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ABSTRACT. We study a dynamic model of referrals among experts that are
horizontally specialized in treating heterogeneous problems. Demand
for an expert’s services increases in their reputation, a decaying record of
their historic success rate in solving problems. Experts refer mismatched
problems, trading off today’s revenue with a higher demand tomorrow.
In the unique steady state of Markov equilibria, the market generally
neither supports efficient referrals nor optimal specialization, a problem
potentially exacerbated by the adoption of Al Our results suggest that
regulation should allow for referral alliances and partnerships among
small numbers of experts with complementary skills.
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1 Introduction

Matching problems with expertise within and across firms is essential for the func-
tioning of the economy. When problems are complex, their owners are frequently
unaware of their nature, and costly upfront diagnosis by experts is required. The
initial allocation of problems across heterogeneous experts is therefore often inde-
pendent of experts’ specialization, but relies on information about their past success
in solving problems. Prospective clients, for example, prefer to consult lawyers with
better track records or doctors with higher patient satisfaction scores, while firms are
more likely to assign projects to managers who got the job done in the past. The ser-
vices of experts in these scenario are known as “reputation goods” (Satterthwaite,
1979).! In order to strengthen their reputation—thereby increasing demand for their
services—experts may find it in their best interest to forego compensation for treat-

ing a problem themselves, but refer it to another expert who is a better fit.

In this paper, we introduce a dynamic model of strategic referrals among specialized
experts to shed light on how experts’ reputational concerns shape market outcomes.
We find that competition for problems among individual experts does in general not
result in an efficient allocation of problems across experts. What is more, instead of
sharpening their expertise, experts may want to invest in their abilities outside of
their specialty—to the detriment of the economy. This issue may be exacerbated by
the adoption of Artificial Intelligence (Al) in the workplace, often increasing profes-
sionals” productivity outside their main specialty. Also, market efficiency increases
in the experts’ compensation for diagnosing problems relative to treatment, poten-
tially discouraging them from specializing in the first place. We show that referral
alliances that set referral prices may alleviate these issues, though possibly at the ex-
pense of some experts. Pareto-efficient market outcomes generally require revenue

sharing beyond referrals, i.e., some form of partnership contract.

Our model features an economy with a mass of experts of two different types com-
peting for problems in continuous time. At each instant, every expert receives a flow

of problems, their instantaneous demand. Each problem’s category matches one of the

LA reputation good is (1) differentiated between sellers, (2) product quality is consumer specific (3)
and initially uncertain, (4) important, and thus (5) worth considerable information finding effort.

1



expert types, where an expert has a higher success rate in treating a problem in their
category, i.e., one that matches their type. Since determining a problem’s category
requires costly diagnosis by an expert, an expert’s initial demand is unsorted, i.e.,
the mix of problems they receive is independent of their type. The expert initially
diagnoses their problems, and then decides for each of them whether to treat or to

refer the problem. Experts earn fees every time they diagnose or treat a problem.

Despite the foregone treatment fees, experts still may want to refer problems to other
experts due to reputational concerns. Specifically, an expert can solve a problem by
either treating it successfully themselves, or by referring it to another expert who
then treats it successfully. After treatment outcomes realize, the expert’s record up-
dates.? This public record is specified by its thickness and the expert’s reputation.
Reputation—a decaying weighted average of historic success in solving problems—
is directly payoff-relevant. In particular, the demand for an expert’s services in-
creases in their reputation but decreases in some form of aggregate reputation, per-
haps the market average. The record’s thickness—a decaying sum of problems diag-
nosed by the expert—does not affect demand for the expert’s services. It, however,
determines the “inertia” of reputation and is crucial for how easily the expert’s cur-

rent success rate in solving problems affects reputation.

As such, we solve a dynamic game among infinitely many experts of two types,
where each expert conditions their action on all experts’ two-dimensional records.
We focus on Markov equilibria of the referral game, in the sense that experts make
their referral decisions solely based on their own and the aggregate reputations. Us-
ing a recursive method on each expert, we establish the existence of a unique steady
state of Markov equilibria. Intuitively, the uniqueness stems from a negative feed-
back loop of the record system. Suppose an expert aggressively refers problems to
more apt experts. As a result, the thickness of this expert’s record grows, making
their reputation more “inert” to their current success rate. This reduces their incen-
tives to refer, until reaching a tipping point at which the reputational benefit from
referral is no longer worth losing the treatment fee. As a result, the expert ceases to

refer, their demand decreases, and their record again looses its thickness. It is this

2We think of the expert’s record as the entirety of word-of-mouth, online or performance reviews
that indicate the expert’s eventual success rate in solving problems they received.
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negative feedback loop with endogenous control—reminiscent of reputation build-

ing and milking cycles in Liu (2011)—giving rise to a unique steady state.

Invoking our theoretical results, we find that reputation goods markets do in gen-
eral not induce the first-best outcome in their steady state. In other words, some
problems are not treated by the most apt experts in the economy. This is because
the main trade off an expert faces—refer a mismatched problem to increase tomor-
row’s demand through a higher level of reputation but lose today’s treatment fee—is
not powerful enough to discipline the expert’s referral behavior. The resulting mis-
match of experts and problems is less of a concern the more specialized experts in
the economy are. A larger leading ability does not only directly affect success rates
when treating problems but also compels other experts to refer more often. Experts
themselves, however, often prefer to increase their lagging ability instead, i.e., their
success rate in treating mismatched problems. This lowers overall welfare as experts

experience a diminished incentive to refer to a better suited competitor.

A timely application of experts increasing their lagging ability is the adoption of
Artificial Intelligence (AI). See, among others, Brynjolfsson, Li, and Raymond (2023)
for evidence suggesting Generative Al may substantially increase lagging but not
leading abilities in the workplace. As a result, a comprehensive adoption of Al may
nudge professionals to refer problems outside their direct expertise less often. In

this scenario, the welfare effect of Al is unambiguously negative.

Efficient referral behavior by experts for all possible parameter combinations re-
quires the diagnostic fee to be large relative to the treatment fee. Implementing a fee
structure in which diagnostic dominates treatment income, however, gives rise to a
whole slew of problems, such as a lack of incentives for experts to specialize in the
tirst place. More generally, a larger treatment fee always leads to lower equilibrium

referral and success rates in solving problems in the economy.

Finally, we examine experts’ incentives to enter referral alliances and partnerships
that specify referral prices. Antitrust regulation aims to curtail horizontal mergers
that increase market power. While we do not model price competition explicitly,
we show the existence of an equilibrium with only small numbers of experts en-

tering partnerships, none of which commands market power. These partnerships
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are stable against joint deviations by experts and induce efficient referral behavior.
Partnerships differ from referral alliances in that they also admit revenue sharing
beyond referrals. While referral alliances may be sufficient to induce efficiency,
the resulting welfare gains may come at the cost of some experts. Partnerships,
on the other hand, allow for Pareto-efficient outcomes through income redistribu-
tion. These strategic alliances may also resolve issues with specialization and the fee
structure. Our results suggest it is crucial for regulation to allow for the formation

of strategic alliances when reputational concerns matter.

While we focus on referrals and their effect on the matching of problems with ex-
perts, it is important to note that the model presented in this paper lends itself well
to analyze other important reputation goods markets. For example, instead of de-
ciding whether to refer a problem or not, a firm may decide whether to sell low- or
high-quality products (see, e.g., Varas, Marinovic, and Skrzypacz, 2020), or exert dif-
terent levels of effort. Finally, our approach to solving for a steady state of Markov
equilibria with the intertwined state variables thickness and reputation proves intu-

itive, and is tractable beyond these applications.

This paper is organized as follows. The remainder of this section relates our con-
tribution to the existing literature. Section 2 introduces the setup for our dynamic
model of strategic referrals among experts. Thereafter, Section 3 details our analysis
of the model and establishes both existence and uniqueness of a Markov equilibrium
giving rise to a unique steady state. In Section 4 we investigate how the primitives
of the economy affect equilibrium referral behavior, and thus, market outcomes.
Among other analyses, we examine the effect of experts’ specialization, and how
specialization relates to the adoption of Al in the workplace. Section 5 discusses re-
ferral alliances and partnerships before Section 6 relates our analysis in more depth

to real-world markets and discusses additional literature, while Section 7 concludes.

