3
that Hy (Yk) is identified for every value of yx on the support of Yk satisfying the property that,

for some x on the support of Xy, fu, [xk_lH (Vk)] # 0. This identification of Hy (yx) in turn
means that the function Gy (r) is identified for every r such that G (r) is on the support of
Y, and there exist an xyx on the support of Xy such that fy,|z (xk‘lr) =# 0. This then implies
identification of Gy on its support. Finally, given identification of Fx.z and of Hg (Yk), the
distribution function Fy,z is identified by Fu,z [H (V) /x« | z] = R XX 0,2 (V| Xk, 0, 2)
for xk > 0and Fy,z [H (V) /xk 1 z] =1— R XX 0,2 (Y | X, 0, z) for xx < 0.

PROOF of Corollary 1: For part i), Given any function G, fork = 1, ..., K, define Gy (XxUy) =

G (XkUkex) = G (0, ..., 0, XkUy, 0, ..., 0) and define G by G (X1U4, ..., Xk Uk) = G (X1Uq, ...,

ZkK=1 Gk (XkUy). Then, by construction, part i) holds. For part ii), we have that the function
G (X1Ua1, ..., Xk Uk) is zero when evaluated at X = 0 or at X = Xgek for any k, so evaluated
at any such value of X, equation (6) is equivalent to equation (2). For equation (2), the proof of
Theorem 1 shows (for k = 1, ..., K) identification of Fy, |z and of G only using X = 0 and
X = Xkex, so these functions are also identified for equation (6).

PROOF of Corollary 2: Theorem 2 identifies the functions G, G», ..., Gk, and shows that
the distribution of Y defined by Y = G (X1Usy, ..., Xk Uk) is identified. Given that the distri-
bution of Y is identified, Theorem 1 can be applied to identify the joint distribution function
Fujz (Uy,...,.Uk | 2).

PROOF of Theorem 3: As discussed in the text, a property of Barten scales (which can
be readily verified using Roys identity) is that, if V (X1, X2) is the indirect utility function
corresponding to the demand function w1 (X1, X2), then up to an arbitrary monotonic trans-
formation H (V, Uy, Uy) of V, the indirect utility function corresponding to w1 (U1 X1, U2X2)
is V (U1 X1, U2X>2), and vice versa. It therefore suffices to prove that the theorem holds with
Uy =U;=1.

By equation (7), given any indirect utility function V, the corresponding demand function
w1 1S given by

8V (X1, X2) /8 In X1

w1 (X1, X2) = [8V (X1, X2) /o1n Xl] + [aV (X1, X2) /o1n X2]

(26)

This is just one way to write Roys identity in a demand system of two goods. Then by the
definition of 1, we have that for any demand function w1, the corresponding indirect utility
function V satisfies

(27)

A1 (X1, X2)] = In (M) _n (M)

oln Xy oln X,
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and similarly, given any V the corresponding w satisfies equation (27).
It follows immediately that, given any differentiable functions h; (X1) and hy (X2),ifV (X1, X2) =
h1 (X1) + h2 (X2) then equation (27) equals

(91 (X1) ohz (X2)
A [Cl)]_ (X]_, Xz)] =In ( P In Xl ) —1In (W) (28)

which is in the form of equation

2 o1 (X1, X2)] = 91 (X1) + 92 (X2), (29)

showing that any additive indirect utility function generates a demand equation in the form of
(29). Also, by equation (28) given the functions h; and h, we can define g; and g2 by

B oh1 (X1) ohz (X2)
01 (X1) + 92 (X2) =1In (aTXl) —In ( 2%, ) : (30)

To go the other direction, start by supposing that equation (29) holds for some functions g
and g2. We will apply the following two component special case of Lemma 4.1 in Blackorby,
Primont, and Russell (1978, p. 160): Assume a function F (ry, r2) is twice continuously dif-
ferentiable and strictly increasing in its elements. Then F (r1,r2) = Fo (F1 (r1) + F2 (r2)) for
some functions Fq, F1, and F» if and only if

% I (8F (ry,r2) /ors
ori oF (ry,rp) /or

=y ()

for some function y. Taking the derivative of equation (27) with respect to In X1 and using
equation (29) gives

04 (X1, X9)I _ 001 (X1) _ | (9V (X1, X3) /9In X3
aInXq —oInXy \aV (X1, Xp)/oInXy )

Apply the Lemma with ry = In Xk, F (r1,r2) = V (X1, X2), w (r1) = 891 (X1) /0 In X4, and
Fk (re) = hi (Xk) to prove that V (X1, X2) must equal Fo (h1 (X1) 4+ h2 (X2)) for some func-
tion Fo, which by the properties of indirect utility functions must be monotonically increasing
(recall also that twice differentiability was one of the assumed properties of our indirect utility
functions). Finally, applying equation (26) to this indirect utility function shows that equation
(30) holds, which we can integrate to obtain

/egl(xl)d Inx; + / e79202d Inx, = hy (X1) + h2 (X2).

Together these results prove the first part Theorem 3. Adding back the Barten scales U; and
U, to the functions g1, g2, hy, and h, proves equations (12) and (11). The properties of the
functions h1 and h, given at the end of Theorem 2 follow from the fact that the indirect utility
function h1 (U1 P1/M)-+h3 (U2P2/M) must possess the standard properties of all indirect utility
functions, i.e., homogeneity and quaisconvexity in Py, P>, and M, nondecreasing in each price,
and increasing in M.
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