Related Literature. This paper relates to the literature about referrals, reputation,
and the organization of knowledge. The only papers—to our knowledge—that re-
late reputation to referrals are Bolton, Freixas, and Shapiro (2007) and Inderst and
Ottaviani (2009). In Bolton, Freixas, and Shapiro (2007), competing financial in-

termediaries can inform customers that their product is not a good match, while



Inderst and Ottaviani (2009) discuss firms selling through agents who enjoy lim-
ited liability, and therefore do not internalize the firm’s cost from selling the wrong
product to a customer. In these papers, negative client feedback manifests as an

exogenous firm cost in a static environment.

Garicano and Santos (2004) analyze a static model of referrals between two experts
that differ in productivity and production costs. Referrals are for monetary com-
pensation, and expert behavior is generally inefficient. The inefficiency results from
asymmetric information about problem severity paired with unobservable effort
by experts. In our paper, the driving force behind referrals—dynamic reputational
concerns—is generally insufficient to discipline referral behavior, resulting in mis-
match of problems and experts. Park (2005) presents a dynamic cheap talk model
with referrals but focuses on a single long-run consumer who punishes lying firms
by withholding business. Grassi and Ma (2016) consider experts with comparative
cost advantages in treating different problems. Organizations can overcome referral

inefficiency, but at the cost of shirking.

Garicano (2000), Garicano and Santos (2004), Fuchs and Garicano (2010) and Fuchs,
Garicano, and Rayo (2015) find organizations generally superior in matching exper-
tise with unsolved problems, while markets are better in terms of utilization. While
we also show that referral alliances may alleviate mismatch, efficiency in our setting

does not require an organizational structure such as joint billing practices.

Finally, our approach deviates from the classic literature on reputation (see, e.g. Fu-
denberg and Levine, 1999; Ely and Valimaki, 2003). First, in these papers, a firm'’s
reputation is synonymous with consumer beliefs that the firm is of a certain time-
invariant type. In our paper, on the other hand, reputation denotes experts” historic
success rates in solving problems, a function of both their types and actions. As
such, our concept is more akin to Tadelis (1999)—defining reputation as a firm’s
track record—and Varas, Marinovic, and Skrzypacz (2020), where reputation sig-
nals endogenous firm quality. > Second, in our model, it is not absolute reputation

that determines an expert’s demand, but their reputation relative to the market.*

3For an excellent overview of reputation from a seller’s perspective see Bar-Isaac and Tadelis (2008).
“For an early concept of aggregate reputation see Tirole (1996).
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2 The Model

Primitives. Time ¢ > 0 is continuous with infinite horizon. There is a unit measure
of experts i € T = [0, 1], each either of type A or B. Let Z; denote the set of experts of
type j € {A, B}, with w; its measure. There are problems in two exclusive categories,
also labeled as A and B. A problem belongs to category j € {A, B} with probability
p;, where py + pp = 1. If an expert of type j treats a problem in category j’, there
is a binary outcome: Success with probability ngl € [0,1] and failure otherwise. We
assume that experts are horizontally specialized in that 77? > j1.e., atype Aexpert
has an absolute advantage in treating problems in ‘their’ category A, and vice versa.®

We refer to the pair (n/,7;”) as a type j expert’s ability.®

Diagnosis, Treatment, Referral. At every instant ¢ > 0, each expert i receives a flow
/1 of new problems that are initially unsorted, i.e., the share of problems in category
Jj is p; regardless of the expert’s type. For every problem, the expert first conducts
a diagnosis to identify its category, which—for simplicity—is perfectly accurate.” If
the problem’s category matches the expert’s type, then the expert treats it. If not, the
expert can either treat it themselves, or refer it to an expert of the other type. Let
ri € [0, 1] denote the probability at time ¢ that expert i refers a mismatched problem.®
Meanwhile, when an expert receives a referred problem, there is no more diagnosis

needed but they must treat it.” Finally, treatment outcomes realize.

Record. Expert i’s time ¢ record R is a publicly observable pair (m}, ¢;) such that

3
Il

t
: m8+/ fzef‘b(tfs)ds,
0

. 1 o to
i = L (m3q3+ / fénie““t‘s)ds),
my 0

where n; = pinl +p_; (rin”l+ (L—r})n;?), ifi €I,

>Note that we discuss below why our results trivially extend to the case in which one type of expert
has an absolute advantage in treating problems from both categories.

®We will refer to experts (and problems) j and —j throughout, denoting j as an arbitrary element of
{A,B}and —j € {A, B} with j # —j.

"Incorporating flawed diagnosis does not materially affect the qualitative results in this paper.

8Equivalently, ri denotes the proportion of mismatched problems that expert i refers in period t.

? As will become clear below, it is without loss of generality to assume that an expert cannot refer a
problem that matches their own type.



The first component, m!, denotes the thickness of the record, i.e., the total discounted
quantity of problems expert i diagnosed by time ¢, with exponentially decaying
weight assigned to problems in the past, and ¢ > 0 represents the speed of de-
cay. The second component, ¢;, reflects expert i’s reputation, the weighted average
rate at which expert i solves the problems they initially receive. An expert is said to
solve a problem if they treat it successfully themselves or refer it to another expert
who subsequently treats it successfully. The term 7} represents expert i’s instanta-
neous success rate at time ¢ of solving problems overall, including ."° Importantly,
we accredit the success of a problem to the expert who initially diagnoses it, not
the one who treats it after referral. One may think of the record as online reviews
or word-of-mouth recommendations indicating whether consulting an expert ulti-

mately resulted in success or failure, with more recent cases carrying more weight.

Demand. We refer to the flow of problems to expert i in period ¢, f/, as the instan-
taneous demand for expert i’s services. This demand f; = f(q;, Q) depends on the
expert’s reputation ¢/ as well as aggregate reputation Q, = G~ ( [, G(g})di), an index
of overall reputation in the economy. The time-invariant function f thus summa-
rizes the economy-wide “demand system,” relating an expert’s inflow of problems
to the reputation profile of all experts. The function G(-) aggregates the individual

reputations. We impose mild assumptions on f and G:

Assumption 1 (Regularity)
(i) f(q, Q) is continuously differentiable in both arguments, fi(q,Q) > 0, f2(q,Q) < 0,

fi(a,q) + fa(q,q) = 0.

(ii) h(q, Q) = % decreases in q, and increases in () but not too fast.

(iii) G(-) is continuously differentiable, and G'(-) is strongly positive.

Condition (i) puts smoothness and monotonicity requirements on f. The demand
for expert i’s service increases in their reputation but decreases in aggregate repu-
tation. Moreover, if the reputation of all experts increases, expert i’s demand does
not decrease. Condition (ii) imposes restrictions on the growth rate of expert i’s

demand in the expert’s reputation g, reflecting the sensitivity of demand f to ¢. It

10Note we implicitly assume that the speed of decay is independent of the outcome of the problems.
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requires this growth rate to decrease in the expert’s reputation ¢ so demand cannot
grow more than exponentially. Finally, the higher the aggregate reputation (), the
more sensitive expert i’'s demand f’s is to their own reputation ¢q. Condition (iii)

guarantees that the aggregate reputation is meaningful and regular.

The combination of G and f allows for a general set of demand systems including
some common cases. For example, if G/(-) is the identity function and f is linear in ¢
and @, a linear demand system results. G(q) = ¢° (o > 1) and f(q, Q) = ¢°Q* 7 give
rise to a CES-type system. When G(q) = ¢%? (¢ > 0) and f(q,Q) = €9, f and Q
describe a Logit-type system. All these systems satisfy Assumption 1.

Because each expert’s weight in the economy is “small,” each expert treats the law
of motion of @, as given, but affects ¢ directly through their choice of the referral

rate rj. The record R} thus evolves according to the law of motion:

dmi . .

o= 0 U Q) —m). M)
dqg _ f(qi7Qt) i i

T ¢- _mi (= q)- (2)

Payoffs. For each expert, we normalize the earnings for treatment and diagnosis as
m € (0,1) and 1 — 7 respectively, and—to ease exposition—refer to them as fees. We
assume these fees reflect net revenues accounting for various costs of the experts.
If an expert refers a problem to another one, the referring expert earns only the

diagnostic fee, while the expert being referred to receives only the treatment fee.

Let ¢! be the total number of referrals expert i receives in period ¢.!!' Then, expert i

of type j derives flow payoff

fgh, Q) - (1 —p_jmr)) + 7ol

where the first term is the profit from diagnosing and treating problems they receive
in period ¢ minus the treatment fees for problems referred to other experts. The

second term describes treatment fees from problems received via referrals.

Recall that referred problems always fall into the recipient’s category, as referring a problem to an
expert of the same type causes a loss of the treatment fee without a corresponding reputation gain.
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All experts discount the future at the same rate p > 0. Therefore, the discounted

future payoff of type j expert i amounts to
Vi = / F(a;, Qr) - (1 —pymry)e*'dt + / e dt.
0 0

The entire history of records up to time ¢ is common knowledge among experts.

Experts choose their referral rate at time ¢ in order to maximize their future dis-
counted payoffs. The dilemma each expert faces is the following. When referring
a mismatched problem, they forfeit the treatment fee 7. On the other hand, refer-
ring a problem to the right type of expert increases the probability of a successful
outcome, which in turn raises the referring expert’s reputation for solving problems

successfully, thereby generating a higher demand for their services.

Strategies & Equilibrium. We examine referrals as strategic instruments to trade off
present and future income mediated through reputation. In particular, it is not quid-
pro-quo deals or tit-for-tat strategies among acquainted experts we are interested in.
We therefore focus on Markov strategies throughout. A Markov strategy of expert
i € Z; is a time-invariant function o' : L' ([0,1],[0,1]) x L*([0,1],[0,1]) — [0,1],

mapping the profile of records {(m}, ¢) }icr into their time ¢ referral rate ;.

A Markov equilibrium of the game is a strategy profile {o*};cz such that given any
starting profile of records {(m, ¢{)}icz, strategy o' is a best response for expert i
given the strategies {0 },1; of all other experts, for all i € Z. We specifically focus
on steady states of the game, i.e., a tuple {(m’, ¢’, %) };czr such that evaluated there,
for all i € Z, we have dd—”zi =0, dd—qt’% =0,and 7l =o' ({(m&, ¢ ) }ier).

Finally, as referrals add to the instantaneous payoff of the receiving doctor but do
not affect their reputation, the identity of the referrals’ recipients is immaterial for
the expert’s optimization problem and thus equilibrium behavior. We focus on out-
comes that are symmetric among experts of the same type. As such, we assume that

each expert of type j is equally likely to receive a problem referred by an expert of



type —j.'2 As a result, type j expert i’s future discount payoff amounts to

. S8 . . 1 0 ) § ‘
o= / flh @)+ (L= poymry)eidt + w_/ fla;, Qu)pjmry e *'di'dt.
0 JiJo

Z-

3 Equilibrium Analysis

In this section, we use recursion to analyze Markov equilibria of the referral game

described above, and then establish the existence of a unique steady state.

3.1 Recursive Method

The game is complicated as it involves a continuum of players and state variables.
However, to identify steady state equilibria, we fix the records of all other experts
i’ # i at some conjectured steady state values and study the behavior of a generic
expert i. If it is optimal for expert ¢ to choose a referral rate r* that induces a constant

record, then a partial steady state (i.e., for the expert) is found.

*

The Problem. Suppose (m?,q’ %) = (m%,q",r"),Vi' # i,t > 0, and define Q, =
G ([, G(¢})di). Now that @, = Q. is the constant aggregate reputation of experts

in the economy, expert i of type j faces a recursive decision problem:

L . . 1 y g
Vz(ml> ql) = max f(ql7 Q*) : (1 - p*jﬂ—rl) + — f(qi ) Q*)pjﬂ—ri le
rt€[0,1] Wj I_;
f(qi7 Q) = i i avi(miu qi>
+p — (7’ g+ (1—r )gj q ) o7
ov'(m',q')

+p- (f(¢', Q) —m) 3)

omé

where g; = pjnj + p_jn:jf, q, = pj775: + p_jnj_j, and p = % > 0 is the decay of records
relative to discounting. There are four terms on the right hand side of this Hamilton-
Jacobian-Bellman (HJB) equation. The first two are flow payoffs from expert i’s

retained demand and their received referrals. The third term is the drift of the value

2Note that this symmetry assumption is innocuous for equilibrium referral rates, experts’ records,
and overall demand in the economy and only additively affects individual expert payoffs.
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function due to changes in reputation ¢‘, and the last is the drift due to changes
in their record’s thickness m‘. Since expert i’s referral rate r* lies between 0 and 1,
we know 7'g; + (1 — ri)gj € [q,,q;]. Therefore, if q@ € (4,3, then q € l4,4,] for
all t > 0. Likewise, since f(-,Q.) is strictly increasing, if m}, € [f (gj), f(g;)], then
mi e [f (gj), f(g;)] for allt > 0. As a result, expert i’s record is naturally bounded in

both dimensions, i.e., in its thickness m’ and reputation ¢'.

The maximization in (3) with respect to r* requires that

¢ % ) .
—1 g AV e
mt o 4=
v ovVi(mi, g -
il e i LVmLa)  poT @)
mt ¢ 7~ 4
_o g LVUMLG) Py
\ mt o 9~ 4

Note that although the record’s thickness m' is a ‘latent’ state in the sense that it does
not directly affect demand, it is crucial for the incentive to refer indirectly affecting
future demand through reputation. The reason is that m'’ reflects the record’s inertia,
i.e., how sensitive the expert’s reputation ¢’ is to current referrals. When m' is small,
the record is thin, so that a current referral boosts ¢ significantly. On the contrary,
when m' is large, the record is too thick to substantially reflect current referrals. That

is to say, a larger m* dampens the incentive to refer a mismatched problem.

Interpretation. A heuristic interpretation of the dynamics of this two-dimensional
system is as follows. Assume an expert refers all mismatched problems, thereby
maximally increasing their reputation ¢* given their record’s thickness m‘. This,
in turn, increases the expert’s demand. As a result, the expert’s record’s thickness
increases to a point at which the expert is no longer willing to refer. At this point
their reputation ¢’ starts to decline, followed by a subsequent decrease in thickness

m'. This negative feedback loop suggests the existence of an equilibrium.

Existence. Formally, the existence of a unique weak solution (or viscosity solution)
to the problem given by Equation (3) is guaranteed by Crandall, Ishii, and Lions
(1992), where the HJB equation is satisfied everywhere except on a zero-measure

set. Given the unique solution, the optimal referral policy r* defined by Equation
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(4) is an upper hemi-continuous correspondence. This guarantees the existence of
a fixed point (m',q’,r’) such that when evaluated there, % =0, % = 0, and r¢
satisfies Equation (4). By definition, this is a steady state for expert ¢ in the partial

equilibrium when the aggregate reputation @, is fixed.

Lemma 1 (Existence)
There exists a unique weak solution V'(-,-) to (3). Moreover, there exists a steady state
(m',q.,rt) of the partial differential equations defined by the weak solution and the associ-

ated policy correspondence (-, -).

The solution of the HJB equation is sometimes ‘weak’ because the value function V*
may not be differentiable on zero measure sets, causing * to be undefined. How-
ever, extending the definition of a derivative by locally perturbing state variables
and convexifying the set of resulting derivatives ensures that the policy correspon-
dence 7 is again well defined. A Kakutani-style argument then implies the existence

of a fixed point, i.e., a steady state. We deal with uniqueness below in Proposition 1.

3.2 Steady State

Partial Equilibrium. For a given aggregate reputation in the economy ()., Lemma 1
establishes that expert i’s decision problem admits a steady state. We then establish
uniqueness in Proposition 1 below, and present conditions under which there is no,

partial or full referral by expert 7 in the unique steady state.

Proposition 1 (Steady State for an Expert)

Given Q., there exists a unique steady state (m’, g, ') for expert i of type j, where:

mi, = f(q., Q) )
¢ =72+ (1 -1, (6)
- >0 if ri=1,
A pmin@ Q) B ol g i e, O
p—j 14w S Y
<0 if ri=0.



Intuitively, the condition that determines expert i’s steady state referral rate r% re-
flects a dynamic trade-off between today’s and tomorrow’s payoffs. If the expert
refers more aggressively, i.e., refers more mismatched problems to experts of the
other type in order to increase their reputation, then the first term in Equation
(7) reflects their marginal benefit from referral, that is, the expected profit expert

i makes for one problem they initially receive, 1 — p_;wr’, multiplied by the relative

growth in their demand h(q’, Q*)q; i resulting from increased reputation. Note
—-J

that q;;g] = 77:5 - nj_j reflects the gains in the current success rate per referral. This
—J

marginal benefit is then normalized by a factor - = . This is because a higher
H pto

¢ translates into higher reputation gains per additional referral. On the other hand,

a higher value p + ¢ reflects a decline in the future reward for higher reputation as it

is both discounted more and decays faster. The second term represents the marginal

costs of an additional referral, which is simply the lost treatment income 7. The ex-

pert’s steady state referral rate is interior only if the expert is indifferent between the

marginal gains and costs of an additional referral.

Figure 1 illustrates the feedback loop that gives rise to the existence of a partial
steady state solution. The solid curve is the exact locus of (m, ¢) such that the new
inflow of problems offsets the decay in thickness. The dashed curve is the switch-
ing surface where the expert discretely shifts from referring all mismatched prob-
lems to referring none. As long as the thickness of expert i’s record is below the
dashed curve, they find reputation sufficiently responsive to current referrals and
thus prefer referring all mismatched problems. This, in turn, increases their future
reputation. As a result, instantaneous demand increases and eventually so does
the thickness of expert i’s record. As such, the payoff from referring mismatched

problems diminishes, eventually to a point at which the expert ceases to refer.

General Equilibrium. Naturally, all experts of the same type j have the same steady
state. Let (¢j«, mj., ;) denote the steady state of any expert of type j = A, B. We
now invoke our insights from the partial equilibrium in Proposition 1 and consis-

tency of the aggregate reputation (). with individual expert behavior, i.e.,

G(Q*) = wAG(QA*> + wBG(QB*)7 (8)
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Figure 1: Phase diagram of the (m,q) system. The solid curve represents m =
f(q,Q.), and the dashed curve is the switching surface from r = 1 (below) to r = 0
(above). The steady state is given by the intersection of the two curves.

to establish a unique steady state in the general equilibrium of the economy.

Proposition 2 (Steady State in the Economy)

The economy admits a unique steady state {(mj., Qj«, 7j«) } j—a,B, characterized by (5)-(8).

The existence and uniqueness of a general equilibrium steady state is established by
invoking the Contraction Mapping Theorem. Given any level of aggregate reputa-
tion *, we can derive g4, and ¢, from the partial equilibrium, and then update Q*

according to Equation (8). Under Assumption 1, such a mapping is a contraction.

Welfare. Note that a steady state of Markov equilibria admits a straightforward
interpretation of the variables of our model as measures of overall welfare. First
consider the experts’ respective reputation ¢;, and ¢_;.. By definition of a steady
state, the referral rate of any expert is constant over time. As a result, g;. (resp.
q—j.) indicates the fraction of problems (initially received) that a type j (—j) expert
solves. Note, that—holding everything else fixed—for a given referral rate of type
—j experts 7_j,, a higher referral rate by type j experts unambiguously increases
¢;+, and thereby their overall success rate in solving problems. In fact, the first best

outcome requires both types of experts to refer all mismatched problems.
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It follows, however, from Proposition 1 and Proposition 2 above that in the econ-
omy’s unique steady state, experts generally do not refer all mismatched problems

they receive. We emphasize this inefficiency in Corollary 1 below.

Corollary 1 (Inefficient Referrals)

In the unique steady state of the economy, experts in general do not refer problems efficiently.

In the next section we investigate the factors that push the economy towards (or

away from) efficient referral behavior.

4 Comparative Statics

In this section, we analyze the primitives of the economy and how they affect equi-
librium referral behavior by experts and their steady state reputation. This allows
us to better understand which industry characteristics pose challenges to the mar-
ket in efficiently allocating problems across experts. First, we consider the effects of
experts’ respective abilities in treating problems, and discuss the potential effects of
experts adopting artificial intelligence tools. Thereafter we analyze how the prop-
erties of the experts’ record and its evolution set the stage for the experts’ referral
game. Finally, we investigate how the fee structure for experts’ services affects out-
comes. When describing actions and outcomes throughout this section, we refer
to steady state values. Finally, to aid readability we write j and —j to refer to all

experts of their respective types.

4.1 Expert Abilities

Leading Ability. Expert abilities are at the core of our model. They are synonymous
with direct success rates when experts treat a specific type of problem, but also affect
experts’ eventual overall success rates in solving problems through their effect on
referral rates. We start out by analyzing the effects of an increasing type j expert’s

ability in treating problems of their category njf :
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Proposition 3 (Leading Ability)
Consider type j experts’ ability in treating their problems njf c (. i+ 1]- All experts’ steady

state reputation, i.e., q;. and q_;,, increase in 77?.

Proposition 3 establishes that a higher ability of expert j in treating problems of
their category njf increases the reputation of both types of experts, i.e., ¢;. and q_j..
There are both direct and indirect channels through which 77; affects reputation. The
direct effect is straightforward. Type j is better in treating their own type of prob-
lems, and type —j benefits when referring mismatched problems. The indirect effect
via equilibrium referral rates, however, is more subtle. On the one hand, increased
reputation of both types of experts increases aggregate reputation ()., which in turn
provides further incentives to refer. On the other hand, there is a countervailing
force. An increased reputation leads to a thicker record. As a result, an expert will
find reputation growth marginally less rewarding. These forces combine to an am-
biguous indirect effect, and the referral rates of both expert types may either in-
crease or decrease in response to a higher njf . Nevertheless, the direct effect is strong
enough to guarantee an increase in reputations, and thus in the overall success rate

in solving problems in the economy.

Lagging Ability. Next we investigate the equilibrium effects of an increasing type j

expert’s ability in treating mismatched problems 7, 7,

Proposition 4 (Lagging Ability)

Consider type j experts” ability in treating mismatched problems n; 7 e o, n:jf )

(i) Type j experts’ steady state referral rate r;, decreases in n;”’. Their steady state reputa-
tion q;, achieves its maximum when expert type j always refers, decreases in nj_j when type
J experts partially refer, and increases in 77]._‘7 when they never refer.

(ii) Type —j experts’ steady state referral rate r_;, and reputation q_j;,. achieve their re-
spective maximum when expert type j always refers, decreases in n;j when type j experts

partially refer, and increases in nj_j when they never refer.

Note a marginal change in nj_j has no effect on type j’s referral behavior if their

referral rate is given by a corner solution to begin with. When ;. = 1, a change in
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Figure 2: Type j’s steady state referral rate r;, and reputation ¢;. as a function of
their lagging ability »;”.

n;j has no bearing on equilibrium reputation g¢;. either. When r;, = 0, on the other
hand, n;j mechanically raises type j’s equilibrium reputation. If their referral rate
is interior, however, as stated in Proposition 4(i), an increase in their ability to treat
mismatched problems reduces an expert’s incentive to refer problems to experts of
the other type. Furthermore, this indirect effect dominates the direct effect from
an increased ability to treat mismatched problems. Part (ii) notes the impact of n;j
on the other type —;’s referral rate and reputation. This effect is purely mediated
through the general equilibrium channel: —j’s incentive to maintain their reputation
increases with the aggregate reputation ()., which in turn depends on ¢;.. As a

result, —j’s referral rate and reputation move in the same direction as j’s reputation.

Figure 2 illustrates the overall effects of an increase in type j’s lagging ability on
their referral rate and reputation. Panel (a) visualizes the response of type j’s referral
rate. As discussed above, there is no effect if a type j expert never or always refers
in the first place. Otherwise, their referral rate decreases as the expert becomes
better at treating mismatched problems. Panel (b) graphically represents the effect
of an increased lagging ability on an expert’s reputation. If the expert always refers
to begin with, there is no effect, while their reputation mechanically increases if
they refer no mismatched problem. However, in an interior solution, where the
expert refers some but not all mismatched problems, their steady state success rate

(reputation) decreases.
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In summary, suppose the steady state of the Markov equilibrium is not a corner
solution, i.e., j's referral rate r;, in equilibrium is interior, meaning type j experts
refer some but not all mismatched problems they receive. Then, an increase in j’s
ability to treat mismatched problems lowers all experts’ referral rates as well as their

respective reputation, i.e., their discounted success rates in solving problems.

Artificial Intelligence. An interesting application of Proposition 4 relates to the ad-
vent of Artificial Intelligence (AI) in the workplace. Contemporary research (see,
e.g., Brynjolfsson, Li, and Raymond, 2023) strongly suggests that the adoption of Al
tools substantially increases the output of less productive workers but only mini-
mally affects experienced or high-ability ones. Importantly, this distinction remains
true for college-educated professionals (Noy and Zhang, 2023) and, more generally,
for high skilled work (Cui, Demirer, Jaffe, Musloff, Peng, and Salz, 2024). As such,
when interpreting the impact of adopting Al in the workplace as an increase of ex-

perts’ lagging ability, we have the following result.

Corollary 2 (Artificial Intelligence)
Suppose type j experts adopt Al tools that increase 1, 7. If type j refers some but not all
mismatched problems to type —j experts before and after the adoption, Al unambiguously

lowers the steady state referral rates and the reputation of all experts.

Corollary 2 suggests that Al may impact productivity in a way that—to the best
of our knowledge—has so far been overlooked in the popular and academic dis-
course. If the access to Al tools fosters mainly secondary rather than professionals’
primary skills, it may compel these professionals to take on more problems that are
not a good match for their expertise, ultimately increasing the rate of failure. Also
note that, due to the uniqueness of steady state, Corollary 2 can be applied sequen-
tially to analyze the effects of both expert types honing their lagging ability. In other
words, if both n;” I and ; increase, both changes affect referral rates, and thus the
economy’s overall success rates in solving problems negatively, as long as the equi-

librium referral rates remain interior.

Specialization. Proposition 3 and Proposition 4 establish the welfare consequences

of experts honing their leading and lagging ability. It follows that a hypothetical so-
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cial planner—interested in increasing the economy’s overall success rates in solving
problems (and potentially increasing overall demand)—prefers experts to further
develop their respective specialization rather than increasing their success rate in
treating mismatched problems. As we show below, however, this is not necessarily
the case for the experts themselves. In fact, under fairly general conditions, experts

may be compelled to invest in their lagging rather than their leading ability.

Proposition 5 (Specialization)
Suppose demand is not too elastic in aggregate, i.e., | f1(q, Q)+ f2(q, Q)| o= and |h1(q, Q)+
ha(q, Q)|o=q are sufficiently small. Then, if the mass w; of type j experts is sufficiently large,

these experts marginally benefit more from an increase of n;j than 775

Proposition 5 states that when the overall demand for experts’ services is not too
elastic, and there is sufficiently many experts of one type in the economy, these ex-
perts are more interested in honing their lagging rather than their leading ability.
Intuitively, when the aggregate elasticity is small, then a universal increase or de-
crease of reputation does not significantly affect individual demand. This, combined
with the fact that there is sufficiently many experts of one type, leads to a scenario
where reputation cannot discipline this type’s behavior because aggregate reputa-
tion is sufficiently similar to theirs. When 775: increases, type —j refers more, but their
sheer volume is insufficient. When n;j increases, the group j refers less often and

earns more treatment profit, which is the decisive factor discouraging referrals.

While we do not explicitly model costly investment into experts’ abilities, it is straight-
forward that a well-behaved cost function induces these experts to narrow the gap
between their abilities rather than invest in their specialty. This is an alarming re-
sult as it pertains to a situation in which (i) there are no viable substitutes for the
experts’ services, and (ii) the expert type that chooses investment that is detrimental

to overall welfare is pervasive.

4.2 Reputation

In this section we examine the equilibrium effects when changing how the experts’

record disciplines their referral behavior. First, consider ;1 = %, the decay rate of
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records relative to the discount rate of time.'® It measures how sensitive the record
is to today’s actions vs. the importance of the record itself. Second, consider the
growth rate h(-, ) of the demand for the experts’ services with respect to aggregate

reputation. It reflects how the market reacts to changes in the expert’s reputation.

Proposition 6 (Reputation)
Consider pand h(-, Q). All experts’ steady state referral rates and reputation increase in fu.

They also increase if h(-, Q)) increases everywhere for any fixed Q).

The results in Proposition 6 are intuitive. When the expert’s record decays faster
(larger ¢), i.e., when it becomes more sensitive to current performance, experts refer
more often to increase their reputation. Equally, if the value of tomorrow increases
(smaller p), so do experts’ referral rates, and therefore their reputation. Likewise,
if an increase in today’s reputation increases tomorrow’s demand (higher (-, Q))

more significantly, referral rates and reputation increase.

4.3 Fee Structure

We now focus on the fee structure of the expert economy, that is, the experts’ fees
for diagnosing (1 — 7) vs. treating (7) a problem. A higher treatment fee 7 affects
an expert’s incentives to refer problems in different ways. Directly, it discourages
the expert from referring a problem due to the heightened revenue loss. Indirectly,
a higher 7 corresponds to a lower diagnostic fee, implying lower returns to reputa-

tion. An expert is thus further discouraged from referring.

Proposition 7 (Fee Structure)
Fix all parameters except m. A higher treatment fee w lowers all experts’ steady state referral

rates and reputation.

This result conveys bad news from a welfare perspective. While we do not explicitly

model the experts’ initial investment in their abilities such as education, it appears

3Note that y strictly increases in ¢ but strictly decreases in p. As a result, the qualitative comparative
statics below are fully informative for the respective parameters.
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reasonable to assume that the treatment fee serves as an important motivation for
experts to develop the necessary skills to enter the field. Proposition 7, however,
suggests that the higher the treatment fee, the lower the success rates of both types—

and thus the overall economy’s—in solving problems.

5 Referral Alliances and Partnerships

Market power. Horizontal mergers, i.e., mergers between firms that produce sub-
stitutes or complements but operate on the same level of the value chain, often in-
crease the market power of the merged entity, allowing it to increase its prices for a
given level of product quality, thereby harming social welfare. This is no different
for mergers or partnerships among skilled professionals. Dunn and Shapiro (2014)
for example analyze market for physicians” services and find that market concen-
tration increases physician fees. In fact, mergers in the medical field may even lead
to higher market prices when the merging entities are not substitutes but scale in-

creases their bargaining power vis-a-vis insurers (Dafny, Ho, and Lee, 2019).

Contracts. Below, however, we show that if a market is subject to misallocation
due to a lack of referrals, referral alliances and partnerships based on mutual contracts
between experts may contribute to alleviate the problem. A contract between ex-
perts specifies a pair of treatment revenue shares (y,,yz), and a pair of lump-sum
transfers (74,75). To be be specific, y; € [0,1] is the share of treatment income 7
an expert is entitled to when referring a problem of category j, with the recipient
earning (1 — y;)m when treating the problem. In other words, y;7 is the price for
a referral of a category j problem. 7 € R is a referral-independent redistributive
payment from each type j expert. Budget balance requires n474 + ngTp = 0, where
n; is the number of type j experts entering the contract. We refer to experts en-
tering any such contract as a referral alliance and to those specifically entering a
contract with referral-independent revenue sharing, i.e., |7;| > 0 for j € {A, B}, as
a partnership. We assume throughout that entering a referral alliance per se does
not affect an expert’s ability, the demand for their services, nor the law of motion

of their records. Below we show that higher prices for referrals naturally encourage
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increased referral activity.

Lemma 2 (Referral Prices)

Suppose that a set of experts, containing at least one expert of each type, has entered a referral
alliance. Then—holding the behavior of all experts outside the alliance constant—all type
J experts within the alliance weakly increase their steady state referral rates in response
to a higher y_;. Moreover, the referral alliance guarantees efficient referral behavior, i.e.,

Tjx = T_j = lifand only if y; > Y, for j = A, B, where:

M(a—j - g_j)h(ﬁ_j,@
po (14t n@; —a )h(@;. Q)
Q = G HwaG(@4) + wpG(Tp)).

1 —

Y. <1, 9)

=J

The intuition behind Lemma 2 is as follows. Without entering a referral alliance,
a type j expert’s reward from referring mismatched problems stems solely from
the positive demand effect mediated through an increase in their reputation. When
entering a contract with other experts, however, the expert enjoys the same benefit
from referring problems but, additionally, earns y_; per referred problem. As a
result, the expert exclusively refers to experts within the alliance, and the incentive
to refer increases in the referral price y_;. If both y; and y_; are sufficiently large, all

experts within the alliance refer all mismatched problems they receive.

Forming an Alliance. In order for experts to establish a referral alliance, however,
jointly entering such a contract needs to be a profitable deviation from the initial
steady state for each expert. To this end, suppose no expert enters into a referral
alliance but a finite set Zp that consists of at least one expert of each type. Also, for
simplicity, let type j experts within the alliance refer mismatched problems to each
type —j expert with equal probability. Then, mutually joining a referral alliance is

desirable for every expertin Zp evenif Ty = Tp = y4 = yp = 0.

Proposition 8 (Forming a Referral Alliance)

Suppose ny > 1 type-A experts and np > 1 type-B experts have entered a referral alliance
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with Ty = T = 0. Then—for any behavior of experts outside the alliance—all experts

within benefit from the alliance regardless of y4 and yp.

An expert prefers entering into a referral alliance for two reasons. First, due to treat-
ment revenue sharing of referred problems, the merger confines referrals exclusively
within the alliance. This increases the number of referrals an expert within receives,
growing their payoff. Second, treatment revenue sharing increases an expert’s pay-
off from referring a mismatched problem increasing their referral rate, and thereby
their reputation. While an increased referral rate goes hand in hand with revenue
loss, the expert could revert to the steady state referral rate of her type outside the
partnership still benefiting from an increased number of referrals they receive. As a

result, the expert’s overall benefit from joining a referral alliance must be positive.

Pervasive Partnerships. Understanding the benefits of a joint deviation into a refer-
ral alliance allows us to examine the economy-wide effects of competing alliances.
It turns out that there is a steady state of a Markov equilibrium in which all experts
join partnerships, referrals are efficient economy-wide, all experts are better off than
in the equilibrium in which individual experts compete and overall demand is max-

imized. Moreover, no single partnership holds market power in the economy.

Proposition 9 (Pervasive Partnerships)

Suppose every expert in the economy has entered a partnership, and every partnership con-
sists of finite number of experts featuring both types. Then, for every partnership, there
exists a Pareto-efficient partnership contract that guarantees efficient referral behavior, and

the partnerships are stable against joint deviations by any finite number of experts.

Proposition 9 suggests that partnerships that are small in size are incentive-compatible
for experts and restore efficiency in the economy. Similar to the proposition state-
ment, one can show there also exists an equilibrium in which every expert has en-
tered a referral alliance in which 7y = T = 0. While it follows from Proposition 8
that every experts wants to enter an alliance, some experts may be worse off in an
economy with pervasive referral alliances than in an economy in which individ-

ual experts compete. As such, these experts may find themselves in a Prisoner’s
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Dilemma type situation. This is where redistributive transfers come into play that
distinguish a partnership from a simple referral alliance. There always exists an
equilibrium with pervasive partnerships in which experts that overly benefit from
the partnership structure transfer just enough of their income to those experts who
are harmed relative to individual competition. In such an equilibrium, experts refer
all their mismatched problems, and overall demand and the success rate in solving

problems in the economy are maximized.

This is an important point that should be considered when regulating markets with
specialized professionals and uninformed clients. In fact, our results suggest that
referral alliances and partnerships of limited size may be essential in fostering effi-
cient referrals among experts in the economy. As long as these alliances are small
in size relative to the overall market, welfare loss through market power should be
negligible. Moreover, partnerships that feature sharing of revenue beyond referrals
can ensure that all experts are strictly better off than in an economy of individual

competition with inefficient referral behavior.

Finally, note that a Pareto-efficient partnership contract necessarily maximizes the
partnership’s total revenue given the structure of the economy. As a result, part-
nerships do not only hold the potential to resolve a lack of referrals but may also
contribute to alleviate problems related to specialization and the fee structure dis-
cussed in Section 4. The partnership’s value increases in their specialists” abilities
and thus may encourage experts to invest in their leading rather than in their lag-
ging ability. Moreover, due to revenue sharing, efficient referral behavior does not

necessitate low treatment fees when experts have entered partnership contracts.

6 Discussion

The idea that firms incur losses in the short-run building up reputation to increase
the future demand for their products dates back to Shapiro (1983). This is no dif-
ferent in markets for professional services. Medical providers face incentives not to
treat cases that are not within their specialty, as those known for better performance

in the past attract more patients (Chandra, Finkelstein, Sacarny, and Syversen, 2016).
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Referrals in the healthcare setting also stem from a fear of malpractice suits, lead-
ing to reputation loss (Franks, Williams, Zwanziger, Mooney, and Sorbero, 2000).
Moreover, referrals impact both the costs and outcomes of health care significantly
(Eftekhari, Yaraghi, Gopal, and Ramesh, 2023). Likewise, referrals are common
among competing lawyers (Liu and Hyman, 2024), and many law firms lay out in

detail why, when and how to refer cases to other lawyers."

As our experts are different types of specialists, one may argue that our model does
not reflect medical services well relying on gatekeepers such as family physicians.
In fact, while gatekeeping is uncommon in some of the world’s biggest economies
(Gonzalez, 2010), and referrals between specialists are common not only in the U.S.
(An, O'Malley, and Rockmore, 2018), we argue that our model also accommodates
referrals between general practitioners (GPs) and specialists. This is because GPs
can be seen as specialists in common diseases they can treat more effectively be-
cause of their experience. In fact, An, O’Malley, and Rockmore (2018) shows that

specialists refer plenty of patients to family practices.'

Consistent with the main trade off in our model, there is strong evidence that in-
creased income from treatment directly lowers referral rates (Barnett, Song, and
Landon, 2012; Ringberg, Fleten, Deraas, Hasvold, and Ferde, 2013; Godager, Iversen,
and Ma, 2015). Furthermore, referrals increase in specialization and specialist skill
(Barnett, Song, and Landon, 2012; Ringberg, Fleten, Deraas, Hasvold, and Ferde,
2013). Iversen and Ma (2011) and Godager, Iversen, and Ma (2015) argue that com-
petition among medical providers increases referral rates. Similarly, in our model
when the reputation effect on demand increases, i.e., when it more important to

differentiate oneself, such as under heightened competition, referral rates increase.

Drawing on steady states of Markov equilibria to analyze the effects of market con-

4Gee https:/ /mccreadylaw.com/blog/referring-cases-lawyers/ as a prime example urging lawyers
not to “... accept a case in an unfamiliar area ...” because “At best, it will make [them] look bad, at
worst, it may end up being a malpractice claim.”

50On a different note about gatekeepers, in our model, even if type j has an absolute advantage in
treating either problem, it is not guaranteed that a type —j expert always refers turning into a pure
gatekeeper (i.e., a diagnostician). Just as in the analysis in Section 3, an expert may not be willing
to give up treatment fees for better reputation, even they lag in both abilities. In other words,
for experts to become pure gatekeepers in equilibrium, they need to be substantially worse than
experts of the other type in solving both problems of both categories.
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ditions is consistent with findings of Franks, Zwanziger, Mooney, and Sorbero (1999)
and Franks, Williams, Zwanziger, Mooney, and Sorbero (2000) showing that health
providers’ referral rates are fairly stable over a provider’s life cycle. Recently, how-
ever, the number of referrals in the U.S. healthcare sector, including referrals from
specialists to specialists, sharply increased (Barnett, Song, and Landon, 2012). This
is consistent with increased specialization in the market, but also with an increase

of experts’ reputational concerns in the age of readily available online reviews.

Finally, there is vast evidence of partnerships and referral alliances in markets for
professional services. Nam, Gruca, and Tracy (2010) show that not only referrals are
common in law, insurance, investment banking and consulting, but so are referral
alliances and networks. Gonzalez and Rizzo (1991) detail that medical doctors in
group practices commonly refer to each other, while Garicano and Hubbard (2009)
argue that law firms started hiring from more diverse fields of the law to facilitate
within-practice referrals. More generally, in a study of business professionals refer-
ring professionals to financial institutions, Business Development Bank of Canada

(2013) find that experts are more likely to refer when referrals are reciprocal.

7 Conclusion

Experts increase demand for their services by cultivating a higher reputation for be-
ing an able problem solver. One way to strengthen their reputation is for an expert
to refer problems not matching their expertise to more apt experts, avoiding nega-
tive reviews or even malpractice claims. In this paper, we investigate the interplay

between reputation and referrals to better understand market outcomes.

To this end, we introduce a dynamic model of strategic referrals among experts.
Based on their reputation, experts are approached to solve problems. As problem
classification requires costly diagnosis, problems are initially unsorted. Experts treat
problems for which their expertise is a good match, and decide whether to treat or
refer mismatched problems to more apt experts. An expert solves a problem when-
ever they treat it successfully, or refer it to another expert who treats it successfully.

The expert’s reputation then reflects their historic success rate in solving problems.
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In the unique steady state of Markov equilibria of our model, competition between
experts typically does not result in an efficient matching of problems and experts.
This is because the reputation effect, driving future demand, is not powerful enough
to perfectly discipline experts’ referral behavior. This issue may in fact be exacer-
bated when experts invest in their abilities. While a social planner wants to increase
specialization to grow treatment success and referral rates, experts themselves often
prefer to improve their weaker skills and refer less as a result. This is particularly
relevant in the light of the recent rise of artificial intelligence in the workplace, al-

lowing professionals to bolster their lesser abilities.

We find that efficient referral outcomes in the market rely on relatively low treat-
ment fees, which potentially discourage specialization in the first place. A more
viable way to increase efficiency in the market is for regulation to allow for or even
foster referral alliances and partnerships. Even without financial compensation, ex-
perts face incentives to enter referral relationships expecting to receive more refer-
rals that match their specialty than outside an alliance. Pervasive small complemen-

tary partnerships are incentive-compatible and can restore efficiency in equilibrium.

Formally, we introduce a dynamic game with infinitely many agents competing for
problems in continuous time. We solve for Markovian equilibria in which each
agent conditions their instantaneous rate of referring mismatched problems to other
experts on their record, i.e., its thickness (their decaying historic demand) and rep-
utation (their decaying historic success rate). Other experts’ records affect an ex-
pert’s optimal referral rate through aggregate reputation. We establish existence

and uniqueness of Markov equilibrium and an associated steady state.

There is a number of possible directions in which our results can be applied or ex-
tended. For example, within the realm of referrals, our model could shine light on
the growing practice of cross-selling between firms. Alternatively, our framework
may lend itself well to analyze scenarios of product quality competition by different
types of firms. From a formal perspective, natural next steps are to extend our re-
sults to more than two types of experts, or to analyze market outcomes for different

concepts of reputation important in alternate settings.
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A Appendix: Proofs

Proof of Lemma 1.

Define m; = f (gj, Q.) and m; = f(g;,Q.). Since f(-,Q.) is strictly increasing, we
know m' € [m;,m;] and ¢' € [gj, q;]. The weak (viscosity) solution V*(-, ) uniquely
exists on [gj, ;] x [m;,m;] according to Crandall, Ishii, and Lions (1992). Allowing
for differential inclusion, the control r* is an upper-hemicontinuous correspondence
defined on [gj,qj} X [m;,m;]. Since dd—”f and L are continuous in 7%, they are both
upper-hemicontinuous correspondences. Filippov’s theorem guarantees the exis-

tence of solution to the PDE governed by .

For an arbitrary 7' > 0, define a set-valued map ®; on the domain [gj, q;] x [m;, my]:
er(m',q') = {(my.dr)

(m4, q;) is a Filippov solution on [0, T] given r{, (m{, ¢;) = (m',¢")} .
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dr(m', ¢') is non-empty for all (m’, ¢*) according to Filippov’s theorem. ®r(m’, ¢') is
also convex for all (m‘, ¢*) because the evolution of (m’, ¢*) is affine in 7. Finally, ®r
is upper-hemicontinuous given the continuity of the HJB problem and the optimal-
ity condition on r’. According to Kakutani’s fixed point theorem, there exists a fixed
point (m', ¢) in the sense that (m’, ¢') € ®7(m’, ¢-).

Let I, (n > 0) be set of fixed points of ®7/,». Then for all n, F}, is non-empty
and compact. Moreover, F,;; C F, because the PDE is an autonomous system.
Therefore, F, = (,—, F, is non-empty. Note that F,, is the set of fixed points of
the differential map of the PDE, i.e., (m’,¢!) such that 4 = 0 and dd—‘f = 0 for some

optimally chosen r.. By definition, (m’, ¢%, %) is a fixed point we look for. m

Proof of Proposition 1.
We use optimal control to show uniqueness of the fixed point. The Hamiltonian

reads:

e flag, Q) (1 — pymry) + M(1 — 7“3) + A7y
o7 @) —mi) + 4l (g (1 g~ g,
where A, A, > 0 are Lagrangian multipliers for the constraint r} € [0, 1} and ™, v

are the costate variables for m‘, ¢*. We omit the constant term fz (¢¥, )P " di!

from the Hamiltonian because it is outside i’s control.

Optimality requires:
, o(q; — g )¢ _
f(gi, Qx) (-ffptpﬂ + (j—fj)t> =X\ — A, (10)
my
(m:) (thy + (1 Tt)q Qt)f(Qta Q*) — QY = — d; ) (11)
SO0 g o)+ (D iz, + (1= i), — @)+ 69 + e pyrd) ) Fildh @)
t mt J
d
Cz; (12)

with transversality conditions lim; . 7/* = lim; 7/ = 0. We look for initial val-
ues (m', ¢') such that a constant sequence (m}, q;) = (m., ¢’) satisfies the necessary

conditions for optimality.
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Given ¢! € [qj,qj], a steady state requires m: = f(¢!) and ri = ;J:gf Plugging

these into (11)-(12) and applying the transversality conditions, we have 7" = 0and
%;1 _ e P f1(al,Qx) (1 - p-ﬁ”“i)- Define h(q, Q) — f1(¢,Q)

p(1+p) - Q)"
Casel: ¢! = 4 Then \; = 0and )\, > 0, and (10) requires (1—p_;mr¢)h(¢, Q*)q;ifj e
7 < 0 when evaluated at ¢! = q;-
Case2: ¢! =g,. Then ), > 0and \, = 0, and (10) requires (1—p_;7r’)h(q., Q*)a;jj Thi

7 > 0 when evaluated at ¢, = ;.

Case3: ¢’ € (gj,qj). Then )\; = )\, = 0, and (10) requires (1—p_;77i)h(q, Q*)q;ifj o

7 = 0 when evaluated at ¢'.

Note that 7% decreases in ¢’ and h(q, Q.) decreases in ¢.. Therefore, every parameter
combination can be of one and only one case, and the solution ¢’ € (gj, ;) in Case
3 is unique. Since the existence of a steady state is guaranteed by Lemma 1, this

candidate solution must be the true steady state. m

Proof of Proposition 2.

Define @ = G~ '(waG(q,) +wpG(q,)) > 0 and Q = G HwaG(q,) + wpG(qg)) <
1. Define h(q,Q) = %. For any candidate Q. € [Q, @], consider —G(Q,) +
waG(qas(Qx)) + wpG(gp«(Q4)) as a function of )., where g4, and ¢p, are implicitly

defined in Proposition 1 by (5)-(7). Note:

By the Intermediate Value Theorem, there exists a (). satisfying (8). For uniqueness,

take the derivative of the function w.r.t. Q),:

—G(Q4) + waG (qan(Q1)) 0. (Qs) + wBG (48 (Qx)) 4. (@), (13)

(@j—a,—p—j7(qj+—4,))h2(q5x,Qx)
q;* (Q*) — p—jﬂ'h(Qj*»Q*)*(aj *gj 7p7j7r((Ij**gj))h1 (Qj*yQ*)

0 if g = q; OT gju = ;5

if qjx € (Qjﬁj)a
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when ¢;, exists. Note that ¢/,(Q.) > 0 by Assumption 1. Also, since ha(gjs, Q)

is small, so is ¢},(Q.). Since G'(Q.) is strongly positive on [@, Q], we know (13) is

negative. Therefore, there exists a unique @), in the general equilibrium. m

Proof of Proposition 3.

— fi (Q7Q)

Wlog, consider a marginal increase of 1. Define h(q, Q) = a0

It (1_pB7TrA*)h(QA*7 Q*) qu_BgA ﬁ_ﬂ— # 0/ then (g"_njzi = 0/ and dAx = TA*6A+(1_TA*)QA

strictly increases in n4. If (1 — pp7ra.)h(qas, Q*)q"‘p;gf‘ T — ™ = 0, then the Implicit

Function Theorem yields:

qu* pApBﬂ'TA*MQA*, Q*) + <QA* - QA)(l - pBWTA*)dquZigqii h2<q,4*> Q*)

4 _ |
WA pprra(aae Qo) = (aae = 0,)(1 = ppmras) (82 ha(gan, Q2) + M(aae, Q1))

With Assumption 1(ii), ho(qas, Q«) is negligible relative to other terms, and therefore

‘Z}—Aj > (0 whenever ¢4, is differentiable.
A

If (1_pA7TrB*)h(qB*a Q*)qB_gB ﬁ_ﬂ— 7é O/ then (317;7_55 = 0/ and 4B« = TB*QB_I_(l_TB*)gB

pa

weakly increases in 1. If (1 — panrp.)h(gp., Q*)qu;AgBﬁ — 71 = 0, then the Implicit

Function Theorem yields:

dgs, Parsd(se, Q) + (a5e = 4,) (1= pamr ) 5 5 ha (4., Q)

A T .
3 parrp(gs., Q) = (a5. — 4,)(1 = pamrs.) (%hz(%*, Q.) + h(gs., QQ)

With Assumption 1(ii), h2(gps, Q+) is negligible relative to other terms, and therefore

Cifn—B; > 0 whenever ¢, is differentiable. m
A

Proof of Proposition 4.

Wlog, consider a marginal increase of n%. Define h(q, Q) = J;}((;g)).
Q) If (1 — ppmras)h(qax, Q*)EA_QAL —71#0,thenry, =00rry, =1, ¥4 =0, and

pp  l+p dnz
qas = TaxGa + (1 —7Ta:)q , stays constant in % if ra, = 1 and strictly increases in

B if ra, = 0. If (1 — ppmran)h(qas, Q) 24t — 7 = 0, then the Implicit Function

pp  1+p
Theorem yields:
dgas pu(1 = pEm)radi(qas Qo) = (@as = q,)(1 = pamrad) F 52 ha(qas, Qu)
dng PETT axh(qas, Qx) = (qax — ¢,)(1 = p7ras) (h1(qas, @) + 22=ha(qas, Qx))
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With Assumption 1(ii), ho(gas, Q«) is negligible relative to other terms, and therefore

dQA*
d17£e

we know r 4, decreases in nf.

. . . . qAx—q . .
< 0 whenever ¢, is differentiable. Since 74, = qA—JA where ¢ , Increases in ng,
94 -

(i) If (1 — pAWTB*)h(qB*,Q*)aB_gBL — 71 #0,thenrg, = 0orrg, =1, ¥ =,

pa 1fu 7 dny
and %7_35 = 0. If (1 — ppmra.)h(qas, Q*)qu;gA ﬁ — 7 = 0, then the Implicit Function
Theorem yields:
dgp. (B — q,)(1 — pAWTB*)(i{;AE* 22 hy(qper Q)
dnd  pamrpdi(ge., Q) — (4. — 4) (1 — panrp.) (h1(gp., Qu) + 522-ha(qs., Q)

With Assumption 1(ii), h2(¢p«, @) in the denominator is negligible relative to other

d98: \which is the
dny

terms, but ha(gp., Q) = 0 in the numerator determines the sign of

. dBx—4q . . .
same as ‘éf;}g*. Since rg, = foq*B , we know rp, moves in the same direction as ¢g,.
A iB

Proof of Proposition 5.

Take the limit as wy = 1 —wp — 1. By continuity of G, in the limit we have 9Q:

O+
and gi** = 0. Also, from the proof of Proposition 3 and Proposition 4, we know:
an* _ pApBﬂ'TA*h(QA*’ Q*)
o4 P A (qas, Qi) — (qax — ¢,)(1 = pp7rai) (h(qas, @) + ha(qax, Qi)
Iqar pe(1 — ppm)rah(qas, Q)
o’ PETT ach(qas, Qx) — (qas — ¢,)(1 — P77 as) (h1(qax, Qx) + ha(qas, Q)

With these, we can take the derivative of expert type A’s equilibrium payoff f(ga., Q.)(1—
PETTAx) + o2 f(qBs, Q)paTTBs W.LL. n% and 1 respectively, and then take the differ-
ence between them. In the limit as wy = 1 — wp — 1, f1(qas, 9ax) + fo(qas, qax) — 0

and Ay (qas, @ax) + ha(qax, qas) — 0, we find the difference to be:

(1 B pBTrrA*)f(QA*? QA*)
ng —nk

> 0.

By continuity of the system, this difference remains positive when w 4 is sufficiently

close to 1, and | f1(qa«, qax) + f2(qas, qas)| and |h1(qas, qax) + ha(qas, qas)| are suffi-
ciently small. m

Proof of Proposition 6.
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qjx—q, q;—q

;;_q;) h(gjsx, Q) p;j ﬁ — 7, the left-hand side of (10). Noting

Consider <1 —p_;m

qjx—4. .
q__qﬂ> h(gj«, Q) decreases in ¢;. because
74

Q. as a function of g4, and ¢g., (1 — p_;T

of Assumption 1.

When (. increases or when hA(-, )..) increases pointwise as a function, the left-hand

side of (10) increases as well. Either ¢;. remains at g; or q, as a corner solution, or g;.

. . e j*—4q,; . . .
has to increase to keep (10) satisfied. r;, = g -~ moves in the same direction as g;..

74y

Proof of Proposition 7.

. qjx—4q.. qu . .
Consider <1 — pym ;j_q;) h(gjx, Q) ;,j] ﬁ — 7, the left-hand side of (10). Noting
Q. as a function of ¢4, and ¢g., (1 — p_jﬂ‘ij_*_;]j> h(gj«, Q.) decreases in ¢;. because

74

of Assumption 1.

When 7 increases, the left-hand side of (10) decreases. Either g;. remains at g; or 4

. . e q5+—4q .
as a corner solution, or ¢;, has to decrease to keep (10) satisfied. r;, = g q*J moves

T4y

in the same direction as ¢;,. =

Proof of Lemma 2.
In the proof of Proposition 1, revise the first term of the Hamiltonian to e ' f (¢}, Q.) (1—
p—;m(1 — y_;)ri). The problem is the same as in the main model except 7 is re-
placed by (1 — y_;). According to (10), 74, = 7. = 1 if and only if (1 — p_;m(1 —
Y- i) (g, Q*)aj:fj o — (1 —y-;) > 0evaluated at r. = 1, ¢;. = g; and Q. = Q

for j = A, B, or equivalently, (9) holds.

qjx—4q. . .
—pyT qj._q]) h(g;«, Q) decreases in
iTY

Noting . as a function of ¢4, and ¢g., #
—J

¢;+ because of Assumption 1. It also increases in y_;. With a higher y_j, either g;.

remains at q; or g, as a corner solution, or ¢;. has to increase to keep (10) satisfied.
q5x—4q

T = 63-—; moves in the same direction as ¢;,. m
=J

Proof of Proposition 8.

Before forming an alliance, the steady state payoff of type j is f(q;s, Qs )(1—p_;7r;:)+
W, where W is the payoff from the referral from other experts, depending on the
current structure of alliances in the economy. After forming the referral alliance

of n; and n_; experts, the aggregate reputation (), and the behavior of the experts
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outside do not change. The payoff of type j becomes

. . N_j .- .
PG Q) (1 = pymin(1 = y—)) + —=f(Gjes QulpymT—je (1= y5) + W,
J
where ¢;. and 7, indicate the new reputation and referral rate of type j in the al-

liance.

Note that the last term, W, remains the same as before entering the alliance. The
second term, "n;j f(@—js, Qu)pjmi_j(1 — y;), is a result of the contract and experts
strictly prefer referring within the alliance. This term is non-negative. The first term
is a continuous function of y_;. When y_; = 0, we have ¢;, = ¢;, and 7, = r;,, and
the payoff is higher than before entering the alliance due to the second term. When
Y-ij > 0, o= f (@, Q)1 = poymiij(1 — y—;)) = p_jmiss > 0if g, is a corner solution,
and
d , . . _
Ef(%*, Q) (1 = pymrju(l = y—j)) = P77
h(Gjs; Qu)p—yT /1

+p—j7f(1 = Y- )G Q) = (@5 — ¢;) (1 = pym(1 = y5)75) P (G, Q) =0

if ¢;, is interior. m

Proof of Proposition 9.

Given any aggregate reputation (), note that the total payoff within a partnership is
simply na f(qa«, Q) + npf(¢s«, @), because the total fee of 1 generated by a problem
goes to the partnership, and there is no referral from outside the partnership. Since
() is treated as fixed, the partnership’s total payoff is maximized when ¢4. = 7, and
¢B« = qp, i.e., full referral. Because utility is transferable within the partnership,
every Pareto-efficient contract must maximize total payoff, and hence guarantees

full referral. Moreover, it is easy to see that such a Pareto-efficient contract exists.

If any finite number of experts jointly deviate from the pervasive partnership ar-
rangement, they can try to quit their respective partnerships, form a new one, join
in existing ones, or simply change the terms of contract. These deviations involve
only a finite number of partnerships, imposing no effect on the aggregate reputation
Q). Consider the total payoff of all experts in those affected partnerships. Since in

each partnership the contract is already Pareto-efficient, it remains Pareto-efficient
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for all these partnerships jointly. Therefore, there exists no alternative partnership
formation with new contracts that constitutes a Pareto improvement. The pervasive
partnership structure is thus stable against joint deviations y finitely many experts.
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